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Abstract

Problems combining games and controls for multiple players become widely studied due to the
complexity of the world and the interactions among populations. In this thesis, we propose two
models for fund managers who compete with their relative performance and one Mean Field Game
model with common noise for cost minimization.

For the first model, we consider a group of managers competing for the cash flows based on
their relative performance by choosing between an idiosyncratic and a common risky investment
opportunity. Since investors may choose to invest or withdraw continuously conditional on the real-
time performance of funds, the model is of continuous competition. The unique constant equilibrium
is derived in closed form, which implies that funds generally decrease the investments in their
idiosyncratic risky assets under competition, in order to lower the risk of the relative performance. It
pushes all funds to herd and hurts their after-fee performance. However, sufficiently disadvantaged
funds with poor idiosyncratic investment opportunities or highly risk-averse managers may take
the excessive risk for a better chance of attracting new investments, and their performance may
improve compared to the case without competition, which benefits the investors.

For the second model, we propose a principle agent model where the principle is a policy
maker who decides the optimal capital gain tax rate and agents are fund managers who choose
optimal portfolios in their investment opportunities. The optimal tax rate and unique portfolios
are derived for one policy maker and one representative fund. Moreover, with one policy maker
but N funds competing with each other based on the terminal relative performance, there exist
multiple Nash equilibria and a unique Pareto optimal equilibrium can be found. Our findings also
suggest that managers may take more risks with the higher tax rate, which is different from the
existing literature.

For the third model, we study Mean Field Games with a common noise given by a continuous
time Markov chain or an independent Brownian motion under a quadratic cost structure. The
theory implies that the optimal path under the equilibrium is a Gaussian process conditional on
the common noise. Interestingly, it reveals the Markovian structure of the random equilibrium
measure flow, which can be characterized via a deterministic finite dimensional system. Moreover,
the counterpart N-player game can be embedded in the probability space generated by two Brownian
motions, which concludes the convergence of the N-player game to Mean Field Games, both in the
sense of the processes and the empirical measure.
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Chapter 1

Introduction

1.1 Motivations and Literature Review

The growing complexity of the world makes interactions among populations become increasingly
complicated. Thus, the study to see the pattern with interplay becomes more essential and mean-
ingful. Especially in the control problems with players choosing their optimal strategies, it is worth
a close observation of how interactions change people’s optimal controls and whether there is any
spillover effect on society.

Since each player’s optimal strategy depends on all the other players’ actions, we need to
introduce the idea of Nash equilibrium to define the optimality for all players. The Nash equilibrium
was first introduced by John Forbes Nash Jr. in his famous paper “Non-cooperative games” in 1951.
Since then, the idea is broadly used in various fields that include interplay among players. However,
the pure strategy may not be unique, for example, in the matching pennies game shown in Table
1.1. In this dissertation, we add some restrictions in order to have the unique strategies for all
players.

Heads Tails
Heads | +1,+1 | -1,-1
Tails | -1,-1 0,0

Table 1.1: Payoff matrix for matching pennies game. Pure strategy is not unique.

One application for stochastic controls among multiple players is in the financial industry. As
shown in Table 1.2, the number of participants in the financial industry is increasing dramatically,
even if we only look at the data from mutual funds alone. With more managers involved in
financial companies, investors have more options from funds, which facilitates competition in the
industry. Each fund/manager seeks a better performance to attract new investments and thus
gains more profits. For mutual funds, this kind of competition between fund flows based on relative
performance is well documented in the empirical literature as Gruber (1996), Chevalier and Ellison
(1997), Sirri and Tufano (1998), Patel et al. (1991), Ippolito (1992). However, most of the theoretical
analyses focus on the competition between two funds, or in discrete-time models Browne (2000),
Taylor (2003), Huang et al. (2007), Palomino (2005), Basak et al. (2007), or on incentives for
multiple interacting agents without fund flows Anthropelos et al. (2020), Bielagk et al. (2017), Frei
and Dos Reis (2011), Lacker and Soret (2020), Han et al. (2022), Dal Forno and Merlone (2010),
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Siemsen et al. (2007), Lioui and Poncet (2013). Therefore, we build a continuous time model similar
to Espinosa and Touzi (2015), Basak and Makarov (2015), Lacker and Zariphopoulou (2019), but
instead of the comparison at the terminal time, we consider a competition for fund flows which
happens continuously. Thus the relative performance does not enter into the utility function, but
the dynamics of the assets under management of each fund.

1945 2004
Type of Fund Number of funds Assets® (millions) Number of funds Assets (billions)
Stock/hybrid funds 49 $794 5100 $4266.9
Bond funds 19 88.0 2100 1246.8
Money market funds 0 - 970 1962.2
Total 68 $882.0 8170 $7475.9

Table 1.2: The mutual fund industry: growth in funds and assets. Source: Table 1 in Bogle (2005).
@ Total assets of stock funds in 1945 estimated as 90 percent of industry total.

Competition among funds not only affects the funds themselves, but also the benefits of in-
vestors. Our model supplements the literature on the principal-agent relationship between the
investors and managers, which usually focuses on the case of only one agent Ou-Yang (2003),
Aivaliotis and Palezewski (2014). An interesting result is that, though for most funds the after fee
performance, measured in Sharpe ratios, is lower with competition, compared to the case without
fund flows, the performance of disadvantaged funds may increase in face of competition, which ben-
efits the investors, because after all, fund flows based on relative performance push the manager to
pursue superior returns over other funds.

Another spillover effect of funds’ competition is on the policy makers. To decide the optimal
capital gain tax rate for policy makers, we purpose a model with one policy maker and either one
representative or N funds being the counter-parties. Similar to Basak and Makarov (2015), Lacker
and Zariphopoulou (2019), managers face a utility maximization problem at the terminal date,
which includes the utility brought by the future cash flows based on the relative performance, while
policy makers choose the capital gain tax to maximize their tax incomes under the Markowitz
mean-variance setting. Due to the introduction of taxes, managers’ utility functions are non-
concave, which can be solved by the concavification technique introduced in Bichuch and Sturm
(2014), Seifried (2010). Our findings show that the competition, in general, makes managers less
aggressive so as to avoid the possible loss from poor relative performance and pushes the policy
maker to increase the optimal capital gain tax in order to compensate for the loss of tax incomes.

Economic literature Feldstein (1969), Stiglitz (1975), Yost (2018) shows that an increment in
capital gain tax results in a decrease in managers’ risk-taking. This is due to both income and
substitution effects described in Feldstein and Yitzhaki (1978), Balcer and Judd (1987). The
income effect means that managers tend to be more aggressive to cover the loss from the higher
tax, while the substitution effect refers to the more conservative strategy caused by less marginal
after-tax incomes. Our results show a different pattern that managers tend to be more aggressive
when it is closer to the terminal date while more conservative at the beginning of the period.

After the discussion about multi-player interactions, it is a natural question that what will
happen if we let the number of players approach infinite. This is exactly the starting point of
the Mean Field Game (MFG) theory. MFGs have attracted resurgent attention from numerous
researchers in probability after the pioneering works of Lasry and Lions (2007), Huang et al. (2006).
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An important recent development in this direction is Mean Field Games with a common noise and
we refer to comprehensive descriptions in the book Carmona et al. (2018) and the references therein.
Meanwhile, Linear-Quadratic (LQ) control problems have been widely recognized in the stochastic
control theory due to their broad applications. The optimal path is Gaussian under the LQ structure
and the problem is also called LQG to emphasize this Gaussian property, see for instance Yong
and Zhou (1999). More importantly, LQ structure leads to solvability in a closed form, namely the
Ricatti system, and this usually sheds light on many fundamental properties of the control theory.
Thus, LQG MFGs are widely studied in Huang (2009/10), Nguyen and Huang (2012), Huang et al.
(2014), Firoozi et al. (2020), Huang et al. (2012), Feng et al. (2019), Huang and Huang (2013),
Bardi and Priuli (2013), Huang et al. (2015), Gao et al. (2020).

We study a class of MFG problems and the counterpart N-player game in the context of
LQ structure with a common noise either as a continuous time Markov chain or an independent
Brownian motion. The path dependence nature of MFGs makes this an infinite dimension problem,
but we show that the solution can be described through a finite dimensional system. Some results
relevant to our first contribution can be found in the recent papers Ahuja (2015), Tchuendom
(2018). However, both papers have their mean field term only via the mean process, but not the
second moment as in our paper, which makes the underlying control problem not a typical LQG
setting and gives extra difficulties. Moreover, Tchuendom (2018) provides the solution via FBSDE,
which is an infinite dimensional system, and Ahuja (2015) provides a finite dimensional system for
the solution from the Master equation.

Our second contribution, yet the more important one compared to the first one, is the proof of
the convergence of the N-player game to MFGs, both in the sense of the processes and the empirical
measure. We embed the generic player’s path of the N-player game to the sample space of the MFG
setting, which enables us to compare the difference of paths and measures between the N-player
game and MFGs in almost sure sense. We show that there exists a hidden algebraic pattern to the
coefficients of value functions invariant to the number of players. This pattern eventually enables
us to reduce the representation of the generic path from a functional of N-dimensional Brownian
motion to a functional of two-dimensional Brownian motion, no matter how large the number N is.
Indeed, the pattern leading to the success of the above embedding procedure is precisely accounted
for the dimension-invariant feature of the mean field terms at the equilibrium, which provides a
new insight distinguished from the e-Nash equilibrium discussed in the literature, which does not
require the same sample space.

The first model in Chapter 2 is joint work with my advisor Professor Gu Wang and the article is
available on SSRN. The second model in Chapter 3 is joint work with my advisor Professor Stephan
Sturm and the results are still under revision. The last model in Chapter 4 is a joint project with
Professor Qingshuo Song and two other Ph.D. candidates, Jiamin Jian and Peiyao Lai in WPI. The
paper is available on arxiv.

1.2 Some Preliminaries

In this section, we will introduce definitions relevant to the Nash equilibrium under different situ-
ations. For the ease of notation, with positive integer n, v € R® and D € R™ ", v_; € R*! is the
vector after removing v’s i-th element, and D_; € R(®~1D*("=1) ig the matrix after removing D’s
i-th row and é-th column.


https://papers.ssrn.com/sol3/papers.cfm?abstract_id=3609503
https://arxiv.org/pdf/2106.04762.pdf

1.2.1 N-player Game

Consider a complete filtered space (Q,]: AFt >0 ,]P’) endowed with N + 1 Brownian motions
W1, Wy, -+, Wy and B, which generate the filtration {]:t}tzo. Denote A; and © as the admissible
set including all the process m; and € which are integrable with respect to W; and B respectively.

Let m = [771 e 7TN]T and 6 = [91 . HN]T. The objective functional for each player is given
by Ji (i, 05 m—i, 0—i).

Definition 1. Let A and OV be the Cartesian product of A;’s, and the N-th Cartesian product
of ©, respectively. (m*,0*) € A x OV is a Nash equilibrium if for every i € {1,--- N}, and any
(ﬂ'i,ei) S AZ X @,

Ji(miy 05,07 ) < Ji(w;, 07w, 60%,).

1771

Furthermore, (7*,60%) is called a constant equilibrium if 7} and 0} are constants for each i €
{1,---,N}.

Definition 2. (7*,0%) is called Pareto optimal if there does not exist (7,0) € A x ON such that
foralli=1,--- N,
Ji(mi, O3 i, 0-3) < Ji(mi, 075775, 075),

1Yy M —1»

with strict inequality with at least one 1.

Definition 3. If there exist multiple Nash equilibria, (7*,0%) is called a Pareto optimal Nash
equilibrium if for it is Pareto optimal among all Nash equilibria.

Note that in Chapter 2 and 3, we seek for maximization of the objective functional, so the Nash
equilibrium achieves maxima of the objective functional. However, in Chapter 4, we search for its
minimum, so < is changed to > in Definition 1. Meanwhile, In the proof of Nash equilibrium in
Chapter 2, the following definition of reaction function is also required.

Definition 4. A function x; = f(x_;) is called the reaction function of player i such that for any
T € R,
Ji(&,x—i) < Ji(f(2-3), 2—4)-

1.2.2 Mean Field Games with Common Noise

The following definitions are for the illustrations of Chapter 4 alone. Consider a complete filtered
space (Q,]—" , {‘Ft}tzo ,IP’) endowed with 2 Brownian motions W and B, and Y representing the
common noise, which generate the filtration {]—"t}tzo. Denote LP := LP(Q2,P) as the space of

random variables X on (€, Fr,P) with finite p-th moment with norm || X, = (E[|X[P])"/?, and
LY = LE([0,T) x Q) as the space of all F-progressively measurable random processes a = (a)o<i<7

T
E [/ ]at\pdt] < 0.
0

For any polish space (S, B(S),d), denote 0, as the Dirac measure on the point z € S. The
collection of all probabilities m on (S, B(S), d) having finite k-th moment is denoted by Pi(S), i.e.
for any m € Pr(9),

satisfying

[m]y = / eFm(dz) < oc.

4



The equilibrium of Mean Field Games (MFGs) with the common noise yields the conditional
distribution. For real valued random variables X and Z in (2, Fp,P), the distribution of X condi-
tional on o(Z) is denoted by L(X|Z), or equivalently, for any A € Fr,

L(X]Z2)(A) = E[La(X)]Z].

Note that £(X|Z) is 0(Z)-measurable random probability distribution with k-th moment [£(X|Z)] =
E [X k’ Z] if it exists. We refer to more details on the conditional distribution in Volume II of
Carmona et al. (2018).

Given the objective functional J and some given random measure flow m : (0,7] x Q — Pa(R),
a generic player chooses the optimal control and controlled process & and X. Note that to introduce
MFG Nash equilibrium, it is often convenient to highlight the dependence of the optimal path and
optimal control of the generic player and its associated value on the underlying density flow m,
which are denoted by

Xi[m], &t[m], and V[m)],
respectively.

Definition 5. Given an initial distribution £(Xo) = mo € P2(R), a random measure flow 1 is
said to be a MFG equilibrium measure if it satisfies fized point condition, for any t € (0,71,

e = L (Xt[m]‘ﬁt), (1.2.1)

almost surely in P, where F is the filtration generated by the common noise. The path X and the
control & associated to m is called as the MFG equilibrium path and equilibrium control, respectively.

Next proposition and definition provide embedding approach to prove a convergence in distri-
bution, which will be used later in Chapter 4 to show the convergence of the generic player of
N-player game to MFGs.

Proposition 6. Suppose (Q(N),]:;N),IP’(NU is a complete probability space. Let XN) and X be

random variables of QW)+ S and Q +— S, respectively. Then, XN is convergent in distribution
to X, denoted by XW) = X, if there exists ZN : Q — S satisfying L(ZN) = L(XN)), such that
ZN — X holds almost surely, i.e.

lim d(ZV,X) =0,

N—oo

almost surely in P, where d represents the metric in S.

Definition 7. 1. The value function of player i fori=1,2,..., N of the Nash game is defined
by VN = (VN 1i=1,2,...,N) satisfying the equilibrium condition

VN, V) = 0Ny, aN, 6™, aN) < Ny, 2V, o™ )

i 9

(1.2.2)

I

foralla ) € A.
(N)

2. The generic player’s path at equzlzbmum is X wt s Wwhere u :: ud)
variable on the set {1,2,...,N} in QW) independent of (WW), Yy (V).

is a uniform random
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1.3 Outlines

The organization of this dissertation is as follows:

Chapter 2 discusses a model among N mutual fund managers competing for investment flows
based on relative performance. We derive the unique constant equilibrium in closed form and give
the comparison of after-fee Sharpe ratios and Beta coefficients between the solution to the Merton’s
model and ours. Section 2.1 gives an introduction to the model settings. Section 2.2 shows the
main results for N-player game and some numerical results. Section 2.3 includes all the detailed
proofs for Chapter 2.

Chapter 3 builds a model between policy makers and fund managers, where policy makers decide
the best capital gain tax while the latter choose the optimal portfolio to maximize their terminal
after-tax wealth. The unique (Pareto optimal) Nash equilibrium is derived for the managers’
problem. Section 3.1 gives an introduction to the model settings of the policy maker’s problem and
managers’ problem with one or N players. Section 3.2 gives the (Pareto optimal) Nash equilibrium
and sensitivity analysis for managers’ problems. Section 3.3 shows some numerical results for both
one and N managers. Section 3.4 includes all the proofs for Chapter 3.

Chapter 4 studies Mean Field Games with a common noise given by either a continuous time
Markov chain or an independent Brownian motion under a quadratic cost structure. Section 4.1
and Section 4.2 give the solution to MFGs with Markov chain and Brownian motion as the common
noise respectively and proves the convergence of the counterpart N-player game. Section 4.3 gives
the detailed proofs in Chapter 4 and some explicit solutions to the problem without common noise
and extends the model to multidimensional.

Chapter 5 gives the conclusions and future work for the three models described above.



Chapter 2

Model I: Mutual Funds’ Competitions

2.1 Model

2.1.1 Mutual Fund Investments and Flows

Consider a complete filtered probability space (£, F,{F;}¢>0,P), endowed with N + 1 Brownian
Motions Wy, Wa, ..., Wy and B, which generate the filtration {F;}s>0. Assume (W;, B); = pimt
and (W;, W) = pijt, where pin, € (—1,1) and p;; € (—1,1) are constants, for every 1 < ,j < N.
Denote p as the N x N matrix with (p);; = p;; and pp, as the N-dimensional vector with (pp,)i = pim.

Suppose that mutual fund ¢ (¢ = 1,...,N), in addition to a risk-free asset Sp, which earns
a constant rate of return r, allocates its assets under management between two risky investment
opportunities: (i) Sy, which is accessible to all investors in the market, e.g. a market index,

following the dynamics
dSmt

Smt

with the constants a,b > 0, and (ii) S;, which only fund i can invest in, reflecting the fund manager’s
skill, is described by a geometric Brownian Motion

= (r + a)dt + bdB,, (2.1.1)

dsS;
Sit

= (r + p)dt + o3 dWiy, (2.1.2)

where constants p;,0; > 0. Let \; := ’;—z for 1 <i¢ < N and \,, = %. Denote m; and 0 as the
proportions of fund ¢’s assets invested in S; and S,, at time ¢, which are integrable with respect
to W; and B, and denote the collection of all such strategies as A; and O, respectively. Given
(m3,0;) € A; X ©, Rj;, the excessive return over the risk-free rate from these investments, follows

dR; = T (dgzt — T‘dt) + 6;t <d;mt — Tdt) = Wit(#idt + Ul'dWit) + Hl-t(adt + det) (2.1.3)
i mt

The investors of the fund compensate the manager by management fees 1; X;;, where ¢; > 0 is a
constant, and X;; is fund i’s value at time ¢.

Furthermore, assume that the N mutual funds belong to the same peer group, e.g. because they
have the same investment “style” characterized in Brown and Goetzmann (1997), or they belong
to the same family, managed by different managers in the same firm. Therefore, investors can
compare each fund’s return with the rest of the group and move their investment accordingly. If
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fund’s return is higher than the average, it will attract more investment from clients, and the clients

will withdraw if the return is lower. The size of the flow at time ¢ is proportional to X}, and the
N

after-fee relative return over the industry average (dRy — ;dt) — & > (dRj; — 1;dt). Meanwhile,
j=1

fund 7 also attracts cash flows proportional to the fund size and its absolute after-fee return. Thus,

X; follows

d Xt
Xit

N
1
= (r = $i)dt + dRiy + (i(dRiy — ict) + o | (dRip — sdt) — Z dRj; —idt) |, (2.1.4)

where ¢;, ; > 0 describe the sensitivity of fund flows to the absolute and relative performance of
fund ¢ compared to its peers. We do not assume the sum of cash flows as zeros. Better performance
of the funds can attract extra investment from new clients, and vice versa.

Note that the manager of each fund is assumed to have the full information about other funds’
investment opportunities and their portfolio choices, which is also assumed in the literature on
competition between asset managers Basak and Makarov (2015), Lacker and Zariphopoulou (2019).
It agrees with the fact that investment strategies of mutual funds are public information, and can
also model the competition in a fund family managed by the same company Kempf and Ruenzi
(2008).

2.1.2 Preferences

The manager of fund i chooses the investment strategies (m;, 6;) and maximizes the discounted
expected power utility from management fees over the time interval [0, 7]. Since there are fund flows
based on relative performance, in addition to the fund i’s investment strategy (m;, 6;), the welfare

of the manager also depends on the strategies her competitors are taking. Let 7 = (my,...,7n)"
and 6 = (A1,...,0x)", and manager i’s goal is sup Ji(mi, 0;5m—;,0_;), where
(73,0;)€EA; O
Ji(mi, 0p3m—,0_;) = E [/ e fit Mdt : (2.1.5)
0 L=

where f3; is the manager i’s subjective discount factor, and ~; > 0 (5 1) is the coefficient of relative
risk aversion. Since the utility is homogeneous in the initial value of X;, without loss of generality,
assume that X;p =1 for each 1 <7 < N.

2.2 Main Results

In this section, we want to discuss the Nash equilibrium among the N mutual funds defined in
Definition 1. The following theorem shows that there exists a unique constant equilibrium. Notice
that though the equilibrium (7*,0*) are constants, for each 1 < i < N, Ji(7;, 047 ;,60%,) <
Ji(ms, 055 7, 0%, for every (7;,0;) € A; x ©, i.e. (7F,07) is optimal among all admissible, may be
stochastic investment strategies, given the constant equilibrium choices of other competitors.

Theorem 8. There exists a unique constant equilibrium
T =A;P Ty, (2.2.1)
0 =A, P (»flnm + CA;lw*) : (2.2.2)



where Xy and 1y, are two N-dimensional vectors with (Af); = Ai — pimAm and (Nm)i = Am — pimAi

respectively, for 1 < i < N. Ay, Ay and vy are diagonal matrices with the diagonal elements
(Af)ii = (N(1+£¢)+]2[N71)a¢)ai’ (Ap)ii = (N(1+Zi)i\EN71)ai)b and (V)i = Vi, respectively, for 1 <i <
N. Ps, Py, and C are N x N matrices with

1—p; ifi=j, 1—p2 ifi = j,
(Pf)ij = Pim . j (Pm)ij = Pim ) . ] (2.2.3)
—cij(pij — pimpjm)  if i # J, —cij(1—p5,)  ifi# 5.

0 if 1 =7, o; .
(C)ij = ., G = ;1 <i,5 <N. (2.2.4)
’ cii(pim — pimpis)  ifi#§,  (L+L)N 4 (N = 1)a,

Similar to Lacker and Zariphopoulou (2019), Basak and Makarov (2014), we searched for the
equilibria in which portfolios of all funds are constants, and find the unique one. Note that it may
not be the unique equilibrium if the investment strategies are allowed to be stochastic, but it is
a natural choice for fund managers given the homogeneity of the power utilities and the constant
investment opportunities.

Since every fund invests in 5, fund i has exposure to the risk in S, through the fund flows
and the investments of other funds. Instead of 6;, the manager actually has to choose optimal

N
effective investment (; = (I+6)N X[(N e 0 — F Z 0; in S,,. Based on the equilibrium de-
o A A

duced in Theorem 8, for each fund %, the optimal effective investment gives (; = %

Pjm p;mpw (L4 LN + (N + Doy ioy 7r;-‘, which consists of the strategy to Merton’s prob-
= (=pi) (A+LGN+(N-1a; N
lem defined in (2.2.5) and the risk premium of competition on the common investment opportunity
described by the second term.

Without fund flows (a; = ¢; = 0), the expected utility J; is independent of 7_; and 6_;, and
the manager essentially faces the Merton problem with two correlated risky assets, and the optimal

investment strategies for the fund ¢ are also constants (the verification is omitted)

= , = , (2.2.5)
vioi(1 = p2,) ’ Yib(1 — p2.,)

)

which only depend on the investment opportunities S; and S,, accessible to fund i. With the
possibility of in/out flows, since managers maximize welfare from the management fees proportional
to the assets under management, they care about the total return of the fund, including the flows.
The equilibrium strategies 7} and 6] include hedging component that is against the risk exposure to
other risky investment opportunities, and depend on their correlations and the rates of management
fees of all funds. For example, if A\; = p;p, = 0, 7T£V[ = 0, because S; brings zero expected return, and
cannot be used to hedge the risk in S,,,. However, with competition based on relative performance,
even if \; = py, = 0, as long as S; is not independent to other S;’s, 7} is not necessarily zero — S;
is worth the investment, not because of the return it provides, but the hedge it brings against the
risks in other funds’ investments.

In the following we discuss how the competition over flows based relative performance affects
the fund managers’ equilibrium investment strategies and the investment returns for fund investors,
and how they compare the counterpart without competition, or in the other words, the Merton’s



problem. Note that from fund ¢’s investors’ point of view, the return on their own investments is

dR}, — 1;dt corresponding to 7} and 6, instead of d))((ff, which includes the flows based absolute
it
N

performance and relative one of dR}, — 1;dt over the industry average % > (dR;-‘t — jdt). Thus
j=1

when we discuss the fund performance and calculate the after-fee Sharpe ratios, the calculations

do not take into account of fund flows. In particular, we compare the volatility of fund investment

with and without competition, denoted as o and O'Z-]V‘[ respectively

o; = \/(Tr;kai)2 + 2pim 0 0;b + (c9;‘b)27 oM = \/(TriMai)2 + 20immMOM ;b + (OZMb)Q, (2.2.6)
and the corresponding after-fee Sharpe ratios of the fund investment

o' = —i + 7 i + 07 a M= —p +7Mp; +0Ma @27
\/(7’[‘;(0'1‘)2 + 2pimm 0 oib + (9;*1))2 \/(wZMUi)? + 2pim7rzM€ZMaib + (Hle)z

We are also interested in how each fund’s return compares to the industry average. Fund’s
performance is measured in terms of difference between the individual fund’s after-fee return dR;; —

N
¢;dt and the industry average % > (dRji—¢jdt). The risk-return trade off of the competition tends

j=1

to move individual fund’s invest]ment strategy in different directions: on one hand, the manager
wants to deviate from the industry average, in order to outperform and attract new investments,
which increases future management fees. On the other hand, the risk averse manager may also tend
to mimic the competitors, which decreases the risk of outflows due to poor relative performance, and
as a result, returns from different funds tend to be similar. The second effect of funds’ competition
is referred to as herding Graham (1999), and is discussed in Scharfstein and Stein (1990), Grinblatt
et al. (1995) for institutional investors who have reputation concerns and make investment decisions
based on past performance.

Let 6* = %Zfi 1 07 and the average logarithmic return of the N funds in equilibrium is

Ry = £ ) Ry, and dR} = (7« ) zpi) dt + & SN 7 (idt + 0:dWy) + 6% (adt + bdBy).
We use the Beta coefficient of R} with respect to R* to measure the “distance” between fund i and
the industry average, denoted as Beta;, and

N (dSpSn* + Ng/Spn*b+ (1) Spmb;b + NO;0*52)

Beta; = - —
(%) SpSm* + 2N (7%) Spmb*b + N2 (%) b2

)

(2.2.8)

where ¢; is an N-dimensional vector with zero entries except that (¢;); = 7, and ¥ is an N x N

diagonal matrix with (X);; = o;. If there is no competition based on relative performance, the Beta
coefficient between the corresponding return RzM and their average RM, denoted as BetaZM , can be
similarly calculated. Let 6 = & SV M 7M be the N-dimensional vector with (e )Z =M,

=177
and q;M be the N-dimensional vector with zero entries except that (qZM )Z = 7rZM ,

w N ((CJZM)/E,OEWM + N (¢M) SpmbMb+ (wM)'Epmele+N9{”§Mb2>
Beta;" =

: — - (2.2.9)
(M) LpEaM + 2N (7M) $p,, 0Mb + N2 (6M)7 b2

The closer Beta? (or Beta) is to 1, the more closely fund 7 mimics the industry average. If this
is the case for most funds, then the herding effect is present.
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The Beta coefficients of R; with respect to the common investment opportunity ‘{qs—mm; = adt +
M

bdB; with and without competition, denoted as Beta,,; and Beta,,;, can be computed similarly

T Pim0i + 07b 7rszimUi+9£wb
b ’ b '

They measure the “distance” between each fund’s investment and S,,. The further away Beta),;

(or Beta.) is from 1, the more fund i specializes in its idiosyncratic investment opportunity S;.

Beta,,,; = Beta, = (2.2.10)

2.2.1 The Case of Two Funds

To illustrate the effect on the equilibrium portfolios of the changes in fund investment opportunities,
we start from the case of two funds. In this case (with j =2ifi=1and j=11if i = 2)

2 1 1 ai(p12 = prmp2m)(Nj — pjmAm)
;( = —(1 - 2m )\z - im)\m + — J J 5
" (2(1 + ;) + i)oirn <%( Pim) g ) Vi 2(1+45) +qy
(2.2.11)
2 1 1 1o
0; = — (1= p5) O = pimAi) + — (1 = p3) (A — 'm/\'>
PR+ 6) + a)brg <<%< Pim) A = pimA) 5y gy (T i) A = i)
Q10 2 _— 2 *
L= pi) (Pim — pr120jm) i} + (1 = pin) (Pjm — p12pim) i} |
+2(2(1 +£]) +043)( plm)(p PIQPJ )U m; + 92 ( p] )(p] pP12p >UJ7TJ)
(2.2.12)

where k1 = (1 —p?,)(1 —p2, ) — (2(1+£1)+a0i1)?22(1+42)+a2)(p12 — pimpam)? and ko = (1 —p2,)(1 —

442 03)+2 ¢ L )
%m) 2 (J;+OZ gi-; 12))(;(10321;_ ;)2) In addition to A;, pim, Am, 7; and 6 also depend on the investment of

the other fund, the fund’s sensitivity to flows and the correlations between investment opportunities,
while 7} and 6 reduce to 7rZM and OiM, ifa; =¢;,=0fori=1,2.

Figure 2.1 shows how equilibrium portfolios change against the idiosyncratic opportunity of
fund 2, summarized by Ay, with p1,, = 0.3, p2m = 0.5,p12 = —0.6, a1 = ag = 0.8, {1 = ¥l = 0,
b=0.15, 01 = 0.18, 09 = 0.13, A\;;, = 0.15, Ay = 1.5, 11 = 2 = 2. As A9 increases comparing to
Am, T3 becomes larger, from negative to positive, while 65 decreases, because pa,, is positive and
fund 2 decreases the risk exposure to S, in order to hedge the increased risk taking in Sa, which
coincide with results from the classical Merton problem. It shows that though fund 2’s manager
also needs to hedge against the risk in fund 1’s investment, the risk-return trade off from its own
investment opportunity dominates in the choice of the optimal portfolios.

On the other hand, fund 1’s portfolios also change because the manager’s compensation depends
on the relative performance and thus the portfolios of fund 2. Since in the dynamics of Xy; in (2.1.4),
dRy; has a negative coefficient, the increasing Ao (73) leads to a larger negative exposure to W,
which is negatively correlated with W7y, and fund 1 decreases 7] to decrease the total risk exposure.
For the investment in S,,, fund 1 optimizes over the effective exposure (; = %91 — St02. Thus
with larger 65, 07 tends to be larger. On the other hand, fund 1 also tends to increase ¢; in order to
hedge the increased risk in dRy;, because of the larger 735. The combined effect is that 67 becomes
larger as Ay increases.

In Figure 2.2, p12 is changed to 0.6 with other parameters the same as for Figure 2.1. 75 and
05 show the same pattern as in the previous case. On the other hand, since pj2 becomes positive,
w7 and 0] show the opposite trend to the previous case, though the changes with respect to Ay are
again relatively small, compared to 75 and 65.
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Figure 2.1: Equilibrium portfolios with p1,,, = 0.3, pan = 0.5, p12 = —0.6, a1 = as = 0.8, {1 =4y =
0, b= 015, o1 = 018, g9 = 013, )\m == 015, )\1 = 1.5, Y1 = Y2 = 2, against )\2.
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Figure 2.2: Equilibrium portfolios with p1,, = 0.3, p2;, = 0.5, p12 = 0.6, a1 = a9 = 0.8, {1 = ¥l =0,
b=0.15, 01 = 0.18, 02 = 0.13, A\, = 0.15, Ay = 1.5, 71 = 72 = 2, against As.

12



02F

02|
ok ]

05k ] 04
a b J 06
R \ \ \ \ \ \ \ \

(a) 77 and 73 (b) 67 and 6;

Figure 2.3: Equilibrium portfolios with pi,, = 0.3, pop, = 0.5, p12 = —0.6, a1 = 0.8, {1 = {5 = 0,
b=0.15, 01 = 0.18, g2 = 0.13, A\, = 0.15, Ay = 1.5, Ao = 0.2, 71 = 2 = 2, against as.

Regarding the effect of the sensitivity of fund flows, Figure 2.3 shows how equilibrium portfolios
change against ae, with p1,, = 0.3,p2,, = 0.5,p10 = —0.6, a; = 0.8, /4 = lo = 0, b = 0.15,
o1 = 0.18, 09 = 0.13, A\, = 0.15, Ay = 1.5, Ay = 0.2, 13 = 72 = 2. For fund 2, the fund flows
magnify the return and risk of its own investments as well as those of fund 1 as the benchmark.
As «y increases, this magnifying effect becomes larger. As a result, 75 becomes more negative, so
as to hedge the risk in S; (notice that Ay < A1 and dWy; is positively correlated with —dRy; for
7w} > 0). Hence, 7] becomes more positive to hedge more risks in the investment of fund 2, even
though ao does not enter the dynamics of fund 1 directly.

On the other hand, 65 increases with cp, to hedge larger risks in the investment in Sy and the
fund 1’s exposure to S;. Similarly, 67 moves in the opposite direction to 7], while the effect is
negligible, because a2 does not directly enter the dynamics of fund 1, and the increase in 67 fulfills
part of the hedging demands from the increase in 7}, which lowers fund 1’s effective exposure to
Sm, (1= 2+2°‘1 th — F-0o. In Figure 2.4, p12 is changed to 0.6. w5 and 65 show the opposite pattern
to Figure 2.3, while 7} and 6] behave similarly, following the same intuition as above.

Next we examine the comparison of the portfolios with and without competition in the case of
N=2,2,=0, pim =0, a; =, {; =, p; =1 for i = 1,2. In this case, 0] = HZM = 0, and each
fund invests in their own investment opportunities, which are correlated with each other — similar
to the models in Basak and Makarov (2015), Lacker and Zariphopoulou (2019), which also leads to
clearer conclusions, and sheds light on the results of N > 2. Let the risk aversion-adjusted Sharpe

Ad

ratio for each fund’s idiosyncratic investment opportunity as A;,, = o (i=12), A= % and
? sVl

without loss of generality assume A < 1. Then the equilibrium portfolios are

2(1+4) +a)or <1 - (M)QP%) |
(2.2.13)

2 ()‘1,71 + mm?)\zm)

* *
7T1: y 7'('2:

2 +4)+a)oy <1 — (m)z P%z)
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(a) mf and 73 with pap, = 0.6 (b) 67 and 05 with pa,, = 0.6

Figure 2.4: Equilibrium portfolios with p1,,, = 0.3, p2my, = 0.5, p12 = 0.6, a3 = 0.8, {1 = €5 = 0,
b=0.15, 01 = 0.18, g2 = 0.13, A\, = 0.15, Ay = 1.5, Ao = 0.2, 71 = 2 = 2, against as.

Proposition 9. 77 < ¥ nt <nM, and

. 3 2ap M M
) (i) If p12 > 0 and X < (2+4€)a+a2(1_1;%2)+4€(1+€), then 75 > my" and n5 > 15" . If p1a > 0 and
A> 201 then w3 < 7 and n < nd!.

= (2+40)a+a2(1—p2,)+4L(1+0)’ 2
(i) If pr2 < 0, 75 < 7 and if X < —mplg, ns > ndt. Otherwise ng < nd!.

In addition to the total risks in the fund investment, fund managers also care about the risk in
the relative performance, because it affects the fund flows and thus management fees in the future.
On one hand, they want to keep investment strategy 7rZM which brings the best risk-return trade
off according to their own risk attitude. On the other hand, they may want to invest less in S;,
in order to decrease the risk of poor performance against their competitors. Proposition 9 shows
that for the fund 1 with the larger risk aversion-adjusted Sharpe ratio ’\—i, though S; is a better
investment opportunity, since it is relatively easier to outperform, the concerns for the risks in the
relative performance dominates and the manager takes less risk (77 < 7). The fund investment is
not taking full advantage of the good investment opportunity, which hurts the fund’s performance
(nf < nM). The same could happen if 7; is small, and therefore the manager tends to take large
risk without competition, and has a better chance of outperform the competitor. It is consistent
with the results in Basak and Makarov (2015) that more risk tolerant managers may decrease the
volatility of the fund.

On the other hand, the relatively disadvantaged manager (with smaller Ay or large risk aversion
v2) behaves differently under different conditions. If p1o2 > 0, the portfolio choice of the competitor
hedges part of the risk in the fund’s own investment. Thus if X is small, i.e. the disadvantage is
big, the eagerness for new investments dominates, and the manager increases the fund’s risk for a
better chance of winning the competition. This may not be a bad news for the clients, because the
after-fee Sharpe ratio of the fund actually increases. If X is sufficiently large, then the peer pressure
is lighter and fund 2 invests similarly to fund 1, by decreasing the risky investment, and thus lowers
the performance. If p;; < 0, the introduction of fund flows increases the total risks in the fund, and
the concern for the fund’s absolute performance leads fund 2 to decrease the investment in Sy to
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oL . .x 2( 1+ 5T P12
T2 is increasing in A, and equals to ( 2a+0+ ) . >0
(2(1+£)+a)<1_(m) p§2>

'
at A = 1 and —oo at A = 0. Thus similar to the case of pjz > 0, if A is small (with a threshold
different to the previous case), the big disadvantage leads fund manager 2 to take a large risk
aiming to win the competition. If X is sufficiently large, then fund 2 already has a good chance of
outperform fund 1. Therefore the decrease in the investment in Sy cannot be too large, especially
if it is negative, because it increases the risk in the relative performance.

hedge against the risk in 57.

1+0+a pi2
for both i = 1 and 2 if and only if one of the following holds: (i) p12 > 0, and (ii) p12 < 0,

2(1+0)+a 1
7<1+?+ap12+ T+ita E)fVA

2
Proposition 10. Let A = (zirzme + X552 7 ) 4 2 0. Then [Beta; — 1]~ [Beta” — 1| <0

A<

The changes in the Beta coefficients can also be characterized in terms of the correlation between
the funds’ investment opportunities and their risk aversion-adjusted Sharpe ratios. Though fund
2 may behave differently according to Proposition 9, in most cases the competition pushes both

funds’ investments closer to their average. If pjo > 0 and A is small, then 737 is small comparing

to 7, and with competition 7j and 75 move toward each other. If X is large, then 7% and 73 both
become smaller positive numbers, and are closer to the average. If pj2 < 0 and A is small, 73 tends
to be negative with large absolute values. Then with negative correlation between S1 and Ss, two
funds actually becomes closer. Only in the case of pja < 0 and sufficiently large )\, i.e. fund 2 has
less peer pressure, decrease of the position in S, is limited, and fund 2 stays sufficiently negatively

correlated with fund 1. As a result, both funds are further away from their average.

2.2.2 The Equilibrium among N Funds

For more than two funds, the equilibrium depends on the model parameters, especially the correla-
tion structure, in a complex way, and explicit characterization is no longer available in terms of the
risk aversion-adjusted Sharpe ratio as in the case of N = 2. For example, it is not likely that the
Beta coefficients of all funds move in the same direction as in Proposition 10. With the explicit so-
lution to the equilibrium, we check the effect of competition by numerical experiments. The results,
which are largely consistent with the conclusions for the case of N = 2, show that the competition
tends to push funds to decrease risk takings in their idiosyncratic investment opportunities, in order
to decrease the risk in the relative performance. This usually leads to worse performance in terms
of Sharpe ratios. However, managers with big disadvantages tend to take larger idiosyncratic risk
in order to beat the average. In terms of herding effect, while the fund flows generally pushes funds
to become closer to the industry average, if no funds are severely disadvantaged and some funds
investment opportunities are negatively correlated, then the competition may push all competitors
to move away from the industry average.

In the case of N = 5, Figure 2.5 plots the funds’ portfolios with competition (7}’s and 6’s)
and without competition (7M’s and 6M’s), the corresponding Sharpe ratios 7}’s and 7’s, and
volatilities o} and JZM, with o; = 0.2, ¢; = 0.02, a; = 0.5, ¢; = 0.1, v, = 2, pim = 0.1 for every
1 <4 <5, \y’s forming an arithmetic sequence from 0.1 to 0.5, p;; = 0.2 (1 < i # j <5), Ay, = 0.15,
b= 0.15, r = 0.05. Compared to the case where the managers do not have to care about relative
performance, all the funds have lower after fee Sharpe ratios. The main reason is similar to the case
of N = 2 that the managers are concerned about the risk of under performance. Thus they take
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Figure 2.5: Funds’ portfolios, volatility and Sharpe ratios, with o; = 0.2, ¥; = 0.02, a; = 0.5,
L; =0.1, v =2, pim = 0.1 for every 1 < ¢ <5, \;’s form an arithmetic sequence from 0.1 to 0.5,
pij =02 (1<i+#j<5), Am=0.15,b=0.15, 7 = 0.05.

less risk in the idiosyncratic opportunity S;. This change is larger for funds with better investment
opportunities. It lowers the expected return of the fund. On the other hand, even for the case
when 6* > M since the decrease in 7} from 7 is much larger than the increase in 6 from 6M
the total risk that the fund is taking is smaller, and thus the Sharpe ratio decreases, but not as
much.

Figure 2.6 illustrates the case where A\; = 0.3 and p;»,’s form an arithmetic sequence from —0.2
to 0.6. Similar to the previous case, all the funds take less risk in their idiosyncratic investment
opportunities in face of competition. If S; is more positively correlated with S,,, fund 7 invests
more in .S,,, even from negative to positive amount in some cases. Only for fund 1 with p,, < 0,
07 < 0], because the need for hedging the risk in S; is reduced. Due to the less risk taking in
the fund investment, similar to the previous case, the total risk of the funds and the Sharpe ratios
decrease. Notice that in this case A;/v; is a constant across 5 funds, and the result agrees with
Proposition 9 in the change of Sharpe ratios.

Figure 2.7 illustrates the case where A;’s form an arithmetic sequence from 0.1 to 1.3, v;’s form
an arithmetic sequence from 0.5 to 4, pi, = 0 for every 1 < i <5, pis = —0.2 (i # 5), pij = 0.2
(1 <i#j <5), and other parameters are the same as in the previous cases. It shows some features
that we do not see in the case of N = 2, due to the complex dependence on the correlation structure.
Ai’s have larger differences than in the previous cases, but A;/7; actually become closer than in
Figure 2.5. With negative correlations between the funds’ idiosyncratic investment opportunities,
while other funds behave similarly as in 2.5, the most disadvantaged manager (of fund 1) takes
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Figure 2.6: Funds’ portfolios, volatility and Sharpe ratios, with o; = 0.2, ¢; = 0.02, a; = 0.5,
l;=01,v =2, A\ =03forevery 1 <i <5, pj; =02 (1 <i#j<5), pim’s form an arithmetic
sequence from —0.2 to 0.6, A, = 0.15, b = 0.15, r = 0.05.
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Figure 2.7: Funds’ portfolios, volatility and Sharpe ratios, with N = 5, g; = 0.2, ¥; = 0.02,
a; = 0.5, 4; = 0.1, pimm = 0 for every 1 < ¢ < 5, \;’s form an arithmetic sequence from 0.1 to 1.3,
7v;’s form an arithmetic sequence from 0.5 to 4, pis = —0.2 (i # 5), psj = 0.2 (1 < i # j < 5),
Am = 0.15, b = 0.15, r = 0.05.

larger risk in the fund’s idiosyncratic investment opportunity, and less in .S,,, in order to have a
better chance of beating the competitors and attract new investments. As a result, the total risk
of fund 1’s investments decrease least with competition comparing to the other funds.

Next, we use the Beta coefficient with respect to the industry average and S, to measure the
herding and specialization effect respectively, of the competition. In particular, if |Beta] — 1| <
|Beta — 1|, fund i is closer to the industry average, and if |Beta’,; — 1| > |Beta’’, — 1|, then fund
1 tends to focus more on its idiosyncratic investment opportunity rather than S,,, in order to have
a better chance of beating the industry average.

Figure 2.8 illustrates the case with the same parameters as for Figure 2.5. From Figure 2.5, to
hedge the risk from relative performance, the decrease of 7 from 7rZM
07 from 0M. Since p;, > 0 for every 1 < i < 5, combined effect is that each fund’s investment is
further away from S, (Beta,, is further away from 1 than Beta’), and at the same time closer to
the industry average. In Figure 2.9, the model parameters are the same as for Figure 2.6. As shown
in Figure 2.6, each fund deceases its investment in the idiosyncratic investment opportunity, and
most of them increase the investment in S,,, except fund 1, because S; is negative correlated with
Sm- Thus though the Beta coefficients with respect to R,, do not change much with and without
competition, Beta’s are always closer to 1 than Beta;"’s. Both the above results show that in
general the competition pushes mutual funds to herd. Also, though 67 in most cases are greater
than HlM , because of the positive correlations between S;’s and S,,, each fund is further away from

is more than the increase of
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Figure 2.8: Funds’ Beta coefficients with and without competition, with N =5, v, = 2, a; = 0.5,
l; =0.1, 0, = 0.2 and p;, = 0.2, 1 <17 <5, \;’s form an arithmetic sequence from 0.1 to 0.5, and
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Figure 2.9: Funds’ Beta coefficients with and without competition, with N =5, \; = 0.3, v = 2,
a; =05, 0, =01, 0, =02, 1 < i <5, pj,’s form an arithmetic sequence from —0.2 to 0.6, and
pij =02for 1 <i#j<5 A\p=0.15 b=0.15.

the common investment opportunity.

In Figure 2.10, the model parameters are the same as for Figure 2.7, and the funds’ behaviors
change drastically. While funds 2-5 decreases their investment in their idiosyncratic risk, similarly
to the previous two cases, the disadvantaged fund 1 takes excessive risk by large exposure in 5. It
shifts the industry average so large that |Beta; —1| > |Beta —1| for every 1 < i < 5, which means
that competition actually increases the risk in relative performance for every fund, even though
most of them choose the optimal portfolios to avoid this. In this case, funds 2-5 take more exposure
in S, and only fund 1 specializes more in its idiosyncratic risk.

Finally, let us consider a special case in which S, is the only risky investment opportunity for
each fund and investors only care about the relative performance (¢; = 0). With the investment
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Figure 2.10: Funds’ Beta coefficients with and without competition, with N =5, o; = 0.2, ¢; =
0.02, a; = 0.5, £; = 0.1, pimm, = 0 for every 1 < i <5, \;’s form an arithmetic sequence from 0.1 to
1.3, ~; form an arithmetic sequence from 0.5 to 4, p;s = —0.2 (i #5), p;; = 0.2 (1 < i # j < 5),
Am = 0.15, b = 0.15, r = 0.05.

strategy 6; in S,,, the dynamics of X; is

dX o . N + (N — 1)0(1'

N + (N — 1)041'
=\|r - 7 -
Xt N

N N
o Q5
vit é ¥y | dt + N Vi — %é' 0ji | (adt + bdBy),
JF JF

(2.2.14)
which allows more concrete discussions about how close are each fund to the industry average.

Proposition 11. If S, is the only risky investment opportunity for every fund (as described in
(2.2.14)), then there exists a unique equilibrium 0* € ON such that for each 1 <i < N,

A 11 1
or = 2m < —y Y _) : (2.2.15)
It+aivi 1+aiy

where ¥ = = and & = —
Z 1+&a Z 1
= e L 1ta;

Notice that in this case, though 6}’s in (2.2.15) are constants, they are unique among all
admissible strategies. Also, if there is no fund flows (o; = 0), the manager is facing essentially
a Merton problem with S, as the only risky investment opportunity. The optimal strategy is

HzM = 2—;’; for each 1 < ¢ < N. Comparing to HlM , 07 is also of the Merton type. However, the

manager’s risk tolerance shifts to a linear combination between the manager’s own risk tolerance 71

and %, the average of the risk tolerance of all competing fund managers, weighted by the sensitivity
of fund flows to the relative performance. In the following we compare the fund’s investment and
check the herding effect of competition. Since the return of every fund is driven by a common
Brownian Motion B, to analyze the similarities between each fund and its competitors, it suffices
to compare 07’s and #’s, and their industry average 6* and 6| respectively. The next proposition
shows that, relatively more risk averse managers may take larger risk in face of competition. Also, if
the fund with more risk averse manager has larger flow sensitivity to the relative performance, then
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Figure 2.11: éi’s, 07’s and their average if managers only invest in S,,,. N = 10, A, = 0.15, b = 0.15,
£; = 0 and ~;’s form an arithmetic sequence from 0.5 to 3.2.

in average the investment of the whole group becomes more risky. In the special case of constant
fund flow sensitivities, 67 is always closer to the industry average, than the counterpart without
competition.
Proposition 12. (i) If v; > 7, 0F > 0M and vice versa.

(ii) If (vi — vj) (i — ;) > 0 for every pair of 1 <i < j < N, 0* > 0™ and vice versa.

(i4i) If o; equals a constant o > 0 for every 1 < i < N, then 6* = M and 07 — 0* =

1 (éi—éM).

The intuition for these results is that facing the same investment opportunity, the funds with
more risk averse managers tend to take less risk, and are thus less likely to win in the competition.
Thus the concern for relative performance pushes them to be more aggressive to keep up. On the
other hand, funds with less risk averse managers are at a better position in the competition, and are
thus more concerned about the risk of poor performance. They invest less in S;;, to avoid possible
outflow due to the loss in the risky asset. Furthermore, if the high risk aversion is accompanied by
high sensitivity «; of fund flows, then the effect of more risk taking for more risk averse managers
is magnified compared to the effect of less risk taking for less risk averse managers, and the average
risk taking of all funds with competition is higher than the counterpart without.

Figure 2.11 shows 0;’s, 07’s and their average, with N = 10, A\, = 0.15, b = 0.15 and ;s
being equally spaced between 0.5 and 3.2. The left panel shows the case of increasing «;’s and
6* > ™. In the right panel, a;’s are decreasing, and the inequality is reversed. In both graphs,
similar to previous examples, §’s are closer to 0*, compared to the distance between OzM and M,
with an exception of 2 out of the 10 funds. In the special case of a; being a constant, Part (iii) of
Proposition 12 confirms that this comparison holds for every fund, and the competition based on
relative performance does have herding effect on the fund investment.

In conclusion, the managers have two considerations in his/her portfolio choice, one is the total
risk taking of the fund, which decides the return, and the other is the risk in the relative per-
formance, which decides the fund flow. Our results show that in most cases the concern for the
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poor relative performance dominates, and managers take less risk in their idiosyncratic investment
opportunity, so that the fund behaves more closely to the industry average but hurts the after-
fee performance compared to the case without competition. It indicates that competition pushes
funds to herd, which agrees with the results in Maug and Naik (2011). However, if the fund is
disadvantaged with poor idiosyncratic investment opportunity or the manager is of relatively high
risk aversion among the group (so that he/she takes low risk without competition), then to beat
the competitors and attract new investment, the fund increases the risk taking in its idiosyncratic
investment opportunity and increases the after-fee performance, which benefits the investors. It
supports the conclusion in Basak and Makarov (2015) that competition can lead to specialization,
which is also discussed in Brennan (1975), Uppal and Wang (2003), Van Nieuwerburgh and Veld-
kamp (2009), Boyle et al. (2012), Liu (2014). It also partially agrees with the results in Basak and
Makarov (2015), Lacker and Zariphopoulou (2019) that more risk averse fund managers tend to
take more risk under competition, than those with lower risk aversion. However, with appropriate
correlation structures, if the funds’ investment opportunities and the managers’ risk aversions are
close to each other, it could happen that every fund is further away from the average, comparing
to the case without competition.

2.3 Appendix

The proof of Theorem 8. The first step is to find the optimal portfolio choice of the fund 4, given the
investment strategies m_; and 6_; of other funds. Since we focus on constant equilibria7 assume that

7_; and 0_; are constants. Then with X;; := exp <— < ( +0,+ X az) Ui + j\;z ¢j> t) Xit,
Fubini’s theorem implies that

_ T N E X‘Z —i
E [/ o—Bit Mdt] _ / e(=Bitr= (Lt Mgt e vt § ) ¢a‘)t¢j—%Mdt (2.3.1)
0 L= 0 L=
For any (7‘('1', 91) S AX@ (1 < 1 < N) let TNI'Z' : (1 + EZ + %az) O; Tt éit = ( + E + Ozz) bH,t,

so that 7 := (m1,--- ,7y) = Ap7 and 0 = Ay, 0, where 7 and 0 are N-dimensional vectors with

(7); = 7; and (0); = 9 Thus

N
dX; -
—2 =R (Ndt + dWig) + | 6i — Z cijf; | Amdt +dBy) = cij (7 (Njdt + dWy)) . (2.3.2)
i j#i j#i
Tt ) W
i = - N - R i . it R ) ) 1
With ¢zt = O, Z Cijej Jhi = |: A :| J Iy = |: B, :| s A [ Ai—1 /\H-l ] , and
J#i
W_i = [ o Wesne Wegay ] the dynamics of X is
dth

it

= ¢}, (hidt + dFy) —

7 Ci(A_idt + dW_y),

where C; is an (/N — 1)-dimensional matrix with diagonal entries ¢;; for 1 < j < N and j # i.
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E[X) 7
Lemma 13 shows that gbz = 7w “h + w; Yw_;Cym_; maximizes [112 ] . Since it is a constant
strategy independent of ¢, it also maximizes the discounted expected utility from management fees

for each manager ¢

T N E [5( ,1*%}
/ o(=Bitr—(1ti+ Mt as )it Zgﬂ%)%}ﬂi 1 it |
0 — 7

;= %w_lhi + wi_lw_iCﬁr_i for 1 <i < N are 2N equations of constants 7 = (71, ,7Tn)
and@- (91, ,HN): B

Pii =y, Ppf =~"'n, + CF, (2.3.3)
of which the solution corresponds to the equilibrium strategies of the N funds. Since Lemma
14 shows that Py and P, are invertible, there exists a unique solution 7 = Pf_lfyfl)\f, 0 =

Pt ('y_lnm + Cﬁ). Therefore * = AfPfl'y_lAf, and 0* = A, P! (’y_lnm + CA;%*) .

E|x 7
Lemma 13. Given constant m_; and 0_;, argmax [17] qSl = —w Yy +w; Lw_ Cim_s,
#i:(mi,0;)€EA; X O ’

. Y .
for every 0 < t < T, where w; = [ L pim } R — [ (pz)? ], and p; is the N-dimensional
pim 1 (Pm)fz‘
vector with (p;); = pij-
Proof. We prove the case of 0 < «; < 1 and focus on E [f(;_%} because 1 — ~; > 0. The case of
~v > 1 follows similarly. Define a stochastic process & such that £y = 1 and
_d&
&

where M; and M_; are two constant vectors to be determined later, which satisfy w; M; +w_;M_; =
h;. Then

A& Xt
Etht

Thus Q)A(it is a non-negative local martingale, and hence a supermartingale. Therefore (ignoring
the positive 1 — ~;), by Holder’s inequality and noticing that X;o = X;p = 1,

= (Mjw—; + M ;p_; — \_;) Cim_idt + MdFy + M ;dW_j, (2.3.4)

— — (M{w} + M’ ; — B}) gedt + (¢ — M])dFiy — (x,Ci + M’ )AW . (2.3.5)

E[Xl %] <E[§t } [gt g ]% <E [g:”T (2.3.6)

1 1 1
= exp ((1 = %) <(Mi’w_,~ + M ip_i — N;) Cim—i + TM{wiMz‘ + TMl,i,O_Z‘M_i + Mi’w_iM_i> t) :
Vi Vi Vi
(2.3.7)
which is an upper bound for E [X ;_%} corresponding to any (m;, 6;) € A; x ©.

Next we search for the minimum among all such upper bounds corresponding to different choices
of M; and M_;, by considering the following constrained minimization problem:

1 1 1

{Mmj}l }TM/’UJZM + 2f)/]\f/_lp_,]w'_z + ;M{w_ZM_Z + (]\41/11}_Z + M/_“O_Z) Cim_;, (238)
(3] 7 (] K2 (]

subject to: w;M; +w_;M_; = h;. 3.
b M, M h 2.3.9
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The corresponding Lagrangian function, with Lagrange multiplier [, is

(2.3.10)
The first order conditions for M;, M_; and [ are
M; =~;l — w;lw,iM,i — yiwflw,iCiﬂ,i, (2.3.11)
0 zlip_iM_i - ;w’iMi + p_iCim—i — w1, (2.3.12)
0 =h; — w;M; — w_;M_;. (2.3.13)
Plugging (2.3.11) into (2.3.12) implies that
0= (pﬂ- — wLiw;Iw,i) (M_; + v Cim—;) . (2.3.14)

Instead of discussing the uniqueness of solutions to the above equation, we pick out one of them
M_; = —Cim—y, M; = %gbz, l = d)z, and verify that the candidate strategy @ can achieve the
upper-bound corresponding to M_; and M;, which verifies that d)l is indeed the maximizer of

E[%5 ],
The upper bound corresponding to M_; = —v;Cym—_; and M; = %qZA)i is

1 1 1
exp ( (1 =) | (Mjw—i + M’ ;p_i = X\_;) Cim—s + s— Mjw; M; + — M’ ;p_;M_; + —Mjw_;M_; | ¢
2; 2; Vi

(2.3.15)

= exp ((1 =) ((%ﬁbzw— — i Cip—i — )‘/—i> Cim—i + % (@%wzéz +7,Cip—iCim_; — 2€5§w—i0ﬂ—i>> t)
(2.3.16)

=exp <<—(1 — )N, Cim—; + (1_2%)% (&;wzngz — 7T'_Z-C7;p7;C’i7ri>> t) . (2.3.17)

On the other hand, for X; corresponding to qgl-,

Xit = exp <<5§(hit + Fy) — ", Ci(A_it + W_y) + < = Glwii — 27r_lC’ ip—iCim i + égw—icﬂr—o t) -

Thus,
E | %]
=exp ((1 — %) <<5;h@ — 7 Cid_i — <Z5 wi ;i — 27T—zClp (Cim_i + Pw_ i Cim_;
+U _2%) i + & _2%) ' Cip_iCim—_; — (1 — 'yi)q%w_iCm_i> t) (2.3.18)
— exp ((—(1 — )T CiA i + %(12_%) (é;.w,-é; - 7r’_iCip_iCi7r_i>> t) , (2.3.19)
which coincides with the upper bound corresponding to M_; = —y;Cim_; and M; = ~;¢;. O
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Lemma 14. P; and P, are invertible.

Proof. Py and P,, can be rewritten as Py = A1 PgiqgP1 PiiagA2, and P, = PinagA]_PQAQ, where
Ay, Az and Pyjqg are N x N diagonal matrices with (Ay); = N 1 (A2)ii = a4 and

1+Z¢)+(N71)a¢ ’
(Puiag)ii = \/1 — p2,, and P; and P, are N x N matrices with

1 e
o if ¢ = j, R .
(4 . _.]7

(Pr)ij = = pu=pumpim__ itij, (Pi= {C“ I (2.3.20)
Va1 ’ -1 i,

On the other hand, for ¢ # j, Brownian Motions W; and W; can be written as

Wit = pimBr + /1 — P%mZm Wit = pjmBt + /1 — sziju (2.3.21)

where Z;, Z; are Brownian motions independent of B. Suppose that (Z;, Z;); = pi;t, and then
32 .
Pij = PimPjm + \/(1 —p2 (1 —p?m)pfj, which implies that % = (pfj)2 < 1. Since
im jm
Ci = 77 NT( NTa; < Nl_l, both P; and P» are strictly diagonally dominated matrices, and
hence invertible. Therefore Py and P,, are invertible, because the diagonal matrices A;, Az and
Pyiqq are also invertible. ]

The proof of Proposition 9. Following (2.2.5) and (2.2.13), with p12 € (—1,1) and A < 1,

o 2 (1 + m;nﬁ\) 22040 +a) (1 + mpm/\) 239

M 0 \2 C4a(14+0) Fa2(1 —py) 41 +0)2 T

000 (1 () ) OO A AT
4(14¢) + 4o
< <1. 2.3.23
T a2(1 — p}y) + 4ol +£) +4(1 + £)2 ( )
2
w2+ 0 +0) (1= (st o) .
n—m = - - — (Al 3 > (2.3.24)
2)\1771 (1 =+ mﬁqu) 1,7
244/ 1—p%)) —2p12A
oy (2+40+a(l—piy)) —2p12 )7 (2.3.25)
221+ 0) + CV))\I,M 1+ ﬁplg)\
a+0
< - oy (2-2)) — <. (2.3.26)
2(2(1 + ) + &) A1 ry (1 + mmz)\)
On the other hand,
— 2 a 2 —
L; 1= 2 (2(1+02)+ap12 + >‘> 1= 2(1+%ia + (O‘ (2(1fe1)2+a - 1) - 2£> A
Mo N 2 T N 2 '

(2.3.27)
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2
Thus 735 < 73" is equivalent to 5 %i@lia (a ( 10_‘&12 — ) - 26) A < 0, which, since 2(1+£)+a <1,
A

> 2ap12

always holds for p12 < 0, or implies that T Al ta?(1—p7) FA0T0)

for p12 > 0. Finally,

i} Y (401 +0) + (40 +2) + (1 — p2y)) X — 2ap12
m =y = ( - fm) ). (2.3.28)
22(1+0) + O[)AQWQ ()\ + m)

. S « M - ey 2
Thus, if p12 > 0, A + 2(101]% > 0, and 75 < ny" if and only if A > (2+4€)a+a2(01461;%2”4[(1%)

- IE pr2 <0, ((46(1 +0) + a4+ 2) + a*(1 — p2,)) A — 2ap12) > 0, and 3 < n3! if and only if

AZ —5ithra U

The proof of Proposition 10. Following (2.2.8) and (2.2.9),

2 -
(1 - (%) P%2) (1-X%)

Beta] — 1= — - - — =0,
1+ mpm)\) +2p12 (1 + mpu)\) (%pm + A) + (mplz + )\>
(2.3.29)
1— )2
Betal! — 1 = (2.3.30)

— — >
L+ 2p12A2 + X2 —

Therefore if X = 1, Beta] = Betal! = 1. Otherwise, since A < 1, the sign of |Beta} — 1| — |Betal! —
1| = Betal — Beta}? is the same as that of

2
@ 2 Y )2 - N
Y (R 14+ 2p0h4+ 02 = (14— 0%
( <2(1—|—€)+a> ”12>(+”12 +X) <+2(1+€)+ap12>

2

(6% S (6% - (6% S

Y YR L | (LT R W
p”( AT ra™ ><2(1+E)+ap12+ ) (2(1+€)+<3/)1QJr )

2

da(l+L+a) 4 < <2(1+€)+a 1 « >— —2>
== 1 _ t — A+AT . 2.3.31
201+ £) + )22 I+i+a po  1+l+a" ( )

144
I pio > 0, 1+ (X574 L + 8o pia) A+ A% > 0, and hence [Betaj — 1| — [Betal’ — 1/ < 0. Tf
p12 < 0, |Beta} — 1| — |Betal? — 1| < 0 is equivalent to
20+40) 4+ a1 « < w9

+|l -t — A+ A >0. 2.3.32
( I+l+a po 1+£+ap12> = (2.3.32)
Since 1 +Z‘ ap1i2 t 2(11L£J)rza p% is negative and is decreasing in p12 € [—1,0), the maximum value at

p12 = —11is =2, and A > 0. Since A < 1, the two roots of the left hand side of (2.3.32) are

2(1+6)+a 1 2(1+0)+a 1
<1+€+ap12 + 1+l+a P12> + f > 1 and 0 < <1+€+a'012 + T+ p12> - \/Z
2 - 2 ’

- S P12+ P A . . .
and |Betaj — 1| — |Beta)! — 1| < 0if X < ~(rtgar: SEre P12 , and otherwise the inequality
is reversed.

2(1+0)+a 1 )
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On the other hand, algebraic calculations show that Betaj —1 = — (Betaj — 1) < 0 and Betad! —
1=- (Beta{w — 1) < 0. Thus the difference between Beta3, Betal! and Beta?, Betal! is at the
numerator, which is now A2 — 1. Therefore, the sign of |Beta} — 1| — |Betal! — 1| = Betal — Betal!
is the same as (2.3.31), and equivalent conditions for Fund 1 still hold. [

The proof of Proposition 11. Let X;; = exp (— (r — (1 + %ai) v + F Z;\;l 1/)]-) t) Xit. Then
with (;; = W@it — % Zj\;l ¢, Xi follows
dXt 5

< Git(adt +bdBy), X = X0 = 1. (2.3.33)
it

We first calculate the optimal ¢; (or equivalently the optimal ;) given 6;’s (j # i) of other funds.
With d&; /& = —A\pmdBy and & = 1, d(6:X1) = & Xt (Cieb — Am) dBy, which is a non-negative local
martingale, and thus a supermartingale. Then for 0 < ; < 1 (the case of 7; > 1 follows similarly),
by Holder’s inequality, for any 6 = (61,...,0y) € OV,

1o

Bl(a%e) g7 Elat) TElg r exp (152021)

_ < < 1 . (2.3.34
L= B L= B L= ( )

Sl
E Xit’y
L=

N
Am | &4
dmyoi$hg,
b N G#£1 J)

N+(N—Da;

1oy
Xit
T

il
which gives an upper bound of E [ ] On the other hand, with 0;; = , and

1—’Yi 2 ~1—~
thus G = 2= E |- X177 = w hich indicates that ; is the maximizer of E X
T b0 T—y; it B 1—=; » W v I=y |

Since (¢ = % is a constant strategy, independent of ¢, it also maximizes manager i’s expected
utility
T o E [Xl_’Yz]
(—Bitr—(1+ 8 ai )i+ 3 Z;-V# P )t 1= “ dt
(& wl 1 vi )
0 -V

N(X’é“ﬁ %%)
and the optimal strategy given 0;’s (j # 1) is 0 = NJF(N*SZH
To find the equilibrium, it suffices to solve the system of IV equations, each representing the
optimal strategy given the portfolio of other funds: P;0; = AT’”fy_le, where 6; = (614, -+ ,0n¢)
e is the N-dimensional vector with all entries equal to 1, P; the N x N matrix with (Pr);;

thus invertible, there exists a unique solution §* = )\TmPI_ Ly=1e for every 0 < t < T. Furthermore,
since Py = —%AQ(D + ee’), where Aj is the diagonal matrix defined in the proof of Lemma 14, D
is an N x N diagonal matrix with (D);; = —% — 1,1 <14 < N, by Sherman-Morrison-Woodbury

formula (See equation 2.1.4 in Golub and Van TLoan (1996)),

and 7 is defined in Theorem 8. Since P is strictly diagonally dominated and

1+D_é (e 71 ,Z#] b

1 1+a (o7} s __ 4
-+ ; =7
- Tta; T N (+a)?
(PI l)ij: +a (14c)
N (I+a;)(1+ay )

and this solution reduces to 0 = )‘Tm <ﬁaz% + 11&1 %) for1<i<N. O
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Am wwhile the coefficient

The proof of Proposition 12. (i) Both 67 and #M are proportion to =,
L and 1. The claim follows by the

and that for 67 is a convex combination between 5
11, o 1Y _ L g _ A
Tra: v 1+am) =5 0" =%, and

M. 1
for 67" is -

N
comparing the two coefficients. (i) Since 3 (
i=1

_ N N
gt _gM _ Mm i_izl _Am 1+az 1 151
b \¥ N — i b N pot (I+a)vi N — i
Am 1 14+ a 1
= —— —1)—. 2.3.35
Pv (e )y (233)
Since (75 — ;) (s — aj) > 0 for every pair of 4 and j, 111'51 —1)’s and %78 are similarly ordered,
and from Tchebychef’s inequality (Hardy et al. 1952, 2.17.1), the above is greater than or equal to
1
(2.3.36)

Am 1 1+a 1
o —1) =Y —=0
bN,Z(l—i-Oéi >Ni:1%- ’

=1

NE

and the inequality is reversed if (v; — 7;)(a; — a;) < 0 for every pair of i and j.

_ N
(iii) 0* = @M follows from (ii). Furthermore, since 5= + Zl %,
1=

N N
. Am 1 1 1 1 1 Am 1 1 1 1 1
R Ee O M G B w00
b \1+avy = N1 +a)~; szlfyj b \1+avy 1+04Nj:1fyj
(2.3.37)
N
T A R (N I R EPAe v
_NZ _1+a(91 7). O
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Chapter 3

Model 1II: Optimal Capital Gain Tax

3.1 Model

3.1.1 Optimization Problems

First, we describe the optimization problem for the managers and the policy makers before giving
the details of the model. We assume that the policy makers can decide the capital gain tax rate
T. € [0,1] at time 0. The representative fund manager’s problem is, given the 7., choosing the
optimal portfolio m € A to maximize the terminal utility,

Jm(”? Tc) =E [UU(AT>] )

where A is the admissible set for 7, u(-) is manager’s utility function, and Ay is the terminal after-
tax wealth, which will be discussed in more details below. We assume that the utility function is
of constant relative risk aversion type with risk aversion v > 0(# 1), up(x) = ﬁml_w. Ar consists
of the performance fees given by the investors and the capital gain taxes deducted at the terminal.

Meanwhile, since investors may not be in the country, policy makers want to maximize the tax
incomes from the funds — both the income tax and the capital gain tax with rate 7.. Since income
tax rate 7, is related to many other aspects of the society, like employment rate, and is hard to
alter in short time, 7, is regarded as constant in our model. Therefore, policy makers face a mean
variance problem, which maximizes the tax incomes collected from time 0 to T by choosing the

optimal 7. € [0, 1],
1
Jp(7e) = E[N7] = JwVar [Nr], (3.1.1)

where Nr is the discounted cumulative collected taxes including both income taxes and capital
gain taxes, and w is the risk aversion of the policy makers.

3.1.2 Model Details

Consider a complete filtered probability space (€2, F,{F;},~,,P) which is generated by Brownian
Motion W. Suppose that the fund allocates its asset between the risk-free asset 59, which earns a
constant rate of return r, and its own risky investment opportunity S, which is public information
among market, and follows the dynamics

C? =(r + p)dt + odWs, (3.1.2)
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with p and o as the excess return and the volatility of the investment opportunity. Denote 6 = £
and m; as the proportions of fund’s assets invested in .S at time ¢, which is integrable with respect
to W. Denote the collection of all such strategies as A. The investors of the fund compensate the
manager by management fees 1 I; and the performance fees a(Ip — Ip)+ at the end of the period if
values in their accounts increase, where ¥, @ > 0 are constants representing the management and
performance fee rates, and I; is the value at time ¢ in investors’ accounts. Given 7 € A, the values
in manager’s own account F; and investors’ account I; follow

dly =(r — ) Lidt + 7Ly (pdt + odWy), (3.1.3)
dFt :1/).[,5(1 — To)dt + T’Ftdt + TFtFt(,U,dt + O'th).

The terminal after-tax wealth A7 and the cumulative tax collected N7 can be represented as
AT = FT + CY(IT — I())+ — Tec (FT + Oé(IT — Io)+ — FQ)Jr s

T
Np = / efrtToi/J[tdt + eirTTc (FT + Oé(IT - I())+ — F())+ .
0

Define
dZy = Z [(’l“ — ’gZJ)dt + ﬂt(/ﬁdt + O'th)] , o = 1.

Z; represents the after-fee return rate of manager’s portfolio since Iy = [yZ;. Accordingly, Fpr =
AZr and

AZr  Zr< &
Ar =S (1 = 1.)AZp + 7.D D <zr<u, (3.1.5)
1-7)(A+B)Zr+71.D—-(1—71)B ,Zr>1

where
A= Fpe'T 4 Io(1 - 7) (ewT - 1) "B=ual,,D=F,

Note that the terminal after-tax wealth is a function of Zp alone, and therefore, manager’s value
function is Markovian under the return rate Z. Denote u(Zr) := ug(Ar). For the following
discussions, we will base our analyses on the process Z and the according value function V (¢, Z),

V(t,Z) = sgaE (w(Zr)| Zs = Z].

3.1.3 N-player Game

It is natural to extend the model to N funds with one representative policy maker, and each fund
has different risk aversion «y;, performance fee rates «;, management fee rate 1;, and initial values for
both investors’ and managers’ account I;p and Fjy. Due to the solvability of the model, we assume
v > 1fori=1,---,N. This is actually a reasonable assumption due to the empirical results in
Chetty (2006), Friend and Blume (1975), Szpiro (1986), Vissing-Jorgensen and Attanasio (2003).
Dynamics for both processes are the same as (3.1.3) and (3.1.4) except that those parameters are
related to player ¢. For the tractability of the model, we assume that all managers can invest in
the risk-free asset S° and the common investment opportunity S, which shares the same dynamic
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s (3.1.2). The admissible set A thus remains the same as well. This reflects the case when
competitions are among passive funds who track one common investment opportunity such as S&P
500.

Competitions are introduced among all managers by combining the relative performances in
the terminal utility functions. For manager i, given m; € A, define

Az = [(7“ — wl)dt + Wzt(ﬂdt + O'th)] , Zig = 1.

Similarly, Z;r represents fund ¢’s after-fee return rate at terminal, so the relative performance for
manager i is

7 1 O
Rp=""Zq0=—-—3 Zr.
7T Zz'T ) T N_1 — 3T

77

Now manager ’s utility function u;g is based on the terminal after-tax wealth A;7 and the relative

performance R;p with

1 ol
1=

’U,Z'()(.%',T) = >\z' — (1 — )\i)Cﬂ', (3.1.6)
with A; € [0,1] as the weight between the utility brought by the terminal wealth and the relative
performance and (; > 0 as the sensitivity to the relative performance. Positiveness of (; reflects
the observation that better relative performance brings cash inflow to the fund as well as builds
fund’s reputations and gains further income, and vice versa. More precisely, —(;r can be changed
to —(;(r — 1), representing the gain and loss caused by the relative performance, but since (; is
a constant, it is equivalent to solve (3.1.6). Similarly, each manager chooses m; € A to maximize
their terminal utility,

Jim (miy m—i; 7e) = E [wio(Air, Rir)],

where m = [m cee 7TN], 7_; is the vector in RNV—1 by removing the ith element from 7, and A;7
is defined as

AiZir , Zir < %
Air = (1 = 7.)Ai Zip + 7.D; VR < Zir <1,
(1 —=7)(Ai+B)Zir+71.Di — (1 —71.)B; , Zip > 1

where
A; = Fye"'" + Iig(1 — 75) <€wiT - 1) , Bi = ailio , D; = Fio.
Note that A;7 and R;r can be represented as functions of Z;7 and Z_;7, and thus we define
wi(Zir, Z—ir) = wio(Air, Rit),

which is used in the following discussions instead of u;g.
We will discuss the Pareto optimal Nash equilibrium among N funds as defined in Definition
3. Note that in this Chapter, there is only one risky investment opportunity for managers, so
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0; should be omitted in the definition of Pareto optimal Nash equilibrium. For the existence of
Nash equilibrium, we need to introduce the weighted L? space L?® with the norms ||f|ls2 =

(Ja llf (x)||%¢(w)d:c)%, where ¢ is the one-dimensional normal density function with mean 0 and
variance T and || - ||2 is the Euclidean norm on R?. Note that the space is complete. Denote L*#+
as the subset of L2 where functions are non-negative.

In the extension of N-player game, policy maker faces the same problem but N; becomes the
sum of all managers’ taxes collected,

N T
Np=3" / e rgilidt + e (Fyp + ai(Lir — Lio)y — Fio) -
i=1 70

3.2 Main Results

In this section we will present the main results of this paper and discuss their implications. The
following theorems show that there exists an optimal control 7 for one representative manager or
a unique Pareto optimal Nash Equilibrium for N-player game and an optimal 7. for the policy
makers. There exist multiple equilibria if competitions are introduced. The equilibria are totally
ordered, both element-wise and in the sense of the value of utility functions, and thus the Pareto
optimal Nash equilibrium can be found.

3.2.1 Funds’ and Policy Makers’ Problems

Theorem 15. Given the capital gain tax rate 7. € [0,1],

(i) One-player model: the optimal strategy Zr for the manager is
Zr = &(he’ ér),

where & is the unique stochastic discount factor & = exp (— (7’ + %92) t— HWt) and the unique

7N solves E [6¢T§TZT} = 1. Moreover, the according optimal portfolio strategy can be described
as

~

~ l:C (ta Wt + 0t)

ol(t, Wi + 6t)’

where Z(-) is defined in (3.2.1)-(3.2.3) in section 3.2.3.1 and

=Tt [ a2

- [ eT2m03 AewTef(rJr%@Q)Tf&(yf@T) du.
)= =0 e (3 ) dy

(ii) N-player game with min;y; > 1: the unique Pareto optimal Nash equilibrium for the optimal
strategy ™ can be described as

I(t, x

o (1)« (t, Wi + 6t)
T Gl W+ 0t)
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where l; is the feedback form of Zip such that Zyp = 1;(n,Wr), where 1 uniquely solves
E[e¥T¢rZir) =1 fori=1,--- ,N and

. e~ (r=i)(T—1) _(21(,?); X

lz (ta x) - \/m e lz (777 Y QT)dy

The optimal 7 for one player model is the result of the concavification, see the general theory
in Bichuch and Sturm (2014) and Smhl(\d (2010). Since u(Ar) with (3.1.5) is a piece-wise concave
function of Zr, but has kinks at Z and 1, the dual of u(Ar) has different expressions depending
on the relationship between A and (1 — 7.)(A + B). Note that 7. has two effects on managers’
terminal wealth and according optimal portfolio. On one side, larger 7. means less managers’
terminal wealth, and managers’ strategies are more cautious. For example, in the extreme case
when 7. = 1, there is a hard stop for managers’ wealth at D = Fj, and a hard stop of optimal Zr
at 1. In this case, managers do not try to earn money for both themselves and the investors. On
the contrary, they are aiming for losing certain amount of money and maximize their incomes from
the management fees. On the other hand, larger 7. may stimulate managers to be more aggressive
to maintain similar earnings compared to the lower 7. case. For example, when 7. = 0, managers’
wealth increases more quickly when they try to make profits than when they lose money according
o (3.1.5), and thus their strategies become aggressive to have a better position in the terminal
wealth. Those two effects are summarized as the substitution and income effect in Feldstein and
Yitzhaki (1978), Balcer and Judd (1987).

For N-player game, we solve the fixed point problem for [ = Pl where Zir = l;(n,Wr). The
details will be discussed in the section 3.2.3.2. Note that for fixed w € Q and n € RY, Z;p(w)
(or I;(n,x)) forms a system of non-linear equations in RY through their reaction functions, and
the solution of Nash equilibrium can be constructed through each point. Hence, the existence
of multiple intersections of the reaction functions for each point gives the possibility of multiple
equilibria for Zr as well.

Consider one example of two players with A\; = 0 and 7. = 0 for simplicity. The utility functions

are
x2 1 9 1
uy (21, 22) = — z us (1, 2) = —— < + > 5

10 \ Ay x9
z y X < 17 .
where Ay = 2 2 =" Define the dual of two functions as
20 — 1 , Lo > 1
i1 (22,y) = sup ui(z1,22) — 1y , G2(x1,y) = sup ug(z1,22) — T2y,
120 x22>0
The optimal reaction function for player 1is z] = %2, and the optimal reaction function for player

2 is x5, which is determined by the maximum of the following two functions and the according
optimal xo:

9+CE1 9+331 9+Z‘1 9+.Z’1
_ _ )2y 'Y > T _ oy Y~ 10>
sup uz(x1,T2) — Tay = y Lo = )

9+ 9+4x 9+
z2sl - 101_y Y < 1017 Y < 1017
1 9 z 18+z 18
—E (o + ) — gy, y < B To0 L,y < ASEE
_ _ 0 \ 220 20 10 _
sup ug(x1,x2) — x2y = To =
’ 9tz 18+m ’ 18+$1 ’
zo>1 71 _ y , y > 1’ ]_ 5 y > 5
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where x99 solves %0 (m + %) = 4. Since y for each equation equals to n;e?T ¢y for the final

reaction function, y’s are different for each player as long as 7;’s are different. Here, suppose for
fixed Wr value, nie¥Tér = 3 and nge?Tér = 0.1, and the reaction functions are represented in
Figure 3.1 (a). This shows the possible multi fixed points for the pointwise problem with fixed 7.

We show in section 3.2.3.2 that the multiple Nash equilibria are totally ordered, in the sense
of both the value function and element-wise comparisons. When ~; > 1, after we substitute Z;7 as
the reaction function of Z_;7, the utility function of player 7 is a non-increasing function of Z_;p,
and therefore smaller Z7 makes everyone’s utility larger. Hence, the Pareto optimal strategy is the
smallest fixed point of N reaction functions. Figure 3.1 (b) shows the possible multi fixed points of
the reaction functions for different n’s, which shows the element-wise order of two equilibria. The
smaller one is the Pareto optimal Nash equilibrium. Note that the 7’s are not given, but calculated
through the budget constraints E [e‘prTZZ-T] =1foralli=1,---,N.

Reaction functions of Player 1 and 2 - Reaction functions of Player 1 and 2

Player 2 reaction function
Player 1 reaction function

Player 2 reaction function (Setting 1)
Player 1 reaction function (Setting 1)
Player 2 reaction function (Setting 2) /
— — Player 1 reaction function (Setting 2)
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(a) Reaction functions with y; = 1/17% and y» = 3. (b) Reaction functions with 7’s satisfying the budget
constraints.

Figure 3.1: Reaction functions for both players. (a) shows the possible multiple fixed points for
some fixed n’s (b) shows two different equilibrium points, where both sets of 1’s satisfy the budget
constraints. Setting 1 gives n; = 0.9897, 12 = 1.3699; and Setting 2 gives 1 = 0.8852; 12 = 0.3197.
The left intersection point is the Pareto optimal one. r = 0.05, u = 0.15, 0 = 0.2, ¥1 = 1o = 0.02,
T=1.

Given the optimal portfolio(s) for both 1-player model and N-player games, J,(7) is a contin-
uous function of 7.. Since 7. € [0, 1], there must exist a maximum point in the interval. Therefore,
the following theorem can be concluded.

Theorem 16. Given the optimal « defined in Theorem 15, there exists an optimal 7. € [0, 1] such
that J, achieves its maximum.

As discussed above, 7. has a negative effect on managers’ strategies, which brings down the
tax basis since managers are reluctant to gain more profits. However, higher tax rate 7. also
means potential higher total tax income. The two effects have the opposite effect on policy makers’
decisions of optimal tax rate. It is hard to get the exact value of the optimal 7. due to the complexity

34



of J, as a function of 7.. We will discuss in section 3.3 how the optimal 7. changes numerically
according to different risk aversions of managers and policy makers.

3.2.2 Sensitivity Analysis

In reality, risk aversions and sensitivity coeflicients are hard to estimate, especially for the N-player
game. Estimating other managers’ risk aversions and sensitivity coefficients could have potential
errors, which bring biases in the Pareto optimal Nash equilibrium. In this section, we will show
that the deviations from parameters do not cause huge changes in the optimal strategy, or in other
words, the equilibrium is stable.

Theorem 17. For N-player games with min; ; > 1, consider the parameter triple (v,(, A) and its
perturbation (v + Ay, + A, A+ A)X) where each element is an N -dimensional vector. Denote the
according unique Pareto optimal Nash equilibrium as T and *a and A = max {||Av||2, [|AL||2, ||AM]]2}-
Then, there exists a function K depending on t, Wy, v, ¢, A such that

||ﬁ-t - 7?[-AtHQ S K(t) Wt,’}/,C, )\)A|1HA|

The detailed proof is shown in Appendix 3.4.3. Based on the result of Theorem 17, the optimal
portfolios for N-player games are useful even if managers can only approximate the other managers’
parameters. As long as the approximation is not too far away, the optimal strategy is stable and
applicable. Meanwhile, the difference between two equilibria is measured pointwisely, and thus, K
is function of W;. As shown in the proof of Theorem 17, K will explode when W, achieves both
positive and negative extreme value, but it is of order O(W?). Combining with the density of
Brownian motion at time ¢, we can conclude that the difference between the optimal #’s in L?(PP)
is also of order O(A|ln Al).

Meanwhile, the |In A| term actually comes from the perturbation of 4. Hence, the optimal
strategies are more sensitive to the . In practice, this gives managers a hint that approximation
of v is more important than the other two parameters, although it is hard to estimate people’s risk
aversion in general. This also indicates that for the policy makers, they need to take the upper
bound of the perturbations into consideration when deciding the optimal tax rate.

3.2.3 Proof of Theorem 15

We will mainly use the concavification technique to deal with the non-concave property of the
utility function on Zp. Since our models only depend on the terminal wealth, the first step is to
find the optimal terminal wealth Z7 or the Pareto optimal Nash equilibrium Z;7 in N-player game.
Then based on the martingale property of Zr (Z;r), the optimal portfolio can be constructed. Note
that the Pareto optimality of Z;r is in the path-wise sense: for each w € 2, the Pareto optimal
Zir(w) > Zip(w) for any Nash equilibrium Zp and i =1,--- | N.

3.2.3.1 One-player model

Define z(y) as
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(i) fyo<(1—7)AD™7,

_ 1= 1
1 y —= B - D
(W) Y Ot ais A Y <Wo
12
~ 1 _T’Y -1 7. D < 1 AD—
z(y) = \T=)4 A s | JYo <y <(1—7) ,
% ) (1_TC)AD_FV§y<AD_’y’
_ 1= 1
(2) "y ,y>AD™,

(3.2.1)

(ii) If the condition in i) is not satisfied and y; < AD™Y or (1 — 7.)AD™7 < (1 — 7.)(A +

B)[(1—=71)A+71.D]"" < AD™7,

1—v

1
y - B Te D
Y "+t a3 T T-nA+B Y <Y1

(=)

j:(y) = % y Y1 < y < ADi’y,

—
|
|

a) Ty Ly = AD7,

(iii) If conditions in i) and ii) are not satisfied,

_ 1=~

1
y -z B Te D
Y "+t A T = ArB Y <V

z(y) = (W)

_ 1= 1

(x) "y LY > Yo,
where
1 1 1 =
- Yy
2 (D7 - () )
yo =1 —71)[(1 = 1)A+7.D]77 T T ,
A A¥B
- 2!
() (1)_177
= ((1 —7.)B - TCA>7 1— \ \A (1-7)(A+DB)
Y2 = )
(1—7.)B—1.D %—m
and y; uniquely solves
L e D4 y ‘I%Jr . D B
1~ A1 \d+B)a-1) 1-n.A+B A+B)Y

(3.2.2)

(3.2.3)

(3.2.4)

(3.2.5)

(3.2.6)

Proof of Theorem 15 (i): First, let us show the existence and uniqueness of the 7. The uniqueness

is obvious since Zr is non-increasing function of 7, and so is E [ewTéTZT]. For the existence, in

either case, when 7 goes to 0, E [ewaTZT] goes to infinite, and vice versa. Combining the above

argument, the equation has a unique solution 7).
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Under each condition, as shown in Lemma 21, the & achieving u(y) = sup, u(x) —zy is (3.2.1) -
(3.2.3). Meanwhile, since d(e¥7¢Z;) = V¢ Zy (10 — 0)dWy, and e¥T&Z; > 0, it is a supermartin-
gale. Thus,

E [ewTéTZT] < ]-a

and E [ I T ¢ Zy(mo — e)th} < 0. Define

T
Anér) = sup E [u(ZT> e TerZr i+ [ ez (mo - 9>dwt] <n+E i (ne"er)],
Z7>0 0
(3.2.7)

due to the conclusions in Lemma 21. Thus, J,, < inf,>0A(nér) < A(Hér) < 7+ Ela(nér)], and
the equality in (3.2.7) is achieved with 7 changed to 7 when Zp arrives at Zp = & (ﬁewaT).
After changing to the risk-neutral measure, where th@ = dW; + 6dt, we want to show that

~ ~ ~ ~ Q
Zy = (¢, W2). Since dZ;/Z; = (r — )dt + 7 (pdt + odW,), with 7, = “}g’%;,
ol(t,W,

N 2 ~

X 1 (1 I
din (e =97 ) = —Z [ 2] at+ Zaw <
n(e t) 5 l +l t

At the same time, denote [(¢, z) == e""?)T=D](¢, z). Due to the fact that ;l + 30,21 =0,

N 2 ~
100 110% 112 l 1 (1 [
din (It WD) = (2= 1222 22 b+ Zgw@ = —— [ 2] at+ Zaw @

o (Ut W) (zaﬁzzaﬂ 2z2> e 2<z> e

since 1/l = le / l. Combining with the fact that ZT =1 (T , Wg), we can conclude that Zt and
1 (t, WtQ) are modifications of each other, which verifies the optimality of ;. O

3.2.3.2 N-player Game

Define ;(y, z) := sup, u;(x, z) — zy for fixed z. Denote

i1 (y,z) = sup wi(z,2) — a2y, Uia(y,2) = sup wi(z,2) — a2y, Wis(y, 2) = supu;(z,2) — xy.
o< i Dica<t z>1
=74, A; -
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They can be explicitly calculated in the following expressions.

Ui =

Ui =

Uiz =

P2 (Aa) T = (1= NG —aly Ly 2 MADTT (=206 (B) 4
121% Dil—%' _ (1 _ /\z)Cz%iz — %’y , otherwise,

2D - (=GR - By Ly = M- ) ADT (-G (B

A (1= 7o) Ay + D) T = N1 = 1) A (1= o)Ay +7eD) 7+ (1= NGz
(1- )\i)Q% — 25y <y <Nl —7)AD; "+ (1 - NG <A—Z>2 z,

li—i% (1 = 1) A; + 7Dy) 7 , otherwise,
[ —(1=A)Giz—y

25 (L= 7e) A+ 7eD) 7 = (1= N)Giz —y Ly 2 Ni(1 = 1) (Ai + By):

[(1 — TC)AZ' + TcDi]i’Yi + (1 — )\Z’)Q’Z,

1i7i% (1 = 7e)(Ai + Bi)ag + 7eDi — (1 — Tc)Bi>1_% , otherwise,

(1= M) — oy

where 27 (i = 1,2,3) are functions of y and z and uniquely solve

y = NAT (@) T 4 (1= N)Gz(x)) 72 (3.2.8)
y=(1—7) AN (1 — 1) Az + 7.D;) 7 + (1 — \)Gz(xh) 2, (3.2.9)
y=01—7)(Ai+Bi)Ni (1 = 7)(A; + Bi)as +7.D; — (1 —7c)B;) "+ (1 — )\i)gz(x’g‘)ﬂ.
(3.2.10)
Denote Z; (as a function of y and z) as the optimizer of U;:
(27 y> AAD; T 1y > N1 = 7) (A + Bi)(1— ) Ay + 7eD;) i+
Tig = (1= A)Gi (%) z, 5 Tiz = (1= Xi)diz,
\% , otherwise, x3 , otherwise,
2
By z (= m)AD T+ (=206 () 2
Tip = l‘; R /\i(l — Tc)Ai((l — TC)AZ' =+ TCDZ‘)JW =+ (1 — /\z)CzZ <y< )\i(l — TC)AZ'DZ-_% + (1 — )\z><z (

\

1 , otherwise.

Hence, 4;(y, 2) = maxg=123{%}, and the according value of = to achieve the supremum can be
described as #;(y,z): Rt x RT — R*.

Lemma 18. Given min;~y; > 1, for fund i, the reaction function Zir of the other parties Z_; has
the following expression,

Zip = #; (€wiT77¢§T, Zfi) ; (3.2.11)

for some 7 satisfying the budget constraint E [ewinTZiT} =1fori=1,--- /N.
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Since we suppose that Z;p has the feedback form of Z;r = l;(n, Wr), [;’s form the following
system [ = Pl, where each [;, it follows

N
N T (2 102\T o 1 )
li(n,z) = &; | me¥iTe (r+30%)7 o0 ,lej(n,x) ,foralli=1,---,N. (3.2.12)
JF

Define the weighted L? space L?¢ with the norms | f||s2 == (/g Hf(x)||%gz5(x)da:)%, where ¢ is the
one-dimensional normal density function with mean 0 and variance T' and || - ||2 is the Euclidean
norm on R2. Note that the space L?® is complete. Denote L>®* as the subset of L*? where
functions are non-negative.

Lemma 19. Given min;~y; > 1, for fived n, there exists a solution to (3.2.12) in L>®%. Further-
more, if there exists multiple fized points, there exists the unique best fixed point in the sense of the
value of utility functions, i.e. | is the solution to (3.2.12) and

N
1
li(na x) = argmaxu; li(nvaj)a le(%ﬂﬁ)

The detailed proof is in Appendix 3.4.2. For fixed 1, we choose the unique best fixed point as
the fixed point generated from 7. The next step is to show there exists 1 such that the budget
constraint is satisfied. By such construction, we can have the solution satisfying Lemma 18 and it
is the best one in the sense of the value of utility functions. In other word, the solution is Pareto
optimal.

Lemma 20. Given min;y; > 1 and the unique best fixed point generated by n, there exists a unique
N such that the budget constraints

E e Terli(h, Wr)| =1,
foralli=1,--- N.

Therefore, 1 and the according [ constructed in Lemma 20 give the required Pareto optimal
strategy, and the according portfolio can be derived through the heat kernel. The proof is similar
to the proof for one-player model, which is omitted here.

3.3 Numerical Examples

To illustrate how tax rates change managers’ behaviors and what is the optimal tax rate for policy
makers, it is simpler to present the result of one-player model. The followings are the parameters
that we use for the approximation of one-player model:

r=001,u=01,0=02,T=1,vy=2,F=1,j=2,a0a=02,w=10,v =0.01,7,=0.3.
We transform the expression of [ to the expectation according to some normal random variables

with normal distribution and use the Monte Carlo simulation to approximate J,, defined in (3.1.1).
For the calculation of 7, we use 6 = 10~% and

I (Z(t, Wi + 0t + 5)) —In (Z(t, Wi + 9t)>

Ty ~
od
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(a) One sample path of 7. (b) Quadratic variation of Z;.

Figure 3.2: (a) Sample path of 7 and (b) quadratic variation of Z; with respect to different tax
rates.

Figure 3.2 shows the perspective of managers with respect to different tax rates. The left one
shows one sample path of m according to tax rates. The optimal portfolio is less aggressive with
larger 7. at the beginning and increases when the time is closer to the terminal time. Figure 3.2
(b) has a better illustration of this pattern with quadratic variation of Z;. The curves with respect
to different 7. come across with each other at around time 0.68. This is the result of substitution
and income effect mentioned in Section 3.2.1: managers incline to be more conservative due to the
less marginal after-tax income with high tax rate, while they also tend to be more aggressive to
overcome the loss from taxes. From figure 3.2, the closer to the terminal time, the more aggressive
managers tend to be, since their utilities are based on the terminal wealth, and their urges to
overcome the tax loss are more intensive.

Figure 3.3 shows how the policy makers’ objective function changes according to different .
The left figure shows that J, achieves the maximum at around 7, = 20%. When 7, is small, the
extra income brought by the higher tax rates dominates, and the objective function increases with
larger 7.. However, since higher 7. also prevents managers to invest, which causes a smaller base to
tax on, when 7. is closer to 1, this effect dominates, and the objective function drops dramatically.
Same argument works for any combination of managers’ and policy makers’ risk aversion v and
w, which gives the optimal 7. shown in the right figure. The optimal 7, is a decreasing function
of w, which means that policy makers with higher risk aversions set the tax rate lower. At the
same time, for fixed policy makers’ risk aversion w, optimal 7, is an increasing function of . The
phenomenon can be explained by figure 3.2 and figure 3.4. When facing higher tax rate, managers
tend to be more aggressive at the end of the period, which increase the volatility of the market as
shown in Figure 3.2. Since the major part of tax income for policy makers are at the terminal time,
the volatility of Ny becomes larger as shown in figure 3.4 (b), and thus push the policy makers
to choose lower tax rate to maximize their utilities. Meanwhile, when comparing figure 3.4 (a)
and (b), we notice that the change of variance is relatively smaller compared to that of the return
(mean) of Np, which gives another reason why policy makers will pursue a smaller 7.
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Figure 3.3: Policy makers’ objective function J, v.s. different 7. with v = 2, w = 10. (Left)
Optimal 7, v.s. managers’ and policy makers’ risk aversion v and w. (Right)

We want to mention that in most literature like Stiglitz (1975), Yost (2018), Feldstein (1969),
Falsetta et al. (2013) show that increment in capital gain tax would result in the decrease of
managers’ or householders’ risk-taking. However, this is not the case in our model. Managers
increase their risk-taking when 7. is larger, which makes policy makers to lower the capital gain
tax to decrease the volatility of their tax income.

For N-player game, we will use the following example with 3 players:

1(9 ZQ—l-Zg

Ul(Zl, Z27 Z3) =~ 1A

1 1 YA A
)aUQ(ZlaZ%ZZ’)):_ < L2

10 \ 4 27, 2 \ 242 Zy )’
1 1+ Z Z Z; <1 (38:3.1)
1 2 % y Lo > Ly .
71,29, Z3) = ———= — A= =1,2,3
us( 21, Z2, Zo) 943 373 {221-—1 , Zi > 1. (=123

Since in both the cases with and without competition (A; = 1), the optimal portfolio is calculated
through the heat kernel based on Zp, it is easier to see how managers change their behaviors with
or without competition based on the distribution of Zr. Figure 3.5 shows that under competition,
managers tend to be less aggressive to avoid the possible loss brought by competition. Thus, the
distributions of optimal Z;7 move left compared with the case without competition. The result
coincides with the results shown in Chapter 2. Meanwhile, less aggressive means higher risk aversion
if we use a representative player to stand for the NV players. Figure 3.6 shows that managers are away
from the market average with competition. This is due to incentives brought by competition such
that managers are more diversified to have a better chance to beat the other parties. Combining
with figure 3.3, we conclude that competition pushes policy maker to increase optimal tax rates so
as to compensate for the loss of tax incomes.
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Figure 3.4: (a) Optimal Sharpe ratio and (b) variance of policy makers’ income Nrp.

3.4 Appendix

3.4.1 One-player Model

Lemma 21. 4(y) = sup, u(x) — zy can be expressed as
(i) If yo < (1 = 7)AD™7,

() vy <wo,

v2(y) Ly <y<(l-7)AD77,
(y)
(y)

(3.4.1)

, (1 =7)AD™7 <y < AD™7),
,y=>ADT,

(ii) If the condition of i) is not satisfied and y1 < AD™Y or (1 — 7.)AD™Y < (1 — 1.)(A +
B)[(1—1)A+7.D]"7 < AD77,

Ul(y) ;¥ <1,

w(y) =< vs(y) ,y1 <y<AD, (3.4.2)
U4(y) ;Y Z AD_V)

(i1i) If the conditions of i) and ii) are not satisfied,

o July) Yy <,
) = {v4(y) » Y = Y2, (3.43)
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Simulation of the density of Z ,

Player 1 with competition
Player 1 without competition

Player 2 with competition
Player 2 without competition

Simulation of the density of Z T

Player 3 with competition
Player 3 without competition

Figure 3.5: Histogram of Z;r (i = 1,2,3) with and without competition. Settings are listed in
(3.3.1) with » = 0.05, p = 0.15, 0 = 0.2, Y1 =P =103 =0.02, T = 1.

where

14 \AQ -7 11—, AY
1 B D ~ y 1=
vg(y)szl ﬂ’—yz ;M(?ﬂzﬁ(A) T

Meanwhile, this is achieved at x = &(y) defined in (3.2.1)-(3.2.3) and the unique yo,y1,y2 defined
in (3.2.4)-(3.2.5).

Proof. Define i, = sup, _p u(x) — zy, Uz = supp _, ., u(x) — zy, and U3 = sup,~, u(r) — vy, and
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Beta coefficients of each player with and without competition
T

—&— With competition
—&— Without competition

Beta coefficient

1 é 3
Player
Figure 3.6: Beta coefficients of funds with respect to the market average with and without com-

petition. Settings are listed in (3.3.1) with » = 0.05, p = 0.15, 0 = 0.2, 1 = 9 = 3 = 0.02,
T=1.

then @ = max{dy, Uiz, ti3}. Denote vs(y) = = ST =1 )A+ 7 D' —y.

:{ iy
3(y

)

1—
yzADT, {my) Ly < (1= 7)(A+B)[(L - ) A+7.D] "
vs(y) ,y>1—7)(A+B)[(1—71)A+7.D] 7.

)
) ,y<AD™7,
v5(y) Y < (1 _TC)A[(]‘ _TC)AJ’_TCD]_’YJ
g =qva(y) ,(1—=71)A[1—=7)A+7.D] " <y<(l—1.)AD7,
v3(y) ,y=(1-—71)AD™,

Meanwhile, since v2((1 — 7.)AD™Y) = v3((1 — 7.)AD™7) and the first order condition for ve on
(1—71)A[(1—-71)A+ 7D <y <(1—71)AD "7 is

1y 1 7. D 1 7. D D
vé(y) =—(A(l=7)) "y "+ 1-- A < —m((l —1.)A+ 1.D) + — <1< ——

1—7. A~ A’
due to A > D, vy > v3 on this interval. Due to the fact that v5(y) > vi(y) and
(v3 —v5)((1 = 1) A[(1 — 7o) A+ 7.D]77)
1 Dl L1
1 1—7
by the concavity of f(z) = ﬁxlfﬁ vg <vsony < (1—7)A[(1l—71.)A+ 7.D]77. Combining all
the calculations together, we have
vs(y) Ly<(Q—-71)A[(1—-71)A+7.D] 7,
va(y) , (1—=1)A[(1—T1)A+7.D] " <y<(1—1.)AD7,
vs(y) ,(1—=7)AD" <y< AD™,
(y) ,y>AD".

—— (1= 7)A+7D]'7 = (1= 7)(D = A)[(1 = 7e) A+ 7.D] 77 <0,

max{ﬁl, ﬂg} =

v4\Y
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For the simplification of the following calculations, by the construction of @3 and max{y, s}, we
list the following useful comparisons among v;(i = 1,--- ,5):

(a)
(b)

Fory <(1—7.)(A+ B)[(1 —7)A+7.D]7, v5(y) < v1(y).

vy < vy, v5 < vg, v3 < w9, and vs < v since vy4, v9 and vy are constructed with zero first order
conditions, but vz, vs are not.

The following discussions are split into 3 cases: i)(1 — 7.)(A+ B)[(1 —1)A+7.D]77 < (1 —
T)AD™7; i) (1 — 7.)AD™Y < (1 — 7)(A + B)[(1 = 1.)A+7.D]"7 < AD77; iii)(1 — 7.)(A +
B)[(1—1.)A+7.D]"">AD™".

(i)

When y < (1 —7.)A[(1 = 7.)A+ 7.D]" 7, by the relationship shown in (a), u(y) = v1(y).
For (1-7)A[(1 —71)A+7.D]"7 <y < (1—7)(A+B) [(1 — 1c)A+ 7.D] ", (3.2.4) is equiva-
lent to v1(yo) = v2(yo). By the convexity of f(x) = ﬁx_l%, (1-1)A[(1—7)A+7.D]77 <
yo < (1 =7)(A+ B) [(1 —7.)A + 7.D] 7. Therefore,
() = {Ul(y) (=) A1 =) A+ 7D <y <wo,
va(y) 0 <y<(1-7)(A+B)[(1-7)A+ 7Dl

For (1—7.)(A+B)[(1 = 1.)A+7.D]"7 <y < (1—=7.)AD™7, by (b), v5 < va, and 4(y) = va(y).
For (1 —7.)AD™ <y < AD", due to the concavity, A > D and y > (1 — 7.)AD™7,
D

— {((1 —7)A+7.D)' — DY < D1 —7)(A-D) <y <1 — > ,

1—x A
and thus, 4(y) = v3(y). Note the above inequality does not require the upper bound of y.
For y > AD™7, since by (b), va(y) > v3(y) > vs(y), and thus 4(y) = v4(y). In conclusion, @
can be expressed as (3.4.1).
For y < (1 —1.)A[(1 —7.)A+ 7.D] 7, as shown in the calculations of case i), u(y) = v1(y).
For (1 —7)A[(1—-71)A+7.D] " <y<(1—7)AD ", ifyo < (1 —1.)AD™7,

iy) = {Ul(y) (1= 7e)A[(L = m) A+ 7D <y <o,
valy) L yo<y<(l—T1)AD™,

and the following calculations for the other intervals are the same as case i).

Now we consider the case when yo > (1 — 7.)AD ™. For (1 —7.)A[(1 —7)A+7.D]77 <y <
(1= 7)AD™7, a(y) = vi(y).

For (1 —71.)AD™ 7" <y < (1—17)(A+ B)[(1 —71.)A+ 7.D]" 7, note that yo > (1 — 7.)AD™7
indicates

(1=7)A+7D]7 >

D™ 4.4

A+B (3:44)

since (1 —7.)[(1 —1.)A+7.D]|(A+ B) > yo > (1 — 7.)AD™7, where the first inequality is
1—

due to the concavity of f(x) = —%af%. Meanwhile, y; defined in (3.2.6) uniquely solves

v1(y) = v3(y), and y; is in this interval because
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(a) The monotonicity of (v; — v3)(y):

1 5 . D B D
(A+EQ—Q)QL4MA+B> +(1—QA+B A+ B A)
(1-1)A+7.D (1-1)A+7.D A-D
- (1-7)(A+B)  (1-7)(A+B) A

(vi —v3)" = —

< 0.

(b) v1 —vg<O0aty=(1—7)(A+ B)((1 —7.)AC + 7.D)" 7. If not, it is equivalent to say

j;(a—nm+n yﬂ—pkﬁ
(1-7)(A-D)

A+B
A

> [(1—7.)AC + 7.D]" >D77,

where the last inequality is due to (3.4.4), and it contradicts the concavity of the function
1 —
Yy = mxl 7.
(¢) v —w3>0at y=(1—71.)AD™ " since v; > vy = v3 at this point.

Hence, in this interval,

ﬂ@%:zﬂw , (1=7)AD™" <y <,
v3(y) sy <y<(1-7)A+B)[(1-71)A+7D]".

Fory > (1—7.)(A+ B)((1 —1.)A+ 7.D) "7, it is the same as (i),

a(y) _ U3(y) ’ (1_Tc)(A+B) ((1—TC)A—|—7'CD)_'Y Sy<AD*’Y
’U4(y) Y 2 AD™Y ’

In conclusion, if yo < (1 —7.)AD™7, 4 can be expressed as (3.4.1). Otherwise, @ is (3.4.2).

(iii) For y < (1 —1)A[(1 — 7.)A + 7.D] 7, it is the same as (i) and (ii).

For (1 — 7)A[(1 = 71.)A+7.D]"" <y < (1 —7.)AD™7, the expression of 4 has the same
result as in case (ii) depending on whether yo < (1 — 7.)AD ™.

For (1 — 17.)AD™Y < y < AD77, according to the calculation in case (ii), if y1 > AD™7,
(y) = v1(y). Otherwise,

ﬂ(y) _ Ul(y) ) (1 - TC)ADi'Y < Yy <1,
vs(y) sy <y <ADT.
For AD™" <y < (1 —1.)(A+ B)[(1 —7.)A+ 7.D] 7, note that case (iii) indicates that

(1-7)(A+B) = 4, (3.4.5)

. v . .
since (I—TC)I?A—FB) < ((1—70)?4+TCD) < 1. Meanwhile, v1(y2) = v4(y2) for y2 defined in (3.2.5)
and

Y <A1 -7)(A+B) < (1—-7)(A+B)[(1 —1)A+71.D]7,
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1—
due to the concavity of f(x) = —ﬁw_%, A > D and (3.4.5). Meanwhile, at y = ys,

<“—“Y:(CJJT—(u-niA+m)J?)wi—8iZﬁ;££

__l(lch)BchD
T anar <

Therefore, if y1 < AD™Y, v1 < v3 = vy at y = AD™7, which gives u(y) = v4(y). Otherwise,
vy > v3 = vy at y = AD™7Y. which gives yo > AD™7, and thus

() = {vl(y) , AD™7 <y < ypo,
v(y) Sy <y<(1-1)A+B)[(1-1)A+7D]7.

For y > (1 — 1.)(A+ B)[(1 — 7.)A + 7.D] 7, note that v4 > vy in this interval due to the
uniqueness of yo and its negative first order derivative at this point. Combining with (b), we
have v4 > v1 > v5 on this interval. Hence, 4(y) = v4(y).

In conclusion, if y; < AD™7Y, 4 is (3.4.2). Otherwise, it is (3.4.3).
Combine all three cases and the results are same as the third case (3.4.1) - (3.4.3). O

3.4.2 N-player Game

Proof of Lemma 18: Note that #;(y,z) achieves supremum of u;(z,z) — xy. Due to the non-
negativeness of ed’iT{tZit and

d(e¥ 76 Zy) = VT & Zy(mo — 0)dWy,

it is a supermartingale. Therefore,

T
E [ewT&TZiT} <1,E [/ eVi'& Zy(mino — H)th] <0.
0
Define

T
A; <€wiT77sz> = sup E [W(ZT) — e T Zir + i + / €¢it77i§tZit7TitUth} <n+E [ﬁz’o <€wiT77i£T7 Z—z’)} ;
{Zir} 0

due to the conclusions in Lemma 21. Meanwhile, since
Jim < Ji%fo A; (edjiTT}iﬁT) <A <€wiTﬁi5T) <7 +E [ﬂio <€wiTﬁifTa Z—iﬂ ;
the equality with n; changed to 7); is achieved when Z;r arrives Zir defined in (3.2.11). O
Define the e-truncated operator P.: L%+ — L2%% satisfying
le =P, (3.4.6)
where [. is N-dimensional function with ith element as l;e = I; V 555 A % Denote Z; =
TV g A < Note that P. is actually an operator mapping from U, to U., where

N-1

Ue = {f € L**F e <|f| < e‘l} c L¥T. (3.4.7)
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Lemma 22. Given min;y; > 1, for fizxedn; (i=1,--- ,N), Z;(y, z) satisfies the following proper-
ties:
(i) Zic is a continuous function except some negligible set, and for fized z, Z;c is a piecewise convex
function which has the expression among 1, %, €, € 1 and x} defined in (3.2.8), (3.2.9) and
(3.2.10).

(ii) For fized y, &; is a non-decreasing function of z.
(iii) For arbitrary 6 > 0, define

U15:{(az,y):(m,y)¢0((x0,yg),5), liminf &ic(z,y) # limsup i@-e(:v,y)}

(z,y)—(z0,y0) (z,y)—(z0,y0)

Uss = {(m,y) L die(z,y) € O(1,6) U0 (2’,5) UO(6,6)UO (6-1,5)} :

There exist Fy(e,0) < oo and Fy(e,8) > 0 such that for e <y < e ! and (x,y) € Uy,

Tie (Gie_ew, z(l)> — Tje (Gie_ex, 2(2)>‘ < Fi(e, 6) ‘z(l) e (3.4.8)
and furthermore, if (x,y) € Usg,
Tie (Gie_e‘r, z(l)> — Tje (Gie_ex, 2(2)>‘ > Fs(e, 6) ‘z(l) - 2(2)‘ . (3.4.9)

Remark 23. Note that lims_,o Fy(€,d) = oo and limg_,o Fa(e,d) = 0.

Proof. (i) Note that Z;; (kK = 1,2,3) is a continuous function of y and z, and hence, the only
points where Z;. is not continuous are those where the values of =7 and :chk or z; and 1 or D

meet, which has measure 0. .
Meanwhile, note for z7 in (3.2.8),

Oz

oy’

0%x% iy + DNA; T (@) T2 4 6(1 — M) Gz(ah) T o

Ay BNAL T (@) 4 2(1 = \)Gz(a) T Oy

L= — (3hA] (@) T+ 201 = A)G(e) )

2 %
It is easy to see that dd;; > 0. Similar results can be found for =3 and z3. Thus, the second

part of the statement is obvious since z; are convex and there are only finite possibilities of
the expression of Z; based on u;, (k= 1,2,3).

(ii) For z;, (k =1,2,3), take 2;; as an example, if the graph is on the segment of x}

Ori _ (1= Ai)Gi(=1) _ (1=X)G > 0. (3.4.10)
0z ’)/i)\iAi(:L‘T)f'”fl + 2(1 — )\1)(@2(13{)73 ’yi)\iAi(;”ET)l*% + 2(1 — )\1)@;*,{ = o

Hence, it is a non-decreasing function of z on each segment. Meanwhile, if z increases, the
region for #;; = x7 becomes smaller, making the function value larger for those points which
switch region for bigger z. Hence, in general, Z;; is a non-decreasing function of z. Similar
results can be found for Z;» and Z;3. Combining these three functions, we can conclude that
Z; is also a non-decreasing function of z.
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(iii) Note that for fixed x € U5 U Ugs, if (y, z) is on the same segment of the graph, for example,
on the graph of z7: (3.2.8), the partial derivative is shown in (3.4.10). Since both z] and z
are in [, e~ !] (otherwise, #; cannot be %), since ; > 1,

(1—=N)G 2011 (1—=N)G
’yi)\iAiEI_%‘ —+ 2(1 — )\i)Ciﬁ_Q - 0z ’yi)\iAiE%_l + 2(1 — )\i)Ciez

Similar results can be found for z3 and z3. If (x,y) is around a discontinuous point and in
Uss, the maximal slope of the tangent line is the (finite) jump size over 2§. Similarly, if (x,y)
are close to the boundary of Usgs, the minimal slope of the tangent line is 2§ over the Lebesgue
measure of the flat area. Therefore, we can always find Fj(e,d) and Fy(e,d) such that the
inequalities hold.

O

Before the proof of the existence of the solution to (3.4.6), we need the following theorem.

Lemma 24. (Kolmogorov-Riesz Theorem, Theorem 5 in Hanche-Olsen and Holden (2010)) Let
1 <p<oo. A subset of G of LP (R™) is totally bounded if and only if

(i) G is bounded,

(ii) for every e > 0, there is some R so that, for every g € G, lg(x)|Pdx < €.
|z|>R

(iii) for every € > 0, there is some p > 0 so that, for every g € G and y € R™ with |y| < p,
/R l9(z +y) — g(2)[Pdz <e.

Lemma 25. For any function f € U defined in (3.4.7), denote u(x) as the cumulative distribution
function of ¢(x), and then,

iii’%/R 1f (@ +y) = f(2)|3dp(z) =

Proof. By Lusin’s Theorem, for arbitrary p > 0, there exists some subset E such that u(E) < p
and f is continuous on E°. Since f(x) is bounded,

tiy [ £+ v) - £(@)]Edn(x)
y—0 R
=tim [ @ +) = S@IBau@) + [ 1@ +9) = F@)dutz)
y~>0 Ec
< [ tmllfe+ )~ F@I3dn(o) + lim 2N (B) = 2N
Ec y—0 y—0
By the arbitrariness of p, limy_o [pn [|f(z +y) — f()||3du(z) = 0. O
Lemma 26. Given min;~y; > 1, for fized n, there exists a solution to (3.4.6) in L>9+.

Proof. First, let us show that P. is a compact operator from U, to Uk.
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(i) Totally Boundedness: First, {P.l : 1 € L>»%%} is bounded since for any n € N,
1Pl < €7

Meanwhile, for any [ in L>®t,

21
[ ipase < [ oins 2 Lo
[ol>R 2 >R TR

Therefore, for any h > 0 there exists some R such that f‘m|>R | P.1|13- ¢(z)dx < h. By Lemma
25,

lim [ ||Pl(z+y) — Pd(z)||5 ¢(x)dz = 0.
y—>0 R

Thus, it is natural to conclude that for any h > 0, there exist some p > 0 such that for any
ly| < p and [ ||Pl(x +y) — P.(x)|3 ¢(z)dx < h. Combining the above three calculations
with Lemma 24, we show that {P.l : | € L>%%} is totally bounded.

(ii) Completeness: Consider a Cauchy sequence {(Pel,)}nen and the corresponding I, consisting
of l;, as each element. Since L>%7 is complete, the sequence has a limit, denoted as v. There
also exists a subsequence Pely, converge pointwise to v. We want to show that there exists
some [ in U, such that P.l = v. The proof is split into two steps. Denote

Ugwm = {:L‘ €ER: (Plp)i(x) = (Pelyp)i(x) € O(1,0) UO <ZI, 5> UO(,6) UO (6—1’ 5)} ,

1

N )
U'ril,n:QUm,n,i ) U5 = U m Um,n R Uv:(%l_I}(l)Uv(S

p=1m,n>p

The first step is to construct [ on R/U based on the completeness of L>%7 for I,,,. The second
step is to construct [ on U given that P.l,, = P.l, for m,n > p for some p > 0.

For the first step, note that for any m,n € N and ith component, (Pcl,,); # (Pd,);, and
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(3.4.9) on ]R/Ufn?m-. Therefore,

2
N N
h [P = (PP oade= [ )| o o) = Y b o) ol
R R/UD, i kot kit
N N 2
2F ) | [ (S (@) = Y b (0)| 6l (3.4.11)
R/ Ui |kt kA
2
-1 N 3
>F3 (e, ) < / <z>(:r)dx) / S " (kn = liom) (2) | d(2)da (3.4.12)
R R/ng,n,i k#i
2
3
N
S 2 _ 3 _ -2
> F2(e. 5) /R . g (U — Do) (i — o) 2 | ()
_1 3
3
N N
>F3 (€,0) / S (lkn— lim)? S )| d(@)de
R/Upmi ki por
lem (1) A Uen (¢) lem () #len (+)
(3.4.13)

>F(e,8) (N(e L=t 75 [ 30 / (on — i) (2)(2)dx

(3.4.11) is due to Jensen’s inequality and (3.4.12) and (3.4.13) are due to the reversed Holder
inequality. Based on the calculations, l,,; — l,; (j # i) is of the order RY/3 in L2%% on
R/ U,‘; Hence, combining all the components, we can conclude that [, — [, is of of the

order h'/3 on R/ Ufmn. Meanwhile, since for any points in R/U?, there are at most finite
many combinations of m and n such that (P,,); = (P.l,); which are around the flat part
of the graph, for any i € {1,---, N}, we can safely say that [,, forms a Cauchy sequence on
R/U 9 which has a limit [ on R/U 9 Meanwhile, by the arbitrariness of §, we can conclude
that the limit exists on R/U. Note that U is the space where there exists some p > 0 such
that (Pl )i = (Pelyn)i = 1, %, e, et for all m,n > p.

7n7Z :

For the second step, consider the construction of [ on U. For any point xg in U, there exists

some p > 0 such that zg € ﬂm,an Umn. Define I(zg) = l,(x0), and Pl = P, for any

o1



m > p. Combining two steps, we can conclude that [ € U, and

/vZ (P.)i|*o(x dx—qlggo/l (P.l); ’ o(x
< lim F2(e,d) / Zz,mq sz z)dx + / [(P.dn,)i — (PL)i| 6(z)d
q—00 Uis | pti k#i R/Uss
2 -2
< lim F2(e,0) Z/ (lony () — I (2))” (@)dx + de *u(R/Uss) < K1,
q—00
k#i

where Uy is defined in Lemma 22. By the arbitrariness of 8, [p|v; — (Pu)i|*¢(z)dz = 0, and
thus, v = P.l, which gives the completeness of the space.

We conclude that P, is a compact operator, and by Schauder fixed point theorem, there exists
at least one solution to (3.4.6) in L%%+. O

Now we need to construct a solution to (3.2.12), and prove that [ € L2+,
Lemma 27. Given min;y; > 1, for fized n, there exists a solution | to (3.2.12) and l € L>7.
Proof. Denote [, as the solution to I, = P, [, with ¢, LA 0, and

| = hm infl,.

Note that since Z;’s are non-decreasing function of the second variable,

A 7 _(palp2 _ 1 1 _
l; :hnrr_1>1£fxi mew’Te (r+30 ) Gx Zl]n n,x Vv N 1en/\ N_1 nl
1752
2 1 N
- 02)T _—6
—3; | mye¥iTe(r+36°)T 0z 3 ; Li(n,x) | . (3.4.14)
JF

Hence, [ is the required solution to (3.2.12).
The next step is to prove [ € L>®%. It is easy to see [ > 0, and therefore, the goal is to prove
that [p [|1]|3(z)¢(z)dx has an upper bound. For M large enough, consider the set

Ui = {x: Lojy(x) = M, for j < i,l,4y(x) < M, for k > i,p(-) is a permutation of 1, - ,N.}.

Without loss of generality, suppose that the first ¢ components of [(z) are no less than M. We
only need to consider x3 since this is the only possibility that #; achieves numbers greater than M.

From (3.2.10), for l; (j < i), denote G = mewiTef(H%W)T, and
G —(1—7.)(A; + By, (1 - 7)(4; +B‘>Z~< )+ oDy — (1= ) By) ™ + (1= \)Gi 75153 (w)

<K;M™% 4 (1 — CJN > (@) (@),
k#]
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where K are some constant. Note that if Z_; = ﬁzk# lg(z) < Kjljz-_h(x) for some small
h >0,

Gje % < Kjmin{ M~ M~"}, (3.4.15)

where K j and K; are some constant less than M if M is large enough. Meanwhile, as long as one
of I; (j=1,---,i) has the property described above, U; C {Gje~% < K; min{M %, M~"}}.

Next, we show that there exists some large My such that for any M > My at least one of /;
satisfies (3.4.15). Suppose not, and for all M > 0,

_1Zlk >Kl2 (x) ,forj=1,--- 1
k#j

Hence, summing both sides from 1 to 4, since

%

1 L& i—1 i—1 i(N — i
A _1ZZlk<@=N-1D _1 Z b 1;lj(x)+ (N—l)M’

J=1k#j Jj=1 m=i+1
we can get
1—1 2
lej( ) + ]\4>ZKZ2 >m]1nK Zl
j=1 j=1

Note that [;(x)’s are greater than M, and min; K; should not grow at the same speed as M.
Therefore,

7

_ i—1 i(N — 1) )
f l; 7M K;- l >
lj(g)le N -1 ; i)+ N -1 mgm JZ; =

or equivalently,

i(i—1) i(N —1) 20
> 0.
N—1M+ N—lM mjan gM* >0

However, the above inequality cannot hold for all M > 0. Contradiction, and M exists.
With the My shown above, we have

2 _ 2 2
/R (@) 3 (x)dz = /MSMO () |36 () dz + / ()36 (x)dx

l($)>M0

oo
<Mo+ [ Kp(|lflz > K)dK
Mo

<M +/ Ku (Gjefaz < Kjmin{K ™7, M*h}) dK < oo.
Rt J My

The last line is due to the upper bound for the tail of normal distribution. O
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Proof of Lemma 19: Existence is proved through Lemma 27. Consider (3.2.12) at arbitrary point
r € R, and it becomes a non-linear system on RY. Denote l;(z) = l;(z,2) € R, and note that for
any fixed point, I;’s satisfy the reaction function, or in other words,

iy, z) = ui(li(2), 2) — li(2)y.

Take [;(z) = x7(z) as example,

Olinly.2) +hz)y) _ o1 (e L
az =Y 82 (1 )‘l)Cz ff
_ (1= X))ty PN
Cyidi A (23) T+ 2(1 = N)Gz(at) 2 (1 /\Z)C’ﬁ

(= X)G (Y = i Aa(@]) T = 2(1 = N)Gz(a) 7?)

a z} (uAiAi(]) 7+ 2(1 = N) Gz () ~2)

(1= 2)G (1 =y NiAi(@]) 7 = (1= Ny)Gz(af) ) <0
3 (AiAi(2) 7+ 2(1 = )Gz () ~2) -

where the first and last line are due to (3.2.8) and ; > 1. Similar result can be found for =3 and
x%. Hence, u;(l;(2), z) is a non-increasing function of z. Meanwhile, due to the positive relationship
between Z; and Z_; from (3.4.10), it is impossible that lgl) > 152) while lj(-l) < 1'% for some Jj #i.

J
Since otherwise, from player i, ﬁZk;ﬁz l,(cl) > ﬁzk# ZIEJQ) and %E]kvzl ll(:) > %E,]Ll l,(f).

However, similarly, from player 7, % Zszl l,(cl) < % Z]kvzl l,(f), which contradicts the result from
player i. Hence, if there exist two different fixed points {(!) and 1@, () — ) has the same sign
for each entry. Now we can conclude that (element-wise) lowest [ has the largest value for utility
function for all player. Consider [,, are sequence of the fixed point, and I*(n, z) = liminf,,_,~ I (7, z)
is also a fixed point due to (3.4.14) in the proof of Lemma 27. Since z is chosen arbitrarily, we can
construct [* pointwisely by choosing the lowest fixed point for each point in R. O

Before the proof of Lemma 20, we should first find the partial derivative of I; with respect to
ng for i,k =1,--- | N. Note that Z; has only finite many jump points. Hence, except those points,
the derivatives are valid for (3.2.12):

[0l T - 1 [9uL S

e 0 a1 -+ a1 - a1l | o 0

oly oly

ank a2 0 DY a2 PEEEEY (1/2 ank O

: 1 : : .o .o : :

o | T N7 a |+l | (3.4.16)
o N-—-1|ar ag 0 ag e b

Ol ay ay - any --- 0 Oy 0
L Ony, - - Lon d -
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where a; can be one of the following values: 0 or

Oxfy _ (1—N)G

0 (A +2(1 = NG

Oy _ (1—X)G

9z yh((L— 1) A)P((1 = o) Ay + 7eDg) 1 (152 4 2(1 — M)Gir
Ori _ (1—X)G

82 - %)\Z‘((l — TC)(Ai + Bz))2((1 — TC)(AZ' + Bz){L‘:‘g + TCDZ‘ - (1 - Tc)Bz> %_1( ) + 2(1 -\ )szi* ‘

i3

Note that ai <O Q). b; can be 0 or the product of e¥Te=0* and ;’“ <0 (k =1,2,3) and

Z—i R (W )\ e e¥iTe=2 p; = 0 if and only if a; = 0, and b; = 7”“ if and only if a; =

loss of generality, suppose that all a; are not 0, since otherwise, ‘% = 0 for i # k:, or all partial
derivatives are 0 for ¢ = k, and we can delete those rows. Note that (3.4.16) can be rewritten as
Ul,, = —vi, where U is an N x N all one matrix except that the diagonal is the vector consisting of

N L as ith entry, Iy, is an N-dimensional vector with ith entry as g Li
(N—=1)by

ag

all zero vector except kth element as

Lemma 28. U is almost surely invertible, and

—(1+Nf1)71 14 (1+2=1) ifi=j,

(U_l)z“_ N\ S\
J <1+Na.l) 1(1+Nl)1
o (+52)

Proof. Note that U can be decomposed as U+1- 17, where 1 is an N-dimensional all one vector,

s if i F g

and U is an N x N diagonal matrix with f],-,- = — <1 + Nﬂ—f) < —1. Hence, U is invertible.
Meanwhile,
N -1 N -1
~ N -1 2(N-1)Z_;
14+ 17071 =1 - 1 >1-— 1+
' 2 () R )

N
S-Y e 2 s, =0

i=1 Zj:l Zj+ Zj;éi Z Zj:l Zj

where Z; = l;,z = Z_;. Note that the equality holds only when one of Z; = oo, which has
probability 0. Therefore, by Sherman-Morrison formula, U is almost surely invertible and

U117t
1- Zf\il (1 + Na;1>_
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Note that for any small € < SN=T) N 1y

N —1 N -1 N
N -1 20N — 1) Z_; 7z
621—§ (1+ ) ZI—E <1+( Z) J) :1—§ < J
a; ; J _ i—

_ i 7. 2 iz Zi - i g iz 1 Z; Z
- J = J 27 9 N N
J=1 sz\il Zi (Zi\il Zi + Zz‘;éj Zi) j=1 2 (Zfil Zi) 2 i#j >im1 Zi Zj:l Zj

Loz Z o1 (1 Z; ) Z;
> max > -
2 it 25\21 Zi Zjvzl Zj 2(N —1) Zj 14j ZJ 1Z

ZNZ Z > 1. Hence, Zj\’i Z > 1+\/1_§(T1)6 > 1— Ke for small € and
constant K > 2(N — 1). Equivalently, Z; > 1= KE (N—=1)Z_;. When Z_; > /2, Z; > 1771{66_1/2.
In this case, from (3.2.10),

where j = arg max;, Z; and

Gie™" =(1 = 7e)(Aj + B)Aj (1= 7)(Aj + Bj)lj(x) + 7eDj — (1= 7) By) 7 + (1= \) G215 % ()
Ke K
1—Kel— Ke

Z_.
<K;e%/? 4+ (1— Aj)ch?lj‘l < K2 4 (1= X)¢G(N = 1) t/? < Kjemax{3id/2)

where K are constant varying lines to lines. Meanwhile, if Z_; < el/?

that €'/2 > Z;. Considering (3.2.8), we have

, there exist some i # j such

Gie™0% = N AT () + (1= N)GZil 2 () > AT e V2,

Therefore,

al N-1\"" | L
e>1-— ]z; (1 + a; ) C {Gje_efb < Kjemax{&%}/Q} U {Gie—&r > )\ZAzl 716—1/2}7

for j = arg maxy Z;, and some i # j.

L |2
Lemma 29. / ' 4 (x)p(x)dx < 0o for all i,k =1,--- N.

® | Ok

Proof. By Lemma 28,

N-1\"!
N=Dbr_ 1 4 <1+ ag ) ifi=Fk
_j'_ N_l —1 ) - )
0 R S (R

- _ -1
O (N—1)by, (H_ Naz‘l) ifik
ap+(N-1) Ly (1+N71)—1 s .

s=\ 17
Consider arbitrary A > 0 and € € (0,1/2). Note that Z—i = = ; % e¥Te0r,
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(i) On Uy = {Aa <1-yY, (1 n Najf} N {li(z) < A2,
b

/U1 (2)(x)dx < /R2(N1)2 <m>2 - (

§/ K A% (1+ A72€) e 0% p(x)dr < KA,
R

-2
(1+Na—;1)
N N-—1 -1\ ?
1-xX, (14 25) )

ol; |2
O,

where K is a constant which may vary from lines to lines.

~1
(ii) OnU, = {AE >1- Z;VZI (1 + Na—;l> }ﬁ{lz(x) > A7¢}, note that for j = arg maxy, lx(n, z),

Uy C {Gje—ef < KjAmax{?W}a/?} U {Gie—% > )\iAZ.l’%A_s/Q} N {Gie—em < K, Amin{w}s}

C {Gje—ex < KjAmax{3,'yj}£/2} = 02_

Hence, denoting uy = —% In (%Ama’({?’ﬁ.f}é/?), we get
al; |2 al; |2 o0 ol
: xqud:v:/ | (x)é(x)dxr < 2 z(b{‘ ! >z}dz
/U2 Ony; (z)() Ty | Ok (@)() us On;
1\1—1)_1
z(I) { }U i >\/z dz
1 No1) P T
1 (1 + 2 )
b; al -
oL > < 712
{a Z ) <z dz
7j=1
min 'y,L
( <G16_6$ < KZ_ 2(3—;) ) +d (G 6—0:c < K — max{3, 'y]}/4)

P4 (Giefaz > )\iA}_VZle)) dz

§2/ 2(®(x>Kjlnz)+®(x> Kjlnz)+ (x> Kiplnz))dz

2

(S) 0 ,—K3 In2(z)
§6/ 2®(x > Klnz)dz < Kg/ z———dz
u u 111(2)
) €_K3u [e'e) 1 9
=K, / e du < Ko / —e K gy (3.4.17)
In ug u lnug—-L+ U

K3
27— exp | ——-In"up | < Kyexp (—K3zIn(ug)) = Kou, (3.4.18)
(2IHUQ)2 4

<Kp(In(A™1) ™ < Kpln A]73,
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where ®(z) = [* #(2)dz, K = min{K;, Kiz, K;} and K;, Kj, Kj1, K2, Ko, K3 are some

constant, and may vary from lines to lines. (3.4.17) is due to change of variable: 4 = In z and
v =u-— %3 (3.4.18) is because of the upper bound for the tail of normal distribution and

the fact that A can be chosen small enough such that In(ug) — K%% > %ln(ug) > 1.

(iii) On Uy = {AE <1-%), (1+ %) } A {lix) > A~} € {Gie% < K;AmnOo)e) =
Ug, denote ug = — 3 ln <@Z_‘Amin{%,g}8),

J.

<K4(1+A7%) /

Us

ol; |2
Ony,

(m)¢(m)dm§/032(]\7—1)2 <Z>2 1+ <1 - (HN_l)_l)Q
— 2 =1 a;

bi 2 2 > bi
(a-) o(x)dr < KyA™*° 2® ( > z> dz

u3 a;

oo
<K A% 2@ (x> Klnz)dz < K4A*2€|ln A|*K3,
uz
where K is the constant which may vary from lines to lines, and K3 is the same as in case
(ii).
(iv) O

N —

A1 (1+

~1
1) N {li(x) < A)

c {Gye‘ex <K Ama"{?’”ﬂ}f/?} U{Gie" = naj a2

- :E>—1max In &Ama’({?’m}&/? In iAa/Q =0,

denote uyq = —%max {ln (%AmaX{ZS,’Yj}E/Q) ,In </\_1:’}WAE/2> } Note that the last line is

due to the symmetry of the centered normal distribution.

a;

al; |2 bi\? (1+22)
/ an (z)p(z)dx < / 2(N —1)2 <a) 1+ N ¢1(x)dx
k i -
Uy Uy <1_Z§V1 (1_’_Najl) )
o 1
<KsA 5 ¢1(x)dx
Uy 1 N (] N-1 -1
- Z]:l ( + aj )
SKsATE [ 2®y [ (1) (1 + ) <z V24 | dz < KsA™%|In A| 75,
Py
U4 j=1 J
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where K35 is the constant which may vary from lines to lines, and K3 is the same as in case

(ii).

2
In conclusion, /
R

ol (x)p(z)dx < oo. O

O,

Proof of Lemma 20: Define a new measure P such that % = exp (aWt — %aQT), where a will
be determined later. Denote the Brownian motion and the expectation under P as W; and E[]
respectively. Hence the budget constraints for manager i becomes

o (30 +0a) TR [ewiTef(r+%02)T€—(6+a)WTli (,,7, W + aT)] -1
Define

Pim(n) = 67(%a2+9a)T77i]E [ewiTei(T+%92)T€_(0+a)WTli (77, WT + aT)] Amy l
m

The proof is split into two parts: the first part is to prove the existence and uniqueness of the
solution to

n = Pnn, (3.4.19)

where P,, maps RY to RY and its ith entry is Pj,. The second step is to show that there exists
an mo such that for any m > myg, the solution n € [1/mg, mo]. Note that (3.4.19) is equivalent to
the budget constraints for manager 3.

(i) Define the space @, = {17 e RN n; € [1/m, m]} Then P, is an operator mapping from Q,,
to Q. Consider a sequence of n(™ and P,n(™. Since for each i = 1,---, N, except some
negligible set,

- (n) - ~ -
31%% Se—(%al}—@a)T (E {ewiTe—(r+%02)T67(9+a)WTli (n(n)7 W + aT)} St
on,,
M | e Te(r+20%)T o~ (O0+a)Wr aii) :
on,,
1 ,i=k ) )
where 9;;, = . Note that since n;’s are bounded and I; € L ¢+ the first term

0 , otherwise

in the above inequality is bounded. Meanwhile, by Cauchy Schwarz inequality and Lemma 29,
the second term in the inequality is also bounded. Therefore, P,,(n) is a Lipschitz continuous
function with Lipschitz constant independent of n. By choosing large enough a such that
the Lipschitz constant less than 1, we get a contraction mapping from Q™ to Q™, and hence
there exists a unique fixed point 7 to (3.4.19).

(ii) We will show by contradiction. Suppose not, and then for any m > 0, n;E [ewinTli(n, WT)] >
m or 7;E [ewinTli(n, WT)] < % Note that in these cases, n; = m or %
If n,E [e%Tlei(n,WT)} >m, E [e¢iT§Tli(77, WT)] > 1. However, when n; = oo, according
to (3.2.8), the optimal Z;r = 0, which gives E [e¥"T¢rl;[n](Wr)] = 0 < 1. By the continu-
ity of the function, when n; is small, the expression should be close to 0, and less than 1.
Contradiction.
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If n,IE [e%’Tlei(n, WT)] < %, E [e¢iT§Tli(n,WT)} < 1. However, when 1 = 0, according to
(3.2.10), the optimal Z;7 = oo, which gives E [ewinTli [n](WT)] = 0o > 1. By the continuity
of the function, when n; is large, the expression should be larger than 1. Contradiction.

Combining the two arguments, we can conclude that there exists an n such that for all ¢ =
1,---,N, E [ed’iTngi(n, WT)] = 1, which satisfies the budget constraint. ]
3.4.3 Proof of Theorem 17

First, note that the partial derivative of I; with respect to v, (x and A\; has the same expression
as (3.4.16), except that the partial derivatives and b; are changed accordingly. Based on Lemma
28, for ~,

N1\t
(N—=1)bg 1+ (1+ ay, ) ifi=k
A (N=1) T =R,
o _ )" - (1445
N1
ol (N=1)by (1+ Nail) if i £ k.
ar+(N-1) N (H_M)—l )
j=1 (Lj

Lemma 30. For min;~; > 1, denote the perturbation in v as Ay, and the according Pareto optimal
Nash equilibrium as [a~. Let A = |[Ay|l2. Then, there exists some function Ky depending on
such that

1= laqll2,6 < Ki(v)An Al

Proof. The proof is similar to the proof of Lemma 29. We will split it four cases. The difference is
at b;/a; and we will approximate the difference between [ and Ia, of manager i in L?%t by

ol; |?
[ 5| @rtore
If vi < 2,
b; bi _ Ai(1—7)(Ai + Bi)In ((1 — 7)(A; + By)zls + 1cDi — (1 — 7.)B;)

<—<

S < K (25)>7 In(a*
a+(N—1)~ q (1= )G (k) 2((1 = 7o) (As + Bo)aly + 7eDi — (1 — 7o) By) e — 1) (),

for some constant Kj;; and large xj5. If [;(z) = x5 is very large, the upper bound for % will explode.

bi NA] T In( A,
ai| = (L= X)G(xy)i?

%

< Kip(ay)* 7 In(a)]-

b;
<
a1+(N—1)‘_

for some constant Ko and small xf;. If [;(z) = 2 is close to 0, the upper bound for 2—2 will explode
b;

aj

as well. Hence, we want to show that the probability of the large is small. For ~; < 2, following

the proof in Lemma 27, and if [;(x) > ¢! for small enough ¢, we have

G,e %" < K, min {e'”, eh} ,
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where K is some constant and h > 0 is some small number.

For ; <2 and € € (0,1/2), on (i) U1={A5§1—Z§V:1 (1+N;1
N 2 14+ M=
2(N — 1) (b) 1+ ( a )

a
-2
/U @i N -
| (12 (e

< / K12 In2(A)AC2 (1 4 A™%) ¢(z)dr < K In?(A)ATE,
R

)_1} N {li(z) < A—eY,

ol;
Mk

2
(2)p(a)dz < / o) dz

R

)

where K is constant which may vary from lines to lines. Case (ii) - (iii) are the same as in the
proof of Lemma 27. On (iv) Uy, the difference is that

o 12 b\ 2 <1 + Na:1>
(@) (z)de < [ 2(N 1) = 1+ ¢1(x)dx
/U4 Ok 1 /U4 <al> (1_2971 (1+]\;j1)1>2 1
<Kj 1n2(A)/~ ! 3 91(z)dz

o))

o] N . —1
<Ks 1n2(A)/ 2Py [ (1= <1 L 1) <z 125 | dz < KsIn?(A)[ln A5,

Uy a;

J=1

where K35 is some constant which may vary from lines to lines and U4 and uy are defined in case
(iv) of the proof of Lemma 27.
Combining the above four cases, we can have

J

where K is some constant depending on +.

For - > 2, similar results can be found by replacing the term {l;(z) > A™¢} to {l;(x) < A%}
in case (i), and accordingly for the other cases. Since both terms turn out to have the form of
{z > —KIn A} since [;(z) < € is equivalent to

2

Ol (2)1(2)dz < K1(7)A ¥ In? A,

Ok

Gie™%% > NA] TV 4 (1= NG Zoie 2 > NA] Ve
Hence, the results are the same. Therefore,
1= sl < K2 (DA A,
for any € € (0,1/2). Letting ¢ go to 0, we have

1 - lA'yH2,¢ < Ki(v)Alln Al
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Lemma 31. For min;y; > 1, denote the perturbation in ¢ as A, and the according Pareto optimal
Nash equilibrium as Ianc. Let A = ||AC||2. Then, there exists some function Ko depending on
such that

11— Iacll2,s < Ka(Q)A[In Al

Proof. The proof is similar to the proof of Lemma 30. The difference is that < % Note that

bi
{frctfcziza c iz ae),

for some j # i since if Z_; > ;e !, at least one of the li(z) > Gie~ ! due to the fact that Z_; is the
average of [; for j # i. Therefore, following the same proof in Lemma 30,

1= lacllyy < K2(QA[IMA],

O
Lemma 32. For min;~y; > 1, denote the perturbation in A as A\, and the according Pareto optimal
Nash equilibrium as Iax. Let A = ||AM||2. Then, there exists some function Ks depending on A
such that

11— laxll2.e < K2(A)A[In A

Proof. The proof is similar to the proof of Lemma 30. If v; < 2,

b; Z_; (1 — Tc)(Ai + Bz) 9 o~
— i 1 —7)(Ai + Bi)ajg + 1eDi — (1 —70)By) "
a;| = 1— )\2 + (1 _ )\1)<2 (xz3) (( T )( + ):E'LS + 7 ( T ) )
Otherwise,
bi Zoi | (A—7)(Ai+Bi) .2,

for some constant K;. For v; < 2, {2—’1 > 6_1} is a subset of
R et e d s < UKl (@) > <
1—) s = 1-XN— 2 i = 2

= e Ui () o)

for some j # 4. Similarly, for v; > 2, { %

{l](.%') Z 1 _2/\i6_1} U {lz(l‘) S (QKZ)ﬁ eﬁ} C {lj(.%') Z 1_2/\i6_1} U {Gieiex Z )\iAZ-l_WG_%},

where the last one has the same reason in the proof of Lemma 30. Hence, the same result can be
achieve through the process in the the proof of Lemma 30,

11— Iarllys < Ks(MA[InA].

> 6*1} is a subset of
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Proof of Theorem 17: Based on Lemma 30, 31 and 32, there exist a function K4 depending on ~,
¢ and A such that

Hl - lAHZ,d) < K4(’Y7C7)‘>AHHA‘>

where [ is the Pareto optimal solution to Ian = Pla with (7 + Av,( 4+ A(, A+ AX). Hence,

(y—=)>
it ) ~ la(t.)| < Kaltor 6 ) [ 500 ity 07) — 1iay - 07) dy
R

2

_w=o)* (o) _ (y—o7)?
:K5(t,7,g,)\)/e 72 U S Ly — 0T) — Lin(y — 0T)| dy
R

2 —2(20 — 0T 2
<tia(tor 60 (o (<2 ) -l

2

3(z+20T

SK5(ZL,,’Y,C,)\)€ AT-1) A“IIA’,

where K3 is a function of ¢,v,(, A, and may vary from line to line. Denote the coefficient in the
last line above as Ki(t,z,7,(,A). Similarly,

. . —z _w-)?®
(:(t2) = (Ea)ult2)] < Bolt7,¢.0) [ F=2e 3050 1y = 07) ~ 1ialy = 0T)  dy

T—1t
2 2 2
y— y* =222 — 0Ty +x
< A — d [—1
<K(t7.C N ( L(525) oo (5200 NN

) 2 2
3 z+§9T

)
<Kg(t,v,¢, N) ((95 +07)% +/2(T — t)) e 0|l =Iallgy

where Kg is a function of ¢,7,(, A, and may vary from line to line. Denote the coefficient above as
Ks(t,z,7,(,A). Therefore,

1) (t, Ko(t, Wy + 0t,7,(, N\ AlIn A 1)) (t, Wy + 6t

i — i < [l V00 + P, W+ 00,7, G AAIAL_ (W00} pey gy ¢ A Al
o (li(t, Wi+ 0t) — K1 (t, Wy + 0L, 7, C. )\)A\lnA\) oli(t, Wy + 0t)

Combining all players’ optimal strategies, we get the required result. ]
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Chapter 4

Model III: LQG Mean Field (Games
with Common Noise

4.1 Markov Chain as Common Noise

4.1.1 Model

Let T > 0 be a fixed terminal time and (2, Fr,F = {F; : 0 <t < T}, P) be a completed filtered
probability space satisfying the usual conditions, on which W and B are two independent standard
Brownian motions, and Y is a continuous time Markov chain (CTMC) independent of (W, B) taking
values in {0, 1} with a generator

Q= [ jy’lyo _7:;1 ] : (4.1.1)

for some v9 > 0,71 > 0. The Brownian motion B does not play any role in MFG problem
formulation until the convergence proof of the N-player game to MFGs.
In this paper, we formulate the N-player game in the completed filtered probability space

QM) FN g0 — (FV 0 < ¢ < T}, PO, (4.1.2)

and YY) is the continuous time Markov chain in Q@) with the same generator given by (4.1.1)
and W) = (VVZ-(N) :1=1,...,N) is a N-dimensional standard Brownian motion. We assume
YY) and WO are independent of each other.

For better clarity, we use the superscript (/V) for a random variable to emphasize the probability
space QW) it belongs to. For example, Proposition 6 denotes a random variable in QW) by X )
while its distribution copy in Q by Z~, but not by ZM).

Given a random measure flow m : (0,7] x € — P2(R), consider a generic player who wants to
minimize the expected accumulated cost on [0, 7]

T
1
J(y,z,a) = E [/ 5043 + F(Ys, Xs,ms)ds + G(Yp, Xp,mp)|Yo =y, Xo = x] (4.1.3)
0

with some given cost functions F,G : {0,1} X R x P3(R) — R and underlying random processes
(Y, X):]0,T] x 2+ {0,1} x R. Among three processes (Y, X, m), the generic player can control
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the process X via « in the form of
¢
Xy =Xo+ / asds + Wy, (4.1.4)
0

for all t € [0, T]. We assume that the initial state X is independent of Y. The process Y of (4.1.1)
represents the common noise and m = (my)o<¢<7 is a given random density flow normalized up to
total mass one.

The objective of the control problem for the generic player is to find its optimal control & €
A := L to minimize the total cost, i.e.

V(y,z) = J(y,z,a) < J(y, z,a), (4.1.5)

for all & € A. Associated to the optimal control &, we denote the optimal path by X = (Xt)ogth-
The Nash equilibrium is defined in Definition 5. Denote the value function of the control problem
associated to the equilibrium measure m as MFG value function by

U(mg,y,x) = Vm|(y, z). (4.1.6)
@ Control @

No

Yes

Figure 4.1: MFGs diagram.

The flowchart of MFGs diagram is given in Figure 4.1. It is noted from the optimality condition
(4.1.5) and the fixed point condition (1.2.1) that

Jmnl(y, z, &) < J[m](y, z, ),

holds for any « for the equilibrium measure 1 and its associated equilibrium control &, while it is
not

Jml(y, z, &) < J[m](y, z, ),

for any «,m. Otherwise this problem turns into a McKean-Vlasov control problem discussed in
Nguyen et al. (2020).



The discrete counterpart of MFGs is N-player game, which is formulated below in the proba-
bility space QV). Recall that, Wi(tN) and W](tN ) are independent Brownian motions for j # ¢ and

the common noise Y V) is the continuous time Markov chain in Q@) with the generator given by
(4.1.1). Let the player i follow the dynamic, for i = 1,2,..., N,

2

dx™M = aVat +aw (™, x{ =N (4.1.7)
In the above, the initial state is denoted by .TZN instead of xEN), since :c is independent of the
choice of the sample w®™) € QW) as a constant.

The cost function for player 4 associated to the control a(N) = (a(N) ci=1,...,N)c AV is

T
o) =g | [ (Jal P+ Fm(N),Xfi“,p(XﬁN)))) att

(4.1.8)
N N N
G(Yj(w )X(T)ap ‘X( ) N71/0( ):y}7
where 2V = (:z:{v, xév, e ,m%) € RV is the initial state for N players and
1N
= NZ%V (4.1.9)
i=1

is the empirical measure of a vector 2 with Dirac measure §.

4.1.2 Main Result with Quadratic Cost Structures
We consider the following two functions F, G : {0,1} x R x P2(R) +— R in the cost functional (4.1.3):

F(y,z,m) = h(y) /R(ac — 2)?m(dz), (4.1.10)

and

G(y,z,m) = g(y) /R(a; — 2)’m(dz), (4.1.11)

for some h,g : {0,1} — RT. In this case, the F' and G terms in (4.1.8) of the N-player game can
be written by

M) ) ey ) S ) e
FY, 7 X5 p(X)) = N Z(th - X )%
j=1
and
N) () (N) N al (N)\2
G(Yj(” 7XiT ) P (X Z XjT ) ’
Jj=1
respectively.

First, we note that F' and G possess the quadratic structures in x. Secondly, the coeflicients
h(y) and g(y) provide the sensitivity to the mean field effects, which depend on the current CTMC
state. For another remark, let us consider the scenario where sensitivities are invariant, say

h(0) = h(1) = h, g(0) = g(1) = 0.
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Then the cost function and hence the entire problem is free from the common noise. Interestingly,
as shown in the Appendix 4.3.1, there is no global solution for MFGs when h < 0, while there is
global solution when h > 0. Therefore, we require positive values for all sensitivities for simplicity.
It is of course an interesting problem to investigate the explosion when some sensitivities take
negative.

Wrapping up the above discussions, we impose the following assumptions:

(A1) The cost functions are given by (4.1.10)-(4.1.11) with h,g > 0; The initial Xy of MFGs
satisfies E[X?] < .

(A2) In addition to (A1), as N — oo, the initial p(2’") of the N-player game is weakly convergent
to the initial £(X() of MFGs.

Our objective of this paper is to understand the Nash equilibrium of MFGs and its connection to
the N-player game equilibrium:

(P1) With Assumption (A1), characterize the MFG equilibrium path X and the value function U,
as well as associated equilibrium measure m along the Definition 5;

(P2) With Assumption (A2), prove the convergence of X

w  from the N-player game in Definition
7 to X; from MFGs in Definition 5.

For our first main result, we present the Riccati system for (ay,by,cy, ky : y = 0,1):

,

ay, — 2a§ — Yyly + YyQi—y + hy =0,

by, — 4ayby — vyby + b1y + hy =0,

Cy + ay + by — ey +yyc1—y =0, (4.1.12)
ki, — 2a2 + dayby — vyky + yyki—y =0,

ay(T) = by(T) = gy , cy(T) = ky(T) =0,

where h, = h(y), g, = g(y) for y =0, 1.

Theorem 33 (MFG). Under (A1), there exists a unique solution (ay,by,cy, ky 1y =0,1) for the
Riccati system (4.1.12). With these solutions, the MFG equilibrium path X = X|[m)] is given by

dX; = 2ay, (t)(E[Xo] — Xy)dt + dW,, Xy = Xo, (4.1.13)
with equilibrium control
Gy = 2ay, (1) (E[Xo] — Xy). (4.1.14)

Moreover, the value function U is
U(mo, y, x) = ay(0)z°—2ay (0)x[mo1 + ky(0)[mo]] + by (0)[mol2 + ¢,(0), y=0,1.

Theorem 34 (Convergence). Under Assumption (A2), (XI%V),Y;(N)) of the N-player game con-

verges in distribution to the MFG equilibrium (X,,Y;) for any t € (0,T).
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4.1.2.1 Remarks on the main results

The Nash equilibrium of the N-player game can be considered as IN-coupled stochastic control
problem. With the presence of the quadratic cost, the problem can be solved in the framework
of LQG via Riccati system (4.1.27) in the subsequent part. However, the number of unknowns in
this Riccati system is in the order of O(N?3), which means the complexity of the solution has a
polynomial growth in the number of players V.

To reduce the complexity, one can solve MFGs instead of solving the huge Riccati system. In
our case, the MFG equilibrium control (4.2.14) of Theorem 33 suggests that a player in the N-player
game shall steer towards the population center

L
-N _ N
2" = ;:1 x; ~ E[X(]

at a velocity proportional to her distance to the center zV — Xi(tN) with the proportionality 2ay, (t)

simply determined from an ODE system of two equations:

, —_—

Gy

2a§ — Yyly + Yy1—y + hy =0, ay(T) =gy, y=0,1.

The above fact is exactly the essence of the MFG as its presence as the asymptotic version of
N-player game and it can be demonstrated by numerical computations, see Section 4.1.5. Theorem
34 provides the theoretical justification for this phenomenon: the generic player X'?%V) from the
N-player game behaves similarly to the generic player X, from MFGs, which confirms why one
can use MFG strategy in the N-player game for its approximation. To prove the convergence in
distribution, we construct Z} in Q such that £(Z},Y) = E(Xiiv), Y (™M) and then prove the almost
sure convergence Z;' — X;. This procedure is called embedding and it is not a trivial matter. To
see this, since Q) accommodating N-dimensional Brownian motion W) is much richer than
Q having only 2-dimensional Brownian motion (W, B), it is in general impossible to replicate the
distribution of any random variable from Q) to Q. The reason having such embedding is exactly
due to the dimension-invariant feature of the mean field terms at equilibrium, see more details in
the proof of Lemma 41. The crucial observation towards this decomposition is the pattern of N x N
matrix A;, described in Table 4.1 and equation (4.1.29).

4.1.3 Riccati system for MFGs

This section is devoted to the proof of the first main result Theorem 33 on the MFG solution.
First, we outline the scheme based on the Markovian structure of the equilibrium by reformulating
the MFG problem. Next, we solve the underlying control problem and provide the corresponding
Riccati system. Finally, Theorem 33 is proven by checking the fixed point condition of MFG
problem.

By Definition 7, to solve for the equilibrium measure, one shall search the infinite dimensional
space of the random measure flows m : (0,7] x Q — P2(R), until a measure flow satisfies the fixed
point condition m; = L(X;|Y) for any t € (0,T], see Figure 4.1, which is equivalent to check the
following infinitely many conditions: for any k& € NT, if they exist,

[ = E [Xf‘y}.
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The first observation is that the cost functions F' and G in (4.1.10)-(4.1.11) are dependent on
the measure m only via the first two moments:

F(y,x,m) = h(y)(z® — 2a[m]1 + [m]2),
Gy, z,m) = g(y)(2* — 2z[m]s + [m]s).
Therefore, the underlying stochastic control problem for MFGs can be entirely determined by the

input given by R? valued random process iy = [m¢]; and vy = [my]o, which implies that the fixed
point condition can be effectively reduced to check two conditions only:

ut:E[Xt(Y}, ut:E[XE‘Y}.

This observation effectively reduces our search from the space of random measure-valued processes
m : (0,7] x Q + Py(R) to the space of R2-valued random processes (u,v) : (0,T] x € — R2.

Note that, if underlying MFGs have no common noise Y, then (u, v) is a deterministic mapping
[0, 7] + R? and the above observation is enough to reduce the original infinite dimensional MFGs
into a finite dimensional system. However, the following example shows that this is not the case for
MFGs with a common noise and it becomes the main drawback to characterize MFGs via a finite
dimensional system.

To illustrate, we consider the following uncontrolled mean field dynamics: Let the mean field

term py =K [Xt’ Y], where the underlying dynamic is given by
dXt = —/J,tY;gdt + th

e i is path dependent on Y, i.e.

t
pt = uoeXp{ —/ stS}-
0

This implies that no finite dimensional system is possible to characterize the process , since
the (¢,Y) — . is a function on an infinite dimensional domain.

e 1y is Markovian, i.e.
dus = —Yipedt.

It might be possible to characterize u; via a function (¢, Y, ut) — % on a finite dimensional
domain.

To solidify the above idea, we need to postulate the Markovian structure for the first and second
moment of the MFG equilibrium. More precisely, our search for the equilibrium will be confined
to the space M of measure flows whose first and second moment exhibits Markovian structure.

Definition 35. The space M is the collection of all F} -adapted measure flows m : [0,T] x Q
P2(R), whose first moment [m¢]1 == py and second moment [m¢s == vy satisfy

t
Mt = Ho +/ (wo(Ys, s)ps + wi(Ys, s)) ds,
0 (4.1.15)

t
= [ (aYin s (Ve )+ wa(Yio )i+ us(Ye,)) ds,
0
for all t € [0,T] and some smooth deterministic functions (w; : i =10,1,...,5).
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Figure 4.2: Equivalent MFGs diagram with u = [mo]1 and vo = [mo]2.

The flowchart for our equilibrium is depicted in Figure 4.2.

Next, we give the derivation of the Riccati system for generic player’s LQG problem with a
given measure flow m € M. The advantage of the generic player’s control problem is that its
optimal path can be characterized via the following classical stochastic control problem:

e (P3) Given smooth functions w = (w; : i = 0,1,...,5), find the optimal value V = V[w]

acA

T

_ 1 _

V(y,2,t,5,0) = inf E [/ <204§+F(Y5,Xs,us,vs)> ds
t

+G(YT7XT5MT)VT)’}/75 - ant =T, Ut = ﬂth - 17:|

underlying R*-valued processes (Y, X, p1,v) defined through (4.1.1)-(4.1.4)-(4.1.15) with the
finite dimensional cost functions: F, G : R* — R given by

Fly,x,1,7) = h(y)(«® — 2zji + v),
Gy, , 1, 7) = g(y)(z° — 2z + 7),
where fi, 7 are scalars, while u, v are used as processes.

Lemma 36. Given m € M associated with w = (w; : i = 0,...,5), the player’s value (4.1.5) under
assumption (A1) is

Ulmo)(y, z) = V(y, z,0, [mol1, [mol2),
and the optimal control has a feedback form
OAlt = d(}/ta Xt7 t; Ht, Vt)

underlying the processes (Y, X, u,v) defined through (4.1.1)-(4.1.4)-(4.1.15), whenever there ezists
a feedback optimal control & for the problem (P3).

Proof. This is due to the quadratic cost structure in (4.1.10)-(4.1.11) O

For the simplicity of notations, for each i € {0,1,2,3,4,5} and y € {0,1}, denote function
v(y,x,t,i,7) as vy, and denote w;(y,t) as w;y,. We apply similar notations for other functions
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whenever they have a variable y € {0,1}. Formally, under enough regularity conditions, the value
function V' defined in (P3) is the solution v of the following coupled HJBs

(0o + 205200 — 2(95v0)? + 0puvo (Wooft + wio) + Jyvo (Waoft + w3oP

+waofi® + w50) — Yoo + Yov1 + Fo =0,
atvl + %axxvl - %(8xvl)2 + 8,UU1 (w()lﬂ + UJ11) + 81,1)1 (UJQlﬂ + ws1V (4116)
Fwa1i* + ws1) — Y101 + Y100 + F1 =0,

’Uy(x7T7 ur, VT) = Gy(x>MT7VT)> y= Oa 1.

Furthermore, the optimal control has to admit the feedback form of
OAé(t) = - xU(Y;faXtat,,U«tth)- (4117)
Denote
S={v e L®:||0s2V]0c + |0:V]|oc < 00, [|0u0]loc < 00, ||0yV]|0c < 00} .
Lemma 37. Consider the control problem (P3) with some given smooth w.

1. (Verification theorem) Suppose there exists a solution v € S of (4.1.16). Then, vy(z,t, i, ) =
V(y,z,t, i, v) holds, and an optimal control is provided by (4.1.17).

2. Suppose that the value function V belongs to S, and then Vy(x,t, i, ) := V (y,x,t, i, V) solves
HJB equation (4.1.16). Moreover, & of (4.1.17) is an optimal control.

The costs F' and G of (P3) are quadratic functions in (z, ji, 7), while the drift function of the
process v of (4.1.15) is not linear in (x, i, 7). Therefore, the control problem (P3) does not fall
into the standard LQG control framework. Nevertheless, similar to the LQG solution, we guess the
value function as a quadratic function in the form of

vy(,t, i, 7) =ay(t)z* + dy(t)x + ey (O + f, (2 + ky (O)E + by ()7 + ¢y (1), y =0,1.  (4.1.18)
With the above setup, for t € [0, 7], the optimal control is
by = —0,0(Yy, X, t, e, 1) = —2ay, () Xy — dy, () — fy, (s, (4.1.19)

and the optimal path X is
dX, = (—2ayt (X — dy, (1) — fy, (t),ut) dt + dW. (4.1.20)

Denote the following ODE systems for y,z = 0,1 and y # z,

/ J—

a, 2%2/ — Yyly + Yyaz + hy =0,

dy, — 2aydy + fywiy — vydy +yd. =0,

ey — dy fy + 2kywiy + eywoy + byway — yye, +yye. =0,

fy = 2ayfy + fywoy — vy fy + vy f2 — 2hy =0, (4.1.21)
k;; - %fﬁ + 2kywoy + byway — Yyky + k. =0,

by, + bywsy — by + Y. + hy =0,

Cy +ay — %d; + eywiy + bywsy — YyCy + YyCz = 0,

with terminal conditions

ay(T) = gy, by(T) = gy, cy(T) =0, dy(T) =0, e,(T) =0, fy(T) = —2gy, ky(T) =0. (4.1.22)
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Lemma 38. Suppose there exists a unique solution (ay,by,cy,dy, ey, fy, ky : y = 0,1) to the ODE
system (4.1.21)-(4.2.10) on [0,T]. Then the value function of (P3) is

V(ya x,t, [, 17) = Uy(l'v t, p, ﬂ)
:ay(t)$2 +dy(t)z +ey()p + fy(t)zp + ky(t)ﬂ2 + by (1) + ¢y ()
fory = 0,1 and the optimal control and optimal path are given by (4.1.19) and (4.1.20), respectively.

(4.1.23)

Going back to the ODE system (4.1.21), there are 14 (7 pairs) equations, while we have total
26 deterministic functions of [0,7] x R to be determined to characterize MFGs. Those are

(ay,by,cy,dy, ey, fy, ky :y=0,1) and (wsy : 1 =0,...5, y=0,1).
In this below, we identify the missing 12 equations by checking the fixed point condition:

MS:E[XS Y} VSZE[Xg

Y} . Vse[o0,T], (4.1.24)

where p and v are two auxiliary processes (u,v)[w] defined in (4.1.15), see Figure 4.2. This leads
to a complete characterization of the equilibrium for MFGs (P1).
Note that based on the dynamic of the optimal X defined in (4.1.20), the fixed point condition

(4.1.24) implies that the first moment fis := E [XS Y} and the second moment 7, := E [XSQ Y} of
the optimal path conditioned on Y satisfy

fo= i+ / (= ay, () + fy, (1) fir — dy, (r)) dr,
£s (4.1.25)

Vs =D+ / (1 —day, (r)D, — 2dy, (r) i — 2fy, (r)i2) dr,
¢

for s > t. Note that under the optimal control in (4.1.19), comparing the terms in (4.1.15) and
(4.1.25), we obtain another 12 equations:

Woy = —2ay — fy, Wiy = —dy, Way = —2dy, wzy = —4day, wiy = —2f,, wsy = 1. (4.1.26)

Using further algebraic structures, one can reduce the ODE system of 26 equations composed by
(4.1.21) and (4.1.26) into a system of 8 equations of the form (4.1.12) for the MFG characterization
in Theorem 33.

Proof of Theorem 33. Since a, (y = 0,1) has the same expressions as (4.1.12), its existence,
uniqueness and boundedness are shown in Lemma 53. Given ay (y = 0,1) and smooth bounded w’s,
(by,dy, ey, fy : y =0,1) is a coupled linear system, and their existence, uniqueness and boundedness
is shown by Theorem 12.1 in Antsaklis and Michel (2006). Similarly, given (by,dy, fy, : y = 0,1),
(ky,cy : y = 0,1) is a linear system, and their existence and uniqueness is also guaranteed by
Theorem 12.1 in Antsaklis and Michel (2006).

The ODE system (4.1.21) can be rewritten by

'a; - 2(15 — Yyy + Yya: + hy =0,

dy, — 2aydy — fydy — yydy + vyd. =0,

el — dyf, — 2kydy — ey(2ay + f,) — 2bydy — ey + ez = 0,
f?; —2ayfy — fy(2ay + fy) — W fy + v fz — 2hy =0,

ky = 5fy — 2ky(2ay + fy) — 2by fy — ky + k. =0,

by, — 4ayby — vyby + b, + hy =0,

¢, 4 ay — 3d5 — eydy + by — yycy +yyc. =0,
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with the terminal conditions

ay(T) = gy, by(T) = gy, cy(T) =0, dy(T) =0, e,(T) =0, f,(T)=—2gy, ky(T)=0.

Since by (y = 0, 1) has the same expressions as (4.1.12), its existence, uniqueness and bounded-
ness are shown in Lemma 53. Meanwhile, with the given (ay,b, : y = 0,1), we denote [, = 2a, + f,,
and then

Iy — 12— yyly +vyl: =0, 1,(T) = 0.

By Lemma 51 and Lemma 52 in Appendix, there exists a unique solution for [, (y = 0, 1), which
is [, = 0,y = 0,1. This gives f, = —2a, and dj, — y,d, + v,d. = 0, which implies d, = 0,y = 0, 1.
Then, the equation for e, can be simplified as e; —Yyey +Yye. = 0, which indicates that e, = 0,y =
0,1. For k, ¢y, with the given of (ay,by, fy : y = 0,1), we have

ki, — yky + ks — 2a; 4+ dayby =0, ky(T) =0,

1
Cpy +ay — §d?2/ — eydy + by — yycy + yyc: = 0.

The existence and uniqueness of the solution for ky,c, (y = 0,1) are yielded by Theorem 12.1 in
Antsaklis and Michel (2006).

Note that in this case, since 2a, + f, = 0 and dy, = 0 for y =0, 1, from (4.1.25) we have ji; = [i
for all s € [t,T]. Then

S
g =1 —|—/ (1+ 4ay, (r)i* — day, (r)oy) dr.
t
Plugging d, = 0 for y = 0,1 and fi5s = i back to (4.1.19), we obtain the optimal control by
s = 2ay, (s)(p — XS)

Since we have d, = 0 for y = 0,1 and p, = i for s € [t, T}, the value function can be simplified
from (4.1.18) to

vy (2,1, i, 7) = ay(t)2®—2ay ()2 + ky () E2 + by ()7 + ¢y (t).

By the equivalence Lemma 36, it yields the value function U of Theorem 33 . Moreover, since
fy = —2ay and k, # 0, the ODE system (4.1.21) together with (4.1.26) can be reduced into
(4.1.12). From the Lemma 53, the existence and uniqueness of (ay, by, ¢y, ky : y = 0,1) in (4.1.12)
is guaranteed. O

4.1.4 The N-player Game and its Convergence to MFGs

In this section, we show the convergence of the N-player game to MFGs. To simplify the pre-
sentation, we omit the superscript (IV) for the processes in the probability space QW) whenever
there is no confusion. First, we solve the N-player game, which provides a Riccati system consist-
ing of O(N?3) equations. Then the corresponding Riccati system is reduced into an ODE system
whose dimension is independent to N. This becomes the key building block for the proof of the
convergence.

The N-player game is indeed an N-coupled stochastic LQG problem by its very own definition.
Therefore, the solution can be derived via Riccati system given below: Fori=1,2,... N,y =0,1,
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A/ - 2Azyeze Ay —4 Z A ejTAiy — Y Aiy + Y Aii—y)

J#

yz ci —ej) (ei —¢j) =0,
J#i

Bffy - 2Azz€ieiTBiy - QZ ( y€i€j BJy + A y€i¢;j Bw) — WwBiy + WBi—y) =0, (4.1.27)

J#i

1
Ciy = §BT616 Biy — Z Biy + tr(Aiy) — 1 Ciy + 1 Cig—y) =0,
J#i

Aiy(T) = §A  Biy(T) = Cy(T) =0,

where the solutions consist of N x N symmetric matrices A;,’s, N-dimensional vectors B;,’s,
and C; € R. In the above, A;'s are N x N matrices with diagonal 1 except (A;)i; = N — 1,
(Ai);; = (A);; = —1 for any j # ¢ and the rest entries as 0, and e;’s are the N-dimensional natural
basis.

Lemma 39. Suppose (Aiy, Biy,Ciy : 0 = 1,2,...,N, y = 0,1) is the solution of (4.1.27). Then,
the value functions of N-player game deﬁned by (1.2.2) is

Vi(y, z™) = (™) T A3, (0)z™ + (™) " By (0) + Ciy(0), i=1,...,N.
Moreover, the path and the control under the equilibrium are
dX sy = <f2(Am) X, — (Biv)i )dt+de, i=1,...,N, (4.1.28)

and

it = —2(Ai,){ Xi — (Biv, )i,
where (A); denotes the i-th column of matriz A, (B); denotes the i-th entry of vector B and
%=X X o Xnl!
Our objective is the convergence of (X Aqﬁv), Yt( )) generated by (4 1.28) relying on the solution
of Riccati system (4.1.27) to the (X;,Y;) of (4.2.13). Note that X, relies only on two functions
(ay : y = 0,1) while p(X t(N)) depends on O(N3) functions from (A4 : i =1,2,...,N, y = 0,1),
which can be solved from a huge Riccati system. Therefore, it is almost a hopeless task to see the
connection between these two processes without gaining further insight on the structure of Riccati
system (4.1.27).

To proceed, let us first observe some hidden patterns from a numerical result for the solution
of Riccati (4.1.27). Table 4.1 shows the Agg at ¢ = 1 for N = 5 with same parameters as in figure
4.3 and figure 4.4 in Section 4.1.5. Inspired by the numerical example of A;, in Table 4.1, we may
want to believe a pattern

ay(t), ifp=q=i,
(Aiy)pg = agy(t), ifp=q#i, (4.1.20)
YT Y agy(t), ifp#qp=iorq=i,
(t)

a4y(t), otherwise.
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0.1319 | -0.1924 | 0.0202 | 0.0202 | 0.0202
-0.1924 | 0.7696 | -0.1924 | -0.1924 | -0.1924
0.0202 | -0.1924 | 0.1319 | 0.0202 | 0.0202
0.0202 | -0.1924 | 0.0202 | 0.1319 | 0.0202
0.0202 | -0.1924 | 0.0202 | 0.0202 | 0.1319

Table 4.1: Agp(1) for N =5

The next result justifies the above pattern: the N? entries of the matrix A;y can be embedded to
a 4-dimensional vector space no matter how big N is.

Lemma 40. There exists a unique solution (aﬁ;, aé\;) from the ODE system(4.1.30).

N _
a’/ly B 2(1le1) a%y — VyO1y + YyQ1(1—y) + %hy =0, i
a‘,2y + (Nzl)Z a’%y - ]é]lfl A1yQ2y — Vya2y + VyQ2(1—y) T Wy =0, (4.1.30)
aly(T) = %gy 5 a2y(T) = gﬁy
fory=0,1. Moreover,
a1y(t), ifp=q=1i,
az t)7 ZfPZQ#Za
(Aiy)pg = v 1 . . L (4.1.31)
— =1 01y(t), ifp#q,p=1iorq=i,
maly(t) — sAgag(t), otherwise.
The path and the control of player i under the equilibrium are
;N
o (V (v (N N .
dx = —2a 73,00 () XM mZXj(t "dt+aw'™, i=1,...,N, (4.1.32)

JFi
and

N
S(N) _ o N o () 1 > (N)
Ay = _2a1Yt<N> ) | Xip " — N —1 ;th
JF1

Yt(N)) to the same probability space
Q, Fr,P) when we prove the convergence in distribution of X (N), v generated by (4.1.32) in
ut t

the sample space QV) towards the (X, Y;) of (4.2.13) in © . Note that, no matter how large N

is, our objective is to copy the distribution of Xt(N) from QW) having N-dimensional Brownian
motion W®W) to a smaller space Q having only two Brownian motions W and B. In general, the
space of random processes generated by N-dimensional Brownian motion is much richer than the
one generated by 2-dimensional Brownian motion whenever N > 2. However, it is possible for
our case to copy the distribution ()A(l(iv), Yt(N)) due to the nature of the mean field effect. Next we
present the coupling result.

The key is to provide an explicit embedding of (X (N)

ut
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Lemma 41. Let ZN be the solution of

t VN -1 1
zN =N _/ 247y (s) (ng @+ T—-B,+ WS)> ds + Wy, (4.1.33)
0 N N
where u is the random variable uniformly distributed on set {1,2,...,N}, W and B are Brownian

motions on the (Q, Fr,P) defined in Section 4.1.1, and

~N N N

where a{v is from the ODE system(4.1.30). Then, (Z{N,Y;) in (Q, Fr,P) has the same distribution
as (X(N) Y)Y in (@), FIN POV,

ut

Now we turn to the proof of the convergence.

E4(b) = exp {/Ot bsds} .

Gt(ﬁ,b,W) :5t( $+(€t / 5

Proof of Theorem 34. We define
and

Then, we can rewrite the process ZN of (4.1.33) by
Gt( N(Y7)7W)

and write X by R
X = Gt(X07 2Q(Y:, ')7 W)

1. We recall that the term zV = + SN 2N is a deterministic real number. Since p(z) is
weakly convergent to the law of Xy by (A2), one can have

(¢, p(z™)) = E[p(Xo)],

for all test functions ¢. If we use ¢(x) = x, then it yields 7V — E[X(]. Hence, we have

VN -1
V4

1
I B, + NWt — E[Xp] almost surely.

2. Note that from (4.1.30), the convergence a{\; — ay holds in L>°[0, T, where a, is the solution
from (4.1.12). Therefore, we have the almost sure convergence

lim ||ad (Y., ) — a(Y-,")||ec = 0, almost surely .
N—oo

By (A2), {Y converges to Xy in distribution. By Skorohod representation theorem, we can

have a replication x and X in the same probability space with almost sure convergence.
For the simplicity Of notation, we assume that

2N — Xj almost surely .
Finally, since G; is continuous on R x L x L*° we have

Ge(zN 26N (Y., ), W) — G¢(Xo,2a(Y-,-), W), almost surely .

Therefore, we conclude that ng — X, almost surely. Combine with Lemma 41 and Proposition 6,
we conclude the desired weak convergence. O
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4.1.5 Numerical Examples

For MFGs, we have derived a 8 dimensional Riccati ODE system (4.1.12) to determine the param-
eter functions

(ay,by,cy by :y=0,1)
needed for the characterization of the equilibrium and the value function. Meanwhile, we also show
the solvability of the Riccati ODE system in Section 4.1.3.

As mentioned earlier, different from the MFG characterization with the common noise, the
derived Riccati system is essentially finite dimensional. In this subsection, we present an numer-
ical experiment and show some numerical results for solving Riccati system to demonstrate its
computational advantages.

For the illustration purpose, assume the finite time horizon is given with T = 5 and that the
coefficients of the dynamic equation are listed below

"}/0:0.5,’)/1:0.6,h0:2,h1:5,g0:3,91:1,u():0,1/0:2.

Firstly, using Euler’s forward difference method with the step size § = 1072, we can obtain tra-
jectories of (ay,by,cy : y = 0,1), which is the solution of ODE system (4.1.12). Next, using the
trajectories of the parameter functions and Markov chain Y;, we can achieve the simulations for a;
and X;.

(a) ay(t) (b) Value function V, optimal control «, and
conditional second moment v

Figure 4.3: Simulations for a,, V,a and v.

As shown in figure 4.3, people tend to centralize since the conditional second moment of the
population density v; is always decreasing.

In section 4.1.4, we showed that the generic player’s path for N-player game is convergent to
the generic player’s path for MFGs. In this subsection, we demonstrate the convergence of the
conditional first moment, conditional second moment and the value functions of the N-player game
to the corresponding terms of the generic player in Mean Field Game setup by using some numerical
examples.

The following figures show the value functions, x¥) and v) under N € {10, 20, 50,100} with
the same parameters’ settings as in figure 4.3 and figure 4.4. We can clearly see the convergence
to the solution of the generic player.
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4.2

100 Players

2nd Momoent

(a) we: conditional mean of the population (b) 14: conditional 2nd moment of the popu-
density lation density

Figure 4.5: Simulations for u; and 1.

Brownian Motion as Common Noise

4.2.1 Model

The settings are similar to those in Section 4.1.1 except that the common noise is an independent
Brownian motion instead of the continuous time Markov Chain. Let T > 0 be a fixed terminal time
and (Q, Fp,F ={F;: 0 <t <T} P) be a completed filtered probability space satisfying the usual
conditions, on which W, W and B are three independent standard Brownian motions. (W;)o<i<r
is called individual or idio~syncr~atic noise and (Wt)ogth is called common noise. Denote .7:"59 as the

filtration generated by (W, — Wy : s <r <t) and F; := f"to

The N-player game is in the same complete filtered space defined in (4.1.2) generated by W) =

(Wl(N) :4=1,---,N) and W. All Brownian motions are independent. The accumulated cost

)
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Figure 4.6: Simulation of player 1’s optimal value function V.

function is the same as (4.1.3) with players control the process X via « following
t ~
X :f+/ agds + Wy + Wy, (4.2.1)
0

for all t € [0,T] and E [£?] < co. Given a random measure flow m : (0,7] — P2(R), the generic
player wants to minimize the expected accumulated cost on [0, T:

T
1
J(z,0) =E [/ 50@ + F(X4,ms) ds + G(Xp, mr)
0

Xo = x} , (4.2.2)
with

F(z,m) = k;f/

—ZQmZ r,m)—= $—22m2
(@ 2Pm(@s) . Gla.m) kg/< Yin(dz),

R

for some k¢, kp > 0. Similarly, for the according N-player game, player i follows

ax( = oMt + aw, + aw, (4.2.3)
and the cost function is
71
J(z,a) =E [ /0 Sad + F (X, p(X(M)) ds + G(Xr, p(XW)' XM = xN] 7 (4.2.4)

where p(zV) is defined in (4.1.9).

4.2.2 Main Results for MFGs

Similar to the analysis in Section 4.1, instead of directly working on the infinite dimensional problem
defined in (4.2.2), we base our calculations on its alternative version with F' and G are represented
as function of the first and second moment of the measure m, denoted as i and U:

F(z,fi,0) = kp(2® — 2z + 7) , G(x, i, ) = ky(z® — 22 + ).
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The control problem becomes similar to (P3) defined in Section 4.1 except that

T

1 _ _

Vx,t,p,v) = (irelfélE [/ §a§ds + F(Xs, ps, vs)ds + G(Xp, pup,vp) | Xoe = 2, iy = oy = 0| .
t

Thanks to the Markovian structure of V, we can assume the value function based on the LQG
nature of the problem as

V(z,t, i, 7) = a(t)z® + e(t)z + b + f(t)a+ g(t)zi + c(t)v + d(t). (4.2.5)

Definition 42. The space M is the collection of all F;-adapted measure flows m : [0, 7] x Q +—
Pa(R), whose first moment [my]1 := e and second moment [my]e := vy satisfy

t
bt = tio + / (w1 (8)11s + wa(s)) ds + W,
0

. (4.2.6)

t
vy =1 +/ (wg(s)/,ts + wy(s)vs + ws(s)p? + wa(s)) ds + 2/ s AW,
0 0

for allt € [0,T] and some smooth deterministic functions (w; 11 =1,2,...,6).

Under enough regularity conditions, the value function V' defined in (4.2.5) is the solution v of
the following coupled HJBs

v — 3(8,0)* + (w1t + w2) Opv + (wsfi + wav + ws i + we) Opv + g + 300
+0u0 + 220550 + 20050 + 210,50 + k(x? — 2jiz + ) = 0, (4.2.7)
o(T, x, pur,vr) = kg(2* — 2zpr + V7).

Furthermore, the optimal control has to admit the feedback form of
a(t) = —9yv (t,Xt, e, yt) . (4.2.8)

The proof of the verification theorem is similar to that of Lemma 37, which is omitted here. After
plugging in the expression of (4.2.5) into the HJB equation, we have

a’—2a2+k:f:0,

e/ — 2ae + wag = 0,

f'—eg+wif + 2bws + cws = 0,

g —2ag +wig — 2ky =0, (4.2.9)
b — Lg%+ 2bwy + cws = 0,

c/+cw4+kf:0,

d’+2a+g+b—%eZ+fw2+cw6:0,

with terminal conditions
a(T)=c(T)=ky,9(T)==2ky ,b(T) =d(T) =e(T) = f(T') = 0. (4.2.10)
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Meanwhile, based on the fixed point condition illustrated in figure 4.2, the first moment s :=

E [X

F } and the second moment vg :=E { } of the optimal path conditioned on F; satisfy

o= it / " (~2a(r) — g(r)) fir — e(r)) dr + W,

s s i (4.2.11)
Dy =1 +/ (2 — da(r)i, — 2e(r)fir — 2g(r)i2) dr+ / 20 AW,
t t
for s > t. Hence, we obtain another 6 equations for any t € [0, 7],
w1 = —2a— g, wo = —e, wy = —2¢, wy = —4a, ws = —2g, wg = 2. (4.2.12)
Theorem 43 (MFG). The MFG equilibrium path X = X[m] is given by
dX, = 2a(t) (E[g] + W — Xt) dt + dW, + dW,, Xo =€, (4.2.13)
with equilibrium control
&y = 2al(t) (E[g] F W — Xt) . (4.2.14)
Moreover, the value function U is
U(mo, z) = a(0)z? — 2a(0)[mo]1z + b(0)[mo]3 4 ¢(0)[mq]2 + d(0),
where A = \/> by
\/7”“9
_ T 1o Ao~ 2V/2ks(T=0)
a(t) - 2f 1+A Qkf(T—t)7
b(t) = J;" (da(s)c ( ) — 2a°(s)) ds, (4.2.15)
c(t) = kg + ky f eJi ~dalr)dr g,
T
(1) = f;" (b(s) + 2¢(s)) ds.

4.2.3 The N-player Game and its Convergence to MFGs
Our first result is similar to Theorem 34 except slight difference in the expressions of af and al’

due to the lack of different statuses.

(af) — 20 (V)2 4 Nodp, — o,

k
(a3) + w2z (@) = phpatay + 3 =0, (4.2.16)
— k
o (T) = Ngthy , ' (T) = 3.

Meanwhile, the path and the control of player i under the equilibrium are

X" = 20 (1) | X7 - ZX(N dt + dw ") + v, (4.2.17)
J#i
fori=1,---,N, and

) ( Lo o)
~(N s (N A (N

alM = —2aV ) [ X0V - N SoX4

J#i

Hence, without the detailed proof, we present the following theorem of the convergence.
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Theorem 44 (Convergence of the processes). Under Assumption (A2) defined in Section 4.1, )A(l(ftv)
of the N-player game converges in distribution to the MFG equilibrium X, for any t € (0,T].

Meanwhile, the critical part of the convergence is that the empirical distribution of the N-player
game converges to the equilibrium measure of MFGs. This gives the last building brick to show
that the MFGs are a good approximation of the complicated N-player game. However, it is hard
to directly work on the convergence. Instead, we show that the p-th moments of the distribution
converges.

Denote X =N ZZ 1 ( )p and aff = %a{v. By Ito’s formula, the dynamic of Xgiv)
follows
t t
c(v) _ 1 NYP _ [ 9gN ( ) (N)
Xpt _N;(wz /0 1 (s)pX, d3+/2a1() (m —|—\/—>B +W) ( 1)sds
t
p (N) (N)
+/0 NZ(Xw / X0 AW, +/ pp— DX, ds,
1=1

t
+ / p(p — 1)&; (2pay’) X((f,v_)z)sds> ; (4.2.18)
0

where & (a) = exp (f(f a(s)ds).

Theorem 45 (Convergence of the empirical measure). Under Assumption (A2) defined in Section
4.1, the random empirical measure

N)
p(XM) = ~ Z by
from the N-player game converges almost surely to the MFG equilibrium measure my = L (Xt|.73t>
for any t € (0,T7].

Before the proof of Theorem 45, let us first look at one numerical example of the simulated
density of MFGs and N-player game. The parameters that we use are listed in the following:

T:5,kf:2,kg:3,u0:0,1/0:1.
It is easy to see in figure 4.7 that the distribution of N-player game converges to that of MFGs.

83



Simulation of density of X(

~ ——— MFGs
[\ —— 3players
0.16 - [\ 5 players
| \ —— 10 players
——— 20 players

Figure 4.7: Simulation of Player 1’s optimal path for MFGs and N-player game with N =
3,5,10,20.

The proof of Theorem 45: Note that
L t
E [ti)}}} —E [:ng]—/ 2pa(s)<
0
t . p—1
pE[ X
[ 7] (%)

&=
VRS
o;><)
N——
__ =

z
N
=
o
+
=
N
=
| —
—
i
N—
I
K,.’
N————
ISH
V2]
+

or equivalently,

{X”’]—}] —&,(—2pa) ( / £5(2pa
[ ez (£)"

~\P| ~
We want to prove by induction that the dynamic (4.2.18) of X[} converges to (4.2.19) of E [ (Xt) ‘ ft} .

=)

) ( po + W,
W+ [ oo e [ (1)

ﬁs] ds> .

(4.2.19)

: (V) > \?
First, whenp =0, X, ' =1=E (Xt)

.7:}]. For p=1,

¢ _ ) N L i Vo ‘
Xpt =&y =T +\/NBt+Wt—>Mo+Wt—E[Xt ]-"t}a.s.,

by the Law of large number. Now assume that the statement is true for any p’ < p— 1, and for the
p-th moment, we have

1. @Y — a uniformly.

2. N Ez L (#N)? = E[(€)P] for p > 1 by Assumption (A2).

L~ (0Pl )
) N Z (Xis ) dWw;; " =0.

=1

t
3. lim pEs (2p&11\/

N—oo 0
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. ) 2p—2
Denote Yy = / p85(2p&]1\[) (Xgiv))p dW(N). Due to the L!-boundedness of ( (N)> p

0
shown in Lemma 55, Y;;’s are martingale. Meanwhile, by the independence of W’s,

E[(vi)']. i=j=m=n,
E [YiYj:YpuYn] = { E (yitf(ymt)ﬂ L i=jAm=n,
0, otherwise.

Meanwhile, from the It6’s formula and Holder’s inequality, we have

/Otﬁ(st) <p5 (2pay’) (X(N))p 1) dS]

1

S/OtGE [(Yis)A‘F [(pf (2pal’) (X(N))p 1>4rd8
s/ots( + B [(Vie)*]) pPE2(2pa} ) /O (T, 4p — D)ds,

E[(v)'] =E

where C is function defined in Lemma 55. By Gronwall’s equality, E [(Ygt)ﬂ is bounded.

Denote that E [(Yit)ﬂ < C3(T,p). Then

N|=

N 4 N 1
(Z m) = Y E | ()] < ZE[ PR |0)"]F < N2Cs(Tp).
i=1 i,j=1
Therefore, by Chebyshev’s inequality, for any € > 0,
0o N 4 0o
Sr 13w d] <X chm | (D] | <3 e <
N=1 i=1 i=1 N=1

Applying the Borel-Cantelli Lemma, we obtain that P [% Zf\i 1 Yie > ¢ i.o.} = 0, which gives
the result.

4. From the dominant convergent theorem,
¢ 1 . _
av ~NY [ =N (N)
/0 1(8)Es (2pa1 ) (x + \/NBS + W5> X(p—l)s

—a(s)Es (2pa) (Mo - Ws) E [ (Xs)p

lim
N—oo

This is from the facts that ai¥ — a, ¥ — puo, (pil
there exists a Ny such that for all N > N,

=N
T _MO‘ <e, (p—1)t

XM g [(Xt>p1

|d{v(5)55 (2p&{\[) —a(s)&s (2pa)’ <e€,
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ay' (s)€s (2pay’) <a: + \;NBS + Ws> X0, — as)e, (2pa) (o + W, E [ ( Xs)p_l fs]
<ol (ont) | (+¥ + B ) K00~ o+ ) B[ ()| 2]+
(98, (20al) - a(o)e. po) | (o + ) B | (1) 7]
<af (o). (o) (Go+ s e[o | ()77 |+ | e (Je] (1) 2]+ ¢) 4]
be|(mo+ ) e | (%) 2]

which is L-bounded.

5. With similar argument as in 4, we have

I e (2pa) XV g A ICARREAR AN
N & (2pa1 ) (p—1yt — Es (2pa) ( 3> Fs| dWs| =0,
¢
: SNy (V) AUE: _
A}l_r}nm /0 &, (2pa1 ) X(p—2)t — & (2pa)E [(Xs> ‘]:s} ds| = 0.

With above arguments, if we take the limit of right hand side of (4.2.18), and it converges almost
surely to (4.2.19). Therefore, by induction, we conclude the required result. ]

4.3 Appendix

4.3.1 Some explicit solutions on LQG-MFGs

In this part, we only provide explicit solutions to some LQG-MFGs without the common noise. The
methodology could be the utilization of the standard Stochastic Maximum Principle or Dynamic
Programming approach, and all proofs will be omitted.

Suppose the position of a generic player X; follows

dXt = Oétdt + O'th, X(] ~ N(O, ].)

The goal of the generic player is to minimize the running cost

inf E [/OT Gaf + h/R(Xt _)Pmt, dy)) dt} ,

my = Law(Xy), Vte[0,T],

subject to

where h € R is a constant.
Denote

V(z,t) = infE [/tT <;a2 - h/R(XS - y)2m(s,dy)> ds

Xt:$:|.
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Note that the model can be characterized by Hamilton-Jacobian-Bellman equation coupled by
Fokker-Planck-Kolmogorov equation:

OV + 5005V — 5(0:V)? + Fle,m) =0, (t,2) € [0,7] xR,
Oym — 3020am — 0,(mI, V) = 0, (t,z) € [0,T] xR,
mo ~ N(0,1),V(2,T) =0, z €R,

where F(z,m) = h [p(z —y)*m(t, dy).

The monotonicity condition on the source term F' in the variable m plays crucial role for the
uniqueness of the MFG system. A monotone function f : R — R is said to be increasing if it
satisfies (f(z1) — f(x2))(x1 — x2) > 0, and decreasing if —f is increasing. This definition can be
generalized to an infinite dimensional function F'(x,m).

Definition 46. The real function F on R x Py(R) is said to be monotone, if, for all m € Py(R),
the mapping R > x — F(x,m) is at most of quadratic growth, and for all my, my it satisfies

/R(F(x,mﬂ — F(z,m2))d(m1 —mg)(z) > 0.

F is said to be anti-monotone, if (—F') is monotone.

According to Cardaliaguet (2010), if F' is monotone, then MFGs have at most one solution.
Interestingly, the monotonicity of F' is dependent on the sign of h.

Lemma 47. F(z,m) = h [(z — y)*m(t,dy) is monotone if h < 0, and anti-monotone if h > 0.

A natural question is that, how the MFG system behaves differently to the monotonicity of F'?

4.3.1.1 Casel: h>0

Lemma 48. For h > 0, there ezists a solution (may not be unique) to the MFG system in the form
of V(z,t) = fi(t)x® + f3(t) and m(t) ~ N(0,7(t)), where

h1—6_2m(T_t) _rt s)ds t s w)du
fl(”:\leﬂ_m@_t) (1) = ¢ a1 (1+ | el anos ds)7

T
f3(t) = /t (02 f1(s) + hy(s))ds.

4.3.1.2 CaselIl: h <0

Lemma 49. For h < 0, there exists a unique solution in [ty,T] to the MFG system in the form of
V(z,t) = g1(t)x® + g3(t) and m(t) ~ N(0,\(t)), where

t t s
g1(t) = —1/ —g tan (\/—2h(T - t)> ,A(t) = e Jodor(s)ds (1 +/ oelo 491(“)d“ds) ,

0

! ™
g3(t) = /t (02g1(s) + hA(s))ds , ty = maz <0,T — \/_172112> )
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4.3.1.3 Remark

When h > 0, the cost is anti-monotone, and there exists at least one global solution. When h < 0,
the cost is monotone, and there exists at most one solution. Unfortunately, this solution lives in a
short period of time. Lemma 49 coincides with the notes in Section 3.8 of Carmona et al. (2018)
saying that due to the opposite time evolution of the system of HJB-FPK, the existence of the
solution may exist for only a short period of time.

4.3.2 Dynkin’s formula for a regime-switching diffusion with a quadratic func-
tion

Since the running cost (4.1.10) has a quadratic growth in the state variable, the value function
Vm](y, z,t) is expected to possess similar growth. Next, we present a version of Dynkin’s formula
for the functions of quadratic growth, which is sufficient for our purpose. Throughout this sub-
section, we will use K in various places as a generic constant which varies from line to line. The
notions of this subsection is independent to other parts of the paper.

Lemma 50. Let X be the solution of
dX; = apdt + o dWy,
where X, o and o are bounded and take value in R3. Y is CTMC with a generator
Y ~ Q= (¢ij)ij=1,2,..n-

If Xo € L*, a € Ly and f : R3 — R satisfies ||Af|loo + [|0tf]loo < 00, then the following identity
holds for all t € [0,T):

EL/(% X0 0] = E[f(¥, Xo.0) +E | [ O+ L+ Q) (Y, X, 5)ds|

where
£ (a.5) = (3o ) 4 V. ) fl)
and .
Qf(yv Z, S) = Z Qy,if(ia z, S)‘
i=1

Proof. 1t’s enough to show that the local martingale defined by It6’s formula

t
M = f(Yi, X¢,t) — £(Yo, Xo,0) — /0 (O + L+ Q) f(Ys, X, 8)ds (4.3.1)

is uniformly integrable, hence is a true martingale.
First, X; is L* bounded uniformly in ¢ from the following inequality due to our assumptions on
Xo and a:

T T
sup E [|X,]] < KE [HX0H4+ | ledias+ [ ||oswsu4ds] <K,
te[0,7) 0 0
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where K is a generic constant which varies from line to line.
On the other hand, since Af is uniformly bounded, f is at most quadratic growth, i.e.

|f(2)] < K(2* +1),Vz for some large K.
Hence, we conclude that f(Y;, Xy, t) is uniformly bounded in L? in ¢ from the fact

sup E[f*(Y;, X;,1)] < K sup E[||X]*] + K < K.
t€[0,T] t€[0,T7]

The uniform L2-boundedness of fot O f (Ys, Xs, s)ds follows from our assumption on 9, f. Similarly,
since Qf has a quadratic growth uniformly in y and ¢,

{/t Qf(Ys,Xs,s)ds:oys:r}
0

is L? bounded. At last, we have

( /0 Lf(Ya X, s)ds) 2]

r rt
< KE / (as - VI + %Tr(asa;'—Af))Q(Y;,Xs,s)ds
0

t
< KE| [ o PIV AP, X s + K | [
0

E

t
HCEANL AR s)ds]

4

L/ O
r t t tl

<ke|[ ||as||4ds}+m [ / |Vf|4<n,xs,s>ds}+m [ / ||TrAf||2(Y;,Xs,S)dS]~
L/ O 0 0

Since V[ is linear growth in z, the second term sup;¢jo ) E Ug IV £II4(Ys, X, s)ds} is finite. To-

gether with assumptions on Af and «, we have uniform L?-boundedness of fg Lf(Ys, X, 8)ds.
As a result, each term of the right hand side of (4.3.1) is uniformly L2-bounded in ¢, and thus
Mtf belongs to L2 and this implies the uniformly integrability. O

4.3.3 Proof of the existence and uniqueness of the ODE system

Consider the following ODE system

ay — Ca3 — ~yo(ag — ay) + ho = 0,
aj — Ca? +~vyi(ag —a1) + hy =0, (4.3.2)
ao(T) = go , a1(T) = g1,

where C, hy, g;,7vi (i = 0,1) are in RT. We need to show the existence and uniqueness of the solution
to (4.3.2). Define TéN) and TI(N) as

TN a](t) = Kgo + /t ' (ho — Cad(s) — vo(ao(s) — ai(s))) ds) A N] V0,
0 = [ (o1 + [ (- Cad6) = m(ar(6) — aoto) ds) ] v

where a = [ a9 a1 }T. Let D = {f € C([0,71]) : 0 < supycfo7 f(t) < N}. Note that T;N)(y =

0,1) maps D? to D2
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Lemma 51. For fized N, there exists a unique solution in C([0,T]) to

(4.3.3)

Proof. Denote the norm || f||x = Hekt maxy|fy]“oo, where k needs to be determined later and f is a
two dimensional vector with entry of f,,y = 0,1, which is equivalent to the infinite norm. Define

the iteration rule az(,nﬂ) = TZSN) [a(()n), agn)] for y = 0,1. Note that

o),
< sup M /tTC' (aén)(s))z— <a(()n_l)(3)>2

te[0,7
ol (s) - ag’"‘*”(s)‘) ds

_l’_

%0 (|ai” (s) = af V()| +

T
< sup ekt/ e ks (2CN + 2vp) Ha(") — a(”_l)H ds
t€[0,T t k

£ ],
Similarly, we have
[ (a0t a2 0) | < 22 a0 —atn|

Choose k > 2C'N + 2max{7o,71}, then

[a+0 — o] < 20N +2max{yo, n} o — a0 |
k

k k

which gives us a contraction mapping from D? to D?. Hence, by the Banach fixed point theorem,
there exists a unique solution to (4.3.3). O

Next, we want to show that for large enough N, the solution to (4.3.3) is also the solution to
(4.3.2).

Lemma 52. For N > 0t WT (hg + h))T + (go + g1)), the solution a™) to (4.3.3) satisfies the
inequalities

0<gi+ /tT (hi -2 (aEN)(s)>2 - (aEN)(s) — ag-N)(s))) ds <N (4.3.4)

for all t € [0,T], wherei,j € {0,1} and i # j.

Proof. For simplicity of notations, a; is used instead of al(-N) for ¢ = 0,1 if there is no confusion.

First, for i« = 0,1, we prove the positiveness of a; by contradiction. Suppose a; (i = 0,1) are
not positive functions on [0,7]. Since ap is continuous and ag(7) = go > 0, there exists some
7 € [0,7] as the closest time to T such that ag(7) = 0. Note that finding such a 7 is possible.
Let t, € [0,T] be a non-decreasing sequence such that ag(t,) = 0, there exists some 7 such that
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t, —» 7 < T as n — oo since ag is continuous and ag(7’) = go > 0. By the continuity of ag, we
have ao(7) = 0, which gives the desirable point 7. Then for all ¢ € (7,77, ao(t) > 0 and it implies
that a((7) > 0. In this case, plugging ¢t = 7 to (4.3.2), we have a{(7) = —ho — yoa1(7) > 0, which
yields a1 (7) < 0. Since a; is continuous on [0,7] and a1(7T) = g1 > 0, from the intermediate value
theorem, there exists some 7 € (7,7) such that a;(7) = 0 and a}(7) > 0. However, this indicates
that a)(7) = —h1 — y1a0(7) > 0 by plugging ¢t = 7 back to (4.3.2), and it implies ao(7) < 0, which
contradicts with the fact that ag(t) > 0 for all ¢ € (7, T]. Thus the positiveness of ap and a; on
[0, 7] is obtained.
Next, we prove the upper bound for the integral in (4.3.4). Note that for all ¢ € [0, 7],

(a0 +a1)'(T —t)
=(ho + h1) = Clag + ai)(T — t) — (0 — )ao(T — ) + (yo — 1)ar(T — )
<(ho + h1) + (v +71)(ao + a1)(T — 1),

with (ag + a1)(T) = go + g1. By Gronwall’s inequality,
(ap + ar)(T —t) < P ((go 4 g1) + (ho + h1)T), ¥t €[0,T).

Hence a;(t) < 00t WT((go + g1) + (ho + h1)T) for all t € [0,T],i = 0,1. Hence, when N >
0T ((go + g1) + (ho + h1)T), (4.3.4) holds. O

Lemma 53. With the given of hy,g, € RT, y = 0,1, there exists a unique solution to the Riccati
system (4.1.12).

Proof. The existence, uniqueness and boundedness of the solution to a, (y = 0,1) are shown in
Lemma 51 and Lemma 52. Given (a, : y = 0,1), the coefficient functions b, (y = 0, 1) form a linear
ordinary differential equation system. Their existence and uniqueness are guaranteed by Theorem
12.1 in Antsaklis and Michel (2006). Similarly, with the given of (a,,b, : y = 0, 1), the coefficient
functions ¢y, k, (y = 0,1) also form a linear ordinary differential equation system. Applying the
Theorem 12.1 in Antsaklis and Michel (2006), we can obtain the existence and uniqueness of ¢, ky,
(y=0,1). O

4.3.4 Multidimensional Problem
In this subsection we consider the multidimensional problem, which is a straightforward extension of

the previous one-dimensional setup. The same type of Ricatti system to characterize the equilibrium
and the value function is obtained, and we have a similar result as the Theorem 33.

Suppose that X;, W; and a; take values in R% and all components of W; are independent.
Suppose that the dynamic of the generic player is given by

dXt = Oétdt + th
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Consider the cost function

Jim](y,z,t, i, v)

[ [ (Gl +n0) [ 1%~ slmia)) ds
(

g YT>/ X7 — 2|Zm(dz)| Xi = @Y = yo e = fi, vt — ]

IE/ < a5+h(Ys)(XSTX 2/‘1’SX + v - ))ds+
t
9(Vr) (X7 X = 20f X+ vp - 1)| X = 2,Ys =y, = v = 7

where m is the joint density function in R, and u, v take value in R?. For y = 0,1, define

(afy - 2a§ — Yy + Yya1—y + hy =0,
b, — daybi_y — by + bs + hy =0,

¢y + day + dby — yycy +yyc1—y =0, (4.3.5)
ki, — 2a2 + dayby — vyky +vyk1—y =0

Lay(T) =gy , by(T) = gy , cy(T) = 0.

Theorem 54 (Verification theorem for MFGs). There exists a unique solution (ay, by, cy,ky 1y =
0,1) for the Riccati system (4.3.5). With these solutions, for t € [0,T], the MFG equilibrium path
follows X = X[ | is given by

dX; = 2ay, (t)(E[Xo] — X,)dt + dW,, Xy = Xo,
with equilibrium control &y = 2ay, (t)(E[Xo] — X;). Moreover, the value function U is
U(mo, y, =) = ay(0)z " @ — 2a,(0)2 " [mo)1 + ky (0)[mo]{ [mo]1 + by (0)[mo]3 1 + ¢, (0)
fory=0,1.

The proof is similar to the one-dimensional problem, and we don’t show the details here.

4.3.5 Proofs of Lemmas and Theorems

The proof of Lemma 37: 1. We first prove the verification theorem. Since v € S, for any ad-
missible a € L]%, the process X is well defined and one can use Dynkin’s formula given by
Lemma 50 to write

T
E[v(Yr, X7, T, pr,vr)] = v(y, z,t, i, 7) + E [ / GO (Yy, Xy, 8, s, vs)ds |
t

where
1
gaf(y7x7 5’ p’7 17) = <6t + a/ax + 581';5 + Q + (w()y:a + wly) 6ﬁ+
(w2yﬂ + wzyl + w4yﬂ2 + w5y) a17) fly, @, s, i, v).
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Note that HJB actually implies that

which again implies

Hence, we obtain that for all a € Lf‘@,

U(ya z, t) IEL, 17)
T
=E / _ga(s)v(}/&X&svusvys)ds} +E[U(YT7XT7T7MT7VT)]

T/ B B

<E [/ <2042(5) + F(Ys, X, s, Vs)) ds} +E [G(Yr, X1, pr, vr)
t

= J(y’ x’ t7 a’ ﬂ’ D)'

In the above, if « is replaced by & given by the feedback form (4.1.17), then since d,v is
Lipschitz continuous in z, there exists corresponding optimal path X € L%. Thus, & is also
in Lf‘[;. One can repeat all above steps by replacing X and a by X and &, and < sign by =
sign to conclude that v is indeed the optimal value.

2. The opposite direction of the verification theorem follows by taking § — t for the dynamic
programing principle, for all stopping time 6 € [t, T},

V(y’ x? t? /]7 17)

0
1 _ _
:]E |:/ §a§+F(){97X87M87V8)d8+V(}/baX9767M97V9) Xt:%Y;t:yaMt:ﬂ”/t:D )
t

which is valid under our regularity assumptions on all the partial derivatives.
O

The proof of Lemma 38. With the form of value function v, given in (4.1.18) and the first and
second moment of the conditional population density given in (4.1.15), we have

Opvy = ay(t)x® + d, () + e, (1) + [ (O)xf + ki, (H)E° + b, ()7 + ¢, (1),

Op0y = 2xay(t) + dy(t) + fy(t)R,

DUy = 2ay(1),

Opvy = ey(t) + fy(t)x + 2ky(t) [,

Opvy = by (1),
for y = 0,1. Plugging them back to the coupled HJBs in (4.1.16), we get a system of ODEs in
(4.1.21) by equating z, fi, v-like terms in each equation.

Therefore, any solution (ay, by, cy,dy, €y, fy,ky : y = 0,1) of ODE system (4.1.21) leads to

the solution of HJB (4.1.16) in the form of the quadratic function given by (4.1.23). Since the
(ay, by, cy,dy, ey, fy, ky : y = 0,1) are differentiable functions on the closed set [0,77], they are also

bounded, and the regularity condition ||0x2v||cc +[|0¢V||oo + || 0uv||oo 1| Opv]| 0o < 00 is valid. Finally,
we invoke the verification theorem given by Lemma 37 to conclude the desired result. O
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The proof of Lemma 39: It is standard that, under the enough regularities, the players’ value func-
tion V(y,z™) = (V4,..., V) (y,2") can be lifted to the solution v, (zV,) of the following system
of HJB equation, for i =1,..., N,

( 1 1 2
Orvio — 5 (Dsvi0)* — Z Ojvj00;vi0 + 5 Avio = Yovio + Yovit + Z ( —€;) N) =0,
) J#i ) J#l )
Opvin — 3 (51:011)2 - Z 0;vj105v51 + §AU“ Y1vi1 + Y1vio + - Z ( —ej) N) =0,
J#i ) J?él
vy (@, T) = 5237 ((ei = e)Ta™)
J#

(4.3.6)

Then, the value functions V of N-player game defined by (1.2.2) is V;(y, ") = vy (2", 0) for all
i=1,...,N. Moreover, the path and the control under the equilibrium are

dXit = —8ivin(Xt,t)dt+dWit, 1=1,..., N,

and
é‘it == —Gwm (Xt,t).

The proof is the application of Dynkin’s formula and the details are omitted here. Due to its LQG
structure, the value function leads to a quadratic function of the form

Uiy(xNat) = ($N)TAiy(t)xN + (xN)TBiy(t) + Ciy(1).

For each i = 1,2,..., N, after plugging V;, into (4.3.6), and matching the coefficient of variables,
we get the desired results. O

The proof of Lemma 40. It is obvious to see that B;, = 0 for all time ¢ € [0,T]. Note that in this
case, for : = 1,2,..., N, the optimal control is given by

- M) _ T o)
22 Y(N) ij X5 =2 (Ath(N)>i X
7j=1

Plugging the pattern (4.1.29) into the differential equation of A;,, we have

ay, — 2a3, — 4(N — 1)a3, — vya1y + Yyai(1—y) + %hy =0,

a, — 2a§y — daryagy — 4(N — 2)azyaay — yyazy + Yyo(1-y) + Ny =0,
aéy — 2a1yasy — daryazy — 4(N — 2)a§y — Y3y + Vya3(1—y) — % =0,
ay, — 2a1yasy — dazyazy — 4(N — 2)asyasy — vyasy + Vyaz1-—y) — % =0,

aﬁly — 2a§y — dagyazy — 4aryagy, — 4(N — 3)azyasy — Yyaay + Yyaa1—y) = 0,
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which gives a1y + (N —2)asy = agy + (N — 2)ayy since two expressions for as, should be equal. This
implies that (a1, + (N — 2)asy) = (azy + (N — 2)agy)’ or

2a}, + 2(N — 2)aryasy + 4(N — 1)a3, + 4(N — 2)agyasy + 4(N — 2)%asyaq,
h

+ 9y (a1y + (N = 2)azy) — vy (a1(1—y) + (N — 2)ag_y)) — Ny

=2(N — 1)a3, + 4a1yazy + 4(N — 2)agyasy, + 4(N — 2)asyasy, + 4(N — 2)aryas,
h

+ 4(N = 2)(N = 3)agyay + vy (azy + (N — 2)agy) — vy (as(1—y) + (N — 2)as_y)) — ﬁy
After combining terms and substituting asy 4 (N — 2)asy with a1y + (N — 2)as,, we get a%y + (N —
2)aryazy — (N — 1)a§y = 0, which yields a3y = a1y or azy = —ﬁaly. Note that asz, # a1y due to
their different differential equations. Hence, we can conclude that asz, = —ﬁaly. In conclusion,
fori=1,2,...,N, Ay (y =0,1) has the expression of (4.1.31).

The existence and uniqueness of (4.1.27) is equivalent to the existence and uniqueness of
(4.1.30). For ayy, the existence and uniqueness can be deduced from Lemma 51 and 52. Given ay,’s,
agy’s are linear equations, thus their existence and uniqueness are guaranteed by Theorem 12.1 in
Antsaklis and Michel (2006). Together with previous discussions, we conclude the results. O

The proof of Lemma 41: Continued from the Lemma 40, player i’s path in the N-player game
follows

. N
c(N) _ N N () 1 () N)
XN Z N /0 208, o0 | X8 = 7 oK | ds+ Wi
J#i
With the notation N
_ 1 .
N) _ ()
Xs( ) NZXZS ’
i=1
one can rewrite the path by
t
& (N . o (N S N
XMV — N _/0 200, (X}S ) — X,SN)) ds + W, (4.3.7)

By adding up the above equations (4.3.7) indexed by i = 1 to N, one can have

N -1

N

o 1

XM =g LYW =
i=1

_ 1
(V=1 + Wi, (4.3.8)

V) . 1 (V)
where WZ2,," 1= 55 32, W, 7
Finally, to see the distribution of Z}¥ in the space Q identical distribution to Xq(év) in Q) we
follow the following steps:

e Embed Y from QW) to Y from Q;

e Replace the index i of (4.3.7) by uniform random variable u;

e Since /N — 1W£]Zt) is a Borwnian motion independent of the term W®) and Y (V)| we replace
VN — IWEZL) and Wéiv) of (4.3.8) by B and W, respectively;
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e Substitute X() of (4.3.7) by (4.3.8).
O

The proof of Theorem 43. Given the smooth and bounded function {w; : i = 1,2,...,6}, the func-
tions (a,b,c,d,e, f,g) in (4.2.9) is a coupled linear system, and their existence, uniqueness and
boundedness is shown by Theorem 12.1 in Antsaklis and Michel (2006).

Plugging the 6 equations in (4.2.12) to the ODE system (4.2.9), which can be rewritten by

a —2a>+k=0,

e —2ae —eg =0,
f'—eg—2af —gf — 2be — 2ce = 0,
g —4ag — g*> — 2k =0,

YV — 9% — dab — 2bg — 2cg = 0,

d —4dac+k =0,

(&' +2a+g+b—3e? —ef +2c=0,

with the terminal conditions
a(T) =b(T) =c(T) =d(T) = e(T) = f(T) = g(T) = 0.
Let [ = 2a + g, and then
I't)-12t)=0, UT)=0,

which implies that I(t) = 2a(t) + g(¢t) = 0 for all ¢ € [0,T]. This gives ¢ = —2a and ¢ = 0. Thus
e(t) = 0 for all ¢ € [0,T] and then one can obtain f’ = 0, which indicates that f(¢t) = 0 for all
t € [0,T]. Therefore the ODE system (4.2.9) can be simplified to

!/

a'(t) —2a2(t) + k=0,
b (t) — 2a*(t) + da(t)e(t) = 0,
'(t) — 4a(t)c(t) + k =0,
d'(t) +b(t) + 2¢(t) = 0,

o}

which gives the expression of (a, b, c,d) as shown in (4.2.15).
Note that in this case, since 2a + g = 0 and e = 0 for all ¢t € [0,7], from (4.2.11) we have
fs =+ W; for all s € [t,T]. Then

Dy =10 +/ (2 + 4a(r)p? — da(r)Dy) dr +/ 21y AW,
t

t

Plugging e = 0 and i, = i + W, back to (4.2.8), we obtain the optimal control as
brs = 2a(s) (i + Wy — X,).
Since e = f =0 and g = —2a for s € [t, T, the value function can be simplified to
o(t, x, i, 7) = a(t)z? — 2a(t)zfi + b(t) g + c(t)v + d(t).
Meanwhile, similar to the equivalence Lemma 36, we have
U(mo, ) = v(0, z, [mol1, [mol2),

and it yields the value function U of Theorem 43. O
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Lemma 55. For arbitrary non-negative p € N, 1 € {1,2,...,N}, and t € [0,T],
A (N V4
E[|xM] < crp) <,

where C(T,p) is a bounded function of terminal time T and p.

Proof. Note that for p > 1, from the Hoélder’s inequality,
R t R t 1 _ _
E [ Xi(jV)’p} —E [ zN — / 23 ()X Mads + / 241V (s) (xN +—B,+ Ws> ds + W 4+ W,
0 0 VN
<! {

+TP—1/0 o (a{V(s))pE[
ot [Mr @y (e[| o T)as am (8[wi0] +2 )]
0 ! VN ° t€]0,7] " !
=Ci(p,T) + /Ot Colp, T)E Hj(i(SN)‘p] ds,

]

$MW?

T
=N+ :EN/ 242 (s5)ds i } ds+
0

p] +E HW

where C1, Cy are bounded functions of p and T. By Gronwall’s inequality,
. P
E[|XP] < alp, )@ DT o= o, 1),

which gives the desired result. O
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Chapter 5

Conclusions and Future Work

5.1 Conclusions

We study three stochastic control problems among N players and under the mean-field settings.
The main objective is to discover how players behave under interactions with the population and
how interplay distorts their optimal controls. To achieve that, certain types of the Nash equilibrium
are established for each model, and the optimal controls are compared with the standard model
without interactions.

Chapter 2 establishes a constant Nash equilibrium among N mutual funds competing for in-
vestment flows based on relative performance. We compare the after-fee Sharpe ratio and Beta
coefficients with and without competition, namely Merton’s model, and verify the existence of herd
effect — funds may converge in optimal controls to avoid the possible loss caused by competition — in
most cases, which hurts the performance of funds. However, if funds are extremely disadvantaged
in the risk-aversion adjusted Sharpe ratios, they tend to be more aggressive and gamble their way
up to get a decent chance of winning the game. This pushes them away from the market average
and boosts their after-fee performance. The model is different from what is in Basak and Makarov
(2015), Lacker and Zariphopoulou (2019) since its merges the competition into the dynamic of
processes instead of at the terminal time.

Chapter 3 builds a principal-agent model where a representative policy maker is the principal
who decides the optimal capital gain tax, while one or N funds serve as agents who choose the
optimal portfolios based on the tax rate given. From the funds’ side, a (Pareto optimal) Nash
equilibrium is deduced for both one and N funds. The competition among funds cause less aggres-
sive optimal portfolios in case there are potential losses brought by the game. Meanwhile, whether
optimal portfolios become more aggressive or not due to different tax rates is inconclusive due to
the influence of both income and substitution effects. Managers may tend to gamble more when it
is closer to the terminal time due to their eagerness to make up for the loss caused by the high tax
rate. Accordingly, policy makers with higher risk aversion incline to lower their optimal tax rate
to mainly decrease the volatility of the market.

Chapter 4 solves LQG mean field games with two types of common noises: continuous time
Markov chain and Brownian motion. We manage to transform this infinite dimensional problem
caused by the path dependence feature into a finite dimension Riccati system. (Semi-)closed so-
lutions are deduced for both cases. At the same time, we reduce the O(N?3) dimension of the
counterpart N-player game to a Riccati system independent of N and embed it into one specific
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probability space. The convergences of the dynamic process and its empirical measure are proved
based on the simplification of the Riccati system of N-player game.

5.2 Future Work

In the model of Chapter 2, the influence of the relative performance to the fund’s flow is symmetric.
However, model like Basak and Makarov (2014) gives a discrete-time asymmetric influence of rel-
ative performance. It is hard for us to combine the asymmetry into continuous competition based
on the fund flows, but it is worth further studies to see whether there is any distortion caused by
the asymmetry.

Model in Chapter 3 shows a decreasing trend in optimal tax rate with respect to higher policy
makers’ risk aversions. Nevertheless, this may slightly differ from intuitions. Part of the reasons
may be the policy makers’ value function since they may have other concerns like employment
rate when choosing the optimal tax rate. Meanwhile, the capital gain tax rate is relatively stable
compared to the optimal portfolio from the funds’ side, so there could be a time mismatch problem
in the setting as well.

As mentioned in Section 4.3.1, the coefficient before the mean field term in the cumulative cost
function must be positive to make sure the global existence of the Riccati equations. Despite that,
the coefficient can be influenced by the relative variance of the population and be set to negative
in certain situation. In detail, for some positive o,

. k1<0 Jifv<o,
T Vky>0 Lifv>7,

where v is the variance of the population. In theory, it could relieve the exploding problem when the
coefficient is negative since before exploding, the coefficient has already been switched to positive.
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