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Abstract 
 

The fixing number of a graph is the order of the smallest subset of its vertex set such that assigning 

distinct labels to all of the vertices in that subset results in the trivial automorphism; this is a 

recently introduced parameter that provides a measure of the non-rigidity of a graph.  We provide a 

survey of elementary results about fixing numbers.  We examine known algorithms for computing 

the fixing numbers of graphs in general and algorithms which are applied only to trees.  We also 

present and prove the correctness of new algorithms for both of those cases.  We examine the 

distribution of fixing numbers of various classifications of graphs. 
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Executive Summary 
 

This project began as an expansion on the work by Gibbons and Laison in [1].  In that paper, they 

defined the fixing number of a graph as the minimum number of vertices necessary to label so as 

to remove all automorphisms from that graph.  A variety of open problems were proposed in that 

paper and the initial goals of this project were to solve as many of them as possible.   

 

Gibbons and Laison proposed a greedy fixing algorithm for the computation of the fixing number 

of a graph and the first open question of their paper was whether the output of the algorithm was 

well defined for a given graph and further if that output would always equal the actual fixing 

number.  We provide a counterexample to this algorithm to show that its output is not well defined 

for all possible input graphs.  Additionally, we provide and prove the correctness of a new 

algorithm for the computation of fixing number of graphs in general.  In addition to this algorithm 

we examine several existing algorithms for the computation of fixing numbers of trees and provide 

an enhancement of one of those algorithms that decreases its computational complexity. 

 

In the final section of this paper, we examine the distribution of fixing numbers of several classes 

of graphs, i.e. determining the probability distribution of fixing numbers of graphs of a given 

order.  We pay special attention to the fixing numbers of trees and of various sub-classifications of 

trees. 
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Chapter 1:  
Basic Properties of Fixing Numbers 

1 The Fixing Number 

 

The fixing number was 

first defined by Erwin and 

Harary in 2006 in [2].  A 

fixing set is a set of 

vertices such that assigning 

a unique label to each 

vertex in that set removes all but the trivial automorphism from the graph.  The fixing number of 

the graph is the order of the smallest fixing set.  As shown in Figure 1, a given graph may have 

more than one fixing set of smallest possible order.  This is permissible, as the fixing number is 

only concerned with the order of a minimum fixing set.   

 

It is important to note that we are looking at minimum, not just minimal, sized fixing sets.  For 

example, both sets highlighted vertices in the following graph form minimal fixing sets in that they 

fix the graph and the removal 

of any of the vertices from 

the set would render the 

graph not fixed.  However, 

only the first fixing set is a 

minimum in that it contains 

the smallest possible number 

of vertices that still suffices 

to fix the graph. 

 

1.1 History of Fixing Numbers 

Figure 1 All Minimum Fixing Sets of a Graph 

Figure 2 Minimal Fixing Sets 
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The concept of a fixing number was first published, though not through a peer-reviewed medium 

by Josh Laison and Courtney Gibbons in “Fixing Numbers of Graphs and Groups” [1] on April 

14
th
, 2006.  The first official publication in a peer reviewed journal came exactly 4 months later 

when Frank Harary and David Erwin published in the Electronic Journal of Combinatorics [2].  In 

addition to having had the first peer reviewed publication on the topic, Erwin and Harary had 

submitted their work almost 2 years before Gibbons and Laison published their preprint.  There 

was personal communication and preprints were shared between the two pairs of authors, so their 

naming conventions are consistent in that both use the term fixing number. 

 

 

Debra Boutin independently did research on fixing numbers under the name of “determining 

number” [3].  Boutin submitted her work to the Electronic Journal of Combinatorics shortly after 

Gibbons and Laison released their preprint, but before any work on the subject had been officially 

published in a peer reviewed journal.  Consequently, she had done most of her work, and named 

the concept that she had independently defined, before having knowledge of the existence of other 

researchers working on the problem.  She did have communication with the other authors before 

her work was published and too the opportunity to make her paper, “Identifying Graph 

Automorphisms Using Determining Sets” the first to acknowledge that there were two names for 

an equivalent graph property, but did nothing to resolve the issue of which should be used. 

 

Figure 3 Pioneers in Fixing Numbers (from left to right: Frank Harary, Josh Laison, Debra Boutin) 
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Currently Debra Boutin and Cáceres et.al. are the only groups who are actively doing research on 

the fixing number, with both using the terminology “determining number.”  As such, it is likely 

that this will become the more prominent term, but for the time being both determining number 

and fixing number are accepted in literature.  We will use fixing number throughout this paper for 

purposes of historical accuracy. 

 

 

  

Figure 4 Early Publication History 
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2 Fixing Numbers of Special Graphs 

 

The fixing numbers of some special classes of graphs are shown and proved below.  These results 

are a combination of existing and original proofs.  The fixing numbers of more special graphs are 

shown in Fixing Numbers of Special Graphs. 

 

2.1 Fixing Number of the Complement of a Graph 

 

Let   be a graph such that        .  The complement of   is defined as  

   ̅        {       |                     }           Equation 1 

[4] 

 

Theorem 1.  

The fixing number of a graph is equal to the fixing number of its complement. 

 

Proof:  

Let |    |   .  Two-color the edges of    so that one color corresponds to the graph   and the 

other color is used for the remaining edges.  The 2-colored    and   have the same fixing number.  

The 2-colored    must have the same fixing number regardless of which color is used to define 

adjacency.  Therefore, 

 

              ̅               Equation 2 
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This result is illustrated in the figure below. 

 

The fixing Number of    is 1. 

 

Two-color    so that the blue edges correspond to    and all other edges 

are orange.  The fixing number of this graph is also 1. 

 

 

Therefore, the fixing number of   
̅̅ ̅ is also equal to 1. 

 

 

 

 

2.2 Fixing Number of Disconnected Graphs 

 

A disconnected graph is a graph in which there exist 2 vertices with no path between them [5] [4].  

A connected component of a graph is a maximal set of vertices and their adjoining edges such that 

there exists a path between every pair of vertices in the set. 

 

Theorem 2.  

Let   be a graph with     connected components,        .  We define a component class of   

to be a maximal set of isomorphic connected components.  Consider the component classes of  , 

which consist of isomorphic rigid components, where a rigid component is a component which if 

taken as a graph on its own has fixing number equal to 0 [6].  Note that the term rigid graph has an 

additional meaning to the one which we are using in this paper.   Rigid graphs as we have defined 

Figure 5 Fixing Number of a 
Complement 



14 

them are alternatively known as asymmetric graphs or identity graphs [7].  Suppose there are   

such rigid component classes with    components in the     component class.  In other words, there 

will be   components that are mutually non-isomorphic and there will be    components which are 

isomorphic to the     component in the set of mutually non-isomorphic components. 

       ∑       

 

   

 ∑      

 

   

 

Equation 3 

[2] 

 

Proof:   

Each connected component must be fixed and will require a fixing set of order        ; 

additionally, the vertices that make up the fixing set for one connected component will necessarily 

be distinct from the those that make up the fixing set of any other connected component.  

Additionally, if two of the rigid components are isomorphic to each other, then one of them must 

have one vertex fixed in order to prevent the interchange of entire components.  

  

 

As an example, consider the graph to 

the right, which consists of 6 

connected components in 3 different 

component classes, 2 of which are 

rigid component classes.  Therefore,  

     

     

  

Figure 6 Fixed Disconnected Graph 
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  Component Class 

   

Component Fixing Number 

        

Number of Components in Class 

   

1  0 2 

2  0 3 

3  1 1 

 

       ∑       

 

   

 ∑      

 

   

  

        ∑       

 

   

 ∑      

 

   

 

                     (           )          

 

With this understanding of graphs with multiple connected components, we will restrict the rest of 

our study to connected graphs. 

 

2.3 Fixing Numbers of Cycles  

 

The cycle graph    is a connected graph on   vertices which consists of a single cycle [8]. 
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Theorem 3.  

                             Equation 4 

 

Proof:   

The symmetries of a cycle are rotation and reflection.  In a 

cycle, all of the vertices are in the same orbit.  Without loss 

of generality, select one of the vertices to fix; call this vertex 

v.  This removed rotational symmetry, but will not fix the 

graph, as reflection through the axis containing v will still be 

permissible.  Therefore, the fixing number is greater than 

one.  Now fix one of the vertices adjacent to v.  This removes 

the remaining reflexive symmetry and thus fixes the graph.  

Therefore, the fixing number is 2.  More generally, any 2 non-antipodal vertices of a cycle will 

form a fixing set [2]. 

  

 

2.4 Fixing Numbers of Paths 

 

The path graph,   , is a tree of order   with two vertices of degree 1 and all other vertices of 

degree 2 [9]. 

 

Theorem 4.  

                          Equation 5 

 

                             Equation 6 

Figure 7 Cycle with an Example 
Minimum Fixing Set 
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Proof:   

The fixing number of a path which consists of only a single vertex is 0 

because such a path is a rigid graph.  Any path on 2 or more vertices 

contains one reflection as its only symmetry.  Thus, fixing one of the 

monovalent vertices of the path will fix the graph.  Additionally, any 

single vertex of the path other than the center vertex (in a path on an odd number of vertices) will 

be a valid fixing set. 

  

 

2.5 Fixing Numbers of Complete Graphs  

 

The complete graph,   , is the unique graph on   vertices (up to 

isomorphism) in which every pair of vertices is connected by an 

edge [8]. 

 

Proposition 5.  

                  Equation 7 

[2] 

 

Figure 8 Path with an 
Example Minimum Fixing Set 

Figure 9 Complete Graph with an 
Example Minimum Fixing Set 
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Proof:   

Construct    with     vertices fixed.  Since    is vertex-transitive, this can be done without loss 

of generality.  The automorphism group of    is   .  As such, there exists an automorphism in 

        which permutes the 2 unfixed vertices without affecting any of the other vertices.  Thus, 

the set consisting of all but 2 of the vertices in    would not constitute a fixing set, as there would 

still be a remaining symmetry.  Therefore,  

                         Equation 8 

  

 

2.6 Fixing Numbers of Complete Bipartite Graphs  

 

A complete bipartite graph      is a graph whose vertices are partitioned in to two non-empty sets 

such that every vertex in one set is adjacent to all vertices in the other set and no pair of vertices 

within the same set are adjacent [4]. 

 

Theorem 6.  

     (    )                 Equation 9 

For all other      ,   

     (    )                    Equation 10 

[10]. 
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Proof: 

     is the same graph as   , which was shown to have fixing number 1 by Theorem 4.   

Let     and let  

  (    )       

  and   are disjoint sets of vertices such that no 2 vertices 

within   are adjacent to eachother and no to vertices within   

are adjacent to eachother.  Fix m+n-3 vertices.  At least 2 

vertices in either   or   are not fixed and can be interchanged.  

This implies that  

     (    )                 Equation 11 

 

Fix  | |       vertices from A and  | |       vertices from B.  The 2 remaining vertices 

can not be interchanged.  Therefore,  

     (    )                   Equation 12 

  

 

An alternative proof that the fixing number of      is       comes from examining     
̅̅ ̅̅ ̅̅ . 

 

Proof:  

Let   and   not both equal 1.  Consider     
̅̅ ̅̅ ̅̅ , which is equal to      .   

               

             .   

Since   and   are not both equal to 1,    and    are not isomorphic rigid graphs.  Employing  

            Equation 2 and Equation 3,we can see that  

     (    
̅̅ ̅̅ ̅̅ )                       (    )  Equation 13 

Figure 10 Complete Bipartite Graph 

with an Example Minimum Fixing 
Set 
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An interesting subclass of the complete bipartite graphs occurs when one of the 

partite sets has order 1 in the star graphs which are defined as           [11].  

In accordance with Equation 12,  

                       . 

 

 

 

2.7 Fixing Numbers of Complete Multipartite Graphs 

 

Complete multipartite graphs are a generalization of the 

underlying concept behind complete bipartite graphs  A 

complete multipartite graph,            
, has its vertices 

partitioned into     non-empty sets such that no pair 

of vertices within a set are adjacent and all pairs of 

vertices in different sets are adjacent [12]. 

 

  

Figure 12 Complete Multipartite Graph 
with  an Example Minimum Fixing Set 

Figure 11 Star 
Graph 
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Lemma 7.  

Consider the complete multipartite graph            
 with   non-empty partite sets, at most one of 

which consists of a single vertex of a single vertex.  Then 

   (        
)   ∑      

 

   

  

Equation 14 

 

Proof:  

Let at most one of         equal 1.  Now consider         
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, which is congruent to    

   

   
.  Since at most one of          equals 1, there are no isomorphic rigid connected 

components in    
      

.  Thus,  

     (   
     

)     (   
)       (   

)   

                                  Equation 15 

  

 

In the case where there are multiple partite sets, each of order 1, a slightly more sophisticated 

version of this formula is required to determine the fixing number.  This is because the formula 

must account that even though a partite set of order 1 does not have pairs of vertices within it that 

can be interchanged with one another, entire partite sets of order 1 can be interchanged with one 

another, meaning that all but one of such partite sets must have their comprising vertex fixed. 
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Theorem 8.  

Consider the complete multipartite graph            
 on    non-empty partitions, with     of 

the partitions consisting of a single vertex of a single vertex.  Then 

   (        
)       ∑      

 

   

  

Equation 16 

 

Proof: 

Consider         
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, which is congruent to    

      
.  Since   of          equals 1, there 

are   isomorphic rigid connected components in    
      

,      of which must contain a 

single fixed vertex.  Construct the complete multipartite graph   on     partitions such that  

             (with   copies of    in the join)       Equation 17 

 

Thus,  

                          ∑      

 

   

 

Equation 18 
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2.8 Fixing Numbers of Wheels 

 

We define the wheel graph [13] as follows 

                        Equation 19 

This is the join of a cycle of order   with a single vertex. 

 

Theorem 9.  

                             Equation 20 

 

Proof:   

The symmetries of a wheel are rotation and reflection.  In   , there 

are 2 orbits, one consisting of only the center vertex, and on consisting 

of all of the other vertices.  Without loss of generality, select one of 

the vertices other than the center vertex to fix; call this vertex v.  This 

removed rotational symmetry, but will not fix the graph, as reflection 

through the axis containing v will still be permissible.  Therefore, the 

fixing number is greater than one.  Now fix one of the vertices 

adjacent to v.  This removes the remaining reflexive symmetry and 

thus fixes the graph.  Therefore, the fixing number is 2.  More generally, any 2 non-antipodal 

vertices of    will form a fixing set. 

  

 

We now generalize this result to the more general     , for more general graphs than the cycles 

which were joined with    to form the wheel graphs.. 

 

Theorem 10.  

Figure 13 Wheel with an 

Example Minimum Fixing 
Set 
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Let   be a graph of order  .   

 {
                                                     

                                                     
 

Equation 21 

 

Proof:  

All of the automorphisms in   will necessarily be present in     .  Supplementary to any of the 

automorphisms of  , if there is a vertex in   of degree     then that vertex will be 

interchangeable with the vertex from   , as both vertices will have the same set of neighbors.  

  

 

Theorem 11. 

If   and   are 2 connected graphs with the order of   strictly less than that of   and additionally 

all of the vertices in   are of sufficiently small degree so that the following holds: 

|    |     
      

       |    |       

Equation 22 

Then: 

                                   Equation 23 

 

Proof: 

    contains all of the automorphisms of both   and  ;           and           can be 

applied sequentially to produce an automorphism in         .  Additionally, in the graph 

    none of the vertices which had come from   will have the same degree as a vertex which 

had come from  , so there are no new automorphisms.  Consequently, there will be no 

automorphisms of     which include mapping a vertex that had come from   to a vertex that 

had come from   or vice versa.  Thus we can apply the product rule to see that 
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2.9 Fixing Numbers of Friendship Graphs 

 

Friendship graphs    were first defined by Erdös as graphs without    in which every pair of 

vertices is connected by a path of length 2.  This equates to a graph consisting of   triangles, which 

all share a common vertex and no 2 of which share a common edge [14]. 

 

Proposition 12.  

                          Equation 24 

 

Proof:  

The center vertex is in its own orbit, and thus already 

has fixing number 1.  The symmetries of    are the 

interchange of any non-center vertex   with the other 

non-center vertex that is on the same    sub-graph as 

 .  Additionally, any two    sub-graphs can be 

interchanged.  The only way to prevent the 

interchanging of two vertices on the same    sub-graph 

is to fix one vertex on each    sub-graph.  This will 

additionally result in the removal of the symmetry in 

which two    sub-graphs can be interchanged.  

Therefore, the fixing number is  . 

  

 

Figure 14 Friendship Graph with an Example 
Minimum Fixing Set 
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Friendship graphs can be viewed as a subset of the graphs defined by 

     ⋃ 

 

 

Equation 25 

where there are   copies of   and     . 

 

We can state the preceding proposition more generally as follows: 

 

Theorem 13. 

Let   be any graph.  We define the generalized friendship graph   with generator   by the 

following. 

     ⋃ 

 

 

(a) If         , then 

   (     ⋃ 

 

)      

Equation 26 

(b) If         , then 

   (     ⋃ 

 

)            

Equation 27 

 

Proof (a): 

The   copies of   can all be interchanged.  Thus at least one vertex from each copy of   except 

for one must be fixed.  This will suffice to fix   as   by assumption has no automorphisms and the 
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only automorphisms which must be removed from   are the interchanges of subgraphs isomorphic 

to  . 

  

 

Let   be the graph shown in Figure 15. 

Consider the generalized friendship graph   with 

generator   and 

     ⋃ 

 

 

 

  is a rigid graph, but since the 3 subgraphs in   

which are isomorphic to   can be mutually 

interchanged with one another, 2 of those 

subgraphs must contain a fixed vertex in order to 

fix  . 

 

 

 

 

 

  

Figure 15 Generalized Friendship Graph Generator 

Figure 16 Generalized Friendship Graph with Rigid 
Generator 
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Proof (b): 

The automorphisms of each instance of   in   must be removed.  This will require fixing        

vertices from each of the   instances of   in  .  This will suffice to fix   as each instance of   

having one or more fixed vertices will prevent the copies from being interchanged with one 

another. 

  

 

As an example, consider the graph 

     ⋃  

 

 

Here     , making   a non-rigid graph.  There 

are 2 copies of   which are being joined to   , so 

              

  
Figure 17 Generalized Friendship Graph with Non-

rigid Generator 
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Chapter 2: Fixing Number Algorithms 
 

The fixing numbers of many common classifications of special graphs were described in the 

preceding chapter.  We will now develop a theory of the computation of fixing numbers for all 

graphs. 

 

1 Tree Fixing Algorithms 

 

A tree is defined as a connected graph with no cycles [8].  The leaf vertices of a tree are those 

vertices of degree 1.  In [15], it was shown that every non-rigid tree of order greater than 1 has a 

minimum fixing set consisting of only leaf vertices.  Consequently, computing the fixing number 

of a tree is a far easier problem than computing the fixing number of a graph in general.  As such, 

we will examine these computations before considering the computations for more general graphs  

 

1.1 Erwin and Harary’s Algorithm 

 

The first general computation of fixing number of trees was done by Harary and Erwin in [2].  

Their original formulation phrased their computation as a theorem but it has been parsed out here 

into algorithmic form in order to make it easier to compare with the other algorithms that will be 

presented.  Additionally, an effort has been made to simplify the terminology used in the original 

publication. 
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Algorithm 1 Erwin and Harary Tree Fixing Algorithm 

 

This algorithm essentially combines the result that every non-rigid tree has a minimum 

fixing set consisting of exclusively leaf vertices [2] and that in order for a graph to be fixed, 

every vertex in that graph must be fixed in order to provide an algorithm which is marginally 

better than the naïve approach of testing all possible sets of vertices to determine if the fix 

the graph.  We will now proceed through a sample execution of this algorithm in order to aid 

in the reader’s understanding of the algorithm. 

 

  

Consider a tree T 

Let 𝑉 ⊂ 𝑉 𝑇  denote the set of leaf vertices in 𝑇 

Construct the digraph 𝑇′ with 𝑉 𝑇′  𝑉 𝑇  

For each leaf vertex 𝑣  𝑉′, create the directed edge  𝑣 𝑥  in 𝑇′  

 iff  𝜑  𝐴𝑢𝑡 𝑇  𝑥  𝜑 𝑥 → 𝑣  𝜑 𝑣  

The fixing number of 𝑇 is the order of the smallest subset 𝑆 of 𝑉 𝑇   such that there is at 

most one leaf from each orbit of 𝑇 that does not have an edge directed towards it from a  

 vertex in 𝑆 
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1.1.1 Example 

 

Identify the leaf vertices of the tree  .  

Construct the digraph  ′.  

The fixing number of   is the order of the 

smallest subset   of       such that there is at 

most one leaf from each orbit of   that does not 

have an edge directed towards it from a vertex 

in  .  In this example, the fixing number is 4. 
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1.2 Minimum-Determining-Set-Tree Algorithm 

 

The minimum-determining-set-tree algorithm was presented by Cáceres et. al. in 2010 [15].  It is 

based on the result that every tree contains a minimal fixing set consisting entirely of leaf vertices 

[2], [15].  

 

 

Algorithm 2 Minimum Determining-Set Tree Algorithm 

 

1.2.1 Example 

 

In this example, green will be used to highlight the vertices that are currently under consideration 

and red will be used to denote vertices that have been fixed. 

 

Compute the center of the tree. 

Consider the version of this tree which is rooted at its center. 

If the center consists of 2 vertices, insert a new vertex in between them to serve as the center. 

Assign label “0” to all of the leaf vertices. 

For 𝑖 ≔ (radius – 1) to 1, with 𝑖 decreasing by 1 each iteration 

   For each non-leaf vertex 𝑣 at distance 𝑖 from the root 

     Look at the sets of children of that vertex with the same label.  The children of a vertex 𝑣  

         are those vertices which are adjacent to 𝑣 and have greater distance from the center than  

          𝑣.  Fix all but one from each set, giving each fixed vertex its own label. 

     Label 𝑣 with the lexicographically ordered concatenation of the labels of its children. 

     Lexicographically order all of the vertices at distance 𝑖 from the radius and re-label them 

with the  

       non-negative numbers, mapping one natural number to each label.   
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The center of this tree was an edge, so we have 

inserted the new vertex    to act as the center.  

Note that the radius of this tree is 4. 

 

Assign label 0 to all leaf vertices. 

 

Consider all of the vertices at distance 3 from 

the center. 

 

For each vertex under consideration, fix all but 

one of its children with the same label.  In this 

example at this step, no vertices will be fixed 

because each vertex has only one child. 

 

Label each vertex that is at distance 3 from the 

center with the lexicographically ordered 

concatenation of the labels of its children.  

Relabel the vertices at distance 3 from the 

center with the non-negative  numbers. 

   

0 

0 0 

0 0 

0 0 

0 

0 

0 

0 0 

0 0 

0 

0 

0 

0 0 

0 0 

 𝐴  𝐴 

 𝐴     𝐴 

0 

0 

0 

0 0 

0 0 

1 1 

1 
1 
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Consider all of the vertices at distance 2 from 

the center. 

 

For each vertex under consideration, fix all but 

one of its children that have the same label. 

  

Label each vertex that is at distance 2 from the 

center with the lexicographically ordered 

concatenation of the labels of its children.  

Relabel the vertices at distance 2 from the 

center with the non-negative numbers. 

  

Consider all of the vertices at distance 1 from 

the center. 

 

For each vertex under consideration, fix all but 

one of its children with the same label.  In this 

example at this step, no vertices will be fixed. 

 

0 

0 

0 

0 0 

0 0 

1 1 

1 
1 

 𝐴 
 𝐵 

0 

0 0 

0 0 

 𝐴 1 

 𝐴 1 

 𝐴 
 𝐵 

0 

0 0 

0 0 

 𝐴 1 

 𝐴 1 

  𝐴 𝐵  A 

  𝐴 

 𝐴 
 𝐵 

0 

0 0 

0 0 

 𝐴 1 

 𝐴 1 

  

1 

0 
0 

1 

0 

 𝐴 

 𝐴 
1 

 𝐴 
 𝐵 

0 

1 

  

0 
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Label each vertex that is at distance 1 from the 

center with the lexicographically ordered 

concatenation of the labels of its children.  

Relabel the vertices at distance 1 from the 

center with the non-negative numbers. 

 

The graph is now fixed.  The fixing number is 

4 and the red vertices form an example of a 

minimum fixing set. 

  

 

1.3 Contraction Tree Fixing Algorithm 

 

We first define a weight preserving 

subdivision as an action on a graph 

which takes as input a weighted 

graph one or more pairs of vertices 

from that graph along with the 

weights of the edges connecting 

those vertices.  The edge between 

each of those pairs of vertices is 

replaced with a weighted path such 

that the sum of the weights of the 

edges along the newly added graph 

is equal to the weight of the edge 

which was removed.  

  

0 
0 

1 

0 

 𝐴 

 𝐴 
1 

 𝐴 
 𝐵 

0 

  

  

  

0 

  

0 
0 

1 

0 

 𝐴 

 𝐴 
1 

 𝐴 
 𝐵 

0 

1 

  

  

0 

  

Figure 18 Weight Preserving Subdivision 
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The following algorithm is an equivalent alternative to the previous algorithm.  It is an original 

alternative that is slightly more efficient for trees which have many vertices of degree 2 because of 

a relatively simple pre-processing step. 

 

 

Algorithm 3 Contraction Tree Fixing Algorithm 

 

The following is an example of this algorithm as applied to a specific graph so as to aid the reader 

in following the execution process. 

 

  

𝐹𝑖𝑥 𝑇   ∑ ∑  𝑑𝑒𝑔𝑘 𝑣    

𝑘 𝐷 𝑣 𝑣 𝑆

 

Let 𝑇 be a tree, not a path.  (If 𝑇 is a path, it’s fixing number is 1.)   

Give each edge in 𝑇 weight 1. 

Consider 𝑇′, with no vertices of degree 2, of which 𝑇 is a weight-preserving subdivision.   

    If 𝑇 has no vertices of degree 2, then 𝑇  𝑇′. 

Let 𝑆 be the set of vertices in 𝑇′ which are adjacent to a vertex of degree 1. 

For each 𝑣  𝑆, let 𝐷 𝑣  be the set of weights of the pendant edges incident with 𝑣. 

              Let    𝑘 𝑣  be the number of edges of weight 𝑘 which are incident to 𝑣. 

Calculate    𝑘 𝑣  for all 𝑣  𝑆, for all 𝑘  𝐷 𝑣  
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1.3.1 Example 

 

Let   be a tree, not a path.   

 

Give each edge in   weight 1. 

   

Construct  ′  

1 

1 1 

2 2 

2 2 

3 

1 

1 1 

1 
1 1 

1 
1 

1 

1 

1 
1 

1 1 
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Let   be the set of vertices in  ′ 

which are adjacent to a vertex of 

degree 1. 

 

Calculate      for each    . 

 

  {   } 

 

     {   } 

     { } 

 

 

 

 

 

 

Calculate         for all    , 

for all       . 

 

          

          

 

          

        ∑ ∑         

         

    

                           

 

1.3.2 Proof of Correctness 

 

The symmetry group of a tree is the direct product of wreath products of isomorphic branches 

connected at a common vertex.  We define a branch as a proper subgraph for which there are no 2 

vertices in the same component of the branch but not members of the branch themselves, which 

have a path connecting them that includes one or more vertices of the branch.  Additionally, there 

will be exactly one vertex of the branch which is adjacent to vertices not in the branch and this 

vertex will have degree at least 3.  In order to remove all but the trivial automorphism, at least 1 

vertex from each branch which is isomorphic to another branch must be fixed.  One branch in each 

set of isomorphic branches does not need to have a vertex fixed because it will be the only such 

branch in that set.  This is exactly the set of vertices which are fixed by the above algorithm 

  

1 

1 1 

2 2 

2 2 

3 
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1.3.3 Efficient Construction of the Homeomorphically Irreducible Tree 

 

In order for the Contraction Tree Fixing Algorithm to be a viable alternative the Minimum 

Determining Set Tree Algorithm, it is essential that computation not be wasted during the 

conversion from a possibly homeomorphically reducible tree to a homeomorphically irreducible 

tree.  We employ the use of carefully selected data structures for storing the tree to do just that, 

namely by storing the tree with an index on the degree of vertices.  Our homeomorphic reduction 

algorithm proceeds as follows. 

 

 

Algorithm 4 Homeomorphic Reduction Algorithm 

 

This algorithm will clearly require a small constant time for each vertex of degree 2, and with 

indexing of the tree data structure, can execute overall in time linear with the number of vertices of 

degree 2. 

 

1.4 Comparison of Tree Fixing Algorithms 

 

The Erwin and Harary algorithm was aptly described as a theorem and not an algorithm.  While a 

corresponding algorithm does immediately follow from reading their work, that algorithm is much 

more a matter of exhaustive search relative to the definition of fixing number rather than anything 

which resembles true algorithmic flavor and the corresponding efficiency that one would like to 

see from such an algorithm.  That said, there were some features of their work, such as the 

For each vertex of degree 2 

 Consider the vertices, 𝑣 and 𝑢, which are adjacent to it 

 Create the edge 𝑢 𝑣  

 Delete both of the edges incident with the current vertex under consideration 
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intermediate construction of a digraph that do provide substantial gains over a truly naïve 

algorithm which would just check all sets of vertices in order to find the smallest set which fixes 

the graph.  Overall though, this work provided a great foundation in its own right, but in 

comparison to the other available algorithms doesn’t merit being used for any trees of non-trivial 

size. 

 

Though discovered independently, the Contraction Tree Fixing Algorithm is essentially a 

modification of the Minimum Determining Set Tree Algorithm.  Both algorithms can run in linear 

time [15] in the number of vertices and for the most part execute in very similar manners.  The 

Contraction Tree Fixing Algorithm has a preprocessing step that will take no time in 

homeomorphically irreducible trees, will take minimal time in homeomorphically reducible trees 

and will result in faster execution of the main algorithm in homeomorphically reducible trees.  

Once this pre-processing step is complete, the algorithms are identical.  For homeomorphically 

reducible trees, the Contraction Tree Fixing Algorithm will run slightly faster because the time 

required for each vertex of degree 2 to delete the edges incident with it and insert a new edge is 

shorter than the time required for labeling each of the vertices by the Minimum Determining-Set 

Fixing Algorithm.  The gains made by pre-processing in the Contraction Tree Fixing Algorithm, 

while existent are minimal and do not warrant not using the Minimum Determining Set Tree 

Algorithm if there are other reasons to do so. 

 

2 General Graph Fixing Algorithms 

 

We will now turn our attention to algorithms which are designed to compute the fixing number of 

any graph.  These algorithms can be applied to trees, but will be far more inefficient than the 

algorithms designed specifically for fixing trees. 

 

2.1 Greedy Fixing Algorithm 
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Gibbons and Laison [1]proposed the following algorithm as an attempt at an algorithm capable of 

finding the fixing number of any graph.  This has come to be known as the Greedy Fixing 

Algorithm.  This is a constructive algorithm, which in addition to returning the fixing number of 

the graph, determines a corresponding fixing set as a side-effect.  As the name implies, the 

algorithm employs a greedy approach, iteratively fixing a vertex from the largest remaining orbit 

until the entire graph is fixed.  Consequently, the algorithm is clearly guaranteed to construct a 

minimal fixing set, but as we will see below it is not necessarily minimum. 

 

The Greedy Fixing Algorithm proceeds as follows: 

 

Algorithm 5 Greedy Fixing Algorithm 

 

  

Find a largest orbit in 𝐺 

Fix a vertex in a largest orbit of 𝐺 

Repeat the first step until all orbits are of size 1 
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2.1.1 Example 

 

For illustrative purposes, we will now go through an example execution of the Greedy Fixing 

Algorithm. 

 

Graph Orbits 

 {       } 

{   } 

{   } 

{ } 

{ } 

 

The largest orbit is {       }, so one of the vertices from 

that orbit will be fixed in the next iteration. 

 {   } 

{   } 

{ } 

{ } 

{ } 

{ } 

{ } 

{ } 

 

Both of the orbits {   } and {   } are of largest size.  In 

the next iteration, we will select at random one of the 

vertices from one of these orbits to fix. 
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 {   } 

{ } 

{ } 

{ } 

{ } 

{ } 

{ } 

{ } 

{ } 

 

The largest orbit is {   }, so we will select one of these 

vertices to fix in the next iteration. 

 

 { } 

{ } 

{ } 

{ } 

{ } 

{ } 

{ } 

{ } 

{ } 

{ } 

 

At this point, all of the orbits are of size 1, so the graph is 

fixed.  The fixing number is 3 and one possible minimum 

fixing set is {     }. 

 

 

  



44 

2.1.2 Computational Complexity 

 

The computational bottleneck in the Greedy Fixing Algorithm is that it requires computing all 

of the orbits of the graph and repeating this process for each fixed vertex.  Fixing a vertex 

changes the orbits of the graph, but not in a way which can be easily calculated from knowing 

which vertex was fixed and what the orbits of the graph were prior to fixing that vertex.  

Thus the computations required to determine a largest orbit of the graph must be done after 

each vertex is fixed without any reuse of computation.  There are some computational 

shortcuts that can be taken in calculating the orbits and the process can be greatly sped up 

by choosing appropriate mathematical software and admittedly not all orbits need be found 

if one can prove that they have found the largest, but this still remains a huge computational 

challenge.  Additionally, most of the known methods for computing orbits are either 

sufficiently close to a naïve method so as to fail to yield substantial computational gains or 

serve only to provide approximations of the orbits, something which we cannot allow for in 

our algorithms.  The interested reader can find some of the methods for computing orbits in 

[16]. 

 

2.1.3 Counter-Example 

 

We now present the following counterexample to the greedy 

fixing algorithm proposed by [1].  It is a counter example in 

that the initial selection of vertices to fix (within the bounds 

allowed by the algorithm) can result in different answers being 

produced by the algorithm.  The actual fixing number of this 

graph is 3, but the greedy algorithm can produce both 3 and 4 

as results.  We propose that this is a minimal counter example 

in terms of number of vertices. 

As can be seen in Figure 19, this graph contains 2 orbits, each 

of order 6.  We shall henceforth refer to these orbits as the red 

and blue orbits for convenience.   
Figure 19 Counter-Example to the 

Greedy Fixing Algorithm 
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Since both orbits are of the same size, the initial vertex chosen to be fixed can be from either orbit. 

 

If one of the vertices from the blue orbit is initially fixed, the initial result will be for the graph to 

contain 3 orbits of order 2 and 6 orbits of order 1.  The remaining 3 iterations of the algorithm will 

each include fixing one of the vertices from an orbit of order 2.  Each time this is done, the effect 

on the orbits of the graph will be to decrease the number of orbits of order 2 by 1 and to increase 

the number of orbits of order 1 by 2.  Thus this execution of the algorithm will produce a minimal 

fixing set of order 4.  However, as we will see, this set is not minimum. 

 

 

Alternatively, if one of the vertices from the red orbit is fixed first, the initial result will be for the 

graph to contain 1 orbit of order 4, 3 orbits of order 2, and 2 orbits of order 1.  The next iteration of 

the algorithm will fix one of the vertices from the orbit of order 4, which will leave the graph with 

1 orbit of order 2 and 10 orbits of order 1.  One of the vertices from the orbit of order 2 will then 

Figure 21 A Second Possible Execution of the Greedy Fixing Algorithm 

Figure 20 One Possible Execution of the Greedy Fixing Algorithm 
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be fixed, leaving the graph with exclusively orbits of order 1 and producing a minimal fixing set of 

order 3.  Note that this is actually a minimum fixing set. 

 

2.2 Derangement Fixing Algorithm 

 

We have developed an alternative to the greedy fixing algorithm as follows. 

 

Erwin and Harary defined a       interchange,  , as an automorphism in        with     

     such that   transposes   and   and does not affect any of the other vertices of the graph [2]. 

 

We extend the concept of 

      interchanges to apply to sets 

of vertices of any size.  A 

derangement is a permutation in 

which no value is mapped to itself 

[17].  Given a graph  , we define a 

 -subset   of      to be an S-

derangement of order | |  if there 

exists an automorphism of   that 

deranges all of the vertices in   and 

fixes all of the vertices not in  , and there is no proper subset of   for which this condition holds.  

Note that unlike Erwin and Harary, we are using the term to refer to the set of vertices which are 

deranged, not to the automorphism which deranges them.  This is necessary because in S-

derangements where | |   , there are potentially many automorphisms which derange all of the 

vertices in S while fixing all other vertices.  An example S-derangement can be seen in Figure 22.   

 

Algorithm:  

Figure 22 Example S-Derangement 
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Algorithm 6 Derangement Fixing Algorithm 

 

2.2.1 Proof of Correctness 

 

By definition of a fixing set, at least one vertex in each fixing set must be fixed.  If fixing one 

vertex from each fixing set was not sufficient to fix the graph, then there would consequently exist 

a set of vertices which could be permuted by an automorphism on   while fixing the remaining 

vertices in the graph, which includes at least one vertex from each fixing set.  This set of vertices 

would comprise a fixing set, which is a contradiction.  Therefore, the S-derangement algorithm 

correctly computes the fixing number of a graph. 

  

 

2.2.2 Examples 

 

The following two figures show examples of execution of the S-Derangement Fixing Algorithm. 

 

In the first example there are 3 overlapping derangements, consisting of 3 vertices in total.  

Selecting 2 of these vertices to include in the fixing set suffices to have at least one vertex selected 

from each of the derangements.  Additionally there is a derangement of order 4 that doesn’t have 

any overlapping vertices with the other derangements.  Consequently, one vertex must be chosen 

to be in the fixing set from the set of vertices comprising this derangement.  The produces a fixing 

number of 3 for this graph. 

Let 𝐺 be a graph.   

Consider the (possibly non-disjoint) sets of vertices, 𝑆    𝑆𝑘 , that comprise all 

𝑆  derangements of 𝐺.   

Compute the minimum set 𝑋  𝑉 𝐺  𝑠. 𝑡.    ≤ 𝑖 ≤ 𝑘 𝑋 ∩ 𝑆𝑖 ≠ ∅.   

    𝐺   |𝑋|  

𝑋 is a minimum fixing set of 𝐺. 
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The next example is included not because it is particularly illuminative of the process of the S-

Derangement Fixing Algorithm, but rather to illustrate that the counter-example that we found to 

the Greedy Fixing algorithm can be accurately handled by this algorithm 

 

 

2.2.3 Computational Considerations 

 

The determination of S-derangements on trivially sized graphs is a relatively easy task for a human 

to perform, but is deceptively difficult, as it implicitly requires examining orbits, which we have 

already seen to be a daunting task. 

In identifying the S-derangements of a graph, one must begin by examining the automorphism 

group of the graph, an admittedly complex procedure.  There is an onto relationship from the 

Figure 23 Example 1 of the Derangement Fixing Algorithm 

Figure 24 Example 2 of the Derangement Fixing Algorithm 
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prime subgroups of the automorphism group to the S-derangements.  The exact vertices which 

constitute each S-derangement can be determined   
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Chapter 3: Distribution of Fixing Numbers 
 

Historically, the distinction between the level of symmetry in different graphs has been denoted 

either by the automorphism group or by the rigidity of the graph.  The fixing number of a graph 

provides a metric for quantifying the amount of symmetry in a graph and refining the distinction 

between rigid and non-rigid graphs.  In order to use this metric to compare the general symmetries 

of different classes of graphs, we now turn our attention to studying the distribution of fixing 

numbers of graphs of a given type and given order. 

 

1 Distribution of Fixing Numbers of Trees 

 

Trees form an interesting class of graph to study the distribution of fixing numbers because of the 

fact that  most trees are non-rigid [7].   

 

1.1 Possible Fixing Numbers 

 

The following chart shows, by example, the possible fixing numbers for trees of small order.  Note 

that the graphs shown in this chart serve to provide examples of trees with the possible fixing 

numbers, but this is not an exhaustive listing of small trees.  Such lists can be found in [18].  The 

possible fixing numbers for larger trees are then given by an explicit proof. 
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n Possible Fixing 

Numbers 

Sample Graphs 

1 0  

 

2 1  

 

3 1  

 

4 1, 2  

 

 

5 1, 3 
 

 

 

6 1, 2, 4 
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n Possible Fixing 

Numbers 

Sample Graphs 

≥7 0, 1, 2, …, n-5, n-4, n-2 

 

 

Theorem 14.  

The fixing number of a tree with     vertices can be any value from 0 to     other than    . 

 

This theorem and a corresponding proof were published in [15], but we had independently 

discovered the proof provided below. 

 

Proof:  

It is well established that there exist rigid ( i.e. with fixing number 0) trees of order   for all    .  

Trees of order   with fixing number   to    , except     can easily be constructed as stars 
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with 1 branch being longer than a path of length 2.  For example, see the section for     in the 

chart above.  Assume that there is a tree with order     and fixing number    .  Such a tree 

would have to conform to one of the following cases: 

1.   orbit of     vertices and 2 orbits of 1 vertex each. 

2.   distinct orbits with     vertices in total and more than 1 vertex each and 1 orbit of 1 

vertex. 

3.   distinct orbits with   vertices in total and more than 1 vertex each. 

 

In case 1, for each of the 2 vertices not in the largest orbit, the     vertices in the largest orbit 

would have to either all be adjacent or all be not adjacent to that vertex.  The 2 vertices which each 

comprise their own orbit are either adjacent to each other or not; in either case, these vertices will 

be interchangeable (and thus in the same orbit) if they are both adjacent to the vertices in the larger 

orbit or both not adjacent to the vertices in the largest orbit.  Thus, one of them must be adjacent to 

all of the vertices in the larges orbit, and the other not adjacent.  If the 2 vertices which comprise 

their own orbits are not adjacent, then the graph will not be connected and thus not a tree.  

However if the vertices are connected, then the single vertex which was defined to comprise its 

own orbit and not be adjacent to any of the vertices in the largest orbit, would itself become a 

member of that orbit, which is a contradiction.  Therefore, case 1 cannot exist.  In case 2, for each 

of the larger orbits, the single vertex which comprises its own orbit would have to either be 

adjacent to all of the vertices in the orbit or not adjacent to any of the vertices in the orbit.  

Additionally, the vertices within an orbit cannot be adjacent to each other, as this would create 

cycles.  If the 2 larger orbits both have all vertices adjacent to the single vertex which is its own 

orbit, then both of the larger orbits will actually comprise 1 orbit, which is a contradiction.  

Alternatively, if 1 of the larger orbits has all vertices not adjacent to the single vertex, then the 

graph would not be connected, and consequently not a tree.  Therefore, case 2 cannot exist. 

 

In case 3, in order for the graph to be connected the vertices in one of the orbits must each be 

adjacent to all of the vertices in another orbit.  This would create cycles, which would be a 

contradiction.  Therefore, case 3 cannot exist. 
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Therefore, there is no tree with order     and fixing number    .   

  

 

Corollary15.  

If a graph has order    and it’s complement is a tree, then the fixing number of that graph is not 

   . 

 

Proof: 

This follows directly from combining Theorem 1 and Theorem 14. 

  

 

1.2 Distribution of Fixing Numbers of Trees with up to 12 Vertices 

 

We have calculated the fixing numbers for all trees up to order 12.  The results of this enumeration 

for trees of order 9, 10, 11, and 12 are shown in the set of charts below.  For trees of order 9, the 

most common fixing number is 1, while for trees of order 10, 11, or 12 the most common fixing 

number is 2.  As   tends towards  , the most common fixing number of trees of order   will also 

tend towards  . 
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Figure 25 Distribution of Fixing Numbers of Trees of Order 10 

Figure 26 Distribution of Fixing Numbers of Trees of Order 9 
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Figure 27 Distribution of Fixing Numbers of Trees of Order 11 

Figure 28 Distribution of Fixing Numbers of Trees of Order 12 
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The following chart shows the actual percentages of small trees with given fixing numbers.  The 

enumeration of trees of various fixing n umbers from the previous four charts have been 

normalized so as to illustrate the similarities in the probability distributions.  Although this 

computation has only been done for relatively small trees, a pattern is apparent, and it is the hope 

of the author that future work will be able to discover a general equation for the distribution of 

trees on   vertices. 
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1.3 Generalization to Larger Trees 

 

As a preliminary step towards discovering the equation for the distribution of trees of order  .  The 

number of trees of order   and fixing number     for some small values of   has been calculated 

using elementary combinatorics and the results can be seen in the following chart.  The actual 

computations are rather tedious but are based on the descriptions provided in the following table. 
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Fixing 

Number 

Types of Trees of order   Number of Non-

Isomorphic Trees 

of Order   with 

Given Fixing 

Number 

    There are     blue vertices.   

       

    In total, there 

are     red 

and blue 

vertices.  

There is at 

least 1 vertex 

of each color. 

⌊
   

 
⌋ 

 

    In total, there 

are     red 

and blue 

vertices.  

There is at 

least 1 vertex 

of each color  

 

 

 

There are     blue vertices. 

⌊
   

 
⌋     
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Fixing 

Number 

Types of Trees of order   Number of Non-

Isomorphic Trees 

of Order   with 

Given Fixing 

Number 

     

There are     blue vertices 

 

 

 

 

 

 

 

 

 

 

 

 

There are     blue vertices. 

 

 

 

In total, there are     blue and green vertices.  

There is at least 1 vertex of each color. 

 

 

⌊
   

 
⌋ ⌈

   

 
⌉

 ⌊
   

 
⌋    

 



61 

Fixing 

Number 

Types of Trees of order   Number of Non-

Isomorphic Trees 

of Order   with 

Given Fixing 

Number 

 

In total, there are     blue, red, and green vertices.  

There is at least 1 vertex of each color. 

 

 

2 Distribution of Fixing Numbers of Homeomorphically Irreducible 

Trees 

 

A homeomorphically irreducible tree is a tree that does not contain any vertices of degree 2 [19].  

These types of trees are also known as series reduced trees and topological trees.  They are a very 

interesting sub-classification of tree to study because the irreducibility requirement introduces a 

sort of parity in fixing number that will become more apparent when we examine the distribution 

of the fixing numbers of these trees below. 

 

The following charts show the distribution of fixing numbers of small homeomorphically 

irreducible trees.  There is a noticeable pattern of alternating high and low values.  This is 

conjectured to be due to the occurrence of cherries within the trees and the requirement that each 

cherry contain two leaf vertices, but there is no conclusive proof available to explain this pattern at 

the current time. 
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Figure 30 Distribution of Homeomorphically Irreducible Trees of Order 9 

Figure 31 Distribution of Homeomorphically Irreducible Trees of Order 10 
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Figure 32 Distribution of Homeomorphically Irreducible Trees of Order 11 

Figure 33 Distribution of Homeomorphically Irreducible Trees of Order 12 
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Observation 16.  

There are no homeomorphically irreducible trees of order 3.  This follows since the only tree of 

order 3 is   , which is not homeomorphically irreducible. 

  

 

2.1 Fixing Numbers of Small Homeomorphically Irreducible Trees 

 

A cherry is an induced subgraph consisting of 2 

monovalent vertices (vertices of degree 1) which are both 

adjacent to a third vertex.  This third vertex may also be 

adjacent to other vertices [11].  Alternatively, this 

subgraph is known as a claw [20].  

 

Lemma 17. 

Every homeomorphically irreducible tree other than    contains one or more cherries. 

 

2.2 Homeomorphically Irreducible Trees with Small Fixing Numbers 

 

Observation 18.  

The only homeomorphically irreducible tree with fixing number 0 is   . 

Proof:  

Every homeomorphically irreducible tree with order    must contain a cherry.  Any graph with a 

cherry has fixing number   .  The only homeomorphically irreducible trees with order    are    

and   .     is the only one of these with fixing number 0. 

Figure 34 Cherry 
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Observation 19.  

The only homeomorphically irreducible tree with fixing number 1 is   . 

Proof:  

Every homeomorphically irreducible tree with order    must contain at least 2 cherries, possibly 

sharing vertices.  This follows directly from the fact that each non-leaf vertex must have degree at 

least 3.  The only homeomorphically irreducible trees with order ≤   are    and   .     is the only 

one of these with fixing number 1. 

  

 

Theorem 20.  

If   is even and    , then there is one homeomorphically irreducible tree of order   with fixing 

number 2.  If   is odd, then there are no homeomorphically irreducible trees of order   with fixing 

number 2. 

 

Proof:  

There are 2 ways in which a homeomorphically irreducible tree can have fixing number 2.  The 

first of these is     .  This is the only homeomorphically irreducible tree that contains 2 cherries 

which share vertices (3 monovalent vertices which are all adjacent to a common vertex, because 

any other homeomorphically irreducible graph that contained such a graph as an induced subgraph 

would also have to contain at least one additional cherry, giving it a fixing number of at least 3.  

All other homeomorphically irreducible trees with fixing number 4 must contain exactly 2 cherries 

which do not have any vertices in common.  Since each cherry contains 3 vertices, such a graph 

must contain at least 6 vertices, with any additional vertices not part of either of the cherries.  In 

order for there not to be any additional cherries, the additional vertices must come in pairs of a leaf 

vertex and the non-leaf vertex to which that leaf is adjacent.  This necessitates an even number of 
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vertices and up to isomorphism permits only one such homeomorphically irreducible tree of order 

  (for   even). 

  

 

Figure 35 shows the unique homeomorphically irreducible tree of even order with fixing number 2. 

 

 

 

 

 

 

2.3 Homeomorphically Irreducible Trees with Large Fixing Numbers 

 

The following chart shows the classes of homeomorphically irreducible trees with large fixing 

numbers and counts the number of homeomorphically irreducible trees of order   with fixing 

number     for small values of  .  The total counts displayed in the rightmost column have been 

obtained through fairly elementary combinatorics, the calculations of which have been omitted.  

  

Figure 35 Construction of Homeomorphically Irreducible Trees of Even Order 
with Fixing Number 2 
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Fixing 

Number 

Types of Homeomorphically Irreducible Trees of order   Number of Trees 

of Order   with 

Given Fixing 

Number 

    There are     blue vertices.   

       

    In total, 

there are 

    red 

and blue 

vertices.  

There is at 

least 1 vertex of each color. 

⌊
   

 
⌋ 

 

       

    

In total, there are     blue, red, and green vertices.  

There is at least 1 vertex of each color. 

 

⌊
   

 
⌋ ⌈

   

 
⌉
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3 Distribution of Fixing Numbers of Strongly Binary Trees 

 

Strongly binary trees are a special class of rooted trees in which the root either has degree 0 or 2.  

All other vertices either have degree 1 or 3 [21].  As was the case with general rooted trees, the 

root of a rooted tree will be distinguishable from all other vertices and hence implicitly fixed, but 

will not contribute to the fixing number of the graph. 

 

Proposition 21.  

The only strongly binary tree with fixing number 0 is   . 

Proof:  

All other binary trees will contain one or more cherries, each of which will add one to the fixing 

number 

  

 

Lemma 22.  

All strongly binary trees have an odd number of vertices [21]. 

Proof:  

All binary trees have one vertex of degree 2 (the root) and   vertices of degree 1, and       

vertices of degree 3, where   is the number of vertices.  Summing over the degrees of the vertices, 

we get the following: 

                    

         

       

Therefore,   is odd. 
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A right comb is a binary tree in which the left child of every vertex is always monovalent.  A left 

tree is a binary tree in which the right child of every vertex is monovalent [22].  We define a comb 

as referring ambiguously to either a left or right comb. 

 

Theorem 23.  

For each odd  , there is exactly 1 strongly binary tree (up to isomorphism) with fixing number 1. 

Proof:  

A strongly binary tree with fixing number 1, 

must by definition contain a single cherry and 

consequently consist of a single vertex of 

degree 2 (the root), 3 vertices of degree 1, and 

    vertices of degree 3.  The only way in 

which this can be achieved is through the comb 

structure shown here, of which there is only a 

single realization up to isomorphism for a 

given order. 

  

 

 

Theorem 24. 

(a) For each odd            , there are exactly 
          

  
 strongly binary trees of order   (up 

to isomorphism) with fixing number 2. 

(b) For each odd            , there are exactly 
      

  
 strongly binary trees of order   (up to 

isomorphism) with fixing number 2. 

 

Figure 36 Comb with Fixing Number 1 
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Proof:  

In order for a binary tree 

to have fixing number 2, it 

must contain exactly 2 

cherries.  Figure 37 shows 

the general configuration 

of such a tree.  A simple 

combinatorial argument 

counts the number of such 

trees as detailed above. 

  

Figure 37 Strongly Binary Tree with Fixing Number 2 
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Lemma 25.  

Every minimum fixing set of a binary tree will consist of 1 vertex from each cherry in that tree. 

 

Proof 

By definition, any minimum fixing set must contain exactly one vertex from each cherry.  Since 

we are dealing with binary trees, there are no rigid branches that are not isomorphic to   , so fixing 

one vertex from each cherry will fix the graph. 

  

 

Corollary 26. 

Let   be the number of cherries in a binary tree,  .    has    minimum fixing sets. 

 

Theorem 27.  

If   is a strongly binary tree on   vertices, then  

        ≤
   

 
 

Equation 28 

 

Proof: 

Binary trees have at most 
   

 
 leaf vertices.  By the preceding lemma, we know that exactly half of 

the leaf vertices in a binary tree will be in a minimum fixing set.  
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4 Distribution of Fixing Numbers of Unicyclic Graphs 

 

We now examine the fixing numbers of unicyclic graphs, which are connected graphs containing a 

single cycle [8].  The following chart shows the distribution of fixing numbers of the small 

unicyclic graphs. 

 

 

 

Theorem 28.  

Most unicyclic graphs are not rigid (have fixing number at least 1). 

Proof:  

Let   be a unicyclic graph of order  .  There is a single possible realization of   which is a cycle.  

All other possible realizations will be composed a cycle of at most order     with rooted trees 

incident with some or all of the vertices of the cycle.  Most rooted trees contain one or more 

cherries, each of which contributes 1 to the fixing number, so consequently, most unicyclic graphs 

will have fixing number at least 1. 
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4.1 Unicyclic Graphs with Large Fixing Numbers 

 

The right tail of the curves above showing small percentages for unicyclic graphs of order   and 

fixing number     or     is explained in  the chart below. 
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Fixing 

Number 

Types of Unicyclic Graphs of order   Number of Unicyclic Graphs 

of Order   with Given Fixing 

Number 
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Conclusions 
 

1 Applications 

 

Currently, fixing numbers have not been applied to any real world problems.  However, symmetry 

is present in many areas ranging from robotics to chemistry, and it is our belief that providing 

information on a metric to define the level of symmetry has the potential to be used in a wide 

variety of fields. 

 

2 Future Work 

 

Gibbons and Laison [1] introduced the concept of the fixing set of a group, which is defined to be 

the set of fixing numbers of all graphs with that group as their automorphism group.  At this time, 

little is known about fixing sets of groups 
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Appendices 

1 Fixing Numbers of Special Graphs 

1.1.1 Bidakis Cube 

 

Fixing Number = 1. 

 

 

 

1.1.2 Bull Graph 

 

Fixing Number = 1. 

 

 

1.1.3 Chvatal Graph 

 

Fixing Number = 1. 
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1.1.4 Durer Graph 

 

Fixing Number = 2. 

 

 

 

 

 

1.1.5 Franklin Graph 

 

Fixing Number = 2 
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1.1.6 Goldner-Harary Graph 

 

Fixing Number = 1. 

 

 

 

 

 

1.1.7 Groetzsch Graph 

 

Fixing Number = 2. 

 

 

 

 

 

 

1.1.8 Herschel Graph 

 

Fixing Number = 2. 
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1.1.9 Moser Spindle 

 

Fixing Number = 2. 

 

 

 

1.1.10 Peterson Graph 

 

Fixing Number = 3. 

 

 

 

 

 

 

1.1.11 Sousselier Graph 

 

Fixing Number = 1. 

 

 

 

 

 

  



83 

1.1.12 Wagner Graph 

 

Fixing Number = 2. 

 

 

 

 

 

 


