SPECTRAL METHODS FOR FRACTIONAL LAPLANCIAN

A Major Qualifying Project Report:
Submitted to the Faculty of the
WORCESTER POLYTECHNIC INSTITUTE
In Partial Fulfillment of the Requirements for the
Degree of Bachelor of Science

By

Shuyang SUN

Zital HUANG

Advisor:

Prof. Zhongqiang ZHANG

March 25, 2016



Abstract

This project is to numerically solve fractional Laplace equations and related equations.
The major numerical methods we use are Jacobi-spectral methods. Our ultimate goal is to
numerically solve a turbulence testbed problem. To achieve our goal, we first establish
fractional Laplacian of Jacobi polynomials and choose proper test functions for our spectral
methods. We start from linear steady and unsteady equations and then solve nonlinear
unsteady equations. For unsteady equations, we have to take a different test function than
that for steady equations to avoid singularity of the resulting linear systems. For each
problem we consider, we perform numerical tests with MATLAB and present numerical
results. We also discuss how to solve our ultimate goal problem based on our numerical
results.
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Executive Summary

This project is to numerically solve fractional Laplace equations and related equations. The
major numerical methods we use are finite difference in time and spectral methods in space.

We consider the following situations to determine solutions of the following form:

N
uy =Y anhn(z) € (1= 2} Py, hy = (12?2220 ().
n=0

The fractional Laplacian is defined as (—A)*/2u(x) = cgq Jga % dy.

Determine uy for a Linear Equation We solve two linear fractional differential equations
with fractional Laplacian: (—A)®2u + \u = g with A = 0 and X # 0. We give two numerical
examples and discuss the convergence order of our method, when g(x)=sin(x) and
g(x)=|sin(z)|. We find that the solution when A = 0 can be much smoother than that when
A #0.

Determine uy for a Nonlinear Equation We solve one nonlinear fractional differential
equation with fractional Laplacian: (—A)*/2u = f(u) + g(z). Then, we give two examples and
discuss the convergence order of our method, when g(z)=sin(z) and g(z)=|sin(z)| and

f(u) = u — u3. We apply fixed-point iteration methods solve the resulting nonlinear systems.

Determine uy for Time Dependent Equations We solve two fractional differential
equation in time dependent with fractional Laplacian: (—A)*/2u + %1; = f(u) + sin(z). We
consider two equations: the first equation is a linear equation where f(u) = u and the second

one is a nonlinear equation where f(u) = u — u>.

Determine uy for a turbulence testbed problem We discuss how to solve our ultimate
goal problem which is a MMT model [2] based on our numerical results. The equation reads
ut:—i((—A)O‘ﬂu—l—)\’lﬂ|u)—i—Au.

In conclusion, we find that to have solvable linear or nonlinear algebraic system, it is required
to choose a proper form of approximation basis as well as test functions. In numerical
examples, we show that the convergence order is low when the force g(z) is smooth or has only
bounded first derivatives. Finally, for the MMT model, we discuss the difficulty of the problem
and some potential solution which we believe has provided enough knowledge for future

students to solve interesting fractional equations.

Matlab Code for examples in this report is available upon request.
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1 Introduction

2 we can easily find

Fractional calculus means calculus with fractional orders. For instance, x
its first order or any integer order of derivatives and integrals. However, it is more complicate
with the fractinonal order. If we want 2.3th order of x,then we need to use fractional calculus.
Fractional calculus not only apply to the math field, but also apply to some physics, sciences

and technology field.

To use fractional calculus, essential knowledge in mathematical fields should be used. Such as
the basic functions Euler’s gamma function and Euler’s beta function. Some famous fractional
operators to apply are Grunewald Letnikov Fractional Deravative, Riemann Lowville
Fractional Deravative, and Caputo Fractional Derivative. The major numerical methods are

finite difference methods, spectral methods and finite element methods.

The goal of our project is to numerically solve a turbulence testbed problem —
Majda-McLaughlin-Tabak(MMT) [2] model which is a nonlinear time dependent fractional
differential equation. To achieve our goal, the first objective is establishing fractional Jacobi
Polynomial; the second objective is developing numerical methods for some fractional
differential equations; the third objective is measuring errors and convergence orders and infer
the smoothness of solutions. For each problem we consider, we perform numerical tests with
MATLAB and present numerical results and include figures and tables and make discussion
based on results. We also discuss how to solve our ultimate goal problem based on our

numerical results.

The rest of the paper is organized as follows. We present preliminary knowledge in chapter 2,
solve fractional Laplace equations in linear system in chapter 3. We also show that how to
solve fractional Laplace equations in non-linear system in chapter 4. In addition, we provide
the equation with time dependent in chapter 5. Moreover, we explain how to solve the MMT

model in chapter 6. Finally, we make a conclusion in chapter 7.



2 Preliminaries

2.1 Fractional Laplacian

We consider the fractional Laplacian, which is defined as

(_A)a/2u(x) — Cda/ M dy’ (2'1)

" Jra Jx—yldte
where cq o is a normalization constant

. 20T (214
b R (—a/2)|

The integral in (2.1) is understood in the sense of principle value:

LAY 2u(r) = ey lim u(z) —uly)
( ) (z) d, =0T JRAN{|y—z|>c} |z — ‘d+a

When d = 1, we have the following conclusion:

Lemma 2.1 ([3]) Let u, = (1—2%?, |z| <1, p> —1 and u,(z) = 0 when |z| > 1, then for
€ (_1) 1)

a+1

(=A)2uy(x) = ¢1 0 B(—a/2, p+ 1) F)( cz?). (2.2)

l\D\H

+Oé
y P 97

Let vy(x) = (1 — 2?)Pz, |z| <1 and vy(x) = 0 when |z| > 1, p > —1. Then for x € (—1,1)

ats a3
9 P79y

(—A)*2vy(2) = (a + DeraB(—a/2, p+ 1)2F1( sx?)z. (2.3)
Here the hypergeometric function 2 F}(a, b; ¢; z) is defined for |z| < 1 by the power series

o0

oF1(a,b;c;2) = Z In
(¢)n

’Vl

Here (q)y, is the (rising) Pochhammer symbol, which is defined by:

1 n=2>0

(Q)n: .
glg+1)---(g+n—-1) n>0



2.2 Jacobi Polynomials

The Jacobi polynomials are mutually orthogonal: for v, 6 > —1,
1
/ (1 —2)'(1 +2)! PP (2) PO (z) do = en (v, 0)Snm. (2.4)
-1

Here 0,,,, = 1 if n = m and is zero otherwise and

B 270+ Pn4y+1DI(n+604+1)
24y +0+1 T(n+y+0+1)n!

€n (’7/’ 0)
When v = 6, we write e, (7) =: en(7,6).
From Lemma 2.1, we introduce the following conclusion.

Lemma 2.2 For Pﬁ/2’a/2(x),th6 n-th order Jacobi Polynomial with weight function

(1 — 22)*/2, it holds that
(D) P2((1 — 2 2P0 @) = Ay 0P x).
where Ay o = W and we assume that (1 — x2)“/2P€/2’a/2(x) is defined to be zero when

|z| > 1.

This lemma can be proved from Lemma 2.1. The proof is due to Professor Zhang and the

proof can be found in the appendix B.

2.3 Gauss-Jacobi quadrature rule

The Gaussian Quadrature Rule [11] is to approximate the following integration with a

continuous function f(x) using a finite sum

1 n
/ (1—2)(142)0f(x)de ~ Y wif (), (2.5)
=0

-1

where x;’s are the zeros of the Jacobi polynomials ngl and w; are the corresponding
quadrature weights. The quadrature rule (2.5) is exact when f(x) is an algebraic polynomial of

degree 2n + 1 or less.

2.4 Famous Fractional Derivatives

Riemann-Liouville fractional derivative [§]
If f(x) € C(a,b) and = € (a,b) then

10



o d" —(n—a d" n—a
aDt f(t) = ﬁaDt ( )f(t) = %alt f(t)

where

T B Y (. I
a[t f(t) - F(n IR a) /a (t _ T)a—i—l—nd :

Caputo fractional derivative [1]

Caputo’s definition is illustrated as follows:

O D Lol
Cpp(t) = | / :

I'n—«a t — 7)otl-n’
Riesz fractional potential

Spectral relationship for the classical Riesz potential [10]. If 0 < v < 1 and r and k are integer

numbers such that r > —%, k> —%, then for —1 < z < 1 the following holds

1 U_1+T,U+l+k‘ bt 1
/ Qm2 ? (t) dt 7T(71>T2T‘+ + F(m + U) ’UTilfrz’UQifk( )
= T
1 |z —t|" m!T(v) cos(vr/2) mArtk+l ’

where m+k+r+1>0 and
QYA =1 —-t) (1 +t)°’P¥P1), —1<t<1, a,f>-1

Specifically, when r = k = 0, we have if 0 < v < 1, then for —1 < x < 1 the following holds

v

—1 v+1
2

! 2 (t) l (m + 'U) v—1 v—1
— t I 2+ ’+2 = 0 1,2,...
/]_ ’aj t"u m' ('U) COS(’U? /2) m-r k+1(x)7 m , L, 4,

Through Riesz fractional potential, one can define Riesz derivative [12].

2.5 Computation of convergence rate

T

Suppose that g, is a good approximation of f, say, ||f — gn| ~ Cn~", where C' does not

depend on n. To determine the convergence rate of methods, we can use the following formula

log(Hf_gnzH/”f_g?nH)
log(ng/nl) ’

Denote that E,, = ||f — gn|. Suppose that E,, ~ Cn~". We then have

En, n2)—7“
~N\— .
En, ni

11



Taking the logarithm over both sides leads to the formula above.

When f is not known, we can replace f with some fx obtained with a numerical method

where N is sufficiently large so that f — fxn is much smaller than fy — g,

If = gnll = I(f = fN) + IN = gnll = [[fN = gnll-
We call this fy as a reference solution and measure the rate by

log([l/x = gna |l / 1fv — g )
log(ng/nl)

, N1, no K N.

12



3 How to Determine uy for a Linear Equation

In this chapter, we solve two linear fractional differential equations with fractional Laplacian.

We give two numerical examples and discuss the convergence order of our method, when

f(x)=sin(z) and f(x)=|sin(z)]|.

3.1 uy for Fractional Equation (—A)*/?y = f

We first consider the following Fractional Poisson Equation in one dimension for 0 < a < 2.

(=A)*?u = f, ze(-1,1), (3.1)
u = 0, ze€(-1,00)U]Il, 00).

We approximate u by uy where upy is a truncated Fourier-Jacobi expansion:

N
un () =Y anhn(x) € (1 - 27 Py, hy = (1—2%)*?P3/2 2 (z), (3.2)

n=0

Here Py is the set of algebraic polynomials of order less than N + 1 and for any
ve(l- a;2)°‘/2IP’N, there exists a polynomial p,, of order less than N + 1 such that
v=1-22)?p,

Then we can formulate the numerical solution as follows: to find uy € (1 — x2)°‘/ 2Py such that
for all test functions v € (1 — 22)*/?Py it holds

1 1
/ (—A)a/2uN(a:)v(a:) dx = / f(x)v(x) dx. (3.3)
-1 -1

Plugging uy for (3.2) into (3.3) and by Lemma 2.2, we have

N

1 1
> anthua [ PP @uta) de = [ fo)ole) da,
n=0 -1 -1
Taking v = hy = (1 — 22)*/2P*> () k = 0,1,..., N, we obtain

N 1 1
>t [ PPt R P 0 do = [ @) ) (1 - ) e

n=0 -1

Recall the orthogonality of Jacobi polynomials (2.4) and we then have

apAgaer(e/2) = fi, k=0,1,2,...,N. (3.4)

13



where ep(a/2) is from (2.2) and we denote

1
fi= / F@)Pe? () (1 — o) %dz, k=0,1,2,...,N. (3.5)
-1

By (3.4), it only requires to find f. Here we find f by numerical integration using

Gauss-Jacobi quadrature rule. Specifically, when f(z) have high-order derivatives, we use

o S fla) P (). (3.6)
n=0

Here, x;’s are the nodes of Jacobi Polynomial P;Zfl’ a/2 (), w;’s are the corresponding

quadrature weights.

Once we find fi, we have aj and thus have the numerical solution uy from (3.4) and (3.2).

3.1.1 Numerical Results

Consider the two cases, when f(z) = sin(z) and f(x) = [sin(x)|, to check if solutions are

smooth or non-smooth by measuring the computation errors.

We introduce the method we used for measuring error. For error in weighted Lo

[[(1 = 2%)"2(un — wrer) || 2

Ewr, = 3.7
’ H(l _x2)7a/2uref”L2 ( )
Here u,ef is a reference solution using the same method but with N = 256.
For error in weighted L.
1—a2)~%/2(y — Uy o
Ewr.. = 16— =) 2 (g 0|l (3.8)
H(l - )—a urefHLoo
Here the norms are defined as
1
_ 2 1/2 _ ,
V][ 2 (/_1 v (x)dz) =, ]| e pax, lvu(z;)]- (3.9)

Here we use M = 1000 points between —1 and 1 from the Gauss-Jacobi rule with o = 0 (the
zeros of P][\)ﬁrl(x)).

Example 3.1 Let f(z) = sin(x).

14



The numerical solutions are plotted in Figure 3.1 where o = 0.4 and N = 256 and in Figure
3.2 where @« = 1.4 and N = 256.

The convergence order and errors of numerical solutions are calculated in Table 3.1 where

a = 0.4 and N = 256 and Table 3.2 where a = 1.4 and N = 256. We used N = 256 to obtain a

reference solution, i.e., Ut = U2sg.

solution

0.5

0.4

031

0.2

Figure 3.1: Numerical Solution for f(x) = sin(z) with a = 0.4 and N = 256

’ N ‘ Errors in Lo | Errors in Ly ‘ Convergence Order of Lo ‘ Convergence Order of L,

3.5051e-04 5.1207e-04 - -

5.9788e-09 1.0272¢-08 -15.8393 -15.6053
16 | 2.3450e-14 2.2614e-13 -17.9599 -15.4712
32 2.1719e-14 1.8523e-13 -0.1106 -0.2879
64 | 2.0031e-14 1.5064e-13 -0.1167 -0.2982
128 | 1.8159e-14 1.0627e-13 -0.1416 -0.5034

Table 3.1: Error table for f(z) = sin(x) with o = 0.4 and N = 256

We observe that when N = 16, the accuracy is close to machine accuracy in Table 3.1 and is

slightly improved when N = 32,64, 128. The numerical results (convergence order) suggests

the smoothness of the solution, to be more precise, u(x)/(1 — z%)*/2.

Compared to Table 3.1, similar effects are observed in Table 3.2 when a = 1.4. But the

accuracy for N = 16 is closer to machine accuracy compared to the case when o = 0.4.Also,

when a = 1.4, the solution has smaller magnitude when than that when o = 0.4. The

maximum is around 0.5 while the maximum for o« = 0.4 is around 0.15.

Example 3.2 Let f(x) = |sin(x)|.

15




solution

Figure 3.2: Numerical Solution for f(x) = sin(z) with o = 1.4 and N = 256

’ N H Errors in Ly | Errors in Lo ‘ Convergence Order of Lo ‘ Convergence Order of Ly,

1.1655e-04 1.2598e-04 - -

1.1993e-09 1.3023e-09 -16.5684 -16.5618
16 5.5248-16 1.3099e-15 -21.0498 -19.9232
32 3.2690e-16 6.0458e-16 -0.7571 -1.1155
64 1.2384e-16 3.0229e-16 -1.4004 -1
128 || 6.0900e-17 2.0153e-16 -1.0239 -0.5850

Table 3.2: Error table for f(z) = sin(x) with & = 1.4 and N = 256

The numerical solutions are plotted in Figure 3.3 where f(z) = |sin(x)| with o = 0.4 and
N = 256 and Figure 3.4 where f(x) = |sin(x)| with & = 1.4 and N = 256.

The convergence order and errors of numerical solutions are calculated in Table 3.3 when
f(z) = |sin(x)| with & = 0.4 and N = 256, and Table 3.4 when f(x) = |sin(z)| with « = 1.4
and N = 256. We used N = 256 to obtain a reference solution, i.e., Uref = Uosg.

’ N H Errors in Lo ‘ Errors in Lo, | Convergence Order of Lo ‘ Convergence Order of Ly

0.0334 0.0711 - -
8 0.0120 0.0314 -1.4753 -1.1778
16 0.0038 0.0120 -1.6486 -1.3918
32 0.0011 0.0036 -1.7924 -1.7195
64 2.5902e-04 6.4433e-04 -2.0949 -2.4963
128 || 5.4686e-05 2.0706e-04 -2.2439 -1.6377

Table 3.3: Error table when f(z) = |sin(x)| with & = 0.4 and N = 256

16



0.7

0.6 q

solution

0.2

0.1¢> q

Figure 3.3: Numerical Solution of uy for f(z) = [sin(x)|, & = 0.4 and N = 256

The figure suggests that there is a sharp change at 0 while f(z) = |sin(x)| has no second-order
derivative at 0. The error table shows that with N getting larger, the error is getting smaller.
However, the convergence order is around 2, which is much smaller than that in Example 3.1
when a = 0.4. The numerical results suggests that the solution in Example 3.1 is much

smoother than that in here.

0.35

0.3 b

solution

Figure 3.4: Numerical Solution of uy for f(z) = [sin(x)|, o = 1.4 and N = 256

Compared to the case when a = 0.4, we do not observe a sharp change at 0 even though
f(z) = [sin(x)| has no second-order derivative at 0. The figure suggests that the solution is

much smoother than that when o = 0.4.

The error table shows that with N getting larger, the error is getting smaller. However, the

17



’ N H Errors in Lo | Errors in Ly, | Convergence Order of Lo | Convergence Order of L,

0.0066 0.0131 - -
8 0.0016 0.0037 -2.0659 -1.8086
16 3.0064e-04 8.6304e-04 -2.3889 -2.1177
32 4.8634e-05 1.5387e-04 -2.6280 -2.4877
64 6.5219e-06 1.5399e-05 -2.8986 -3.3208
128 | 6.6519e-07 2.4062e-06 -3.2935 -2.6780

Table 3.4: Error table when f(z) = |sin(x)| with o = 1.4 and N = 256

convergence order is around 3, which is larger than that for & = 0.4. The convergence order

again suggests that the solution here is much smoother than that for a = 0.4.

Also, we observe that the solution has a smaller magnitude than that for o = 0.4. The

maximum is around 0.28 while the maximum for o« = 0.4 is around 0.56.

3.2 uy for Fractional Equation (—A)®2u+\u=f

We consider the following equation in one dimension for 0 < a < 2 and A > O:

(=AY 2u+ u = f, ze(-1,1), (3.10)
u = 0, ze(-1,00)U][l,00)

We again approximate u by uy from (3.2) and formulate the numerical solution as follows: to
find uy € (1 — 22)*/?Py such that for all v € (1 — 22)*/2Py, it holds

1 1 1
/_1(—A)°‘/2uN(:c)v(:v) dx + )\/_1 un(x)v(x)de = /_1 f(x)v(x) de. (3.11)

Plugging uy (3.2) into (3.11) and by Lemma 2.2, we have

N

1 1 1
Z anAn,a/ PoI%012(2)o(2) da: + )\/ anhp(x)v(x) de —/ f(x)v(x) de.
"0 -1 -1 -1
Taking v = hy, = (1 — a:Q)O‘/QPIS‘/Q’O‘/Q(a:), k=0,1,..., N, we obtain
N 1

Z anAn,a (1 o x2)a/2pﬁu/2,a/Z(x)P’?/Q,a/2(x) de

n=0 -1

N 1 1
+AY an/ (1= a?) 2 Pe/202() P/ 2 (1) da =/ F(2) P22 (2)(1 = 22)°/? da.
n=0 -1 -1

18



Recall the orthogonality of Jacobi polynomials (2.4), we then have

N
apApaen(0/2) + XD My gag = fr, k=0,1,2,...,N (3.12)

n=0

where fj, is the same as in (3.5) and

1
M, = / (1 — 22)* P22 02 () PO/ % (1) das. (3.13)
—1

To find fi, we again apply numerical integration using Gauss-Jacobi quadrature rule when

f(x) have high-order derivatives. Specifically, we use

fk ~~ Z f(l'i)Pka/Q’a/Q(xi)wi.
n=0

Here, z;’s are the nodes of Jacobi Polynomial PZfi a/2 (), w;’s are the corresponding

quadrature weights.

To find M,, ;;, we also apply numerical integration using Gauss-Jacobi quadrature rule (2.5)

-1

1 N
My, = / (1 —a?) P>l () P> P (2) dw = 37 P22 () P> (g )wy. | (3.14)
j=0

e’

+1
weights. The quadrature rule here is exact since n + k < 2N while the quadrature rule here is

Here x;’s are the zeros of Jacobi Polynomial P]‘\)} (x), w;’s are the corresponding quadrature

exact for all 2N + 1-th order polynomials.

Remark 3.3 We can reduce the amount of operations in obtaining (3.14). Note that
M, 1, = My, ,,. Moreover, when n+ k is odd, My, = 0. In fact, P;f/Q’a/Q ’s are odd functions

when n is odd and are even functions n is even.

Let

Sk = Ap.aer(a/2). (3.15)

Plugging in (3.15) and (3.14) we have

N
arSk+ A apMyy = fr, k=0,1,2,...,N. (3.16)
n=0

We rewrite (3.16) in a matrix format. Here, denoting S as the matrix of Sk, M as the matrix
of M k-

19



Denote B that is

S(] + )\MO,() )\Ml,g )\MQ’O e )\MN70
AM, S1+ AM M- . AM
B=S 4+ M= 0,1 1+ 1,1 2,1 N1
)\MON )\Ml N /\MQ N SN + )\MN,N

Denote @ = (ag, a1, as, ....an) | and f= (fo, f1, f2, -...fn) T. Then we have the resulting linear

system

B

)
Il
T

Thus, we get @ = B~} f and obtain the numerical solution wuy.

3.2.1 Numerical Results

Take A=1. Consider two cases: when f(z) = sin(x) and f(z) = [sin(z)].

Example 3.4 Let f(x) = sin(z).

The numerical solutions of two situation are plotted in Figure 3.5 with o = 0.4 and N = 256

and Figure 3.6 with o = 1.4 and N = 256.

The convergence order and errors of numerical solutions are calculated in Table 3.5 where
a = 0.4 and N = 256, and Table 3.6 when f(z) = sin(x) with & = 1.4 and N = 256. We used

N = 256 to obtain a reference solution, i.e., U = U256.

’ N H Errors in Ly | Errors in Ly ‘ Convergence Order of Lo ‘ Convergence Order of Ly

0.0220 0.1190 - -
8 0.0079 0.0699 -1.4824 -0.7661
16 0.0026 0.0362 -1.6122 -0.9501
32 7.7253e-04 0.0149 -1.7378 -1.2763
64 1.8538e-04 0.0033 -2.0591 -2.1675
128 || 4.0150e-05 7.0276e-04 -2.2070 -2.2431

Table 3.5: Error table when f(x) = sin(x) with o = 0.4 and N = 256
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solution

Figure 3.5: Numerical solution when f(z) = sin(z) with o = 0.4 and N = 256

0.15

0.1

0.05

solution
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—0.1F

-0.151

I I I I I I I I I
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Figure 3.6: Numerical solution when f(x) = sin(z) with & = 1.4 and N = 256

N H Errors in Ly | Errors in Lo, ‘ Convergence Order of Lo ‘ Convergence Order of Ly

0.0028 0.0089 - -
8 2.3131e-04 0.0013 -3.5955 -2.7347
16 1.9453e-05 2.0654e-04 -3.5718 -2.6911
32 1.5523e-06 2.8718e-05 -3.6475 -2.8464
64 1.1639e-07 2.9474e-06 -3.7374 -3.2845
128 || 2.8217e-09 7.4302e-08 -5.3663 -5.3099

Table 3.6: Error table when f(x) = sin(z) with o = 1.4 and N = 256
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The error table shows that with IV getting larger, the error is getting smaller. When a=0.4,
the convergence order is around 2 which indicates that the solution is not smooth. When
alpha=1.4, the convergence order is around 4 which means that the solution is smoother than
a=0.4.However, the convergence order is still low, around 4, which indicates gain that the
solution is not smooth. Also, the solution has smaller maximum than the previous one, see

Figure 3.6 and Figure 3.5.
Example 3.5 Let f(x) = [sin(z)].
The numerical solutions of two cases are plotted in Figure 3.7 with & = 0.4 and N = 256) and

Figure 3.8(f(z) = sin(x) with o = 1.4 and N = 256).

The convergence order and errors of numerical solutions are calculated in Table 3.7 with
a = 0.4 and N = 256 and Table 3.8 with a = 1.4 and N = 256.We used N = 256 to obtain a

reference solution, i.e., Urer = U2sg.

0.35

solution

Figure 3.7: Numerical solution when f(x) = |sin(x)| with o = 0.4 and N = 256

’ N H Errors in Lo | Errors in Ly ‘ Convergence Order of Lo ‘ Convergence Order of L,

0.0543 0.0705 - -
8 0.0185 0.0399 -1.5520 -0.8214
16 0.0060 0.0167 -1.6228 -1.2589
32 0.0018 0.0053 -1.7499 -1.6409
64 4.3186e-04 9.8859e-04 -2.0505 -2.4341
128 || 9.5353e-05 3.3140e-04 -2.1792 -1.5768

Table 3.7: Error table when f(z) = |sin(x)| with o = 0.4 and N = 256
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The figure 3.7 suggests that there is a sharp change at 0 while f(z) = |sin(x)| has no
second-order derivative at 0. The error table 3.7 of «=0.4 shows that with N getting larger,
the error is getting smaller. However, the convergence order is around 2, which is almost the
same as in Example 3.2 when o = 0.4. The numerical results suggests that the solution is not

smooth.

0.18
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solution
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Figure 3.8: Numerical solution when f(x) = [sin(z)| with & = 1.4 and N = 256

’ N H Frrors in Ly | Errors in L ‘ Convergence Order of Lo ‘ Convergence Order of Ly

0.0101 0.0192 - -
8 0.0025 0.0059 -2.0138 -1.6982
16 4.8709e-04 0.0014 -2.3646 -2.0846
32 7.9412e-05 2.5055e-04 -2.6168 -2.4760
64 1.0684e-05 2.5154e-05 -2.8939 -3.3163
128 || 1.0913e-06 3.9368e-06 -3.2913 -2.6757

Table 3.8: Error table when f(z) = |sin(z)| with & = 1.4 and N = 256

Compared to the case when o = 0.4, we do not observe a sharp change at 0 in Figure 3.8 . The
figure suggests that the solution is much smoother than that when o = 0.4. However, from
Table 3.8 we can see that the convergence order is around 3, which is almost the same as in
Example 3.2 when a = 1.4. The convergence order again suggests that the solution here is

much smoother than that for a = 0.4.

Also, we observe from figure 3.8 that the solution has a smaller magnitude than that for
a = 0.4. From figure 3.7, the maximum is around 0.16 while the maximum for o = 0.4 is
around 0.32.
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3.3 Summary and Discussion

In this chapter, we considered Jacobi spectral methods for two linear fractional differential

equations:

(=A) 2y + Au = f.

We found that

e When A =0 and f was smooth, the convergence order was high and the solution
(u(z)/(1 — 22)*/?) was smooth, see Example 3.1.

e When A =0 and f was not smooth, the convergence order was high and the solution

(u(z)/(1 — £2)*/?) was not smooth, see Example 3.2.

e When A =1 and f =sin(z) or f = |sin(z)|, the convergence order was low and the

solution (u(z)/(1 — 2%)®/?) was not smooth, see Example 3.4 and Example 3.5.

When A\ = 0, we considered two different f: f =sin(x) and f=|sin(x)|. For a = 0.4 and

N = 128, the error in weighted Lo for sin(z) was 1.8159¢ — 14 and the error in weighted Lo for
|sin(z)| was 5.4686e — 05. This was because that sin(x) was differentiable when z in R and the
derivatives are always bounded by 1. But [sin(x)| is not differentiable at 0. We could see that
sin(z) was smoother than [sin(z)|. That’s why they had such large difference. When A = 1, we
did not observe the same effects and we believed that the solution was not smooth because of
the operator (—A)®/2.

Moreover, from error tables with convergence order, we found that when a was getting larger,
the convergence order was getting larger. This suggested that with a large «, the solution was

smoother than that from a small a.
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4 How to Determine uy for a Nonlinear Equation

In this chapter, we solve a nonlinear fractional differential equation with fractional Laplacian.

We give two numerical examples and discuss the convergence order of our method, when
g(z)=sin(z) and g(z)=|sin(z)|.

4.1 wuy for Fractional Equation (—A)*%u = f(u) + g(z)

Consider the following equation in one dimension for 0 < o < 2 and A > O:

1 1 1
/1(—A)°‘/2uvdaz = 1f(uN)vdx+/1gvd:c, (4.1)

Plugging uy (3.2) into (4.1) and by Lemma 2.2, we have

N

Z anAma PO‘/2 o2y d:v—/ flun)v dx—l—/ g(x)v(x)dx.

n=0

Taking v = hy = (1 — 22)*/2P* (), k = 0,1,..., N, we obtain

N 1
>t [ PP - )RR ) da
n=0 -1

- / Fan) B @) (1 )02 d / @) P (@) (1 = 22 d,
-1

Recall the orthogonality of Jacobi polynomials (2.4) , we then have equation of gy :

1 1
apAp.a / 1(1—952)0‘/2P,£a”5)(:c)P,Eavﬂ)(x) dz+ / ) Flun) P20 (@)1= de = g, k=0,1,2,...

where we denote

1
gk:/ g(@) P> (2)(1 - 2 2dx, k=0,1,2,...,N.
-1

By numerical integration using Gauss-Jacobi quadrature rule (2.5) when g(z) have high-order

derivatives, we use

g ~ Zg(xi)P]?/z’a/Q(xi)wi.

Here, x;’s are the nodes of Jacobi Polynomial Pﬁfbfl a/2 (), w;’s are the corresponding

quadrature weights.
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Assume that f(u) = u — u3.

1 1 1
/ f(UN)P]?/z’a/2(l')(1—$2)a/2 dr = / UNP]?/z’a/Z(x)(l—$2)a/2 d$—/ (uN)?)Pa/? a/2( )(1_1,2)04/2 dr.
-1

We can rewrite the equation (4.1) as

N
S anAna PR () P (), — /

n=0 -1

Denote that
R 1 /2, a/2
F(@) = (1, (un)* P> (@)(
R /2, /2
F@), = [1) (un)* P> (a)(
Specifically, we have from (3.2) that

1—a2)2dz, .. [ (un)3PY > (@) (1 = 22)*/2 dz)T. To find
1 — 22)*/2 dzx, we also apply Gauss-quadrature rule (2.5).

1 1 N
/ (uN)3P,?/2’O‘/2(:c)(1—x2)°‘/2dx:/ (1—2?) Za P ()%, P2 () da.

Note that the integrand (Z] 0 ;‘PO‘/Q( ))3, PIS‘/2(3§) is a polynomial of order no more than

4N. Then we apply Gaussian quadrature rule (2.5) and we have

1 2N N
[ R ) = ety e = 3 (D ) B (43)
-1 i=0 j=0
Here the y;’s (1 =0,1,2,...,2N) are the zeros of P%%i‘f and w;’s are the corresponding

weights.

Denote also that @ = (ag, a1, as, ....an)” and § = (g0, g1, g2, ....g~ )" . In a matrix form, we write
(4.2) as

(G(@) = Sd+ F(a) — §(z) - Md = 0.] (4.4)

where M is the matrix with elements (3.14) and S is the diagonal matrix (3.15).
Now, by Newton’s method, we obtain
VaG(a) (@' —a") =G(@), where VzG(d@) =S — VzF(d)— M.

To use Newton’s method, we need to find the initial value @°. Here we guess the value of @°
from the following equation
VaG(@) =S — M.

Thus, we can get @ and then plug in equation (3.2) to get the numerical solution uy.
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4.1.1 Numerical Results

We check convergence order and measure errors of our method.

Example 4.1 Assume f(u) = u3, g(z) = sin(z).

According to Newton’s method, plugging in the matrix S, VzF (@), we get VzG(a) =

So 0 0 0

R B CR

0O 0 O SN
(Buiho(z), ho(x))  (Buihi(z), ho(z))  (Buiha(z), ho(z)) ... (Buihn(z),ho(x))
Buiho(z), ha(x))  Buihi(z), hi(z)) (Buihe(z), hi(z)) ... (Buyhy(z),h(z))
(Buiho(z), hy(x))  (Bufha(x), hn(x)) (Buihe(x), by (x)) (Buichn (), by ()

However, we find the solution is oscillatory which suggests that the Newton’s method is not
working well. We believe the failure of Newton’s method is due to a bad initial guess @ given

above. Instead, we use a fixed point iteration method with tolerance le — 12 to solve the

equation.

The numerical solutions are plotted in Figure 4.1 where f(z) = sin(x) with o = 0.4 and
N = 256, and in Figure 4.2 where f(z) = sin(z) with & = 1.4 and N = 256.

The convergence order and errors of numerical solutions are calculated in Table 4.1 where
a = 0.4 and N = 256, and Table 4.2 where f(z) = sin(z) with o = 1.4 and N = 256. We used

N = 256 to obtain a reference solution, i.e., Upef = U256.

’ N H Errors in Ly | Errors in L ‘ Convergence Order of Lo ‘ Convergence Order of Ly

0.0565 0.0785 - -
8 0.0083 0.0135 -2.7703 -2.5417
16 7.2560e-04 0.0090 -3.5136 -0.5773
32 2.0721e-04 0.0045 -1.8081 -1.0128
64 5.0052e-05 0.0019 -2.0496 -1.2400
128 || 1.1760e-05 6.1751e-04 -2.0896 -1.6127

Table 4.1: Error table when g(z) = sin(z) with o = 0.4 and N = 256

The error table shows that with larger NV, the error is smaller. We compare two error tables

and find that when a=0.4, the convergence order is around 2. When a=1.4, the convergence
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Figure 4.2: Numerical solution when g(z) = sin(z) with a = 1.4 and N = 256.

solution

solution

’ N H Errors in Ly | Errors in L ‘ Convergence Order of Lo ‘ Convergence Order of Ly

4 3.5444e-04 5.7414e-04 - -

8 4.9591e-05 7.8128e-05 -2.8374 -2.8775
16 3.2080e-06 6.3001e-06 -3.9504 -3.6324
32 1.3194e-07 3.9494e-07 -4.6037 -3.9957
64 4.8471e-09 2.3120e-08 -4.7666 -4.0944
128 || 1.6717e-10 1.3178e-09 -4.8577 -4.1329

Table 4.2: Error table when g(z) = sin(x) with & = 1.4 and N = 256.
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order is around 4. It means that the solution with @=0.4 is smoother than with a=1.4. In
addition, we find from the two figures that the maximum magnitude of Figure 4.1 is 0.75 and

the maximum magnitude of Figure 4.2 is 0.15.

4.2 Summary and Discussion

In this chapter, we considered Newton’s method and fixed point iteration method for this

nonlinear equation:

(=2)*u = f(u) + g().

We chose a fixed point method instead of Newton’s method since Newton’s method leads to
solutions with high oscillation. We didn’t find a good initial guess for Newton’s method.

Instead, fixed point iteration did not have this problem and worked for our nonlinear system.

We found that when g = sin(x) was smooth,the convergence order was low and thus the
solution was not smooth. However, when o was lager, the numerical results suggested that

solutions were smoother.
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5 How to Determine uy for Time Dependent Equations

In chapter 5, we solve both linear system and nonlinear system fractional equations in time
dependent equations. Then, we give numerical examples and discuss the convergence order of

our method, when g(x)=sin(z).

5.1 uy for Fractional Equation (—A)O‘/ZU—I—%:u—i—g

We first consider the following equation in one dimension linear system for 0 < o < 2:
1 1 8UN 1 1
/ (—A)O‘/zu]vvdx+/ ——vdr = / uNde—i—/ guvdx. (5.1)
-1 1 Ot —1 ~1
We use the following approximation

N
un(t,2) =Y an(t)hn(@) € (1= 2%)* Py, hy = (1—2?)*2P/22(x). (5.2)

n=0

Plugging (5.2) into (5.1), we have

N 1 12,02 d 1 N
;::) A /_ PPl de+ _1;%@)%(@@(@ do
1 N 1
= /_17;)an(t)hn(:r)v(:r) dx+/_1 g(x)v(x) dz.

Taking v = hi(x) is not working because it makes the matrix M of

My = fil(l — m2)a/2hkhn dx a singular matrix. We find that when N = 128 and o = 1.4, the
determinant of M is 4.1054e — 217. Even when N = 16 and a = 1.4, the determinant of M is
1.2863e — 14.

Instead of taking v = hi(x), we take v = P,?/z’a/Q(:v), k=0,1,...,N and obtain

N 1 N 1
Z anAn.a / PS/Z,&/Z(x>PIS¢/Q, a/Q(:(}) dx—i—% Z an(t) / (1_$2)a/2p7?/2,a/2 (%)P:/Q’a/2(x) da
n=0 -1 n=0 -1

N 1 1
=3 anlt) / (1 — 22)/2Pe/%e2() PO (1) doe + / g(z) P> (1) da.
n—=0 1 —1

By the orthogonality of (2.4) and (2.2), we can write the resulting equation as follows:

N
(Der(e/2) + > Sprar(t) = ax(t)er(a/2) + gr, k=0,1,...,N. (5.3)

n=0

™
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Here we denote

1 1
Snk = ATW/ Pﬁ/Q’a/Q(m)Pg/z’a/Q(x) dx and g = / g(x)P,?/Q’a/z(m) dx.
-1 -1

To find S, 1, we also apply numerical integration using Gauss-Jacobi quadrature rule (2.5)
1 N
Suk = Ana | PY22(@) PP (1) de = Ao Y PP (x) PYP P () wi. (5.4)
—1 -
7=0

Here x;’s are the zeros of Jacobi Polynomial P](\),’il(x), w;’s are the corresponding quadrature

weights. The value of g can be approximated similarly.

Remark 5.1 We can reduce the amount of operations as in obtaining (3.14). Note that
M, = My, ,,. Moreover, when n+k is odd, My, = 0. In fact, Pﬁ/Q’a/Z ’s are odd functions

when n is odd and are even functions n is even.

To solve the ordinary differential equation (5.3), we first write (5.3) in a matrix form. Denote
a(t) = (ao(t),a1(t),as(t),...,an ()T and § = (go, g1, g2, ....gn )" . Denote also the diagonal
matrix of e;(a/2) by E and the matrix of S, by S’. The resulting linear system is

d
S'a(t) + - Ea(t) = ABa(t) + 7, (5.5)
where
0 0 0 0 Soo St Sho Sho
B 0 e O 0 g — So1 11 S5 Sk
0 0 0 en Stn Sin Shw Sh.n

Let y(t)=Fa and we have
d S
Y@ = f(ty), y(0) = Ea(0),

where
flty) = Ba+§—5a=(E—S)Ey(t) + 4. (5.6)

Now we explain here how y(0) is computed. According to the equation (5.2), we find the value

of a(0),
fil u(0, x)P]?/2’a/2(a:) dx

S PP (@)2(1 — a2)e/?

where the integration can be approximated by a proper Gauss-Jacobi quadrature rule. Then

a(0) =

we get the initial value yq.
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5.1.1 Discretization in time

We use forward and backward Euler method, midpoint methods, and RK4 method in time to
find approximation of y(t) at ¢,41 and compare the numerical results. We provide the
following discrete schemes of forward Euler method, backward Euler method, midpoint
method and RK4 method.

Forward Euler method

Let t, = tg + h. Now, one step of the Euler method from %, to t,+1 =1t, + h is
Ynt1 = Yn + 1f(tn, yn).

Specifically, we have

yo = Fap(0) ,tog=0,

yi = Yo+ hf(to,yo) =yo+h((E—S)E 'y(0) + §),
Yo = yo+hf(ti,y) =y +h(E-S)VE Y1)+ g),
Ynt1 = Yn+hf(tn,yn) =y +h((E—S)VE  y(n) + 7).

Backward Euler method
Let t,, = to + h. Now, one step of the backward Euler method from ¢, to t,41 =t, + h is
Ynt1 = Yn + Bf (bns1, Ynt1) = Yn + 0(G — SE™ yns1) + Ynt1)-
Simplifying it, we have
Yn+1 = (L +ShE™" —h) " (ya +1g), yo = Bay(0).
Here I is the identity matrix.
Midpoint method

Let t,, = to + h. Now, one step of the midpoint Euler method from ¢, to t,+1 =t, + h is

h 1 41 1
Yn+l = Yn + hf (tn + §a Q(yn + yn+1)> =Yn+ h(g - SE li(yn + yn+1) + §(yn + ynJrl))-
Simplifying it, we have

1 h 1 h
yni1 = (I + ShSE™ = 2)7H (I = ShSE™" + J)yn + hg).

RK4 method
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Let t,, = tg + h. Now, four steps of the RK4 method from y,4+1= yn + % (k1 + 2ko + 2ks + kyq)
tpr1= tn + h for n=0,1,2,3......, using:

27yn+%k1)7
ln + Q,yn ﬁk?)»
tn + h,Yn + hks3).

/\/\/‘\/‘\
H—

5.1.2 Numerical Results

Example 5.2 (Forward Euler) Let g(z) = sin(x).

The numerical solution at ¢ = 0.1 is plotted in Figure 5.1 where o = 0.4 and N = 256. The
convergence order and errors of numerical solutions are calculated in Table 5.1 where o = 0.4
and N = 256.

solution

Figure 5.1: Forward Eulerwhen f(z) = sin(z) with o = 0.4 and N = 256

’ N H Errors in Lo | Errors in Ly ‘ Convergence Order of Lo ‘ Convergence Order of Ly,

0.0234 0.6159 - -
8 0.0167 0.5669 -0.4859 -0.1195
16 0.0108 0.4913 -0.6298 -0.2065
32 0.0062 0.3854 -0.7941 -0.3505
64 0.0031 0.2536 -1.0073 -0.6037
128 0.0013 0.1162 -1.3021 -1.1259

Table 5.1: Error table - forward Euler when g(z) = sin(z) with o = 0.4 and N = 256
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Example 5.3 (Backward Euler) Let g(x) = sin(x).

The numerical solution at ¢ = 0.1 is plotted in Figure 5.2 where o = 0.4 and N = 256. The
convergence order and errors of numerical solutions are calculated in Table 5.2 where a = 0.4
and N = 256.

0.04

0.03 -

0.02

0.01-

solution
e O

-0.01]

-0.02

-0.03-

-0.041

-0.05

Figure 5.2: Backward Euler when g(z) = sin(z) with o = 0.4 and N = 256

’ N H Errors in Lo | Errors in Ly ‘ Convergence Order of Lo ‘ Convergence Order of Ly,

0.0113 0.1086 - -
8 0.0071 0.0.0978 -0.6771 -0.1504
16 0.0039 0.0826 -0.8456 -0.2442
32 0.0020 0.0614 -0.9920 -0.4278
64 8.7975e-04 0.0377 -1.1686 -0.7041
128 || 3.4847e-04 0.0157 -1.3361 -1.2623

Table 5.2: Error table -backward Euler when g(z) = sin(z) with & = 0.4 and N = 256

Example 5.4 (Midpoint) Let g(x) = sin(z).

The numerical solution at ¢ = 0.1 by Midpoint Method is plotted in Figure 5.3. The
convergence order and errors of numerical solutions are calculated in Table 5.3 where a = 0.4
and N = 256.

Example 5.5 (RK4) Let g(z) = sin(z).

The numerical solution by RK4 Method is plotted in Figure 5.4. The convergence order and

errors of numerical solutions are calculated in Table 5.4 where o = 0.4 and N = 256.
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0.06

0.04 -

0.0

solution
e

-0.02]

-0.04 @

Figure 5.3: Midpoint when g(x) = sin(z) with o = 0.4 and N = 256

N ‘ Errors in Ly | Errors in L ‘ Convergence Order of Ly | Convergence Order of Lo,

0.0698 1.3390 - -

0.0617 1.3086 -0.1782 -0.0331
16 0.0517 1.2455 -0.2561 -0.0713
32 0.0400 1.1197 -0.3686 -0.1536
64 0.0276 0.8882 -0.5349 -0.3342
128 0.0156 0.5148 -0.8200 -0.7869

Table 5.3: Error table -Midpoint method when g(z) = sin(z) with a = 0.4 and N = 256

0.06

solution

Figure 5.4: RK4 when g(z) = sin(z) with o = 0.4 and N = 256
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’ N H Errors in Lo | Errors in Ly, | Convergence Order of Lo | Convergence Order of L,

0.0234 0.6159 - -
8 0.0167 0.5669 -0.4861 -0.1196
16 0.0108 0.4913 -0.6301 -0.2067
32 0.0062 0.3854 -0.7944 -0.3507
64 0.0031 0.2536 -1.0076 -0.6038
128 0.0013 0.1162 -1.3021 -1.1259

Table 5.4: Error table -RK4 when g(z) = sin(z) with o = 0.4 and N = 256

Table 5.1 shows that the convergence order is around 1.1. Table 5.2 shows that the
convergence order is around 1.2. Table 5.3 shows that the convergence order is around 0.8.
Table 5.4 shows that the convergence order is around 1.1. All the convergence order is low and
thus the solution is non smooth. But the error tables show that the error is getting smaller

with N getting larger.

5.2 uy for Fractional Equation (—A)*/2u+2%“=f(u)+g

Then we consider the following equation in one dimension nonlinear system.

0
(~8)uy + =5 = f(w) + g

We again use the approximation (5.2).

From section 5.1 and equation 5.3, we can get the following equation

N
%ak(t)ek(a/Q) £ Supan(t) = an(®en(a/2) +gx + My(t), k= 0,1,...,N.|  (5.7)
n=0

Here My (t) = f_ll(l — g2)3/2(N aj(7§)P-a/2)3P,?/2 dx. Using the forward Euler method, we

7=0 i
get
an+1 _ az N
kTek(a/Q» + Z Shkar = ager(a/2) + gk + M7,
n=0
where
1 N
up= [ (=S PR da
_ =

5.2.1 Numerical Results

Example 5.6 Assume f(u) =u —u?, g(x) = sin(z).
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The errors are plotted in Figure 5.5 where o = 0.4 and the reference solution is generated by
N =256 and we use M = 256 in (3.9). The convergence order and errors of numerical

solutions are presented in Table 5.5 where a = 0.4 and N=256.

0.7

0.6

05

04r

Error

0.3

0.2

0.1

s
0 e

Figure 5.5: Numerical error when f(z) = sin(z) with a = 0.4 and N = 256. The red line

represents errors in Ly and the blue line represents errors in Ly.

’ N H Errors in Lo | Errors in Ly ‘ Convergence Order of Ly | Convergence Order of L,

0.0234 0.6159 - -
8 0.0167 0.5669 -0.4865 -0.1196
16 0.0108 0.4913 -0.6299 -0.2066
32 0.0062 0.3853 -0.7941 -0.3505
64 0.0031 0.2536 -1.0074 -0.6037
128 0.0013 0.1162 -1.3021 -1.1259

Table 5.5: Error table when g(z) = sin(z) with o = 0.4 and N = 256

From Table 5.5, the accuracy is very low but we can still observe that some convergence order

is around 1. The accuracy is slightly improved when N = 64, 128.
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6 uy for Fractional Equation w=-i((—A)"?u4\|u?|u)+Au

In this chapter, we discuss how to solve this MMT equation. More information can be found in

reference [2].
We consider the following equation in one dimension for 0 < o < 2 and A > O:

up = —i((—A)a/2u+)\‘u2‘u) + Au. (6.1)

Let u(z)=v(z)+iw(z), we have:

O (v + iw) = —i((—A)*2u + A [u?|u) + Au
= —i((=A)*2(v +iw) + X | (v + iw)?] (v + iw))v + A(v + iw)
= —i(—(A)Y?)v 4 (=A)* 2w — i (0 + w?)v + A0 + w?)w + Av + iAw.

Now we have
vy = (—A)*%w + A(W? + w?)w + Av,

wy = —(—A)*?0 = A0? + w?)v + Aw.

Similar to the approximation in (5.2), we let

N N
vn(t,7) = zn(thn(z), wy(t, ) =Y bp(t)hn(z).
n=0 n=0

But we are in trouble to calculate of A(h,(x)). Here we take the test function as h(x)
1 1
/ Ahy(x)hg(z) de = —/ Ophn () 0ph(z) d.
-1 —1

But the term fil hn(z)hi(x)dz lead to a singular matrix as stated in Chapter 5. It seems that

we need to take the test function as P,?/ZO‘/Q(:U). Then we have

1 1
/ Ah () PE () da = Opho (1) PE>P () |1, — / BOphn ()0, PX>2 (1) da.
1 —1
Notice that thn(x)Ps/Q’a/Q(x) is not well defined at = +1 when 0 < «/2 < 1. We are in a

position to choose a working test function. But we don’t have a solution yet at the time of

writing this report.
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7 Conclusion

In conclusion, this project was to numerically solve fractional Laplace equations and related

equations, where the fractional Laplacian was defined as

SN2y () = / u@) —uly) .
(=A)* u(z) = caa ri |z — yldta Y
The major numerical methods we used were finite difference in time and spectral methods in

space. We considered the following situations to determine solutions of the form uy which read

N
uy = Z anhn(x) c (1 _ x2)a/2]P)N7 h, = (1 _ xQ)a/QPS/Q,a/Q(x).

n=0

We solved two linear fractional differential equations with fractional Laplacian in Chapter 3:
(—A)a/ 2u+ M= g with A =0 and XA # 0. We gave two numerical examples and discuss the
convergence order of our method, when g(z)=sin(z) and g(z)=|sin(z)|. We found the

relationship between A\, g(z)and convergence order: We found that

e When A = 0 and g was smooth, the convergence order was high and the solution
(u(z)/(1 — £2)*/?) was smooth.

e When A =0 and g was not smooth, the convergence order was high and the solution
(u(z)/(1 — 22)*/?) was not smooth.

e When A =1 and g = sin(z) or f = |sin(z)|, the convergence order was low and the

solution (u(z)/(1 — 22)*/?) was not smooth.

Moreover, from error tables with convergence order, we found that when a was getting larger,
the convergence order was getting larger. This suggested that with a large «, the solution was

smoother than that from a small «a.

We solved one nonlinear fractional differential equation with fractional Laplacian in chapter 4:
(=A)*/2y = f(u) + g(z). Then, we gave two examples and discussed the convergence order of
our method, when g(x)=sin(x) and g(z)=|sin(x)| and f(u) = u — u®. We applied a fixed-point
iteration method instead of Newton’s method to solve the resulting nonlinear systems since
Newton’s method leads to solutions with high oscillation. We were able to find a good initial

guess for Newton’s method.

We found that when g was smooth,the convergence order was very low and thus the solution
was not smooth. However, when « was lager, the numerical results suggested that solutions

were smoother.
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We solved two fractional differential equation in time dependent with fractional Laplacian in
Chapter 5: (=A)*/2y 4 % = f(u) +sin(x), where f(u) = u or f(u) = u—u3. We used forward
and backward Euler methods, midpoint method and RK4 method for the linear equation and
forward FEuler method for the nonlinear equation. All numerical results showed a very low

convergence order which indicated the solution was not smooth enough.

We discussed how to solve our ultimate goal problem which is a MMT model [2] based on our
previous numerical results. We discussed the difficulty of the problem and some potential
solution. We believed this report had provided enough knowledge for future students to solve
MMT model and other fractional models.
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Appendices

A Basic Functions

Gamma Function [10]

Some essential knowledge is required to enter the world of fractional calculus. One of the basic
functions is the Gamma function. It is a special function which is the factorial n! and allows n

to be real or even complex number except non-positive integer.It is defined by the integral

I'(t) = /000 e " du. (A1)

Here is a useful properties of gamma function.

T(t + 1) = tI(t). (A.2)

(A.2) can be proved simply using integration by parts,
I'(n)=(n—-1)! (A.3)
for all positive integer n.

Beta Function [10]

FEuler’s Beta function is like the family of Gamma function and also essential to the fractional

calculus. It is also a spectial function defined by

1
B(z,y) = / tx’1(1 — t)y’l dt. (A.4)
0
It also can be represented by gamma function.
I'(z)I'(y)
B(z,y) = A5
@9 = T (45)

We can find out from (A.5) that Beta function is symmetric

B(z,y) = B(y, z). (A.6)

B Proof of Lemma 2.2

Proof. The conclusion can be shown by induction. By Lemma 2.1, for n = 0,

(=) =) = T(a+1),

41



and for n =1,
(=A)*2[(1 = 22 (a+ 1)z] = —T(a + 2)(a + 1)z.

Now suppose that k£ < n the relation holds then when k£ =n + 1, we want

(—A)2[(1 = 2?2 P2 (1)) = ApyraPYT P (2).

By integration-by-parts formula [4], for any j < n, we have
1
/2, a/2 /2, a/2
/1(—A)O‘/2[(1 o m2)04/2Pnil / (CC)]P] /2,af (1— x2)a/2) d

1
- / (1= a2 P () (=) [P) 22 (1 - ) %)) da
-1

1
— Aj,a((l - $2)a/2/ PsJ{Ql,a/2’P]g/2,a/2 dz = 0.

Here we have used the induction assumption.
By Lemma 2.1, (—A)*/2[(1 — xQ)a/QPgﬁ’ O‘/2(313) is a polynomial of order n 4 1, then we have
()21 =) PP (@) = Covra BT (@), (B.1)

n+1

where Cj41,o is a constant depending on n 4 1 and o. Then we compare the coefficients of

leading-order term over both sides and obtain the conclusion at k =n + 1.
The constant can be found by the following procedure.
Suppose that m = n + 1 = 2k. Then we can compare the coefficients of the leading order term

in a power series representation of P,%/ 2.0/2 (). The coefficient can be obtained by

MNa+2m+1) _o/24ma/2+m IMNa+2m+1)
n po/2,0/2 — [2+m,a/2+ —
%P =) = et m £ 1) 10 @) = S atmT1)

(B.2)

While the coefficient of leading-order tem of LHS in (B.1) is the coefficient of leading order

term of
 D(a+2m+1)

(=1) 2T (a4 m+1)

which is (p = a/2 + k)

X (=A)*2[(1 = 2®)*(1 - o),

g D(a+2m+1) a+1

(-1) (o + m + 1)61,013(—04/27 P+ 1)2F1(

@ 1 9
TP ;T7)

So it requires to check the coefficient of leading-order term of
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cLaB(=a/2, p+ 121 (5, —p + §; 5:2%).

l\')h—*

2°T(244)  T(—a/20(p+ 1) (5 D)u(—p + o/
w2 |0(~a/2)] T(p—a/2+1) (1/2)k!
2°T(24)  T(—a/2)T(p+ 1) (U5 )k(—k)
72 |0(—a/2)| T(p—a/2+1) (1/2)k!
O 2°T(%Y) T(—a/2T(p+ )T + F)T(5) (—k)k
o 2| (— a/2)| Lk+1)  T(EHTE +k) K
_ 20 De/APp+ DT +R0G)
~ w2|0(=e/2)]  T(k+1) L(3+k)
(= D)FR2OT () T(p 4+ DD(E + k)
- 7d/2 T(k+ D)L +k)

Then by the following the duplication formula

D) (2 +3) =272 /7 T(22),

we have

2°T(%49)  T(—a/20(p+ 1) (U52)i(-p+a/2)s
w42 |0(~a/2)] T(p—a/2+1) (1/2) k!
(=D 2en(H) D(p+ D2 + k)
md/2 T(k+DT(5 + k)
(—D)FH2°T(3) a2~ 2D (a + 1 + 2k)
md/2 2-2k\/mT(2k + 1)
(—1)k+ [(a+ 1‘+ m)

Comparing the coefficients of leading order terms of

p D(a+2m+1)
2'INa+m+1)

(=1

x (—A)2[(1 — 2221 — 2®)k] and Cpy1 0.

Similarly, we can have the same conclusion when m =n + 1 = 2k + 1.

C Numerical Methods

Forward Euler Method 7]

Suppose that we want to approximate the solution of the initial value problem y'(¢t)=f(¢,y(t)),
y(to)=yo. Choose a value h for the size of every step and set t,, = to + nh. Now, one step of
the Euler method from t,, to t,+1 =t + h 1S Ynt1 = Yn + hf (tn, Yn)-
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Backward Euler Method [7]

Consider the ordinary differential equation % = f(t,y) with initial value y(to) = yo. Choose a
value h for the size of every step and set t,, = tg + nh. The backward Euler method computes
the approximations using yx1+1 = yx + hf(tx+1, yx+1). This differs from the (forward) Euler

method in that the latter uses f(x,yx) in place of f(txi1,Yr+1)-
Midpoint Method [9]

The midpoint method is a one-step method for solving the ordinary differential equation:

Yy (t) = f(t,y(t), y(to) =yo. The method by: yny1 = yn + hf (tn + 5,3 (Un + yns1)) , for
n=20,1,2,.... Here, h is the ‘step size’ - a small positive number, ¢,, = to + nh, and ¥, is the

computed approximate value of y(tp).
Runge - Kutta Method [13]

The most famous one is “RK4” method. Let an initial value problem be specified as
follows.y = f(t,y), wy(to) = yo. The initial time ¢y and initial value yq is given. A step-size hg
is picked and define

Yni1 = Yn + & (k1 + 2ko + 2k3 + k) ,

forn=0,1,2,3,...., using

(tn,yn),

(tn+ 5 yn + 2k1),
(tn + 5 yn + 2ko),
(t + h, yn+hk3)

f
f
f
f

Newton’s Method (Newton-Raphson method) [5]

Suppose f(z*) =0 < 0= f(z) +f'(z)(z — 2*) if | — 2*| is small. Then there is the
following scheme when f’(z) # 0,

f(zk)
fx)

0= f(xg) + f'(xp)(xh — Thy1) <= Tpp1 = T —

Fixed Point Iteration [6]

Let g be a continuous function on the interval [a,b]. If g(x) € [a, b] for each = € [a,b], then g
has a fixed point in [a, b]. Furthermore, if g is differentiable on (a, b) and there exists a
constant k < 1 such that |¢'(z)| < k, x € (a,b), then g has exactly one fixed point in [a, b].

The following algorithm computes a number z* € (a,b) that is a solution to the equation g(z)
= x. Choose an initial guess g € [a, b]. For k =0,1,...2,--- | do xx1 =g(xp) iteration until
|zg+1 — x| < e. Then let x* = zp1.
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