Inference in Constrained Linear Regression
by

Xinyu Chen

A Thesis
Submitted to the Faculty
of the
WORCESTER POLYTECHNIC INSTITUTE
In partial fulfillment of the requirements for the
Degree of Master of Science
in
Applied Statistics

by

May 2017

APPROVED:

Professor Thelge Buddika Peiris, Major Thesis Advisor



Abstract

Regression analyses constitutes an important part of the statistical inference and
has great applications in many areas. In some applications, we strongly believe
that the regression function changes monotonically with some or all of the predictor
variables in a region of interest. Deriving analyses under such constraints will be an
enormous task. In this work, the restricted prediction interval for the mean of the
regression function is constructed when two predictors are present. I use a modified

likelihood ratio test (LRT) to construct prediction intervals.
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Chapter 1

Introduction

Techniques of statistical inference under order restrictions have been used in many
applications. Regression analysis constitutes a large part of them. In many applica-
tions, experimenters believe that the regression function varies monotonically with
the predictor variables in some region of interest. Usually the restricted regression
analysis will consider the null hypothesis of the type RS = r versus R3 > r, R3 # r,
for some matrix R, vector r when X ~ N(6,V) and V is arbitrary. I do not have
to consider the case for a general V separately in this thesis because the inference
problem can be restated in terms of the identity covariance matrix. (Silvapulle and
Sen (2004))

And linear regression analysis is simple and efficient. Techniques of linear re-
gression have been used for many areas and for a long time. However constrained
regression analysis is more suitable and reasonable for the reality. If we use general
linear regression inference techniques, we would not be able to get the benefit of
our assumptions. In the fields such as economics and aerospace, constrained linear
regression analysis might give more precise predictions which are important than

regular one. Mukerjee and Tu (1995) already discussed constrained simple linear



regression on a single variable. Commonly higher dimensional constrained inference
is needed which is more practical. Peiris and Bhattacharya (2016) has developed
the techniques for point and interval estimators for model parameters and the mean
response for two predictor variables model Y = [y + 1 X; + 52 Xo with sign con-
straints on slope parameters $; and ;. Confidence intervals reflect the goodness
of fitting and prediction intervals tell us that under certain probability the future
observations will fall into the estimated intervals. In this thesis, I develop the for-
mulas for the prediction intervals for the two predictor variables model with such

constraints in slope parameters.

1.1 General Linear Regression

Regression analysis is a statistical process to estimate the relation between two or
more variables. Regression analysis techniques are often used to help understanding
how the response variables change under the variation of the predictor variables.
Regression analysis has three main purposes: 1.describle the relation between two
or more variables, 2.use predictor variables to control response variables, and 3.use
statistical relation to make predictions. Further, they are widely used to make fore-
casting in many areas, like biology, business, and data science. A few examples of
applications are:

1. The length of patient stay in a hospital in days can be predicted by utilizing the
relationship between patient’s age in years and the time in the hospital.
2. The patient’s blood pressure can be predicted by utilizing the relationship be-

tween the blood pressure and body weight.



1.1.1 Model and Assumptions

I consider a general regression model where there are several predictor variables

and the regression function is linear. The model can be stated as

Y = Bo + 51X + BoXoi + ... + BpXpi + 6, 1=1,2,..,n, (1.1)

where Y; is the repsonse for the i trial, Sy, f1, Ba...0, are parameters, X,
Xo;,...X,; are the values of predictor variables in i trial, ¢; is a random error term

and ¢; ~ N,(0,0%) for all i = 1,2,...,n

1.1.2 Maximum Likelihood Estimator

In model (1.1), let p=2, then € =Y; — (8 + /1 X1; + S1X2:) ~ N(0,02),

1 [ 1 (Yz‘ — (Bo+ B Xy + 51X2i))2]
fu = ——eap |

V2oro 2 o

Then likelihood function is

n

L(ﬁo, B, Ba, 02) = H Ww‘p {_%(Y; — Bo — b1 Xui — ﬁlXQi)z}

:ﬁ%ﬁ [—T; > (Y= fo— PiX — 51X2i)2]

(2mo? —
To obtain the values of 507 Bl, 32, and o2 that maximize the likelihood functon
L(By, B1, B2, 02), we let corresponding first derivatives equal zero and solve those
simultaneous equations for MLEs. Then the MLEs of 3y, 1, and (5 also can be

obtained in matrix form as

/B — ()(/)()—1){/}/7



Y, 1 11 xn

Y, 1 x12 722
where Y, 1 = ,and X, .3 =

Yn 1 Tin Ton

1.1.3 Confidence and Prediction Intervals
Confidence Interval

One of linear regression analysis objects is to estimate the mean response E(Y).
Consider a study of the relationship between patient’s blood pressure (Y) and body
weight (X). The mean blood pressure at high and medium levels of body weight
may be one of the purposes of analyzing the effect of overweight.

Let X}, as the level of X for which we wish to estimate the mean repsonse E(Y},).

Then the point estimator of E(Y}) is

Yh = XhB?

~

and Y}, follows normal distribution with mean E(Y;,) = E(Y;) and variance o2(Y},) =

o5+ é(x X)):)z) When o is known,

Yo BOG) N(0,1)
o (Yn) o

where N(0,1) is the standard normal distribution. Therefore 100(1 —a)% condifence
interval can be known as,

Vi, + Z(1—a/2)o(Yh),

where Z(1 — «/2) is the (1 — «/2) 100 percentile of standard normal distribution.

~

Usually o is unknown, we replace 02(Y},) with the estimated variance s2(Y}) =



MSE(; + %), and we have
Vi— E(Y)) .
s(Yn) ’

where ¢, denotes the t-distribution with v degree s of freedom. Therefore 100(1—a)%

condifence interval is

~

Vi % ta—ajzms(Ya),

where t(1_q/2,) is the 100(1—a)percentile of t distribution with v degrees of freedom.

Prediction Interval

Now we consider the prediction of a new observation Y corresponding to a given

level X of the predictor variable. When ¢ is known,

Yh(new) - Yh

~ N(0,1
a{pred} ( ) )7
where o?{pred} = 02 + o2{V},} = o2(1+ 1 + %) So prediction interval can

be obtained as

Y, + Z(1 — o/2)o{pred},

When ¢ is unknown,
Yh(new) - Yh
s{pred}
2

Where 32{pred} — MSE+32{Yh} = MSE(]_ —+ % —+ %) SO prediction interval

~ tva

can be obtained as

Vi, &+ t(1 — o/2; v)s{pred}



1.2 Constrained Statistical Inference

Statistical inference has been used in many fields. The needs of developing for
modeling and analysis of observational or experimental data in constrained enviro-
ments are growing. In many applications, it is reasonable to assume that there are
some constraints in our statistical models which means we have more information
about our model parameter space. So the models will become more efficient than

those wherein constraints are ignored if we properly incorporate those information.

1.2.1 The Basics

First we consider the observations X < N (0,V). In order-restricted regression
analysis, it is more common to consider inference under null hyphothesis of type
RS = r versus RS > r, RS # r, for some matrix R, vector r when X w N, V).
We should consider, i V is a known positive definite matrix, ii V = 02U where U is a
known positive definite matrix and o is unknown, and iii V is unknown. (Silvapulle
and Sen (2004))

The following are some common terms in restricted inference,

Convex: A set A C R” is said to be convex if and only if {\z+ (1 — )y} € A where
r,ye Aand 0 < A < 1.

Cone: A set A C R issaid to be a cone with vector z if and only if zo+k(z—x¢) € A
for every o € A and k > 0. Further if the vertex x; is the origin O, then A is a cone
simply.

Fenchel Dual (or negative dual) Cone: C° = {a : a7 < 0 for every § € C} is called
the dual cone of C' with respect to the inner product. It can be shown that the

boundaries of C? are the perpendiculars to the boundaries of C.

Maximum likelihood estimation:



If X = (X1,Xs) ~ N(0,I), where I is the 2 x 2 identity matrix and 6 = (61, 65)’.

Then for a single observation X, the kernel I(6) of the loglikelihood is given by
—20(0) = {(X1 — 01)" + (X2 — 02)"} = || X — 0],
So in my work, I only use the kernel of the likelihood function to discuss our model.

1.2.2 Likelihood Ratio Test

Here is an simple example for likelihood ratio test.
Let X = (X1, X5) ~ N(0,1), where I is the 2 x 2 identity matrix and 0 = (6,,65)’.

Consider the likelihood ratio test of Hy : 61 =0, =0 vs Hy: 6, >0,0, >0,
LRT = [IX|]* = | X — 6|,

where 0* € {(01,05)|61 = 0,0, > 0}

Then
4

Pr(LRT <c¢)=» Pr(LRT <cand X € Q;)
=1
4
= Pr(LRT < c|X € Q;)Pr(X € Q)

i=1
where Q1 = {01,605 : 61 > 0, 60y > 0}, Q3 = {01,05 : 01 < 0, 0y > 0}, Q3 =
{61,05:0; <0, 0y <0}, Qy=1{61,05:0, >0, 06y <O0}.

The null distribution of the LRT is the weighted sum of chi-square distributions,
known as the chi-bar-square distribution. I use the similar method in the following

chapter for hypothesis tests.



Chapter 2

First Order Model with Two

Variables

2.1 Model and Assumptions

Consider the normal linear regression model with two predictor variables

Y;:ﬁo‘Fﬁth‘—i‘ﬂgXQi—FQ 2':1,2,...,n, (21)
or
Y = X0 +e,
where
Y: I 11 xy €1
. X Bo
2 T2  T22 €1
Yox1 = _ , Xpx3 = ) ) _ , Bax1 = G|, €nx1= |
B2
Yn 1 T1in Topn €n

and {¢;} are iid N(0,0?). Let Bo, B1 and B, be the unrestricted maximum likelihood

estimaros (MLEs) of 3y, 31 and (3, respectively. Let Sy,” = > X%, Sx,> = > X2,

8



and S? = Y (V; — Bo — B X1 — BQXQi)z/'U where v = n — 3. Then we assume
> X1, =0,> X9, =0and > X;X9 = 0 to simplify our model. Then,

n > i X > iy Xoi n 0 0
COU(B) = o2 Z;‘Zl Xy Z?:1 X12i Z?:l XuXoi | =10 SX12 0 :
PP, CTD DAND. ¢19. CYREND UMD, ¢ ¢ 0 0 Sy?

and so 307 31 and BQ are independent.

Further
cov(B,Y — XB) =cov (X'X)7'X'Y, ¥ — X(X'X)"'X'Y)
=cov ((X’X)’IX’Y, (I, — X(X/X)’lX’)Y)
=(X'X)' X' (*)(I, — X(X'X) ' X")
=0 (X'X)7'X' — (X'X)'X'X(X'X)™'X') =0.
So B and Y — X3 are independent. Then B and S = (Y — XB)'(Y — XB)/U
are independent. Thus 50, BI, Bg and S? are mutually independent. Following

the properties of multivariate normal distribution, Bo, Bl, 32 and S? have normal

distributions. They are unbiased estimators for 3y, 31, 32 and o2. Hence
Bo ~ N(Bo,a%/n), B~ N(B1,0%/8x,2),

/BAQ ~ N(ﬁ?a 02/SX22)7 USQ/O-2 ~ X12;a

where v = n — 3.

We consider the sign constraints for 5, and (5. First I consider,

i =0 and [y =0 (2.2)



We can always make transformations of predictor variables for other constraints of

B. The restricted MLEs of 3y, 51, and s under the constraint (2.2) are given by

ﬁE)k = BO ) BT = BlJr = mcwc{ﬁl, O} ) 65 = BQJF = max{ﬁ% O}a

which is obvious and reasonable.

2.2 Inferences for 5y + 51Xy + 52X

We consider inferences for the mean response E(Y) = Sy + 1 X0 + B2Xo2, for
given point (Xo1, Xo2). For example, we already known the length of patient stay in
a hospital in days (Y) depends on the patient’s age in years (Xo;) and the infection
risk (Xo2). Given a patient’s age and the infection risk, we want to know how long
the patient will stay in hospital.

Peiris and Bhattacharya (2016) have already proposed formulas for the confi-

dence interval for different signes of Xy; and Xgs.

10



Chapter 3

Inference for S5y + 81 Xg1 + BoX2

Mentioned by Cox and Hinkley (1972), inverting one-sdied tests for ” two-sample”
problems can derive the correct (1 — «)-coefficient prediction intervals for a new
observation Y. Hence I derive the prediction intervals fro Y by inverting one-sided
tests that test whether u = E[Y|(Xo1, Xo2)] excceds or is exceeded by Sy + 51 Xo1 +
B2 X2, where the estimate of i is to be obtained from the future observation Y and
the estimate of Sy + 51 Xo1 + B2Xo2 is obtained from the observations in the past.

Here there are four possible cases based on the signs of Xy; and Xos.

3.1 Test when Xy >0 and Xy >0

First we consider the hypothesis,

Gor : Bo+ BiXo1 + B2 X2 < B120, P[220
Gov : Bo + BiXo1 + B2Xo2 = 1 B1 =0, B2=0 (3.1)

and G1: 51 20, (B2 >0

11



Define a (1 — a)-coefficient prediction interval (Lp, Up) for Y, where
Lp = min{Y|Gyy, is accepted at level a/2 against G, = G1 — Gy},

Up = max{Y |Goy is accepted at level a/2 against G, = G7 — Goy }-

Then we use the transformation from  to r. Let ro = fo/+/1 + 1/n, r1 = Sx, b1,

ry = S, Bo, then 7 = (o, 71, 7%) = (—2—, Sx, b1, Sxu o) ~ Ny(r,02I) where 7 is

\/1+1/n’

. _ uSx _ Sx _ Xo1Sx
the unrestricted MLE of r. Let b; = Tj’ = X_oz 1+1/n>0,d = Xwij
0. Then % %
r r
- 1—|—1/n+101 202\7
Sx, Sx,
= 01T0+d17”1+7'2 < bl,
= T9 ébl—clro—dlrl.
Hence our hypothesis can be restated in terms of r,
G01 - 0 < T9 < bl — C1Tp — dlrl’ r P O,
(3.2)
Gi:r 20,120,
and test Gy against G, = G1; — Gp;. Suppose we use the same notation Gy

to denote the null hypothesis region. Here note that Ggy; is a polyhedral cone
with vertex L = (b1/c1,0,0). If we shift Go; along the ry axis to the origin, we

obtain a shifted cone K. K is a closed convex cone bounded by three hyperplanes

{arg+diri+r2=0,11 2 0,79 2 0}, {ro < 0,0 <r < =42, =0}, {ro <0, =
0,0 < 7y < —ci1p}. Then Gy = K + L, bounded by {cirg + diry + 19 = by, 11 >
b _ b _

0,79 = 0}, {ro < 2 cro +diry < bi,re = 0}, {rg < 2,r1 = 0,c1m0 + 72 < bi}

Let Gf; = K* + L, where K* is the dual cone of K. It can be shown that the

boundaries of K* are the perpendiculars to the boundaries of K. So the Fenchel

12



dual cone K* is bounded by three hyperplance {ro > 0,r; < %TO,TQ = éro},
{ro=0,r = %7’0,7"2 < é?"o}, {ro=0,r; < %ro,rg < éro}. Now let 7 ~ N3(r,0%I),
where 7 is the unrestricted MLE of r. Hence note that the restricted MLE of r in
Gy is r* = (rg,r5,13) = (fo, 11, 7%7), and r* is the equal weight projection of 7
onto parameter space G1j.

Let  be the MLE of » under Go; and 7 is the equal weight prejection of 7 onto
Go1. When o is known, the likelihood ratio test(LRT) rejects Gg; for large values

of the test statistic
Xor” = —2logh = (||F — 7|]> = ||F — 7*[|*) /o?, (3.3)

where A is the kernel of LRT statistic.

Figure 3.4, we consider several different cases when 7 located in several different
regions. With the boundaries of Gy, and G§;, we consider the whole region as an
union of 13 disjoint regions.

Depending on the signs of 7} and 7, we discuss the test statistic xo:2 in each area
separately. First when 7 < 0 and 7, < 0, we partition the region {(rg,r1,72) 1 1 <
0,79 < 0} into Sy = {(ro,r1,72) 1 19 < %,rl < 0,73 < 0} and Sy = {(rg,71,72) : 7o =
Lory < 0,75 <0} When 7 € 8y, * =7 = (#,0,0). So xo1® = [|r* —7|]*/0* = 0, s0

S, is inside the accept region.

13



Figure 3.1: The region GGy; and boundary of the rejection region

When 7 € Sy, 7* = (1%,0,0) and 7 = (2,0, 0). So Y01 = (1o — %)2/02 which has

C1

chi-square distribution with 1 degree of freedom. Furthere the boundary of rejection

region is ro = % + C,0.

When 7; < 0 and 7, > 0, we can define regions S5 = {(ro,71,72) : 70 < % —

érg,rl < 0,70 2 0}, Sy = {(ro,r1,m2) : 71 < 0,79 = max{b; — ciry, iro - i—%}}, and

Ss = {(rg,r1,72) : 19 > 119 — 2.1y < 0,75 > 0} such that the disjoint union of Ss,

C1

Sy, and Ss is the region {(rg,ry,r2) 171 < 0,19 > 0}.

14
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Figure 3.2: 2-Dimensional illustration of S3, Sy and Ss

When 7 € Sz, 7* = (%,0,73) and 7 = (7%, 0,7%).S0 X012 = ||r* — 7||*/0? = 0. So
Ss is inside the accept region. When 7 € Sy, r* = (1,0, 73) and 7 = (v, 0, (7 - u)u)
where u is a unit vector along the line {c1rg+72 = by, 71 = 0}. X012 = ||[r*—7|[*/0? >
C? which belongs to chi-square distribution with 1 degree of freedom.Then the
boundary of the rejection region is cyrg + 19 = by + \/TC%CQO'. When 7 € S,
r* = (rp,0,73) and 7 = (%,0,0). xoi> = ((Fo — &)? +12°)/0® > CZ which has
chi-square distribution with 2 degree of freedom. Then a part of the boundary of
the rejection region is (rg — )2 + 3 = C20”.

And when 7} > 0 and 7, < 0, we can define regions Sg = {(ro,71,72) : 0 < 1 <

b c o . b c d bid
&= drosre <0}, Sr = {(ro,r1,72) 1 11 = maz{ g — o, Trg — 18%1}77“2 < 0}, and

_ bidy
2
1

Ss = {(ro,m1,m2) : 0 <1 < ‘Z—im ro < 0} such that the disjoint union of Sg,

S7 and Sg is the region {(rg,r1,72) : 71 = 0,75 < 0}.

15
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Figure 3.3: 2-Dimensional illustration of Sg, S7 and Sg

When 7 € Sg, 7* = (r,71,0) and 7 = (%, 71,0).S0 X01% = ||r* — 7||*/0? = 0. So
Se is inside the accept region. When 7 € S;, r* = (ry,71,0) and 7 = ((r, 71,0) - v)v
where v is a unit vector along the line {cirg + dyry = by, o = 0}. X012 = ||r*
7||?/0? > C2, which has chi-square distribution with 1 degree of freedom.Then the
boundary of the rejection region is ¢yrg + dyry = by + \/MC’QO. When 7 € Sy,
r* = (rg,71,0) and 7 = (%,0,0). xoi> = ((o — &)? +14%)/0® > CZ which has
chi-square distribution with 2 degree of freedom. Then a part of the boundary of
the rejection region is (rg — )2 4+ = C20”.

And when 77 > 0 and 7, > 0, we can define regions Sy = {(rg,71,72) : 170 +

. cid
diry + 719 < 01,0 < 71,0 < 7o}, Sio = {(ro,71,72) 1 0 < 71y < 11+127‘0+ 1+2,T2 z
1 b _ . d big
aro—é}, SH—{(TO,Tl,T2> " 2 —17’0 o 0 \ 2+d2r0+ 2 2T1 Qid%}’
, d bd 1 bid _ :
Siz = {(ro,r1,m2) 1 0 < rp < g — 254, 0 < g < g — 10%1}, S1a = {(ro,71,72) :

2 0,7’2 2 0} - Sg U SIO U Sn U 513, such that the dlSJOll’lt union of Sg, SlO; SH,

S1a, and Sy3 is the region {(rg,r1,72) : 71 = 0,79 = 0}.

16
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Figure 3.4: 3-Dimensional view of disjoint regions Sy, Sig, Si1, S12 and Si3

When r € Sg, r* = (fo,fl,fg) and 7 = (7:0,7’3,7:2). X_()12 = HT’*—fHQ/O'z =0. So Sg
is inside the accept region. When 7 € Sy, r* = (70,71, 72) and 7 = ((r, 71, 72) - u)u
where u is a unit vector along the line {c;rg+7 = by, 71 = 0}. X012 = ||r* —7||?/o? >

C2, which has to chi-square distribution with 2 degree of freedom. The boundary of

. . . . . 2 1 c1 _ b1y]2 _
the rejection region is a part of a rotated cylinder, 7+ T ro+ i (ro—2)]
C202. When t € Sy, 7* = (7o, 71,72) and T = ((¥o, 7’1, 72)-v)v where v is a unit vector
along the line {cirg + diry = by, 79 = 0}. X01® = ||r* — 7||*/0® > C? which belongs

to chi-square distribution with 2 degree of freedom. The boundary of the rejection

region is a part of a rotated cylinder: r2 + [ﬁm + C?er% (ro — 2)> = C20”.
When 7 € Sig, r* = (70,71, 72) and 7 = (70,71, 72) - w)w where w is a unit vector
along the line LB. xo12 = ||r* —7||*/o? > C? which belongs to chi-square distribution
with 1 degree of freedom. The boundary of the rejection region is hyperplane above
Go1, which is eiro+diri+ry = bl—l—\/mCaa. When 7 € Sy, r* = (79,71, 72)
and 7 = (2,0,0). xo.* = ||r* = 7|[*/0* = [(o — 2)* + (1) + (2)*] /0 > C2 which

belongs to chi-square distribution with 3 degree of freedom. The boundary of the

17



rejection region is a part of sphere surface(ry — 2)? +7,% + 75> = C2o®. The least

favorable null value of yo;2 is attained at r = L = (%, 0,0) and

sup Pr. {7 : ||[F —r*||* = C20*} = Prp{||Fr — r*|| > Cuo}. (3.4)
reGo1

THe proof of above result is given by Peiris and Bhattacharya (2016). When 7 is
attained the least favorable null value, the distribution of LRT yZ; is given by folloing
formula. (See Peiris and Bhattacharya (2016) for the proof and more details.)

The least favorable null distribution of LRT is

3
Pr(LRT <t|f = L) =Y wiP(x* <t),
=0

where
1 dq 1
wo = (47) Yecos ' —— + cos ' —n— o5 —
o= (4m)( Vit NEEY: VitE+ &
d
+ cos™! E ),

1+ ¢+ d3

1 dl )
VA+&(E+d3)”

1 v1+0% 1 cos! VC%+d%
Vit+d+d&3 Vit+d+d3

_ 1 _ dy
—cos t— — !

V1t Ve +d 1 1

3
wy, = (47?)_1(§7T + cos™

wy = (47) (7 + cos™

ws = (4n) (5w — cos ' —X——>t— — cos — 08—
2 Vi+a+d? Vi+a+d? Vit +d?
—cos‘lL — cos™! & ).

V1i+d+d&3 VA +3) (S +d3)

(3.5)

And the prediction upper bound is

Up = maz{Y |Gy is accepted at level a/2 against G, = G1 — Goy }.
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Use the transformation from (5 to r. Let rg = 5o/+/1 + 1/n, 11 = Sx, 51, 72 = Sx, 52
then 7 = (1,71, 72) = (Bo//1+ 1/n, Sx, b1, Sx,52) ~ Ny(r,02I) where 7 is the

. ; _ pSx _ Sx _ Xo01Sx
unrestricted MLE of r. Let 0} = =2, o1 = 52\/1+ 1/n>0, dy= X02sxj > 0.
r1X, 19X,
- 1+1/n+101+202>,
Sx, Sx,
= oo+ diry + 1 =0,
= 1= b —crg — dyr,
Hence our hypothesis is
Hy = rg 20 —cyrg —dyry, 1120, 73 >0, (3.6)

Hyp:r 20 rp 20,

and test Hy, against H, = Hy; — Hp;. Similarly, to illustrate the construction of
rejection region, we need the boundaries of Hy; in the r form. Let K’ be the shifted
cone of Hy;, and K*' be the dual cone of K'. And Hyy = K'+ L' and H;; = K*'+ L/,
where L' = (b} /¢1,0,0). Then we can get the 6 regions divided by the boundaries
of K and K*.

Now let 7 ~ N3(r,0%I), where 7 si the unrestricted MLE of r. And the restricted
MLE of g is 8* = (6§, B, 53)" in section 2.1 . Hence we can define the restricted
MLE of r is r* = (rf, r5,73) = (0,717, 72 "), and r* is the equal weight projection
of 7 onto parameter space Hq;. Let 7 be the MLE of » under Hy; and 7 is the equal
weight prejection of 7 onto Hy;. When o is known, the likelihood ratio test(LRT)

rejects Hyy for large values of the test statistic is

Xor” = —2logh = (|7 = 7] — || —r*|*) /o, (3.7)
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where A is the kernel of LRT statistic.
According to the discussion in Peiris and Bhattacharya (2016), the least favorable

null value of LRT(2.8) is attained at  lim (b} /c; — s — c1t, e1t, ¢18) and

t—00,5—00

sup Pr{r: ||F — F||2—||f — 7‘*||2 > DiaQ}
recHop

(3.9)
= lim PT(b’l/q—s—clt,clt,qs){XBIQ > Dzoj}

t—r00,5—00

Also, the null critical value is D2 = x7 .

Figure 3.5: Hy; and Rejection region

Shown in figure 3.5, we consider the whole region as an union of several disjoint
areas. Depending on the signs of 7; and 7%, I discuss the test statistic Y2, in each area
separately. However I can not obtain the exact rejection region to get confidence
and prediction intervals. Hence we need to modify our likelihood ratio test under

same power.
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Consider the hypothesis without the restrictions r; > 0 and 75 > 0

Hgf 1Ty + d17”1 + 72 2 bll,
(3.9)

Hikf D CiTo + diry + 19 < bll

Then the null hypothesis is excatly same as the unrestricted case. LRT rejects
Hiy for small values xo3 = %%;;%. So the rejection region of LRT is
{71 xo03 < —X,0} Here rejection region for the unrestricted LRT contained that for
the restricted LRT. So the unrestricted LRT is more powerful than the restricted
LRT. But this creates a philosophical dilemma in some cases. In some cases, we will
reject Hp; under unrestricted LRT but will not reject it under restricted LRT. So
we need to modify LRT. Then consider following four regions. We use a similar idea
as that for two dimensional model EY = [y 4+ 51X, discussed in Mukerjee and Tu
(1995). We consider four regions in R3 : Sy, Sy, S3, and Sy, where Sy = {r : 7 <
—dil\/mZaa,rg >0}, S5 ={r:m >0r < 1+3+d&Z,0}, Sy =
{r:r <0,ry < min{0, —dyr — \/mZaa}}, and S; = R? — S, U S;US,.
The boundary of the Hy; which is ¢irg + dyry + 19 = b) meets the hyperplane
{re = 0} on the line {ry = 0, ¢;79 + dyr1 = b}} and the hyperplane {r; = 0} on the
line {r;y = 0,c179 + ro = b} }. Hyperplane cirg + diry + 12 = b — /1 4+ & + diZ,0
and hyperplane c¢iry + dyr; = b} intersect on the line ry = —\/mZaa. Hy-
perplane cirg + diry + o = 0] — \/mZaa and hyperplane ¢;rg + 19 = b}
intersect on the hyperplane 7 = —2-1/1+ ¢ + di Za0.

To keep the same rejection level a, we modify LRT as follows, when 7 € Sj,
we use the same boundary of the rejection region of the unrestricted case, which is
cro+diry +re =b) — \/mZaa. When 7 € Sy, we already know the inter-
section of hyperplane cirg + dyry + ro = b} — \/mZaa and S2’s boundary

ry = —%\/1 + 2 + d?Z,0 is the plane {cirg + 19 = by, 71 = —di1\/1 + A+ d2Z,0}).
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So let ¢17rg 4+ o = b} as a part of the boundaries of rejection region in S,. Similarly
when 7 € Sy, we let c1rg + dyrp = U] as a part of boundaries of rejection region in

Sy. when 7 € S3, we let ¢1rg = b} as a part of boundaries of rejection region in Sj.

3.2 Test when Xy <0 and Xy <0

We consider the hypothesis,

Gor @ Bo+ B1Xor + B2Xo2 < p Br =0, B2=0,
Gov = Bo + BiXor + B2 Xo2 = p B =20, p[2=0, (3.10)

and G1: 31 20, [, >0.

Define a (1 — a)-coefficient prediction interval (Lp, Up) for Y, where
Lp = min{Y|Gyy, is accepted at level a/2 against G, = G1 — Gy},

Up = max{Y |Goy is accepted at level a/2 against G, = G7 — Goy }-

Then we can make a tranformation, where Xj, = —Xo; > 0, X, = —Xp2 > 0,

Bs = —Po, and p* = —pu. Then the new hypothesis will be,

Gor By + BiXgp + B2 Xy = p° B1=20, B2=0,
Gov : By + i Xg + B2 X < p1° B1=20, B2=0, (3.11)

and Gy : 81 20, (B =>0.
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Define a (1 — a)-coefficient prediction interval (Lp, Up) for Y, where
Ly = min{Y |Gy, is accepted at level a/2 against G, = G1 — G} = Up,

Uy = maz{Y|Ggy is accepted at level a/2 against G, = G1 — Gy, } = Lp,

where Lp and Up are in section 3.1. Hence the formulas for rejection region and
prediciton intervals can be obtained using the symetric property and are shown in

next chapter.

3.3 Test when Xy; >0 and Xy <0

Then we consider the hypothesis,

Gor @ Bo+ B1Xor + B2Xo2 < Br =0, B2=0,
Gov @ Bo + B1Xo1 + faXo2 = 1 G120, B2=0, (3.12)

and Gy : 81 20, B2 =0.

Define a (1 — a)-coefficient prediction interval (Lp, Up) for Y, where
Lp = min{Y|Gyy, is accepted at level a/2 against G, = G1 — G},

Up = maz{Y |Gy is accepted at level a/2 against G, = G1 — Goy }

We use the transformation from g to r. Let rq = Go/v/1+ 1/n, 11 = Sx, /1,
To = SX2ﬁ27 then 72 = (f077:17f2>/ == (BO/ V 1+1/n7 SX1317SX232)/ ~ N3(r7 0-2]—)7

where 7 is the unrestricted MLE of 7.
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And by =522 0, = 22T+ 1/n <0, dy = 252 <0,
r1Xo1 | T2Xo2
roy/1+1/n+ <
0 / SXl SX2

= 02r0+d2r1+rz>b2

= 719 = by — corg — dory

Hence our hypothesis in terms of r is

Gosg : 12 = by — corg — dary,

G1327”1>0 7’220.

r1 20,79 20,

Figure 3.6: Go3 and Rejection region

(3.13)

Suppose we use the same notation Ggs to denote the null hypothesis region.

Here note that Gog is a polyhedral cone with vertex L = (b1/c;,0,0). If we shift

Gz along the ry axis to the origin, we obtain a shifted cone K. K is the closed
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convex cone bounded by three hyperplanes {caorg + dory + 19 = 0,71 > 0,79 > 0},
{r1 =0,corg + dor1 + 19 < 0,79 < 0}, {ro =0, corg + dory + 12 = 0,71 > 0}.
Then Gog3 = K + L, bounded by {carg + dory + 19 = by, = 0,79 = bo}, {r; =
0, corg + dary + 19 < by, o < 0}, {ro = 0, corg + dory + 19 > be, 1 = 0}.

Recall the definition of dual cone, let Gjj; = K* + L, where K* is the dual cone
of K. It can be shown that the boundaries of K* are the perpendiculars to the

boundaries of K. So the Fenchel dual cone G§; is bounded by three hyperplance

b b b b b
{ro—2r < 2,10 < 2,19 — Corz = 2} {ro—3r = 2,10 < 2,19 — cor2 < 2},
{ro — 21 < lc’—z,ro = Ig—z,ro Cory < é} Now let 7 ~ Ns(r,02I), where 7 si the

unrestricted MLE of r. And the restricted MLE of 5 is 5* = (55, 87, 83) in section
2.1 . Hence we can define the restricted MLE of 7 is r* = (1§, r},75) = (0,1 7,727,
and r* is the equal weight projection of 7 onto parameter space G3.

Let 7 be the MLE of » under Go3 and 7 is the equal weight prejection of 7 onto
Gos. When o is known, the likelihood ratio test(LRT) rejects Gos for large values

of the test statisti is
Xos® = —2logh = (||F — 7|]> = ||F — r*]|?) /o?, (3.14)

where A is the kernel of LRT statistic.
So the rejection region with a level « is {(]|7# —7||* — ||# — r*||?) > E20?}, where
E, is the critical value. Similar as previous section, when ry > 0, the rejection region

is {||# — 7||* > E%0*}. We can obtain boundaries of the rejection region {cory +

—V1+eFo,r <0}, {T%+(\/++—C§T2+\/i—i—cg(7’o 2))? = Flo®,0 <

do bod _ / 2
71 < 2 2T0+1+c —13_02%}, {Cg’f’o‘i‘dg’f’l—i—rg—bg— 1+C2+d2Fa0',7“1 2
d bad,
maxA{0, fic%r + 1+627" — 1102%}}

But when o < 0, the rejection region has a complicated formulas and it is hard
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to illstruate them with figures. We propose a new modified rejection region which
is similar as previous section.

The least favorable null value and the least favorable distribution is given in
Peiris and Bhattacharya (2016). So the least favorable null value of Y2, is attained

at infinity with lim (rg, 0, by — ca19) and
ro—00

sup Pro{i : (||F =7|* = |IF —r*|[*)/o* > EZ} = Hm Pry, op,—cory {X03” > Eao}.

T‘GGOS T9—>00
The least favorable null distribution of LRT is,

1 6 1 1 6
Pr(LRT >¢) = (= + —)P(x2 > P} > - — )P >
rselélss 7’( C) (4 + 27T) (Xo C) + 5 (Xl c) + (4 27T) (Xz C)a

where 6; is the anlge between hyperplane Corg + dory + 79 = by and hyperplane
r = 0
To obtain the modified LRT, first we consider hypothesis (2.13) without the

restriction ro = 0,

Moo © 72 2 by — corg —dyry 71 2 0 against M 0 7y 2 0.

So the new LRT rejects My, for large values is,

Xos” = (II7 = 7I[* = [IF = r*"|") /o,

where 7 is the MLE under My, and r** is the MLE under M, .
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Figure 3.7: My, and Rejection region and dual cone M,

We can have the projection of those regions’ boundaries to the hyperplane which
the intersection line of regions is orthogonal to. Then the discussion for rejection
region is similar to two predictor variables model case (Mukerjee and Tu (1995)).
Hence when r; < 0, divide the region into two parts S; and Sy, where S; = {r :
1 < 0,c9r0 + 12 = bo}, So = {r:m <0,corg + ra < be}, and obtain the center axis

which is the intersection line of five regions, where {corg 417 —2 = by, 71 = 0} When

7 €Sy, Xo3? = ||r** —T||* = 0 where 7 = 7** = (7,0, 7%). So S; is in the acceptance
region.
When 7 € Sy, X032 = ||r** — 7|2 = ||(¥0, 0,72) — ((r%, 0,72) - w)u||* > F20? where

7= ((ry,0,75) - u)u and r** = (1, 0,75) It has chi-square distribution with 1 degree
of freedom. The boundary of rejection region is a hyperplane parallely above the

My and has F,o distance to the hyperplane corg + 1o = bs.
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Figure 3.8: 2-Dimensional view of My, and Rejection region

when r; > 0, the hyperplane corg + daory + 79 = by and codorg — (1 + ¢3)ry +
dory = bady divide the region into three subregions Ss, Sy, and S5. When 7 € Sj,
X032 = ||r** — 7||* where 7 = ((7o, 71, 7%) - u)u and r** = (1%, 71, %), where u is a unit
vector along the center axis. It has chi-square distribution with 2 degree of freedom.
The boundary of rejection region is a part of cylinder (center axis is the axis and
radius is F,0). When 7 € Sy, xo32 = ||[r** — 7||> where 7 = ((r, 71, 7%) - w)w and
r** = (ro, 71, 72), where w is a unit vector along the projection of 7 onto hyperplane
Corg + dor1 + 79 = by. It has chi-square distribution with 1 degree of freedom. The
boundary of rejection region is above the hyperplane corg + dory + 79 = by with

* %

distance F,o. When 7 € S5, Yo32 = |[r** — 7||* = 0 where 7 = r** = (1,1 — 1,73).
So S is in the acceptance region.

Using the same argument as in the previous section, I propose a modified LRT
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for (3.10), keep the same boundary of LRT for (3.10) when ry > —\/1+ c3FE,0.

Note that the hyperplane carg + 72 = by — /1 + 3E,0 and ro = l;—z intersected at

rg = —/1+ 3FE,0. When ry < —/1+ 3E,0, modify the rejection region with
ba

"cut-off”. 1 propose a hyperplane ry = o as the part boundary of the rejection

region. And I propose a curved plane which is parallel to r, axis and a hyperplane

which is {corg + dory = by — (\/1+ 3+ d3 — \/1+ B3)E,o}

We consider another hypothesis Gy agiainst G, = G; — Goy because
Up = max{Y |Goy is accepted at level a/2 against G, = G1 — Goy }.

We use the transformation from § to r. Let 1 = Bo/+/1+1/n, r1 = Sx,p1,

Ty = SX2/827 then TA’ - (7:\077:177:\2)/ - (/BAO/ V 1+1/n7SX1ﬁAl)SX232>/ ~ N3(/r7 0-2-[)

where 7 is the unrestricted MLE of r. And by = “;;;2, Ccy = %\/1 +1/n <

0, dy= Xo015x,

T Xo025%, <0,

X X
ro 1+1/n+7“1 01+T2 022%

Sx, Sx,

= CQT0+d2T1+T2 <b2,

= 19 < bg — C2Tp —dg?"l.

Hence our hypothesis in terms of r is

Hog :0<ry ng—CQTO_d2T17 A1 207
(3.15)
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Figure 3.9: Hyps and Rejection region

Here I note that the null region Hys is a mirror image of the null region Ggs in
the previous section.

Considering hypothesis without the restriction r; > 0, keep the boudary of
rejection region which is same as in (3.12) when r; > i\/m}(aa. Then I
propose a modified LRT when m < d%\/MKQU.

The least favorable null value of xg32 is attained at infinity with lim (r, b2 _dc;m ,0)
r0—>00

and

sup Pro{7 : (||[F=FlP=[[F—r*|2)/0® > K2} = lim Pr ., .. 0){X632 > K20%}

T’EH03 rTo—>—00 (’r‘o, 5
The least favorable distribution of LRT is,

1
Pr(LRT < ¢) = (Z + 29—;

1 1 0
JP(x5 < ) + 5P <o)+ (3 = 52 POG < o),
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where 6, is the anlge between hyperplane Corg + daory + ro = b, and hyperplane

r9 = 0 (See more details in Peiris and Bhattacharya (2016)).

3.4 Test when Xy <0 and Xyp >0

Then we consider the hypothesis,

Gor : Bo + BiXor + B2Xo2 < G120, B2=0,
Gov = Bo + BiXor + B2 Xo2 = p B1=20, B2=0, (3.16)

and G1: 31 20, By >0.

Define a (1 — a)-coefficient prediction interval (Lp,Up) for Y, where
Lp = min{Y |Gy, is accepted at level a/2 against G, = G1 — G},

Up = max{Y |Goy is accepted at level a/2 against G, = G1 — Gou }-

Then we can make a tranformation, where X, = —X¢1 > 0, X§, = —Xp2 < 0,

B = —Po, and p* = —p. Then the new hypothesis will be,

or - By + B Xy + BaXgy = 1* G120, By=0,
Gov @ By + b1 Xg + B X < 17 G120, B2=0, (3.17)

and G : 51 20, (B2 >0.

Define a (1 — a)-coefficient prediction interval (Lp, Up) for Y, where

Ly = min{Y |Gy, is accepted at level a/2 against G, = G1 — G}y, } = Up,
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Up = maz{Y |Gy is accepted at level a/2 against G, = G1 — Gy, } = Lp.

where Lp and Up are in section 3.3. Hence the formulas for rejection region and
prediciton intervals can be obtained using symetric properties of these cases as shown

in next chapter.

Figure 3.10: G4 and Rejection region
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Chapter 4

Formulas for The Rejection

Region

4.1 when Xy >0 and Xp >0

For hypothesis (3.2)

G01 : O<7’2 gbl—Cﬂ”o_dlrl; 1 207

Gii:ri 20,1 2>0.
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The rejection region of r form,

b
1.{’/’1)2—1—1—0@/20', r <0, 7:2<0},

. b )
2{(7‘0——1) 02/20 <0, 0<r<—ry——
C1 C1 1

. b .
3.{(T0——>2+7"12>C§/202, O<’I“1<—7“0——
C1 C1 1

by . .
4{(r0——) + 7 +7"22>C§/202, 0<r < —7ry— —
C1 C1 1 1

5.{017"}) + TAQ 2 bl + 1+ C%CQ/QO', TAl < O, T’Ag 2 —TAO - —

/ d bid
6.{617:0 +diry — by = C% + d%CQ/QO', 7= —1?:0 — 16—21, Ty < 0},

1 N

{72+ ( ro——))" =2 C;
' V1 c1 \/l—l—cl( )

< Cldl “ dl N bldl 1 bl

T rg — r -

1+2° " 1427° 1+ o 3
. b
To — _1))2 > 02/2‘727

dy - €1
=11+ «
Vi +df Vel +df 1
1 .
< —5——F5To+ T9 — ) — 5
2re T Er e T A U

9.{017”}) + dl’f‘Al + 7:2 - bl 2 Ca/20- \/ 1+ C% + d2

ady 4 dy P bldl}
T

1+¢2"° 1—|—c%2 1+c2

ady dy

Bl T ar e d2}}‘

Then we have the transformation from r to 5. Let ro = fo/v/1+1/n, 1 =
Sx, 01, 12 = Sx,f2, then 7 = (ry,71,72) = (\/ET/ leﬁAl,SXng)' ~ N3(r,0%I)

where 7 is the unrestricted MLE of r. And b; = SX2 , 0 = X02 1+1/n>0,d =

Xo15x4
Xo25x, > 0.
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Then we transform to the original variables,

rejection region of § form,

A 1 A A
1{50 2 % + Ca/20 1 + 57 Bl < 07 BZ < 0}7

1
! 3 32 5 5 1+1/nX02 5
2. — 2 S 2 202 2 0 0< 14+1/n 202 B
{1+1/n(6° W+ Sx," s 0205 P <0, B2 < 52 (Bo — 1)},
3.4 ! (Bo — )2 + Sx.26." > C2 0%, 0< <_1+11/n‘X01<B_ <)
.1—’—1/71 0 H X1 M1 = Yap2f X M1 SX12 o ? ’
1
1 3 s THimAor, s
4'{1+1/n(ﬁo_ WP+ Sx B+ S > Ca 207, 0<51<T12(50—M),
~ nX02
0< B < =50 — w},
Xo

A A X3, A ~ ;nXOQ .
5480 + B2Xo2 > p + +1+ Ca/zU 1 <0, Bz %(50 -},
Sx,? Sx,
. . X 5 1+1/n 5
6.{8o + L1 Xo1 > pu+ +1+ Ca/20 By > (ﬁo — ), B2 <0},
Sx,? Sx,”

~ 2 A~ ~ 1
TAS%260 + (Bo + BoXon — p)P————— > C2a0”
1+ = + Sx
2
1
5 X 1 s ~ T Xo2 .
0<ﬁ1< 5012 X2 1 (/80+ﬁ2X02_ﬂ), /822%( O_ILL)},
X1 (5022+1+—) Sx,
X5 n
252 (5 4 1 2
8.45x, "B + (Bo + SiXon —l) —2=C /20
1 + + =5 S
X1
2 1Jr11/n‘)(01 5 5 X2 1

B = (Bo—p), 0<py<

2 2 x2 (Bo + b1 Xor — )},
Sx, Sx, <§11L2 Ly
ot B + 8 B
9{50 + BlX[n + BQXOQ > u+ Ca/ga 1 —|— + + —=,
SXI SX2

A X 1

By > maz{0, —= =2 (Bo + P2 X0z — 1)},
SX1 ( 2+ 14 )

A X 1 5 5

Bo = maz{0, 022 <2 (Bo + B1Xo1 — ) }}-
SX2 ( U+ 14 )
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For hypothesis (3.6)

Hoy :ro 20y —cirg —dyry, 171 20,1020

rejection region in terms of 7,

~1
LAeto +75 b, A S —=\[1+ G+ diZapo, 75 20},
1

2. {clf0+d1f1<b’1, 7“A1>O, ’I“Ag \/1+Cl+d Za/QU}

b/
3. {7’0 < — T’Al < O, TAQ < mm{O, —dlfl — 1/ 1+ C% —+ d%Za/QO'},
Cl

4. {ro+diry + 75 < Uy — /14 + di Z, 00,  otherwise}.

Then we transform to the original variables,

rejection region in terms of 3,

N ~ X2 ~
L. {60 + ﬁ2X02 < s ﬁl < __\/ + = S 01 S — Za/Qau ﬁQ = 0}7
X1 Xo
L4 ; X X
2. {Bo+BiXor <pt, P20, fo<——r + — + —5Za/20},
SX1 SXQ
X2 X2

3. {o<pn Bi<0, Bo< 0, — 1+—+
{Bo< i, B By < min{ Xog\/ 5.7 T 5

A . 1 X3 X3 .
4. {Bo + L1 X + P2Xo2 < p 1 —|— + + —5Z4/20, otherwise}.

Sx,2  Sx,’
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4.2 when Xy <0 and Xyp <0

rejection region lower bound in section 4.1.

1 1 X357 X3 5
L {By + BoXio <1, P <— \/1+—+ oL =22 Zaj20, P2 =0}

X6 n SX12 SX22
~ % N N ~ 1 1 X* 2 X* 2
2. + B X <t >0, < — 1+ -4+ 2% L 22 7 0o
{Bo B1Xo < 1 B B X{)‘Q\/ n SX12 SX22 /2 }
A % N R 1 1 X* 2 X* 2
3. {ﬁo < ,u*, 61 < O, ﬁg < m’m{O, i 14+ —+4 ol + 02 Za 20'}}
X2 n SX12 SX22 /
S A s 1 X5 X3 :
4. {Bo + i XG5 + Bo X S " — (/1 + =+ —=5 + =—5Zaj20, otherwise}
n SXI SXQ

Tranform to Xy < 0 and Xg < 0 case,

R R . 1
= 1. + 5o X0 = U, <=1+ —+——+ ==
{50 BoXo2 = 1, B Xo 0 SXIQ

A A A N 1
2. {fo+ 51 Xor=p, F1=20, Bo<—1q/l+—

~

A 5 1 1 Xo?  Xgo®
3. {ﬁo >,u, 61 <O, 62 <min{O,X—\/l+—+L2+£2Za/ga}},
02

Xoi? X2
2o 022Za/20-, otherwise}.

A N A 1
4. {50+B1X01+62X02>/~0+ 1+ —+ 2+—
n SXl SX2
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rejection region upper bound in section 4.1,

. 1 . .
1L{Bo = p" + Cqpro/1+ o B <0, <0},

2 (B — i)+ S 0%, Bi<0,0<p< M(ﬁ — 1)}
g 1/n H X2 P =2 Cap 1<UUs B < SUERNG K
1 ;/Xfﬁ
3. 5o — S > 20 0< B < By — ), B <0
{1—{—1/71(60 ILL) + X1 ﬂl a/20 ﬂl SX12 (50 M)vﬁQ }7
1 A %
4'{1+1/n(60 — )+ Sx,? By’ + Sx,’ 6y > C3 907,
TG e TR e
0<51<T(50 —M)>0<52<T(50 — 1)}
~ ok A * " X*2 S 5 1+11/n *
5480 + B Xgy = 1" + 2+1+ Oa/207 pr <0, B2 —(50 — ")},
Sx, Sx,’

S . X3 N ==y, G .
6.{fo + X5 =>p"+ +1+ Oa/QO pr > —(50 — 1), P2 <0},
SXl SXl

1

~ 92 ~ % ~
7{Sx.* b1 + (Bo + Xy — 1*)° > (2,07,
1+ —l- S
Xz
1 *
5 Xo 1 5 3y * 2) 1+1/n“r02 , 5 * %
0<h < %50 (B + BaXiy — 1), Ba > (6 — u)},
X1 ( o2 4141 ) Sx,
A2 Ak N 1
8'{SX22ﬁ2 +(50 +51X01_l)2ﬁ 02/20
]-+ _+ 5012
n 1
A X* ~ ~ X* 1 . .
]. 1n * * % «
e EEO G ), 0 ha< 2L o -,
SX1 SX2 ( 201 +_>

~ % ~ N X* 2 X* 2
9{fo + P1Xoy + PaXop 2 p" + Capzoy [T+~ + o+
SXI S.X2

. X 1 Ak 5 s "
p1 = maz{0, 5 012 <2 (Bo + B2 X3y — 1)},
X1 ( 02 4+ 1+ )

A X 1 Ak
SX2 ( 012 +1+ )
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Transform to Xy < 0 and Xy < 0 case,

1
= 1. {/80 n— Ca/ga 1+ E 51 < 0 ﬁg < 0}

. L_Xo .
(Bo— )2 + 5,200 > C2o0%, B < 0,0 < o < T2 (5 — )},

2.4

1+ 1/ SX22
. s ) . ﬁXm . .
3. — > 0< < — — 1), o < 0},
{1 n l/n(ﬁo ) + Ox, 51 a/zU B SXIQ (Bo — 1), Ba }
1 5 2
4-{1+ 1/n<60 —1)® + Sx,? 51 + Sx,” ﬁz > Q/QU
1
. TR X0l - . nXog .
0<51<1+;/—2(50—M)7 0< B < H;/—Q(ﬁo—,u)},
X1 X2
A A Xoo? 1 A A nX
5.{B0 + foXo2 < p — % + 14+ =Cqp0, B1 <0, B> L (50 )}
SX2 n SX2
A A X2 1 A nX A
6.{Bo + f1Xo1 < pu— ig +1+=Cyp0, p12 S A (50 p), B2 <0},
SXl n SXl
~ 2 N A 1
TLSx B + (Bo + PaXoz — p)* ———— = C3 p0°,
L+ + 5)222
1
5 Xo1 1 s s s TN,
0< b < 3 + G2 Xo2 — 1), 2 ————5—(bo— 1),
b1 SX12 (f{g% + 1+ %)(50 BaXoz — 1), P SX22 (Bo— 1)}
2
~ 9 A A 1
8{5x," 02 + (Bo + BrXor — )’ T x.7 2 02/2027
L+ + 5)212
. ﬁXm A A Xo2 1

B = (Bo—p), 0<Be<

Sy ) (Bo + B1X01 — 1)},

54 5 1 Xo®  Xpo®
9{Bo + B1Xo1 + BoXoz < pp— Copooy [1+ =+ — + —.
n SX1 SX2

X, 1 A -
B1 = max{0, 012 B N (Bo + B2 Xo2 — 1)},
Sx, <Sx22 1+
2
R X, 1 A A
Ba = max{0, 022 <2 —(Bo + S1Xo1 — ) }}-
SX2 (3;12 + 1 + n
1
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4.3 when Xy >0 and Xy <0

For hypothesis (3.13)

Gog 1 19 = by —corg —dory, 11 20,79 20

G131T1>0 7’220.

rejection region lower bound of r form,

b
L {fy> =2, 7 <0, 75<—\/14+EEq0}
Ca
2. {(caro — (by +\/1+ BE,20))* + (14 c3)i* = (1 + 02)E2/20
. ng d2 ~ b2d2 ~
0<nr < < —1\/14+cE,
SN 1_'_ 0+1+622 1+C%7 T2 +c /20}

3. {CQT’AO + dQT’Al < bg — (\/1 + C% + d% — \/1 + Cg)Ea/QO',
. cody dy . bzdz .
T1>max{0,1+ 0+1+02 5 — 2} ¥y < —\/1+ GEq 0}
4. {Cgf0+f2<b —\/14—03, 7”Al<0, 7’A2>— 1+C%Ea/20'}
C2 N by 2
5. {r + ——(fy— —))* > E?,y0°
1 \/TCQ m( 0 02)) a/2
R cady dy . bads R
O < g - 3 2 - 1 2EO&
i 1+c§7"°+1+c§702 1+ c3 " + B0}
6. {CQ’I“AO —ng’l’fl —|—T‘A2 < bg —\/ 1 + C% + d2Ea/20'

Cady ; dy . bads
> 0, -2
71 = maz{ T+ a +1+c§2 11

54 o= —y\/14+3E, 00}
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We use the transformation from r to 8. Let ro = Bo/\/1+1/n, r1 = Sx, 0,

nS S X015
TQZSXQ/BQ,I)Q: X;(;’ G = % X2 1+1/n<() dQ—ﬁ<0

2

R A 1 1
L. {BO >, Bl < 07 52 < < +1+ Ea/20}7

Xo2 SX22
. X? 1 X
Xo Xo
> (g a1+ ~)Eq20”,
A Xo1 1
0< b1 < (50—M+X0252)S 5 X2
X1 5 02+ 1 —|— =
X2
1 [ X2, 1
< — 1+—-FE, ,
p Xoz2 || Sx,? i +n 20}
A A X2 X2 1 X2 1
3. {BO +X01ﬁ1 = U+ (\/Sxoz2 —+ 5)212 + 1+ E — SXO22 +1+ )EQ/QU,
Xo1 1 A 1 Xz, 1
B (50 — M + XOQBZ)SX 2 ng 1 + ’ BZ < X_ SX 2 +1+ Ea/20}
o A X2 1 A
4. {Bo + P2 Xo2 = p+ g2 +1+ = Ea/20 B <0,
Xa
A 0, B 1E }
2 = «/20 1,
Xoz |/ 5,2 2
A A 1
d. {(50—M+X0252)2X2—+5X1 51 = a/202
o+ 1+
Xo n
Xo1 1 A 1 X2 1
0< B < (Bo— i+ Xoafo) 5 Ba 2 \/ +1+— Ea/20},
X12 5)222 +1—|—% Xo2 SXz2
. . X2 2 1
6. {Bo+ Bi1Xo1 + BaXo2 = p + 5. 2 + SX2 +1+— EQ/QU
Xo1 1 A 1 X2 1
U+ X > — 2 414+ -E, 0}
ﬁ (50 a 02ﬁ2) Sx, ﬁL + 1+ 2 Xo2 \| Sx,> n o }
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For hypothesis (3.15)

Hps 1 0 < rg < by —corg —dory, 11 20,

H131T1>0 7’220.

rejection region upper bound of r form,

bl 1
L {fy <2, "< —\/E+dEK,pno, 15<0},
C2 dsy
2. {(cary — (by — \/ B + d3Koy20))? + (3 + d3)ia* > (3 + d3) K3 y07,
1 ~ (&) “ d2 R b/
7’1<d—2 C%—Fd%Ka/QU 0<r2<c§+d§r0+c§+d§w d2}
3. {caro + 75 = by + (\/1 +c3+di— \/cg + d3) Ko 20,
1 (&) dg b/
< =+ LK 0, Ty >
1 a4 Cy + A58 420, T 2 2+d2 o + 2—|—d22 02+d2}
1
4. {627:0 + dgfl 2 b/2 + C% + d%Ka/QO-’ 7: d_ C2 -+ dQKa/QO' 7:2 < 0},
62 ~ b, 2
. ’I“ + — (7 >K? .0
S g P > K
1 Co d2 b/
g 3K, 0< <
2 g6t dBKapo, R S L e B L R d2}
6. {cofo + dory + 72 = by + /1 + 3+ dgKa/Qa,

do . b’ Y
1=
¢34 dj + d3

1
T = 3+ d3K 00, 1o >

Z 5 +

570
2+d2
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rejection region upper bound é

R 1 1 X2 4
L {fo<p, Bi<—o—yfl+= + U Kapo, B2 <0},
Xo1 Sx,?
A 1 X? 1 X4 A2
2 A{(Bo—p— 14—+ 0 Kap0)? + (1 +-+ L)?Sx,% 62
Sx, SX1
1 X?
1 + + 01 K2 7
> (14 1+ 5 D)Ko
1 1 X?
< — |14+ =+ 5 Kypo,
Bl X01 n SX12 /2
R A A —X 1
0< Ba < (Bo+ X1 — p)——% T x?
Sx," 1 + o+ WOIQ
. ; 1 X% X2 1 X
3. {Bo+ Xoafo < — (1)1 4+ = —l— 01—1——022— 1 ——|—i)Ka/20
Sx,2  Sx, Sx,>
1 1 X? A A A —X02
< — /1 oL Ka s = X - 2
B Xy + + S’ 120, Ba = (Bo+ Xorf — ) Sx.t 141 + X3 }
o L X
4. {fo + Xonfr < pp— |1+ =+ == Kq)20,
n SXl
A 1 1 X? A
> 1+ =% Ko 20, <0},
o X 5y 2 /20, 2 <0}
2 1 A A
5. {Sx," B2 + ———5—(Xorf1 + o — p)* = K2 50°,
1+ 1+ 0y
n Sx,
A 1 1 X2 A A A - X 1
> 14+ =4+ 20 K 00,0< By < Xoi B — >
Io Xy, + - + Sy /20, Ba < (Bo + Xo1B1 — 1) S e 5(_312
n Xl
o L X %%
6. {Bo + X151 + Xo202 < p 1 + + + —5 K20,
le SX2
| 1 X2 . . ~ X, 1
B2 —— 1+ + = Koo, B2 (Bo+ Xoif — 5
X01 le / ( ) SX22 1+l+ §012
n Xl
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4.4 when Xy <0 and Xyp >0

rejection region lower bound

R 1 1 X2 A
1. {ﬁo 2 L, 51 < ——/1 + + ol Ka/QO' 62 < O},
Xo1 Sx,?
A 1 X2 1 X
2. {(50—M+\/1+—+—012Ka/20) +(1+ + )5X2252
SXl SXl
1 X2
( n 5y 3) K520
1 1 X2
< — /1 o+ 2 K,
g Xot Sx,? 2
R A A —X, 1
0< B2 < (Bo+ Xorfr — 1) 02 }7
Sx,” 1414 2oy,
X1
. . 1 X3 | X2 1 X2
3 {80+ Xoofa = p+ ([T 4+~ + %+ =% — 14+ = + =%55) Kaj20,
Sx,? Sx, no Sx
1 1 X2 A A A —Xo2 1
ﬁl<—— 1+ + 2 ——5Kapo, o= (Bo+ XoiBi — 1
Xo1 Sx,? / ( >SX22 1+ 14
L L
4. {Bo + Xo1pr = p+ 4|1+ = + = Kq )0,
n SXI
A 1 1 X2 A
> ——— |1+~ + LK, 0, <0y},
I Xor + n + Sy /20, o }
A2 1 N A
5. {Sx,%0: + I—Xgl(Xmﬁl + 0o — p)? = K3 jp0°,
1+14 250
A 1 1 X?
> —— 1+ oL — K, 00,
B X0 SX1 /2
R R A —X 1
0< B2 < (Bo+Xoif1—p) 022 T xz b
SXQ 1 + ; _|_ 5 01
A A A 1 X2 X2
6. {Bo+ X1+ Xo2B2 = 441 + + + =2 K, 0,
le SX2
. 1 1 X2 . . — X 1
B2 ——— 1+ + % Koo, B = (8o + Xorfr —
! Xo1 SX1 /2 ( ) SX22 1+%+%
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rejection region upper bound

~ A 1 Xg2 1
L{fo>p, [i1<0, fo<— +1+— Ea/sz}
Xoo || Sx,>
. X2 1 X2
2. {(Bo—p— | 55 T 1+ —Eapo)’ + (5 +1+ )Silﬁl
SX2 n SX2
X2 1
> (=2 +1+— )E§/202,
Sx,?
Xo1 1 A 1 X2 1
0< b1 < (Bo— p+ Xoza) 52 < +1+ Ea/20}
SXI 02 + 1 _'_ = X02 SX2
R " X2 X* 2 1 X2 1
3. {Bo+ Xorfr = p+ 2+ 14— - %+ 1+ =)Eq 0,
{ﬁo 0 = p <\/SX22 lez SX22 n) /20
Xo1 1 A 1 X2 1
— X — 2 41 E
ﬁ (50 [y 0252) X12 ng +1+_ B2 < X0 |/ 5x.2 + 1+ —FEyp0},
L X3 1
4. {Bo + BaXo2 = p+ | 55 + 1+ —Eqy 20,
SXQ n

. . 1 /X2 1
B <0, Py>—y| =2 +1+ an
1 2 X SX22 /2}

A A 1 52
5. {(Bo —p+ onﬁz)QW +5x,2 61" = EZ o,

Sx,> +1+5

X 1 A 1 X2 1
0< 81 < (Bo— 1+ Xoafo) o =i Do 2 02 +1+ Ea/QU}

SXI 02 + 1 _'_ = X02 SX2
s o4 A Xi? o X2 1

6. {ﬁo + 51X01 + 52X02 = n+ \/5012 + g 02 + 1+ EQ/QO'
X X2
Xot 1 A 1 Xz, 1
— X = — 14+ —-FE, .

Br = (Bo — i+ Xoa) e X§2 irl 22 3 [ +1+ - 120}
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Chapter 5

When o2 is Unknown

When o2 is unknown, recall the hypothesis test (3.1)

Gor : Bo + F1Xo1 + B2Xoe < 1 B120, P[220
Gov : Bo + BiXor + B2Xo2 = 1 B1=20, P[220

and Gy : 81 =20, B2=>0

(5.1)

Test Gor, against G; — Gor. In terms of r, the test becomes to G : 0 < ry <

b1 — C1To — le’l, 0 < 1 against GH A 2 077‘2 2 0. Then the LRT is

where 0*2 is the MLE of 02 under Gy; and &2 is the MLE of ¢ under Gy;. Hence

the LRT reject Gg; for large value of test statistic,

vS?% + [P — r*||?

A=1-A/n=1- :
/n vS? 1 |[F — 72

Even we can change its form, Mukerjee and Tu (1995) have shown some diffi-
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culties of using this test statistic. Peiris and Bhattacharya (2016) proposed a test
| 2

*|

_ lr=r

sz and I use that

statistic 77 which rejects Gy, with large values, where T2
for my forgoing discussion. The test reduced to the y2, test when o2 is known by

replacing S? with o2. As Peiris and Bhattacharya (2016) shown, the least favorable

null distribution of LRT is

3
Pr(LRT < Cyli = L) = > wiP(F 3 < C2/i)

1=0

where F;,_3 is the F-distribution with i and n-3 degrees of freedom. If i=0, Let
P(F; -3 < 02/2/i) = 1. And the critical values C, can be computed using the

equation
a = wlp(FLnf;g < Ci) + U)QP(FQ,H,3 < 03/2) + IU3P(F3,H73 < Ci/?))

Then the table of critical values are given by Peiris and Bhattacharya (2016) in
appendix.

For other % unknown cases, the rejection regions are very similar to the cor-
responding o2 known cases with replacing ¢ with S and obtaining C,, from above
equation. I replace the Z, with t,, in the boundaries of rejection region and pre-

diction intervals when { Xy > 0, X2 > 0} and {Xo; < 0, Xp2 < 0}.
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Chapter 6

Prediction Intervals

In this chapter, I summarize all the formulas for the prediction intervals for all

the possible sign constraints of Xy and Xg,. When o2 is known, the formulas

2

for prediction intervals have similar formats as the formulas when o° is unknown.

2

Hence, I only provide formulas of the prediction intervals when ¢* is unknown.

6.1 when Xy >0 and Xyp > 0

Lower Boundaries,

. 1 . .
Lp=1. ﬁg—Ca/QS 1+ﬁ if p1 <0 py<O,

A A2 1
2. fo— \/(02/252 - Sx,2 0 )1+ ﬁ)

X5
(14 1)Sx,* + X3 Sx,”

if Bl<0 0<BQ<CQ/QS\/

A ~ 2 1
3. Po— \/(0024/252 —Sx,26) (1 + E)

X4
(14 1)Sx,* + X3 Sx,”

it 0< /< Cams\/ By <0,
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. A2 A2 1
4. Bo — \/(C'oé/zs2 Sx, 2B = Sx, 20 ) (1 + E>

X3(1 - S

if 0< B8 <CypS
ﬁl 2 ( +E)SX1 +X§15X12

Xe(1 - (;5;5;2)

0< fs < Cay2S

. X3 1
5. Bo + BaXo2 — Cop2S 5 1 + -
SX2
X2
if 5 <0 Cu/aS 02 :
' Bl Bz 2 \/(1 + %)SX24 + X328X22
R R X2 1
6. Bo+ S1Xo1 — CayaSy| =25 +1 +
SX1
Xgl o)
if = a S < 07
Br> Cape (14 1)Sx, + X2, Sx,” b
R R ~ 2 1 X2
7. Bo + B2Xo2 — \/(Ca/2252 — Sx2p0)(1 + +=2)
SX2
N C.2S
if 0<p;< L2
2
\/SXl +SX1 ()){(02 _|_1+%)
2
X2 1— X1f81
32 - Ca/2s 02( / 52)

( +E)SX2 +X§25X22’

2

. R A2 1 X
8. Bo+ B1Xo1 — \/(001/2252 —Sx, B )1+ = + )

Sx,?

B
X1 - )
( +E)SX1 +X§1‘SX12

5 Ca/20

0<52< )
S 4 2
VSX22+§§2<5X—?+1+%>

if Bl > OQ/QS
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9. 50+31X01+32X02—Ca/25\/ +1+ X& _l_X_(?gQ
Sx.> Sx,
if B> Ca/2S
\/SX12 + ig‘gj( X 1)
5 Caj20

Upper Boundaries,

Sx,t, X2 '
(s 1)

2
X02

~ ~ ~ 1 1 Xgl XOZQ ~
Up= 1. Bo + P2 Xo2 if B < " Xo 1+ - + o SX22Ta/2S B2 =0,
s 4 ; 1 X§ X
2. Bo+ f1Xo if 8120 Bo<—c—/l+—+ 5+ 75Tu2S,
02 n Sy, Sx,
A 1 1 X? X?
3.6y if B <0 By <min{0,— L+ -+ 0+ 2T, 5Y,
Xoz Sx,> Sx,”

2

SXl

. i 1 X
4. Bo + B1Xo1 + BaXo2 + \/1 + -+
Sx,?

6.2 when Xy <0 and Xy <0

Lower Boundaries,

X2
+ %2 ——>5T,/25 otherwise.

s oA 1 1 Xoi® X2 R
Lp=1. By + P2Xo2 if B < ——q/1 + + 2204 %TQ/QS B2 =0,
Xo1 Sx,®>  Sx,

o) 2) . 1 1 X012 X022

2. X f >0 < —/1 T2,
Bo + L1 Xo1 1 51 52 Xop + + = SX1 + = ng /2
5 A A 1 1 X* 2 XQQ

3. if <0 <min{0, — /1 + -+ 2 + =T 1S
Bo b1 Bo { Xog\/ R 125},
&) ) 2 1 X(n2 XOQ2 .

4. By + i1 Xo1 + B2 X2 — ¢/ 1 + + + 51,25 otherwise.

SX1 Sx,68
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Upper Boundaries,

~ / 1 ~ ~
Up=1. Bo—l-ca/gs 1+E if ﬁ1<0 ﬁ2<0

A ~ 2 1
2 Gt \f(C,8 - 210+ )

X5,
(14 1)Sx,* + X3 Sx,”

if B1<0 0<32<0a/25\/

. . 1
3. By + \/(03/252 ~ 52601+ ﬁ)

2
XOl

B <0
(1+3)5x, " + x2,5x,%

if 0<B < Ca/gs\/

R A2 A 1
4. 5() + \/(02/25’2 — SX1261 - SX22622)<]_ + ﬁ)

£ 2
2 53(252
‘XVOl(1 - 02/252)

(14 1)Sx,* + X3 Sx,”

if 0K Bl < Ca/QS

.2
2 S% .61
XOQ(l - 05;252)

(14 1)Sx,* + X3Sy,

0< By < CopS

~ ~ Xg2 1
5. Bo + BaXo2 + Coy2S 5+ 1+ —
SX2 n

. . X2

if B <0 B2 CapS n

PO\ (14 1)5x," + X259y,

A A X2 1
6. Bo + B1Xo1 + Coy2S L +1+—
SXl n

R X2
it 6> C,5S ol
/2 \/(1+%)SX14+X315X12

BQ<0

o1



S 1A 5 2 1 X2
7. Bo + B2 Xo2 + \/(Oa/2282 — Sx,2B1 ) (1 + o + 5 =
X2

)
Cos2S

Sx, 4, X2
ont e S )

if 0<f <

.2
2 53(1/31
X02(1 - 02/252)

BQ > Ca 28
/ (1+ %)SX24 + X325X22
3 1L B 52 1 X2
8. Bo + B1Xo1 + \/(Ca/2252 — Sx, 26 )1+ =+ 012)
n  Sx,
526"
f ﬂ g Xgl(l - C%ijz;Z)
i 1> C,
8 (1+ %)SX14 + XngX12
A C,
O AN /62 < 4/202
s
\/ng2 + X (5 1+ )

o+ 8 ;. 1, X6 X6
9. ﬁ0+51X01+52X02—|—Ca/25 1+ -+ . + .
n SXI SXQ

if 3 Cas25 5 Cyo0

if ﬁ1> 4/2 5 /82> 4/2 -

S X g <

\/SX12+ ;;gl (yfﬁwi) \/SX22+ ;;322 (ﬁﬁu%)
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6.3 when Xy >0 and Xy <0

Lower Boundaries,

2

A 1 1
= 1. ﬁo if ﬁl <0 52 < — + + 1Ea/2S

Xo2 SX2

R X2 1 A2 X2
2. 0=\ [(Gom+ -+ D(ELpS* = Sxa™f) = | o5 + +1Ea/2s
SXQ SXz

~ 2 2 / 2
" O B XOQBQ + (\/1 + % + ;iollz + SX0222 - % é{OEQ)Ea/ZS
1

2 X2 X2
5_;)((011 (1 + % + SX0112 + SX0222)
1 X2 1
< — + —+1FE,/5S
2 X\ Sx,2 n 2
R A X2 X? 1 X? 1
3. Bo+ f1Xor — 02 o O 1 [ =2 4 C L 1)E,,S
60 Bl 01 (\/SX22 SX12 n SX D) n ) /2
. Xo2Be + (\/1 1 )Ea/2S
lf 1 > SX12 (1 + 1 + XOI 02 )
Xo1 Sx12 Sxo?
1 [x2, 1
< — + - +1Ea S
B Yoy \/ 5.2 /2
A A X2 1
4. Bo + B2 Xo2 — B+ = +1E,;S
SX2 n
1 X? 1
if 51<0 52/X—02 5’02+ + 1E, /25
X2
. . X2 1 A2
5. Bo + Ba2Xo2 — \/( 2+ - — 1) (B S - Sx,2B1)
Sx,?
if 0< B Eaje5
4 2
\/SXI2 + S (EE )
1 [x

1
> — — +1FE,,2S
2 X(]Q SX22 + n + /2
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R R R X2 2 1
6. Bo + S1Xo1 + B2 X0z — \/S =2+ g + + 1Eq /25
X, X
A E, /S .1 [x2 o1
it fp 2 4/2 B > o\ g & + + 1Eq2S
s 2 02
\/SX12+ () .’
Upper Boundaries,
A~ 1 1 Xgl ~
Up=1. By if 51 < X_ 1 + + Ka/QS, By <0
01 Sx,”
. 1 X2 1 X2 A2
— 1+ =+ =E Ky nS+ [(1+—+ =2 52 — Sx,*
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Chapter 7

Example

The data set of the Study on the Efficacy of Nosocomial Infection Control(SENIC
Project) consists of a random sample of 113 hospitals selected from the original 338
hospitals surveyed. The varibales of interest are the length of patient stay in a hos-
pital in days(Y) as a function of patient’s age in years(X]) and infection risk(X}).
Then we normalized X| and X} to satisfy those model assumptions. First multiply
the data matrix X = (X7, Xs) with the negative one half power of the variance-
covariance matrix 7y 2 40 get transformed data matrix. Then the column means
were substracted from each column to centralize the data. Finally the new data sets
satisfy the model assumption, which are > Xy, =0, > X9, =0 and ) X1, X = 0.
The following table gives the 95% prediction intervals for a new observation Y. We
compare the length of prediction intervals to decide the efficiency of the prediction

intervals.
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7.1 When o¢? is known

7.1.1 When Xy >0 and Xy >0

We choose the normalized data (o1, €o1) = (0.9,0.6). Then obtain ¢; = %\/ 14+1/n

02
and d; = % Then w; = [tan™'(c1)| and wy = tan™'($). Then I find
i = 12wy /7 and j = 12wy /m. And I get the approximated range of ¢ and j which
are from three to five. So we can decide which part of critical values should be
used. Then find critical value from Table A.1 by linear interpolation. Peiris and
Bhattacharya (2016). In the formula of prediction upper bound, Z,/, = 1.96 whihc
the 95 percent quantile of normal distribution. We consider the sample variance

S2 = S(Y; — fo — S1.X1 — $2X2:)?/(n — 3) as the known population variance o2.

Then compare the length of restricted prediction interval with unrestricted one.

7.1.2 When Xy <0 and Xp <0

I choose the normalized data (xg1,x01) = (—3.0,—0.2). Then follow the similar

precedures to obtain the restricted prediction interval.

7.1.3 When X >0 and X2 <0

I choose the normalized data (zo1, zo1) = (2.0, —0.2). Then obtain ¢; = %\/ 1+1/n

02

_ Sxp%o1 _ —1 |da| _ —1 1
and d; = S0 Then 6, = cos (m) and 0y = cos (m) Then 1
find iy = 12w, /7 and iy = 12wy /7. And I get the approximated range of i; and i,
which are from three to five. So I can decide which part of critical values should be
used. Let 7 = 6, then the chi-bar-square distribution where Xy; > 0 and Xy < 0

is same as chi-bar-square distribution where Xy; > 0 and Xy > 0. So I can use

critival values from Table A.1. Then find critical value from the last row in Table
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A.1 by linear interpolation. (Peiris and Bhattacharya, (2016)). I consider the sam-
ple variance S = S(Y; — By — f1.X1 — $2X5:)%/(n — 3) as the known population
2

variance o“.

Then compare the length of restricted prediction interval with unrestricted one.

7.1.4 When Xy <0 and Xp >0

I choose the normalized data (x1, z01) = (—2.0, —1.9) and (zo1, z01) = (—0.5, —1.9).

Then follow the similar precedures to obtain the restricted prediction interval.

When o is known
(Xo1, Xoz2) Restricted Unrestricted
(2.0 -0.2) (6.921838, 9.445020) (6.979653, 13.352616)
(-2.0, 1.9) (11.535312, 14.158488) | (7.628682, 14.098118)
(-0.5, 1.9) (11.534532 14.728804) | (8.220635, 14.588695)
(0.9, 0.6) (7.042015, 13.731856) (7.437521, 13.731856)
(-3.0, -0.2) (5.108080, 12.314902) | (5.108080, 11.615757)

[ find that lengths of prediction intervals strictly depended on the values of (z¢1, zg2).
So prediction intervals for the mean response should be calculated using both re-

stricted and non-restricted formulas to find the most efficient result.

7.2 When o2 is unknown

7.2.1 When Xy >0 and Xp >0

We choose the normalized data (xo1, o1) = (0.9,0.6). Then obtain ¢; = %\/ 1+1/n

02

and d; = gijzzl Then w, = [tan~"(c1)| and wy = tan™'($). Then I findi = 12w, /7

and j = 12wq /7. And I get the approximated range of ¢ and j which are from three
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to five. So we can decide which part of critical values should be used. Then find
critical value from Table A.2 by linear interpolation. (Peiris and Bhattacharya,
(2016)). In the formula of prediction upper bound, Z,/2,110 Whihc the 95 percent
quantile of t-distribution with 110 degrees of freedom. We consider the sample vari-
ance S = S2(V; — fo — B1.X1 — f2X2)?/(n — 3) to replace o2.

Then compare the length of restricted prediction interval with unrestricted one.

7.2.2 When Xy <0 and Xp <0

I choose the normalized data (xg1,x01) = (—3.0,—0.2). Then follow the similar

precedures to obtain the restricted prediction interval.

7.2.3 When Xy >0 and Xp <0

I choose the normalized data (z¢1, z01) = (2.0, —0.2). Then obtain ¢; = %\/ 1+1/n

02

and d; = % Then 6; = cos‘l(\/%) and 0y = cos‘l(\/ﬁ). Then I find
i1 = 12wy /7 and 15 = 12wy /7. Let 7 = 6, [ use F-distribution to replace chi-square
distribuion in least favorable null distribution. then the ”F-bar distribution” where
Xo1 > 0 and Xgz < 0 is same as "F-bar distribution” where Xy, > 0 and Xg > 0.
So I can use critival values from Table A.2. Then find critical value from the last
column in Table A.2 by linear interpolation. (Peiris and Bhattacharya (2016)). And
the sample variance S2 = S(Y; — By — fi X1 — oX2)%/(n — 3)

Then compare the length of restricted prediction interval with unrestricted one.

7.2.4 When X <0 and Xop2 >0

I choose the normalized data (x1, z01) = (—2.0,—1.9) and (zg1, z01) = (—0.5, —1.9).

Then follow the similar precedures to obtain the restricted prediction interval.
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When o is unknown

Xo1, Xo2) Restricted Unrestricted

6.885129 9.445026) 6.944209 13.388060)

11.534747 14.195788) | (7.592701, 14.134098

6.998580, 13.766863)

( (

( ( )
-0.5, 1.9) (11.533960 14.767218) | (8.185218, 14.624112)

( (7.402514, 13.766863)

( ( )

5.071886, 12.366717) 5.071886, 11.651951

We find that lengths of prediction intervals strictly depended on the values of
(o1, o2). In some cases, our new prediction intervals work better that original
ones. So prediction intervals for the mean response can be calculated using both

restricted and non-restricted formulas to find the most efficient result.
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Appendix A

R Codes in Example

This is the R code for 0? known case. For the comparison, we assum o2

equal S2.

1 library ("expm” )#this is for sigma known case

2 #import data

3 SENIC <— read.table(””/Google Drive/Thesis/SENIC. txt”, header=FALSE, col
.names =c(7ID” ”stay” ,” Age” ,” Risk” ,” culturing _ratio” ,”X-ray _ratio”
"beds” ,” affiliation” ,”"region” ,” daily _census” ,” nurses” ,” facilities _
services”))

4 Y=SENIC[ ,2]

5 X1=SENIC]| , 3]

6 X2=SENIC]| ,4]

7 #assumption

8 n=length (X1)

9 #normalized

10 X=cbind (X1,X2)

11 R=matrix(c(var(X1) ,cov(X1,X2) ,cov(X2,X1),var(X2)) ,nrow=2,ncol=2)

12 newX=t (solve (sqrtm (R) )%%t (X))

13 newxl=newX[,1] —mean(newX|[,1])
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14 newx2=newX[,2] —mean(newX|[,2])

15 sum(newxls«newx2)#assumption no.3

16 x1=newxl1 ; x2=newx2

17 olse=Im(Y " x14x2)

18 summary( olse)

19 S=sqrt(sum((olse$residuals)“2)/(n—-3)) #assume sigma=S

20 Sxl=sqrt (sum(x1"2));Sx2=sqrt (sum(x2"°2))

21 b0=as.numeric(olse$coefficients [1])#9.648319

22 bl=as.numeric(olse$coefficients [2])#0.08068539 >0

23 b2=as.numeric(olse$coefficients [3])#0.7601274 >0

24 #new data

25 x01=c(-3,-2,-0.5,0.4,0.9,2) ;x02=c(—-3,-1.5,—-0.2,0.6,1.9,3)#better be in
the range

26 Tab=matrix (data=NA,nrow=length (x01)x*length (x02) ,ncol=6)

27 #Ca where alpha=0.025

28 #check the range of i,j. It is a part of critical values table,

29 #sigma known, use normal—distribution for boundary

30 CV=matrix (c(2.411,2.357,2.290,2.208,2.357,2.300,2.229,2.142,

31 2.290,2.229,2.155,2.063,2.2080,2.142,2.063,1.968) ,nrow=4,

ncol=4)#sigma known Table A.1

32 FK=c(2.361,2.316,2.266,2.2080,2.142,2.063,1.968)# let j=6 Table A.1

33 for(a in 1:length(x01))

34 {

35 for(b in 1l:length(x02))

36 {

37 c=Sx2/x02[b]*sqrt(1+1/n) ;d=Sx2xx01[a]/(Sx1%x02[b])
38 Tab[length (x01)*(a—1)+b,1]=x01[a]

39 Tab[length (x01)*(a—1)+b,2]=x02[b]

40 #unrestricted intervals (sigma known)

41 I=rep(1,length(x1))

42 NEWX=cbind (I ,x1 ,x2)
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45
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47
48
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50
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52
93
54
99
56
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58

59

60

61
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64
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bhat=as.numeric(olse$coefficients)

Xh=c (1,x01[a],x02[b])

Yhat=t (Xh)%%bhat  #estimator

a2=(sum((olse$residuals) "2)/(n—-3)) #sigma "2

Z

.quantiles <— qnorm(0.975) # normal quantile

a2yhat=a2%(1+t (Xh)%+%solve (t (NEWX) %+ 7NEWX) %7%Xh)  #sigma “2{ pred}

Tab[length (x01)*(a—1)+b,3]=Yhat—z.quantiles*xsqrt(a2yhat)

Tab[length (x01)*(a—1)+b,4]=Yhat+z.quantiles*sqrt (a2yhat)

if (x01[a]>0&x02[b]>0)

{

wl=abs(atan(c));w2=abs(atan(c/d))
i=wl%12/pi; j=w2%12/pi
#cv linear interpolation
cv1=CV[floor (j)—2,floor (i) —2];cv2=CV|[floor (j)—2,floor (i) —1];cv3=
CV|[floor (j)—1,floor (i) —2];cv4=CV|[floor (j)—1,floor (i)—1]
cv=cv4d+(cv3—cvd)*(i—floor (i))+(cv2+(cvl—cv2)*(i—floor (i))—cv4d+(
cv3—cvd)x(i—floor(i)))=(j—floor(j))
#lower bound
if (b1<0&b2<0){
Tab[length (x01)*(a—1)+b,5]=b0—cv*Sxsqrt(1+1/n)
}else if(bl<0&b2>0Wb2—cv*Sxsqrt(x02[b]"2/((1+1/n)*Sx2"4+x02[b]"2x*
Sx2°2)<0)){
Tab[length (x01)*(a—1)+b,5]=b0—sqrt ((cv"2%S"2—Sx2"2+b2"2)*(1+1/n
))
telse if(bl>0&bl—cv*S*sqrt(x01[a]”2/((1+1/n)*Sx1"44+x01[a]"2*Sx1
"2))<0&b2<0){
Tab[length (x01)*(a—1)+b,5]=b0—sqrt ((cv "2%S"2—Sx1"2%b1"2)*(1+1/n
))
telse if(bl>0&b2>0&bl—sqrt(x01[a]”2=xabs(cv 2xS"2—Sx2"2xb2"2)/
((141/n)*Sx1"44+x01[a] "2*Sx1"2) )<&b2—sqrt (x02 [b] " 2*xabs(cv " 2%S
"2—Sx1"2%b1°2)/((141/n)*Sx274+x02 [b] "2%Sx2"2) ) <0){
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67

68

69

70

71

72

73

74

5

76

T

78

79

80

Tab[length (x01)*(a—1)+b,5]=b0—sqrt ((cv"2%S"2—Sx1"2%x01[a] 2—Sx2
"2%x02[b]"2)*(14+1/n))

Yelse if(bl<0&b2—cv*Sxsqrt(x02[b] 2/ ((1+1/n)*Sx2"4+x02[b]"2%Sx2
"2))>0){

Tab[length (x01)*(a—1)+b,5]=b0+b2xx02 [b]—cv*S*sqrt (x02[b]"2/Sx2
"2+1+1/n)

Yelse if(b2<0&bl—cv#S#sqrt(x01[a] 2/((1+1/n)*Sx1"4+x01[a]" 2%Sx1
"2))>0){

Tab[length (x01)*(a—1)+b,5]=b0+blxx01[a]—cv*S*sqrt(x01[a]" 2 /Sx1
"241+1/n)

telse if(bl>0&bl—cvxS/sqrt(Sx1°2+Sx1°4/x01[a]"2%(x02[b]"2/Sx2
"24+141/n) ) <0&b2—sqrt (x02 [b] “2#abs (cv " 2%S°2—Sx1°2xb1°2) /((1+1/
n)*Sx2°4+x02 [b]"2%Sx2°2)) >0){

Tab[length (x01)*(a—1)+b,5]=b0+b2%x02 [b]—sqrt ((cv "2%S"2—Sx1"2xbl
“2)%(1+1/n+x02 [b] "2 /Sx2°2))

telse if(b2>0&b2—cv*S/sqrt (Sx2°2+S5x2°4/x02[b] "2 (x01[a]"2/Sx1
"24141/n) )<0&bl-sqrt (x01 [a] 2%abs(cv 2%S"2—Sx2°2%b2°2) /((1+1/
1) #Sx1744x01[a] " 2%Sx1°2))>0){

Tab[length (x01)% (a—1)+b,5]=b0+b1+x01 [a]—sqrt ((cv 2%S"2—Sx2"2%b2
"2)%(1+1/n+x01[a]"2/Sx1"°2))

Yelse if(bl—cv#S/sqrt(Sx1°2+Sx1°4/x01 [a] 2x(x02[b] 2/Sx2°2+1+1/n)
)>0&b2—cvxS/sqrt (Sx2°2+Sx2°4/x02 [b] "2 (x01[a]"2/Sx1"2+1+1/n))
>0){

Tab[length (x01)*(a—1)+b,5]=b0+blxx01 [a]+b2%x02 [b]—cv*Sxsqrt(1+1
/ntx01 [a]"2/Sx1°24+x02 [b] "2 /Sx2"2)

}

#upper bound

if (b1+1/x01[a]*sqrt(1+1/n+x01[a]"2/Sx1"24+x02[b]"2/Sx2"2)*gnorm
(0.975)%*S<0&b2>0){

Tab[length (x01)*(a—1)+b,6]=b0+b2xx02 [b]
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94
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99

100

Jelse if(b2+1/x02[b]*sqrt(1+1/nt+x01[a] 2/Sx1"2+x02[b]"2/Sx2"°2)x*
qnorm (0.975) %S<0&b1>0){
Tab[length (x01)*(a—1)+b,6]=b0+b1l*x01 [a]
telse if(b2+1/x02[b]=*sqrt(1+1/n+x01[a]"2/Sx1"24+x02[b]"2/Sx2"2)=*
gnorm (0.975) *S<0&b1<0){
Tab[length (x01)=*(a—1)+b,6]=b0
telse{
Tab[length (x01)*(a—1)+b,6]=b0+blxx01 [a]+b2*x02 [b]+sqrt (1+1/n+
x01[a]"2/Sx1724x02[b]"2/Sx2"2)*xqnorm (0.975) %S
}
telse if(x01[a]>0&x02[b]<0){
wl=acos(abs(d)/sqrt(1+c"2+d"2));w2=acos(1/sqrt(1+c"2+d"2))
i=wl%12/pi; j=w2%12/pi
#cv limear interpolation
ecv=EK| floor (i)+2]+(EK[floor (i)+1]-EK[floor (i)+2])(i—floor (i))
kev=EK[ floor (j)+2]+(EK[ floor (j)+1]-EK|[ floor (j)+2])*(j—floor(j))
#lower bound
if (bl<08&b2-1/x02[b]*sqrt(1+1/n+x02[b]"2/Sx2"2)*ecv*S<0){
Tab[length (x01)% (a—1)+b,5]=b0
Yelse if(b1>0&b1—(x02[b]*b2+(sqrt(1+1/n+x01[a]"2/Sx1"24+x02[b] 2/
Sx2°2)—sqrt (1+1/n+x02 [b] "2 /Sx2°2) )kecv*S) /(Sx1°2/x01 [a]*(1+1/
n+x01[a] 2 /Sx1°2+x02[b]"2/Sx2"2) ) <0&b2—1/x02 [b] xsqrt (x02 [b] "2
/Sx2"°24+1+1/n)*ecv*S<0){
Tab[length (x01)*(a—1)+b,5]=b0—sqrt ((x02[b]"2/Sx2"2+1+1/n)*(ecv
"2xS72—S8x172%b1"2) )—sqrt (x02[b]"2/Sx2"2+1+1/n)*xecv*S
Yelse if(bl—(x02[b]*b2+(sqrt(1+1/n+x01[a] 2/Sx1°2+x02[b]"2/Sx2"2)
—sqrt(1+1/n+x02[b]"2/Sx2"2) )*kecv*S)/(Sx1"2/x02[a]*(1+1/n+x01 ]
a]”2/Sx1°2+x02[b]"2/Sx2°2))>0&b2—1/x02 [b] xsqrt (x02 [b] "2 /Sx2
"2+1+1/n)*ecv*S<0){
Tab[length (x01)*(a—1)+b,5]=b0+b1l*x01 [a]—(sqrt(1+1/n+x01[a]" 2/
Sx172+x02[b]"2/Sx2"2)—sqrt(1+1/n+x02[b]"2/Sx2"2) )xecv*S
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110
111
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114

115
116

}else if(bl<0&b2-1/x02[b]xsqrt(1l+1/n+x02[b]"2/Sx2"2)*ecv*S>0){
Tab[length (x01)*(a—1)+b,5]=b0+b2%xx02 [b]—sqrt(1+1/n+x02[b] "2 /Sx2
"2)kecv*S
telse if(bl>0&bl—(x01[a]/Sx1"2%ecvxS)/sqrt(l+1/n+x01[a]"2/Sx1"2+
x02[b]"2/Sx2"2)<0&b2—1/x02 [b]*sqrt(1+1/n+x02[b]"2/Sx2"2)*ecv*
S>0){
Tab[length (x01)*(a—1)+b,5]=b0+b2xx02 [b]—sqrt ((1+1/n+x02[b]" 2/
Sx2"2)*(ecv " 2x3"2—Sx1"2xbl1"2))
telse if(bl—(x01[a]/Sx1"2xecv*S)/sqrt(14+1/n+x01[a]"2/Sx1"2+x02[b
172/5%x272)>0&b2-1/x02 [b]*sqrt(1+1/n+x02[b] "2 /Sx2"2)*xecv*S>0){
Tab[length (x01)*(a—1)+b,5]=b0+b1xx01 [a]+b2xx02 [b]—sqrt(1+1/n+
x01[a]"2/Sx1"°24+x02[b]"2/Sx2"2)*ecv*S
}
#upper bound
if (b2<0&b1-1/x01[a]*sqrt(1+1/n+x01[a]"2/Sx1"2)*kcvxS<0){
Tab[length (x01)*(a—1)+b,6]=b0
Yelse if(b2>0&b2—(x01[a]*bl+(sqrt(1+1/n+x01[a] 2/Sx1°2+x02[b] 2/
Sx2°2)—sqrt (1+1/n4x01 [a] 2/Sx1"2) ) xkcvS) /(Sx2"2/x02 [b]*(1+1/
n+x01[a]"2/Sx1°24x02[b]"2/Sx2"2) ) <0&b1—1/x01[a]*sqrt (x01[a]" 2
/Sx1°24141/n) xkev#S<0){
Tab|[length (x01)* (a—1)+b,6]=bO+sqrt ((x01[a] 2/Sx1"°2+1+1/n)* (kev
"2%S°2—Sx2"2%b2"2) )—sqrt (x01[a]"2/Sx1"24+1+1/n)*kcv=S
telse if(b2—(x01[a]*bl+(sqrt(1+1/n+x01[a]"2/Sx1"24+x02[b]"2/Sx2"2)
—sqrt(1+1/n+x01[a]"2/Sx2"2) )*kev*S)/(Sx2"2/x02 [b]*(1+1/n+x01 |
a]"2/Sx1°24x02[b]"2/Sx2"2))>0&b1-1/x01[a]*sqrt(x01[a]"2/Sx1
"2+1+1/n)xkevxS<0){
Tab[length (x01)*(a—1)+b,6]=b0+b2xx02 [b]+(sqrt(1+1/n+x01[a] 2/
Sx1°24x02[b]"2/Sx2"2)—sqrt (141 /n+x01 [a] "2 /Sx1"2) ) xkcv*S
}else if(b2<(&bl—-1/x01[a]=*sqrt(1+1/n+x01[a]"2/Sx1"2)*kcv*S>0){
Tab[length (x01)*(a—1)+b,6]=b0+b1l%x01 [a]+sqrt(1+1/nt+x01[a] 2 /Sx1
“2)xkcv*S

69



117

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

telse if(b2>0&b2+(x02[b]/Sx2"2xkcvxS)/sqrt(1+1/n+x01[a]"2/Sx1 2+
x02[b]"2/Sx2"2)<0&b1-1/x01[a]*sqrt(1+1/n+x01[a]"2/Sx1"2)*xkcv=*
S>0){
Tab[length (x01)=*(a—1)+b,6]=b0+bl*x01[a]+sqrt ((1+1/n+x01[a] 2/
Sx1°2)*(kev"2%S72—Sx2"2%b2"2))
telse if(b2+(x02[b]/Sx2"2xkcvxS)/sqrt(1+1/n+x01[a]"2/Sx1"2+x02[b
]72/Sx272)>0&bl1-1/x01[a]*sqrt(1+1/n+x01[a] "2 /Sx1"2)*xkcv*S>0){
Tab[length (x01)=*(a—1)+b,6]=b0+b1xx01 [a]+b2%x02 [b]+sqrt(1+1/n+
x01[a]"2/Sx1724x02[b]"2/Sx2"2)xkcv*S
}
telse if(x01[a]<0&x02[b]<0){
wl=abs(atan(c));w2=abs(atan(c/d))
i=wl%12/pi; j=w2%12/pi
#cv linear interpolation
cvl=CV|[floor (j)—2,floor (i) —2];cv2=CV|[floor (j)—2,floor (i) —1];cv3=
CV[floor (j)—1,floor (i) —2];cv4=CV][floor (j)—1,floor (i)—1]
cv=cvd+(cv3—cvd)*(i—floor (i))+(cv2+(cvl—cv2)*(i—floor (i))—cvd+(
cvd—cvd)*(i—floor (i)))*(j—floor(j))
#upper bound
if (b1<0&b2<0){
Tab[length (x01)*(a—1)+b,6]=b0—cv*Sksqrt(1+1/n)
}else if(bl<0&b2>0Wb2+cv*Sxsqrt(x02[b]"2/((1+1/n)*Sx274+x02[b]"2x*
Sx2°2)<0)){
Tab|[length (x01)% (a—1)+b,6]=b0+sqrt ((cv 2+S"2—Sx2"2xb2 " 2)*(1+1/n
))
telse if(bl>0&bl+cv*Sxsqrt(x01[a]”2/((1+1/n)*Sx1"44+x01[a]"2%Sx1
"2))<0&b2<0){
Tab[length (x01)x(a—1)+b,6]=b0+sqrt ((cv 2%S"2—Sx1"2xb1"2)%(1+1/n
))
telse if(bl>0&b2>Wbl+sqrt(x01[a]”2*xabs(cv 2xS"2—Sx2"2%b2°2)/
((141/n)*Sx1"44+x01[a] " 2%Sx1"2) )<0&b2+sqrt (x02 [b] " 2*xabs(cv " 2%S
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"9—Sx1°2%b1°2)/((1+1/n)*Sx2°4+x02 [b] " 2%Sx2"2) ) <0){
Tab[length (x01)*(a—1)+b,6]=b0+sqrt ((cv 2%S"2—Sx1"2%x01 [a]"2—Sx2
"2xx02[b]"2)*(1+1/n))

Yelse if(bl<0&b2+cvSxsqrt(x02[b] 2/((1+1/n)*Sx2 4+x02[b]"2+Sx2
"2))>0){

Tab[length (x01)* (a—1)+b,6]=b0+b2+x02 [b]+cv+Sksqrt (x02 [b] 2 /Sx2
"24+1+41/n)

Jelse if(b2<0&bl+cvsSxsqrt(x01[a] 2/ ((1+1/n)*Sx1 4+x01[a] 2%Sx1
"2))>0)

Tab[length (x01)*(a—1)+b,6]=b0+blxx01 [a]+cv*S*sqrt(x01[a] 2 /Sx1
"2+1+1/n)

Yelse if (b1>0&bl+cv#S/sqrt (Sx1°2+Sx1°4/x01 [a] 2% (x02[b]"2/Sx2
"241+41/n) ) <0&b2+sqrt (x02 [b] " 2#abs (cv " 2%S°2—Sx1"2%b1°2) /((1+1/
n)*Sx2°4+x02 [b] " 2%Sx2"2) ) >0){

Tab[length (x01)*(a—1)+b,6]=b0+b2xx02 [b]+sqrt ((cv 2S5 2—Sx1"2xbl
"2)%(141/n+x02 [b] "2 /Sx272))

}else if(b2>0&Db2+cv*S/sqrt(Sx2°2+5x274/x02[b]"2*x(x01[a]"2/Sx1
"2+414+1/n) )<0&bl+sqrt (x01 [a] " 2*abs(cv 2%S"2—Sx2"2xb2"°2) /((1+1/
n)#Sx1°4+x01 [a] " 24Sx1°2))>0){

Tab[length (x01)*(a—1)+b,6]=b0+bl*x01 [a]+sqrt ((cv 2%S"2—Sx2"2xb2
"2)%(14+1/n+x01[a] "2 /Sx172))

}else if(bl+cv*S/sqrt(Sx1°2+Sx1°4/x01[a]"2%(x02[b]"2/Sx2"2+1+1/n)
) >0&b2+cvS/sqrt (Sx2°2+5x2°4/x02 [b] " 2% (x01 [a] "2 /Sx1°2+1+1/n))
>0){

Tab[length (x01)*(a—1)+b,6]=b0+b1l*x01 [a]+b2%x02 [b]+cv*Sksqrt(1+1
/n4x01 [a] "2 /Sx1"2+x02 [b] "2/Sx2"2)

}

#lower bound

if(bl1-1/x01[a]*sqrt(1+1/n+x01[a]"2/Sx1°2+x02[b]"2/Sx2"2)*gnorm
(0.975) %*S<0&b2>0){

Tab[length (x01)+*(a—1)+b,5]=b0+b2xx02 [b]
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Jelse if(b2—1/x02[b]*sqrt(1+1/nt+x01[a] 2/Sx1"2+x02[b]"2/Sx2"°2)x*
qnorm (0.975) %S<0&b1>0){
Tab[length (x01)*(a—1)+b,5]=b0+b1l*x01 [a]
telse if(b2-1/x02[b]=*sqrt(1+1/n+x01[a]"2/Sx1"24+x02[b]"2/Sx2"2)=*
gnorm (0.975) *S<0&b1<0){
Tab[length (x01)=*(a—1)+b,5]=b0
telse{
Tab[length (x01)=*(a—1)+b,5]=b0+b1*xx01 [a]+b2%x02 [b]—sqrt (1+1/n+
x01[a]"2/Sx1724x02[b]"2/Sx2"2)*xqnorm (0.975) %S
}
telse if(x01[a]<0&x02[b]>0){
wl=acos(abs(d)/sqrt(1+c"2+d"2));w2=acos(1/sqrt(1+c"2+d"2))
i=wl%12/pi; j=w2%12/pi
#cv linear interpolation
ecv=EK| floor (i)+2]+(EK[floor (i)+1]-EK[floor (i) +2])(i—floor (i))
kev=EK[ floor (j ) +2]+(EK[ floor (j)+1]-EK|[ floor (j)+2])*(j—floor(j))
#upper bound
if (bl1<08&b2+4+1/x02[b]*sqrt(1+1/n+x02[b]"2/Sx2"2)*ecvxS<0){
Tab[length (x01)% (a—1)+b,6]=b0
}else if(bl1>0&bl—(x02[b]*b2—(sqrt(14+1/n+x01[a]"2/Sx1"2+x02[b]" 2/
Sx2°2)—sqrt (1+1/n+x02 [b] "2 /Sx2°2) )*ecv*S) /(Sx1°2/x01 [a]*(1+1/
n+x01[a]"2/Sx1"2+x02[b]"2/Sx2"2))<0&b2+1/x02 [b]*sqrt (x02[b] "2
/Sx2"°24+1+1/n)*ecv*S<0){
Tab[length (x01)*(a—1)+b,6]=b0+sqrt ((x02[b]"2/Sx2"2+1+1/n)*(ecv
"2xS72—S8x172%b1"2) )+sqrt (x02[b] "2 /Sx2"2+1+1/n)*xecv*S
Yelse if(bl—(x02[b]*b2—(sqrt(1+1/n+x01[a]" 2/Sx1°2+x02[b]"2/Sx2"2)
—sqrt(1+1/n+x02[b]"2/Sx2"2) )*kecv*S)/(Sx1"2/x01 [a]=*(1+1/n+x01 ]
a]”2/Sx1°24+x02[b]"2/Sx2"2))>0&b2+1/x02 [b] xsqrt (x02 [b] *2/Sx2
"2+4+1+1/n)*ecv*S<0){
Tab[length (x01)*(a—1)+b,6]=b0+b1l*x01 [a]+(sqrt(1+1/n+x01[a] 2/
Sx172+x02[b]"2/Sx2"2)—sqrt(1+1/n+x02[b]"2/Sx2"2) )xecv*S
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telse if(bl<®b2+1/x02[b]=*sqrt(1+1/n+x02[b]"2/Sx2"2)*ecv*S>0){
Tab[length (x01)*(a—1)+b,6]=b0+b2xx02 [b]+sqrt(1+1/n+x02[b] "2 /Sx2
"2)xecv*S
}else if(bl>0&b1+(x01[a]/Sx1"2%ecv*S)/sqrt(1+1/n+x01[a]"2/Sx1"2+
x02[b]"2/Sx2"2)<0&b2+1/x02 [b]*sqrt(1+1/n+x02[b]"2/Sx2"2)*ecv*
S>0){
Tab[length (x01)*(a—1)+b,6]=b0+b2xx02 [b]+sqrt ((1+1/n+x02[b] 2/
Sx2"2)*(ecv " 2x3"2—Sx1"2xbl1"2))
telse if(bl+(x01[a]/Sx1"2xecvxS)/sqrt(l+1/n+x01[a]"2/Sx1"2+x02[b
]72/8x272)>0&b2+1/x02 [b]*sqrt (14+1/n+x02 [b] "2 /Sx2"2)*ecv*S>0){
Tab[length (x01)*(a—1)+b,6]=b0+bl*xx01 [a]+b2%x02 [b]+sqrt(1+1/n+
x01[a]"2/Sx1"°24+x02[b]"2/Sx2"2)*ecv*S
}
#lower bound
if (b2<0&b1+1/x01[a]*sqrt(1+1/n+x01[a]"2/Sx1"2)*kev#S<0){
Tab[length (x01)*(a—1)+b,5]=b0
}else if(b2>0&b2—(x01[a]*bl—(sqrt(1+1/n+x01[a]"2/Sx1°2+x02[b]" 2/
Sx2°2)—sqrt (141 /n+x01 [a] 2 /Sx1"2) )xkev#S) /(Sx2"2/x02 [b]*(1+1/
n+x01 [a] " 2/Sx1°2+4x02 [b]"2/Sx2"2) ) <0&b1+1/x01 [a]*sqrt (x01 [a] "2
/Sx1°241+1/n) #kev*S<0) {
Tab|[length (x01)* (a—1)+b,5]=b0—sqrt ((x01[a]"2/Sx1"2+1+1/n)* (kev
"2%S°2—Sx2"2%b2"2) )+sqrt (x01[a] 2 /Sx1"24+1+1/n)*xkcvS
telse if(b2—(x01[a]*bl—(sqrt(l+1/nt+x01[a]"2/Sx1°2+x02[b]"2/Sx2"2)
—sqrt(1+1/n+x01[a]"2/Sx2"2) )*kev*S)/(Sx2"2/x02 [b]=*(1+1/n+x01 |
al"2/Sx1"2+x02[b]"2/Sx2"2))>0&b1+1/x01 [a]*sqrt (x01[a]"2/Sx1
"2+1+1/n)xkevxS<0){
Tab[length (x01)*(a—1)+b,5]=b0+b2xx02 [b] —(sqrt(1+1/n+x01[a] 2/
Sx1°24+x02[b]"2/Sx2"2)—sqrt (141 /n+x01 [a] "2 /Sx1"2) ) xkcv*S
Yelse if(b2<0&bl4+1/x01[a]*sqrt(1+1/ntx01[a] 2/Sx1"2)*kev«S>0){
Tab[length (x01)*(a—1)+b,5]=b0+blxx01 [a]—sqrt(1+1/n+x01[a]"2/Sx1
“2)xkcv*S
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187 Yelse if(b2>0&b2—(x02[b]/Sx2 2xkev#S)/sqrt(1+1/n+x01[a] 2/Sx1 2+
x02[b]"2/Sx2"2)<0&b1+1/x01 [a]*sqrt(1+1/nt+x01[a] 2/Sx1"2)*xkcvx*
S>0){
188 Tab[length (x01)*(a—1)+b,5]=b0+bl*x01 [a]—sqrt((1+1/n+x01[a] 2/
Sx1°2)* (kev 2xS°2—Sx2°2%b2°2))
189 Yelse if(b2—(x02[b]/Sx2 2xkcv#S)/sqrt(1+1/ntx01[a] 2/Sx1"2+x02[b
]°2/Sx2°2)>0&b1+1/x01 [a] #sqrt (1+1/n+x01 [a] “2 /Sx1°2) xkevxS>0){
190 Tab[length (x01)% (a—1)+b,5]=b0+b14x01 [a]+b2#x02 [b] —sqrt (1+1/n+
x01[a]"2/Sx1°24x02[b] "2 /Sx2"2)xkcvsS
191 }
192 }
193}
194 }
195 Tab

GeneralExamplePI(known).R

This is the R code for ¢2 unknown case.

1 library ("expm” )#this is for sigma unknown case

2 #import data

3 SENIC <— read.table(”~/Google Drive/Thesis/SENIC. txt”, header=FALSE, col
.names =c(7ID” ”stay” ,” Age” ,” Risk” ,” culturing _ratio” ,”X-ray _ratio”
7beds” ,” affiliation” ,”"region” ,” daily _census” ,” nurses” ,” facilities _
services”))

4 Y=SENIC[ ,2]

5 X1=SENIC]| , 3]

6 X2=SENIC]| ,4]

7 #assumption

8 n=length (X1)

9 #normalized

10 X=cbind (X1,X2)

11 R=matrix(c(var(X1) ,cov(X1,X2) ,cov(X2,X1),var(X2)) ,nrow=2,ncol=2)
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12 newX=t (solve (sqrtm (R) ) %%t (X))

13 newxl=newX[,1] —mean(newX|[,1])

14 newx2=newX[,2] —mean(newX|[,2])

15 sum(newxlsnewx2)#assumption no.3

16 x1=newxl1 ; x2=newx2

17 olse=Im(Y " x14x2)

18 summary( olse)

19 S=sqrt (sum((olse$residuals)"2)/(n—-3))

20 Sxl=sqrt (sum(x1"2));Sx2=sqrt (sum(x2"°2))

21 b0=as.numeric(olse$coefficients [1])#9.648319

22 bl=as.numeric(olse$coefficients [2])#0.08068539 >0

23 b2=as.numeric(olse$coefficients [3])#0.7601274 >0

24 #new data

25 x01=c(-3,-2,-0.5,0.4,0.9,2) ;x02=c(—-3,-1.5,-0.2,0.6,1.9,3)#better be in
the range

26 Tab=matrix (data=NA,nrow=length (x01)x*length (x02) ,ncol=6)

27 #Ca where alpha=0.025

28 #check the range of i,j. It is a part of critical values table,

29 #sigma unknown, use t—distribution for boundary when z

30 CVematrix (c(2.444,2.388,2.320,2.236,2.388,2.329,2.257,

31 2.167,2.320,2.257,2.181,2.087,2.236,2.167,2.087,1.990) ,nrow

=4,ncol=4)#sigma unknown

32 EK=c (2.393,2.347.,2.295,2.236,2.167,2.087,1.990)#v=110 let j=6 Table A.2

33 for(a in 1:length(x01))

34 {

35 for(b in 1l:length(x02))

36 {

37 c=5x2/x02[b]*sqrt(14+1/n);d=Sx2xx01[a]/(Sx1*x02[b])
38 Tab[length (x01)*(a—1)+b,1]=x01[a]

39 Tab[length (x01)*(a—1)+b,2]=x02[b]

40 #unrestricted intervals
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95
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58

99

60

newdata = data.frame(x1=x01[a],x2=x02[b])

predict(olse , newdata, interval="predict”)

Tab[length (x01)*(a—1)+b,3]=predict (olse , newdata, interval="predict

) (2]

Tab[length (x01)*(a—1)+b,4]=predict (olse , newdata, interval="predict

7) (3]

if (x01[a]>0&x02[b]>0)

{

wl=abs(atan(c));w2=abs(atan(c/d))
i=wlx12/pi;j=w2%x12/pi
#cv linear interpolation
cv1=CV|[floor(j)—2,floor (i) —2];cv2=CV|[floor (j)—2,floor (i) —1];cv3=
CV[floor (j)—1,floor (i) —2];cv4=CV[floor (j)—1,floor (i) —1]
cv=cvd+(cv3—cvd)*(i—floor (i))+(cv2+(cvl—cv2)*(i—floor (i))—cvd+(
cv3—cvd)x(i—floor(i)))=(j—floor(j))
#lower bound
if (b1<0&b2<0){
Tab[length (x01)*(a—1)+b,5]=b0—cv*Sxsqrt(1+1/n)
lelse if(bl<®b2>0Wb2—cvxSxsqrt(x02[b]"2/((1+1/n)*Sx2"4+x02[b]"2=*
Sx2°2)<0)){
Tab[length (x01)*(a—1)+b,5]=b0—sqrt ((cv "2%S"2—Sx2"2%b2"2)*(1+1/n

)
}else if(bl>0&bl—cv*Sksqrt(x01[a]”2/((14+1/n)*Sx1"4+x01[a]"2%Sx1
"2))<0&b2<0){
Tab[length (x01)*(a—1)+b,5]=b0—sqrt ((cv 2%S"2—Sx1"2%bl1"2)*(1+1/n
))

telse if(bl1>0&b2>0bl—sqrt(x01[a] 2*xabs(cv 2xS"2—Sx2"2%b2°2)/
((1+1/n)*Sx1"4+x01[a] " 2*Sx1"2))<0&b2—sqrt (x02[b] " 2=xabs(cv " "2%S
"2—Sx1"2%b1"2)/((141/n)*Sx2"44+x02 [b]"2%Sx2"2) ) <0){
Tab[length (x01)*(a—1)+b,5]=b0—sqrt ((cv "2%S"2—Sx1"2%x01 [a]"2—Sx2
“2%x02[b]"2)*(14+1/n))
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}else if(bl<0&b2—cv*Sksqrt(x02[b]"2/((14+1/n)*Sx2"44+x02[b]"2+Sx2
“2))>0){

Tab[length (x01)*(a—1)+b,5]=b0+b2%x02 [b]—cv*Sxsqrt (x02[b]" 2 /Sx2
"2+1+1/n)

Yelse if(b2<0&bl—cvSxsqrt(x01[a] 2/((1+1/n)*Sx1 4+x01[a] 2%Sx1
"2))>0){

Tab[length (x01)*(a—1)+b,5]=b0+b1l*x01 [a]—cv*S*sqrt(x01[a] 2 /Sx1
"2+1+1/n)

telse if(bl>0&bl—cv*S/sqrt(Sx1°2+Sx1°4/x01[a]"2%(x02[b]"2/Sx2
"24141/n) ) <0&b2—sqrt (x02 [b] " 2%abs (cv " 2%S"2—Sx1°2%b1°2) /((1+1/
1) *Sx2°44x02 [b] " 2%Sx2°2) ) >0){

Tab[length (x01)*(a—1)+b,5]=b0+b2%x02 [b]—sqrt ((cv 2%xS"2—Sx1"2xbl
"2)%(14+1/n+x02[b] "2 /Sx2"2))

}else if(b2>0&b2—cv*S/sqrt (Sx2°2+5x2°4/x02[b] " 2x(x01[a]"2/Sx1
"2+14+1/n) )<0&bl—sqrt (x01 [a] " 2%abs(cv 2%S°2—Sx2"2xb2"°2) /((1+1/
n)*xSx174+x01[a] " 2%Sx1"2))>0){

Tab[length (x01)=*(a—1)+b,5]=b0+b1*x01 [a]—sqrt ((cv " 2%S"2—Sx2"2xb2
"2)*%(1+1/n+x01[a]"2/Sx1"°2))

Yelse if(bl—cv#S/sqrt(Sx1°2+Sx1°4/x01 [a] 2%(x02[b]"2/Sx2"2+1+1/n)
)>0&b2—cvxS/sqrt (Sx2°2+Sx2°4/x02[b] " 2% (x01[a]"2/Sx1"2+1+1/n))
>0){

Tab[length (x01)=*(a—1)+b,5]=b0+bl*xx01 [a]+b2%x02 [b]—cv*S*sqrt (1+1
/n+x01 [a] "2 /Sx1"2+4x02[b]"2/Sx2"2)

}

#upper bound

if (b1+1/x01[a]*sqrt(1+1/n+x01[a] " 2/Sx1°2+x02[b]"2/Sx2"2)*qt
(0.975 ,1—3)*S<0&b2>0) {

Tab[length (x01)% (a—1)+b,6]=b0+b2+x02 [b]

}else if(b2+1/x02[b]*sqrt(1+1/n+x01[a]”2/Sx1°24+x02[b]"2/Sx2"2)x*qt
(0.975 ,n—3)*xS<0&b1>0){

Tab[length (x01)*(a—1)+b,6]=b0+blxx01[a]
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telse if(b2+1/x02[b]=xsqrt(1+1/n+x01[a]"2/Sx1"24+x02[b]"2/Sx2"2)=xqt
(0.975,n—3)*S<0&b1<0){
Tab[length (x01)=*(a—1)+b,6]=b0
telse{
Tab[length (x01)*(a—1)+b,6]=b0+blxx01 [a]+b2*xx02 [b]+sqrt (1+1/n+
x01[a]"2/Sx1"2+x02[b]"2/Sx2"2)*qt (0.975,n—3)%S
}
telse if(x01[a]>0&x02[b]<0){
wl=acos(abs(d)/sqrt(1+c"2+d"2));w2=acos(1/sqrt(1+c"2+d"2))
i=wlx12/pi;j=w2%12/pi
Hcy linear interpolation
ecv=FK|[ floor (i)+2]+(EK| floor (i)+1]-EK|[ floor (i) +2])* (i—floor (i))
kev=EK[ floor (j ) +2]+(EK[ floor (j)+1]-EK|[ floor (j)+2])*(j—floor(j))
#lower bound
if (b1<0&b2—1/x02[b]*sqrt (1+1/n+x02[b]"2/Sx2"2)xecv*S<0){
Tab[length (x01)*(a—1)+b,5]=b0
Yelse if(bl1>0&b1—(x02[b]*b2+(sqrt(1+1/n+x01[a]"2/Sx1°2+x02[b] 2/
Sx2°2)—sqrt(1+1/nx02[b]"2/Sx2"2) )kecv#S)/(Sx1°2/x01 [a]*(1+1/
n+x01 [a] " 2/Sx1°2+4x02 [b]"2/Sx2 " 2) ) <0&b2—1/x02 [b] *sqrt (x02 [b] "2
/Sx2"2+1+1/n)*ecvxS<0){
Tab[length (x01)*(a—1)+b,5]=b0—sqrt ((x02[b]"2/Sx2"24+1+1/n)*(ecv
"2%S5°2—Sx1"2xb1"2) )—sqrt (x02[b]"2/Sx2"2+1+1/n)*ecv=S
telse if(bl—(x02[b]*b2+(sqrt(1+1/n+x01[a]"2/Sx1"2+x02[b]"2/Sx2"2)
—sqrt(1+1/n+x02[b]"2/Sx2"2) )*ecv*S)/(Sx1"2/x02[a]=*(1+1/n+x01 |
a]"2/Sx1°2+x02[b]"2/Sx2"2))>0&b2—1/x02 [b] #sqrt (x02[b] "2 /Sx2
"2+1+1/n)xecvxS<0){
Tab[length (x01)*(a—1)+b,5]=b0+bl*x01 [a]—(sqrt(1+1/n+x01[a] 2/
Sx17°2+x02[b]"2/Sx2"2)—sqrt(14+1/n+x02[b]"2/Sx2"2) )*xecv=S
Yelse if(bl<0&b2-1/x02[b]*sqrt(1+1/ntx02[b] 2/Sx2"2)*ecv*S>0){
Tab[length (x01)*(a—1)+b,5]=b0+b2xx02 [b]—sqrt(1+1/n+x02[b] "2 /Sx2

“2)xecv*S

78



97

98

99

100

101

102

103

104
105

106

107

108

109
110

111

lelse if(b1>0&bl1—(x01[a]/Sx1"2%xecv*S)/sqrt(1+1/n+x01[a]"2/Sx1"2+
x02[b]"2/Sx2"2)<0&b2-1/x02 [b] ¥sqrt (1+1/n+x02 [b] "2 /Sx2"2) xecv*
S>0){
Tab[length (x01)*(a—1)+b,5]=b0+b2xx02 [b]—sqrt ((1+1/n+x02[b] 2/
Sx2°2)* (ecv "2xS°2—Sx1°2%b1"2))
telse if(bl—(x01[a]/Sx1"2xecvxS)/sqrt(1+1/n+x01[a]"2/Sx1"2+x02[b
172/Sx272)>0&b2—-1/x02 [b]*sqrt (14+1/n+x02 [b] "2 /Sx2"2)xecv*S>0){
Tab[length (x01)% (a—1)+b,5]=b0+b1#x01 [a]+b2#x02 [b] —sqrt (1+1/n+
x01[a]"2/Sx1"°24+x02[b]"2/Sx2"2)*ecv*S
}
upper bound
if (b2<0&b1—1/x01 [a]*sqrt(1+1/n+x01 [a] 2/Sx1"2)xkev*S<0){
Tab[length (x01)=*(a—1)+b,6]=b0
}else if(b2>0&b2—(x01[a]*bl+(sqrt(1+1/n+x01[a]"2/Sx1"2+x02[b]" 2/
Sx2°2)—sqrt (1+1/n+x01[a]"2/Sx1"2) )*kevxS)/(Sx2°2/x02 [b]*(1+1/
n+x01[a]"2/Sx1"2+x02[b]"2/Sx2"2))<0&bl1—-1/x01 [a]*sqrt (x01[a]" 2
/Sx1°241+1/n) xkev+S<0) {
Tab[length (x01)=*(a—1)+b,6]=b0+sqrt ((x01[a]"2/Sx1"2+1+1/n)*(kecv
"245°2-Sx2"2%b2"°2) )—sqrt (x01 [a]"2/Sx1"2+1+1/n)kcv*S
telse if(b2—(x01[a]*bl+(sqrt(1+1/n+x01[a]"2/Sx1"2+x02[b]"2/Sx2"2)
—sqrt (141 /n+x01 [a] "2 /Sx2°2) ) xkev«S) /(Sx2°2/x02 [b] #(1+1/n+x01 |
a]"2/Sx1°24x02[b]"2/Sx2"2))>0&b1-1/x01[a]*sqrt(x01[a]"2/Sx1
"2+1+1/n)xkevxS<0){
Tab[length (x01)*(a—1)+b,6]=b0+b2%x02 [b]+(sqrt(1+1/n+x01[a] 2/
Sx1°24+x02 [b]*2/Sx2"2)—sqrt (1+1/n+x01[a] "2 /Sx1"2) ) xkcvS
}else if(b2<0&b1-1/x01[a]*sqrt(l+1/n+x01[a]"2/Sx1"2)*kcv*S>0){
Tab[length (x01)*(a—1)+b,6]=b0+bl*xx01 [a]+sqrt(1+1/n+x01[a] 2 /Sx1
"2)xkcv*S
Yelse if(b2>0&b2+(x02[b]/Sx2" 2xkev#S)/sqrt(1+1/ntx01[a] 2/Sx1"2+
x02[b]"2/Sx2°2)<0&b1-1/x01 [a] xsqrt (1+1/n+x01[a] 2 /Sx1 " 2) xkevs
S>0){
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Tab[length (x01)*(a—1)+b,6]=b0+b1l*x01 [a]+sqrt((1+1/n+x01[a]" 2/
Sx172)*(kev "2xS72—Sx2"2xb2"2))
telse if(b2+(x02[b]/Sx2"2xkcvxS)/sqrt(1+1/n+x01[a]"2/Sx1"2+x02[b
172/8x272)>0&b1-1/x01 [a]*sqrt(1+1/n+x01[a]"2/Sx1"2)xkcv*S>0){
Tab[length (x01)*(a—1)+b,6]=b0+blxx01 [a]+b2*xx02 [b]+sqrt (1+1/n+
x01[a]"2/Sx1"2+4x02[b]"2/Sx2"2)xkcv*S
}
telse if(x01[a]<0&x02[b]<0){
wl=abs(atan(c));w2=abs(atan(c/d))
i=wlx12/pi; j=w2%12/pi
#ev linear interpolation
cv1=CV[floor (j)—2,floor (i) —2];cv2=CV|floor (j) —2,floor (i) —1];cv3=
CV[floor (j)—1,floor (i) —2];cv4=CV][floor (j)—1,floor (i)—1
cv=cvd+(cv3—cvd)*(i—floor (i))+(cv2+(cvl—cv2)*(i—floor (i))—cvd+(
cv3d—cvd)*x(i—floor (i)))*(j—floor(j))
#upper bound
if (b1<&b2<0){
Tab[length (x01)*(a—1)+b,6]=b0—cv*Sxsqrt(1+1/n)
Yelse if(bl<0&b2>0&b2+cv#Sxsqrt (x02[b] 2/ ((1+1/n)*Sx2°4+x02[b]" 2#
Sx2°2)<0)){
Tab[length (x01)%(a—1)+b,6]=b0+sqrt ((cv 2%S"2—Sx2°2xb2"2)%(1+1/n

))
}else if(bl>0&bl+cv*Sksqrt(x01[a]”2/((14+1/n)*Sx1"°4+x01[a]"2%Sx1
"2))<0&b2<0){
Tab[length (x01)*(a—1)+b,6]=b0+sqrt ((cv " 2%S"2—Sx1"2+b1"2)*(1+1/n
))

telse if(bl>0&b2>0bl+sqrt(x01[a] 2*xabs(cv 2xS"2—Sx2"2%b2°2)/
((14+1/n)*Sx1"4+x01 [a] " 2%Sx1"2) ) <0&b2+sqrt (x02 [b] " 2xabs(cv " 2%S
"2—Sx1"2%b1"2)/((141/n)*Sx2"44+x02 [b]"2%Sx2"2) ) <0){
Tab[length (x01)*(a—1)+b,6]=b0+sqrt ((cv 2%S"2—Sx1"2xx01[a] 2—Sx2
"2%x02[b]"2)*(14+1/n))
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}else if(bl<(&b2+cv*S*xsqrt(x02[b]"2/((1+1/n)*Sx2"4+x02[b]"2%Sx2
“2))>0){

Tab[length (x01)*(a—1)+b,6]=b0+b2%x02 [b]+cv*Sxsqrt (x02[b]" 2 /Sx2
"2+1+1/n)

Yelse if(b2<0&bl+cvxSxsqrt(x01[a] 2/ ((1+1/n)*Sx1 4+x01 [a] 2%Sx1
"2))>0){

Tab[length (x01)*(a—1)+b,6]=b0+bl*x01 [a]+cv*S*sqrt(x01[a] 2 /Sx1
"2+1+1/n)

telse if(bl>0&bl+cvxS/sqrt(Sx1°2+Sx1°4/x01[a]"2%(x02[b]"2/Sx2
"241+1/n) )<0&b2+sqrt (x02 [b] " 2xabs(cv "2xS"2—Sx1"2xb1°2) /((1+1/
n)*Sx2°4+x02 [b]"2%Sx2°2) ) >0){

Tab[length (x01)*(a—1)+b,6]=b0+b2%x02 [b]+sqrt ((cv 2%xS"2—Sx1"2xbl
"2)%(1+1/n+x02[b] "2 /Sx2"°2))

telse if(b2>0&b2+cv*S/sqrt (Sx2°2+5x2°4/x02[b] " 2%(x01[a]"2/Sx1
"2+14+1/n) )<0&bl+sqrt (x01 [a] " 2*abs(cv 2%S°2—Sx2"2xb2°2) /((1+1/
n)*Sx174+x01[a] " 2%Sx1"2))>0){

Tab[length (x01)% (a—1)+b,6]=b0+b1#x01 [a]+sqrt ((cv 2%S 2—Sx2"2%b2
"2)*%(1+1/n+x01[a]"2/Sx1"°2))

Yelse if(bltcv#S/sqrt(Sx1°2+Sx1°4/x01 [a] 2%(x02[b]"2/Sx2"2+1+1/n)
)>0&b2+cvxS/sqrt (Sx2°2+Sx2°4/x02 [b] "2 (x01[a]"2/Sx1"2+1+1/n))
>0){

Tab[length (x01)*(a—1)+b,6]=b0+bl*xx01 [a]+b2%x02 [b]+cv*S*sqrt (1+1
/n+x01 [a] "2 /Sx1"2+4x02[b]"2/Sx2"2)

}

#lower bound

if (b1-1/x01 [a]#sqrt(1+1/n+x01[a] 2 /Sx1"2+x02[b] "2 /Sx2"2)*qt
(0.975 ,1—3)*S<0&b2>0) {

Tab[length (x01)%(a—1)+b,5]=b0+b2%x02 [b]

telse if(b2-1/x02[b]*sqrt(1+1/n+x01[a]"2/Sx1°24+x02[b]"2/Sx2"2)x*qt
(0.975 ,n—3)*xS<0&b1>0){

Tab[length (x01)*(a—1)+b,5]=b0+blxx01[a]
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lelse if(b2-1/x02[b]=xsqrt(1+1/n+x01[a]"2/Sx1"24+x02[b]"2/Sx2"2)=xqt
(0.975,n—3)*S<0&b1<0){
Tab[length (x01)=*(a—1)+b,5]=b0
telse{
Tab[length (x01)*(a—1)+b,5]=b0+blxx01 [a]+b2*xx02 [b]—sqrt (1+1/n+
x01[a]"2/Sx1"2+4+x02[b]"2/Sx2"2)*qt (0.975 ,n—3)*S
}
telse if(x01[a]<0&x02[b]>0){
wl=acos(abs(d)/sqrt(1+c"2+d"2));w2=acos(1/sqrt(1+c"2+d"2))
i=wlx12/pi; j=w2%12/pi
#ev linear interpolation
ecv=FK|[ floor (i)+2]+(EK| floor (i)+1]-EK|[ floor (i) +2])* (i—floor (i))
kev=EK[ floor (j)+2]+(EK[ floor (j)+1]-EK|[ floor (j)+2])*(j—floor(j))
#Hupper bound
if (bl<0&b2+1/x02 [b]*sqrt(1+1/n+x02[b]"2/Sx2"2)*ecv+S<0){
Tab[length (x01)*(a—1)+b,6]=Db0
}else if(bl1>0&bl—(x02[b]*b2—(sqrt(1+1/n+x01[a]"2/Sx1"2+x02[b]" 2/
Sx2°2)—sqrt(1+1/nx02[b]"2/Sx2"2) )kecv#S)/(Sx1°2/x01 [a]*(1+1/
n+x01[a]"2/Sx1°24x02[b]2/Sx2"2) ) <0&b2+1/x02 [b]#sqrt (x02 [b] "2
/Sx2"2+1+1/n)*ecvxS<0){
Tab|[length (x01)* (a—1)+b,6]=bO+sqrt ((x02[b]"2/Sx2°2+1+1/n)* (ecv
"2%S°2—Sx1"2%bl"2) )+sqrt (x02[b]"2/Sx2"24+1+1/n)*kecv=S
telse if(bl—(x02[b]*b2—(sqrt(l+1/n+x01[a]"2/Sx1"2+x02[b]"2/Sx2"2)
—sqrt(1+1/n+x02[b]"2/Sx2"2) )*ecv*S)/(Sx1"2/x01 [a]=*(1+1/n+x01 |
a]"2/Sx1"24+x02[b]"2/Sx2"2) )>0&b2+1/x02 [b]*sqrt (x02[b]"2/Sx2
"2+1+1/n)xecvxS<0){
Tab[length (x01)*(a—1)+b,6]=b0+blxx01 [a]+(sqrt(1+1/n+x01[a] 2/
Sx17°2+x02[b]"2/Sx2"2)—sqrt(14+1/n+x02[b]"2/Sx2"2) ) xecv=S
Yelse if(bl<0&b2+1/x02[b]*sqrt(1+1/ntx02[b] 2/Sx2"2)*ecv+S>0){
Tab[length (x01)*(a—1)+b,6]=b0+b2%x02 [b]+sqrt (1+1/n+x02 [b] *2/Sx2

“2)xecv*S
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}else if(bl1>0&bl+(x01[a]/Sx1"2xecvxS)/sqrt(14+1/n+x01[a]"2/Sx1 2+
x02[b]"2/Sx2"2)<0&b2+1/x02 [b]*sqrt(1+1/n+x02[b]"2/Sx2"2)*ecvx*
S>0){

Tab[length (x01)*(a—1)+b,6]=b0+b2xx02 [b]+sqrt ((1+1/n+x02[b] 2/
Sx2°2)* (ecv "2xS°2—Sx1°2%b1"2))

telse if(bl+(x01[a]/Sx1"2xecvxS)/sqrt(1+1/n+x01[a]"2/Sx1"2+x02[b

172/Sx272)>0&b2+1/x02 [b] *sqrt (14+1/n+x02 [b] "2 /Sx2"2)%ecv*S>0){
Tab[length (x01)*(a—1)+b,6]=b0+blxx01 [a]+b2*x02 [b]+sqrt (1+1/n+
x01[a]"2/Sx1"°24+x02[b]"2/Sx2"2)*ecv*S

}

Llower bound

if (b2<0&b1+1/x01 [a]*sqrt(1+1/n+x01[a]"2/Sx1"2)*xkcvxS<0){

Tab[length (x01)=*(a—1)+b,5]=b0

lelse if(b2>0&b2—(x01[a]*bl—(sqrt(14+1/n+x01[a]"2/Sx1"2+x02[b]" 2/
Sx2°2)—sqrt (1+1/n+x01[a]"2/Sx1°2) )*kevS) /(Sx2°2/x02 [b]*(1+1/
n+x01[a]"2/Sx1"2+x02[b]"2/Sx2"2))<0&b1+1/x01 [a]*sqrt (x01[a]" 2
/Sx1°24141/n) xkevsS<0){

Tab[length (x01)*(a—1)+b,5]=b0—sqrt ((x01[a]"2/Sx1"2+1+1/n)*(kecv
"248°2-Sx2"2%b2"2) )+sqrt (x01 [a]"2/Sx1"2+1+1/n)kcv*S

telse if(b2—(x01[a]*bl—(sqrt(1+1/n+x01[a] 2/Sx1"2+x02[b]"2/Sx2"2)
—sqrt (141 /n+x01 [a] "2 /Sx2°2) ) xkevxS) /(Sx2°2/x02 [b] #(1+1/n+x01 |
a]"2/Sx1°24x02[b]"2/Sx2"2))>0&b1+1/x01[a]*sqrt(x01[a]"2/Sx1
"2+1+1/n)xkevxS<0){

Tab[length (x01)*(a—1)+b,5]=b0+b2%x02 [b] —(sqrt(1+1/n+x01[a]" 2/
Sx1°24+x02 [b]*2/Sx2°2)—sqrt (1+1/n+x01 [a] "2 /Sx1"2) ) xkcvS
Yelse if(b2<0&b1+1/x01 [a]*sqrt(1+1/n+x01[a] 2/Sx1"2)xkcv+S>0){
Tab[length (x01)*(a—1)+b,5]=b0+bl*xx01 [a]—sqrt(1+1/n+x01[a]" 2 /Sx1
"2)xkev*S

Yelse if(b2>0&b2—(x02[b]/Sx2 2xkev#S)/sqrt(1+1/n+x01[a] 2 /Sx1 2+
x02[b]"2/Sx2"2)<0&b1+1/x01 [a] xsqrt (1+1/n+x01[a] 2 /Sx1 " 2) xkevs
S>0){
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182 Tab[length (x01)*(a—1)+b,5]=b0+b1l*x01 [a]—sqrt((1+1/n+x01[a]" 2/
Sx1°2)#(kev 2+S°2—Sx2"2%b2°2) )

183 Yelse if(b2—(x02[b]/Sx2"2%kcvS)/sqrt(1+1/n+x01[a] 2/Sx1"2+x02[b

]72/5x272)>0&b1+1/x01 [a]*sqrt (1+1/n+x01 [a] 2 /Sx1"2)xkcv*S>0){

184 Tab[length (x01)*(a—1)+b,5]=b0+b1l%x01 [a]+b2%x02 [b]—sqrt(1+1/n+
x01[a]"2/Sx1"2+x02[b]"2/Sx2"2)xkcv*S

185 }

186 }

187}

188 1}

189 Tab
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