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Abstract

In this dissertation, we study the well-posedness of a variational formulation for
modeling quasi-static evolution of cracks in elastic materials under boundary loads.
Quasi-static evolution of fracture for displacement loads, i.e., Dirichlet boundary con-
ditions, has been studied extensively in the past couple of decades, using models based
on global and local minimization. However, boundary loads, i.e., Neumann boundary
conditions, had been seen as problematic with the usual variational formulation, due
to a straightforward non-existence argument.

Recently, a variational formulation, namely dual minimization, was proposed as
a method for finding solutions for fracture problem with boundary loads. Adopting
this method, we study existence of quasi-static fracture evolutions under time-varying
boundary loads.

Global minimizers of the quasi-static Dirichlet problem have always balanced
the sum of stored elastic plus crack dissipated surface energies. Nonetheless, even
though our formulation for the quasi-static Neumann problem is based on global
minimization, we show that evolutions here do not necessarily satisfy this energy
balance, and describe how there can be decreases in the energy. Note that decrease in
the sum of stored and dissipated energies in time might be expected since the effect of
kinetic energy caused by the jumps in the evolution of cracks is not considered in the
quasi-static energy equation. We also give estimates on how big energy drops can be.

Also, in a separate problem, we prove that a regularized Ambrosio-Tortorelli
type energy functional that models fracture in layered structures with interfaces
I'—converges to a sharp interface energy, where the surface energy of a crack at
the interface is proportional to an effective toughness, that in a sense averages the
toughness of the interface and the bulk materials, whereas away from the interface, it
is proportional to the toughness of the bulk.
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Chapter 1

Introduction

This dissertation is focused on a variational model of fracture evolution in materials,
in the presence of boundary loads. The past twenty five years have seen an extensive
development of variational models and analysis of fracture, see [9] for a recent overview.
Rigorous analysis of these models has introduced new mathematical challenges and led
to better understanding of fracture phenomena in materials. Variational models have
been pretty successful in predicting paths of fracture in materials and have had an
impact on the study of mechanics of fracture in the engineering community — primarily
through their connection to phase-field models. In the current study, we propose a
variational formulation to find evolution of cracks in materials under boundary loads
which had been seen as inconsistent with variational models in the literature. This is
the first analysis of quasi-static fracture with boundary loads.

In this chapter, we will set the stage for the results presented in this dissertation.
First, in section 1.1, we will provide some background on variational models of fracture
and that gives us an opportunity to introduce some of the notation. We will also
survey some of the useful references to review some of the developments and challenges
in the field. Then in section 1.2, we will give a brief description of the main results
and outline the structure of the material presented in the ensuing chapters.

A portion of the background material below is adapted from Casey Richardson’s
Ph.D. dissertation [17].

1.1 Background

In the context of modeling fracture, the primary goal is to formulate a well-posed model
that can predict crack evolution, which includes determining both when pre-existing
cracks will run and the paths that such cracks take through the material. Although
models with such predictive capability are quite recent, the central idea in the theory
of brittle fracture was proposed by Griffith in 1920 [12]. He formulated the following
criterion for two dimensional crack propagation: a pre-existing crack can run only
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when the elastic energy that is released by cracking, per unit length of crack, exceeds
the toughness of the material. Precisely, he defined the energy release rate (in two
dimensions) as:

aw
G.—W

where W is the bulk elastic energy stored in the material and [ is the length of the
crack. Then, the Griffith criterion states that the crack will not run if G is less than
the toughness of the material, and can run if G equals the toughness. Implicit in
this criterion is a view of fracture as a balance between the energy that is required to
create new crack - which Griffith implied is proportional to the length of the crack -
and the elastic energy that is released when the material cracks. However, notice that
the Griffith criterion only provides a rule for determining when cracks grow; the path
of the crack must be known a priori.

This assumption and the restriction to two dimensions were eliminated using
methods in the Calculus of Variations. This progress happened in the time of
development of Free Discontinuity Problems and the theory of Special Functions
of Bounded Variation (SBV'), see section 1.1.1 for definitions. Using u to map €2 to
its deformed configuration, with the discontinuity set of u identifying the crack set,
Ambrosio and Braides [1| proposed to model static fracture by minimizing

u— W(u) + HYH(S,) (1.1)

over u € SBV(Q), u = g (given) on 99Q; here HV~! denote the (N — 1)—dimensional
Hausdorff measure, S, denotes the (approximate) discontinuity set of u, and

W) = /Q W(Vu) de,

where W is the elastic energy density and Vu is the deformation gradient. Notice
that the term HY~1(S,) models the surface energy of the crack. For an admissible
function, one can generally create a competitor with lower elastic energy by using more
discontinuities, but at the cost of the surface energy of the additional discontinuity
set. Thus (1.1) captures the competition between crack “length” and elastic energy
release that is the core feature of the Griffith criterion, and the location of the crack
is determined by this energy minimization. The existence of a minimizer for (1.1),
given typical assumptions on W, follows from the compactness of the space SBV, see
Remark 1.1.2 below.

For crack evolution, in the realm of quasi-statics — that is assuming that the
rate of change in the problem parameters (Dirichlet boundary conditions, boundary
loads, body forces) is small compared to the time it takes the body to reach elastic
equilibrium — Francfort and Marigo [11] proposed the following model: first discretize
time, at each time-step solve an appropriate static problem (where, since cracks
cannot heal, (1.1) is slightly modified to penalize only new discontinuities), and then
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find the time-continuous evolution by taking the limit as the size of the time-steps
goes to zero. The main issue is to show that this limit satisfies the properties of a
quasi-static evolution: loosely stated, at each time the crack set and deformation
satisfy a minimality property and that the crack evolution satisfies an energy balance,
which relates the stored elastic energy plus the dissipated energy to the work done
by loading. These properties were proven for the time-continuous limit, first in two
dimensions with certain geometric constraints on the crack sets by Dal Maso and
Toader [7], and then in the general SBV setting by Francfort and Larsen [10] and
for quasi-convex W with a standard p—growth condition by Dal Maso, Francfort
and Toader [4]. This result was extended to the case of hyperelastic materials in the
finite elasticity framework with the non-interpenetration condition by Dal Maso and
Lazzaroni [6].

The general postulate for the evolution of crack in the above quasi-static models
is global minimization, that is at each time, the material wants to minimize the
sum of its bulk and surface energies among all competitors. Therefore, for a pair of
displacement-crack (u, "), an irreversible quasi-static evolution of minimum energy
configurations is a function ¢ — (u(t),I'(t)) which satisfies the following conditions:

(a) irreversibility: for all s > ¢, I'(s) D I'(¢);

(b) global stability: for all ¢ the pair (u(t),'(t)) is a minimum energy configuration
at time t, i.e.,

W(u(t)) + HYNHD(t) < W(v) + HYN 1)

for all admissible pairs (v,I"), where IV D I'(t), v = g(t) on 0%, and g is the
prescribed boundary condition;

(c) energy balance: the increment in stored energy plus the energy spent in crack
increase equals the work of external forces, that is for all ¢, t5 with t; < to,

W(u(ta))+HY (T (t2)) = Wu(tr)+HYHT(0))+ /t 2 /8 _§(s)duls) dHNNds.

However, there are some inconsistencies within this formulation and the main
culprit is the jumps in time in the cracks. First off, the jumps in the cracks make
the quasi-static assumption dubious since it is no longer valid to assume that the
material’s response time to reach equilibrium is short. Moreover, the energy balance
(c) does not account for the effect of kinetic energy caused by these jumps in ¢ — T'(¢)
and subsequently in t — u(t).

Therefore, to mitigate the effect of possibly unnecessary jumps in the evolution
of cracks, models based on local minimization were studied. Inspired by De Giorgi’s
minimizing movements approach mentioned in [1], Dal Maso and Toader in [8] adopted
a local minimization method (with certain geometric constraints on the cracks) to
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construct discrete-time evolutions. The continuous-time limit achieved from these
approximations satisfies some minimality different from that of evolutions found by
global minimization. Moreover, the associated energy is of bounded variation, does
not increase, and can have negative jumps in time. Hence, this model is more realistic
in that if the cracks have jumps in time, then energy decreases (as a compensation for
not including the kinetic energy in the equation).

Later in 2009, Larsen in [14] (see also [15]) proposed a new definition of stability
for the evolutions, namely ¢ — stability, that is somewhere in between local and global
minimization and admits evolutions that are stable in approximation, under this new
definition, and in fact implies local minimality. Here too, the energy does not increase
in time and may present negative jumps, unless ¢ — I'(¢) is continuous.

To summarize, the more realistic models inspired by local minimization techniques
propose that we substitute the statements (b) and (c) above with the following:

(b’) local stability: for all ¢ the pair (u(t),T'(¢)) is a minimum energy configuration
at time ¢ among competitors “close enough”to (u(t),I'(t)), that is

W(u(t)) + HYN YD (1) < W(v) + HY 1)

for pairs (v, I') “close enough” to (u(t),I'(t)), with I D I'(t), v = g(t) on 0%;

(c') energy does not increase: the increment in stored energy plus the energy spent
in crack increase is less than or equal to the work of external forces, that is for
all t1, 19 with ¢; < to,

W(u(t2))+H (T (1)) < Wla(t)+HYH(D(0)+ / | /aﬂ §(s)0,u(s) AV ds.

Remark 1.1.1. As we elaborate in section 3.3, even though our quasi-static variational
formulation for the boundary load problem is based on global minimization, we will
show that there are evolutions that can decrease the energy.

1.1.1 Mathematical Preliminaries

Central to our formulation and all of the introduction above is the space of Special
Functions of Bounded Variation, SBV for short. Briefly stated, SBV () is the space
of functions u € BV (2) such that the singular part of their distributional derivative,
Du, is concentrated on the set where u is (approximately) discontinuous, a countably
(N — 1)—rectifiable subset of RY. So, u € SBV(Q) if and only if u € BV (Q) and the
distributional derivative of u has the following decomposition

Du = Vu dCN + [u] v HN 1S,
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where Vu € L'(Q) is the density of the absolutely continuous part, [u] stands for the
jump of u along S, and v denotes the approximate unit normal to S,.

Allowing cracks along the boundary of {2 generally involves some notational issues.
First introduced in [16], one simple way of incorporating the idea of growth of crack
on the boundary of a bounded regular domain €2 with the usual SBV is by defining
the space

SBV(Q) :={u:Q =R : ulg € SBV(Q), and ulsq € L' (9% HN1[00)},
with the approximate discontinuity set defined by
Sy = Sujo U{z € 0 : T(ulo)(x) # u(x)},

where T' denotes the usual trace operator. This simply means that if the trace of a

function in SBV () restricted to € does not match its specified boundary value at
a point on the boundary, then we have a discontinuity (crack) at that point. Note
that the pointwise values above are considered in the sense of precise representatives.
Moreover, following the same idea we define a subspace

SBV,(Q) :={u € SBV(Q) : Vulg € L*(Q)}.

Next, we define a notion of convergence in the space SBV () that we will be using
throughout the sequel:

Definition 1.1.1 (SBV —convergence). We say that a sequence of functions u,, €
SBV () converges in the sense of SBV to u € SBV (), denoted by u, 5B, it

Vu, — Vuin L'(Q)
[y HY 1Sy, = [ulyHY | S, as measures,
u, — win L*(Q),

u, — win L*(9).

The following compactness result is due to Ambrosio, which we state it in a way
that is easier to apply with our formulation. For the proof of the following and more
detail on the SBV theory see [2].

Remark 1.1.2 (SBV —compactness). If for a sequence of functions u,, € SBV(Q2), the
sequences

{IVunllzz@}, AR Su)} {llulle=@}
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are bounded, then there exists a function u € SBV ({2) such that, up to passing to a

SBV
subsequence, u,, — u.

1.2 Overview of Dissertation

The main result of this dissertation is the study of well-posedness a variational model
of fracture for quasi-static evolution of cracks in materials under boundary loads,
which is the subject of Chapter 3. As a prelude to this chapter, we introduce our main
tool in the study of existence of solution to a fracture problem with boundary loads in
Chapter 2.

In Chapter 2, we first explain why the most natural variational approach to seek
existence of solutions to fracture with boundary loads fails. Then, in the next section,
we introduce a new variational formulation, alternate minimization, devised in [16],
that proposes a way of finding solutions to the fracture with boundary loads problem.
We define a notion of failure for the material under load and show that if the material
does not fail, there exist solutions. We also discuss limitations and small extensions of
this method.

In Chapter 3, we first devote a small section on explaining what we mean by quasi-
static evolutions and a bit discuss the advantages and limitations of this assumption.
Then, we move on to seek existence of quasi-static evolutions of cracks with time-
varying boundary loads. Employing the alternate minimization approach, we first
construct discrete-time solutions. Next, we pass to the limit as the size of the time-
step converges zero and finally, extend the limit to the whole time interval to get
a continuous-time evolution. In Theorem 3.2.1, we state our main result that the
acquired continuous-time evolution satisfies the desired minimality properties of a
solution. Finally, we discuss balance of energy for the quasi-static evolution. We show
that the associated energy does not increase in time and discuss how there can be
decreases in the energy. Moreover, we give estimates on how big energy drops can be.

Finally, in Chapter 4, for a separate problem, we prove a I'—convergence result
for a phase-field model of fracture for layered structures with interfaces. We show
that whenever the fracture toughness of the interface material is less than or equal
to the fracture toughness of the bulk material, the surface energy of a crack at the
interface is proportional to an effective toughness that in a sense averages the two
toughnesses; whereas away from the interface it is proportional to the toughness of
the bulk material. In our proof, we make the assumption that the interface is made
up of a finite union of closed C! curves.



Chapter 2

Variational Fracture with Boundary Loads: Alternate

Minimization

In this chapter, we introduce a method of finding solutions to a variational model
of fracture with boundary loads, namely the alternate minimization method. This
chapter mainly reproduces the material of [16].

2.1 Introduction

Variational fracture had been seen as incompatible with boundary and body loads due
to a straightforward non-existence argument, see [9]. There is an inherent difference
in the variational formulation, based on global minimization, when there is a specified
displacement, i.e., Dirichlet boundary conditions, and when there is a boundary load,
i.e., Neumann boundary conditions, or a body load for that matter. For a linear
elastic solid, the variational formulation of equilibrium Griffith fracture (based on
global minimization) for a given Dirichlet data g and a pre-existing crack set K is to
minimize )

Ep[K|(w) = 5/ |Vw|* + HY(S,\K) (2.1)

Q

over w € SBV,(Q) with w = g on 9. We use a subscript D for the energy Ep
to emphasize that only Dirichlet boundary values will be imposed when minimizing
this functional. A minimizer w of (2.1), weakly solves the following boundary value
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problem
.

Aw =0 in Q\(KUS,),

w=g on 012, (2.2)

J,w=0 on KUS,,
and satisfies the Griffith stability criterion, that is for any @ € SBV,(Q) with w = g
on 0f) we have that

%/way? _ %/ﬂwwﬁ’ < HN(S\(K U S)). (2:3)

Now, we decompose the boundary of the domain, 92, into the disjoint union of
measurable subsets dp§2 and Jy€2, where on Jp€) we specify a Dirichlet data g and on
On$2 we specify a Neumann data (boundary load) f. We seek a variational formulation
for Griffith fracture with the given boundary data, again based on global minimization.
A straightforward answer readily found in the literature, see for example [4], is to
minimize the total energy functional

1
we g /Q Vw|* — /aNQ fw +HYN (S, \K) (2.4)

over w € SBV5(Q)) with w = g on dpf). Note that a minimizer of the above (if it
exists) weakly satisfies the following boundary value problem

Aw=0 1in Q\(KUS,),

w=g on Jpf2, 25)

o,w=f on Jdy,

J,w=0 onKUS,,

together with the global stability criterion that for any @ € SBV,(Q) with @ = g on
0p€) we have that

(%/vawﬁ—/mfw) _ (%/waﬁ—/m fw) < HY S\ (K US,)). (2.6)
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The problem is that (2.4) cannot be minimized over SBV3(§2) since for instance, for
f =1, we can easily come up with a sequence of functions w, € SBV,(2) such that
HNTH(S,, NONQ) > & > 0 for some § > 0, and [|wy]|L=@ya))  +0o0, and therefore,
the infimum of the functional (2.4) is —oc over SBV,(£2). In other words, the crack
set will always disconnect a piece of dy€2 from the body and send it to infinity thus

making the energy arbitrarily low.

Remark 2.1.1. Note that removing the jump set of w from dy{2 and substituting
/. Oy N\ S fw for | InC fw in (2.4) will not solve the problem although it rules out the
example we gave above. Because the jump set S, of an admissible function w can
branch near Oy{2 and disconnect a piece of the domain enclosed by S, and Oyx{2
from the domain and send it to infinity while HY~1(S,, N dy§) = 0 and S,, has no
contribution in the integral |, o\ S | -

Looking back at what we are after, we want a variational formulation of Griffith
fracture that allows for mixed boundary conditions. So, if we have a function w such
that it minimizes Fp subject to w = g on dpf) and w = h on dy{2, for some function
h, and happens to satisfy d,w = f on Oy(2, then w satisfies the mixed boundary
conditions and the crack K U S, satisfies the Griffith stability criterion of (2.6) for all
W € SBV,(Q) with @ = g on 9pQ and @ = h on xS

In the next section, we introduce a method of finding solutions like the above,
namely, the alternate minimization method, whereby we solve two variational problems
simultaneously. The idea is to keep the Neumann boundary term | on Q2 fw and the
variation of crack set S,, apart so that they cannot collaborate to make the energy
arbitrarily low, as in (2.4). This will lead to a notion of failure (defined below) which
can potentially predict when a crack can break off a piece of the boundary under
loading from the body.

2.2 Alternate Minimization

In this section, we introduce the alternate minimization method. In this method, we
consider two variational problems in one of which we solve the Neumann problem
and in the other we solve the Dirichlet problem for Griffith fracture. When solving
the Neumann problem we fix the discontinuity set, and when solving the Dirichlet
problem we fix the boundary values, so that we prevent the collaboration of Neumann
boundary term and variation in the crack set causing the infimum to be minus infinity.
So, we introduce a variational formulation and discuss existence of solutions.

To make the exposition easier, we will consider the case that the Dirichlet boundary
condition g is identically zero.

To begin the existence argument, with a given (possibly empty) pre-existing crack
set Ky, we first choose a minimizer w; of

1
En(w) = 5/ |Vw|? — Jw
Q EINY
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over w € SBV,(2) with w = 0 on 9pf? and S,, C Ky. This will be used to supply
Dirichlet data on On€) when solving the Dirichlet problem. Note that we use a
subscript N for the energy En to emphasize that only Neumann problem is solved
without allowing variations of discontinuity set. Next, choose a minimizer v; of

Ep[Ko](w) = % /Q Vol + HY (S Ko)

over w € SBV,(£2) with w = 0 on dpQ) and w = w; on IyN2.
We repeat this process recursively to find sequences {w;}, {v;} and {K;} such
that for j > 1,
Kj =R U Svj,

w;j minimizes

1
Ex(w) = / Val = [ fu

over w € SBV,(Q) with w = 0 on 9pQ and S, C K;_1, and v; minimizes
1
Epliioil(w) = 5 [ [Vwl + HY (8,0
Q

over w € SBV,(Q) with w = 0 on 9pQ and w = w; on On€2. Note that for all j € N,
K; > K, 1.

We also let
Koo = UjGNKj- (27)

The hope is that the sequence {w,} weakly converges to a ws, that minimizes both
En and Ep[K| over the appropriate classes of competitors and satisfies the desired
boundary conditions. In the following remark, we discuss what could go wrong in the
above minimization process.

Remark 2.2.1. Note that there is a potential issue in minimizing the Neumann energy
Ex above, since it can happen that at some stage j, the crack K;_; disconnects a
piece of Iy from the domain and similar to the non-existence argument earlier the
infimum of Fy is —oo, and there is no minimizer. Moreover, this failure can occur in
the limiting case, as j tends to infinity. If the sequence {||w;||z@ya)} is not bounded,
then as j — oo, the displacement w;|s, o becomes arbitrarily large. A similar failure
can happen if K, (the limiting crack set - defined in (2.7)) breaks off a piece of dy<2.

In fact, this lack of solution is due to the Neumann problem and not caused by
the variational formulation. There is necessarily a possibility of material failure when
there are loads and fracture. Therefore, we must allow for the possibility that the
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material fails under the boundary load. This is all encapsulated in the definition
below.

Remark 2.2.2. At this point, a natural question or even objection may be, how is
this variational formulation different from minimizing (2.4) that we discussed in the
previous section in terms of existence of solutions? The key difference is that in
the latter, non-existence is guaranteed due to the interaction between the Neumann
boundary term and variation of crack set. Here, lack of solution is only a possibility
and a result of material failure under the loading. So, this approach can potentially
predict whether a body €2 with an initial crack Ky under a boundary load f breaks,
or not.

Definition 2.2.1 (Non-failure). We say the material does not fail under the boundary
load f if the following hold:

(i) Bach w; exists, and sup;cy [|w;[o < 400,

(i) Cap(Ko NN(OnQ)) = 0 as e — 0,

where [|w; || 1= max{||w; || z=q), W) z=@60) }, and No(OnQ) = {z € Q : dist(z, InQ) <
e} is the e—neighborhood of the Neumann part of the boundary.

Remark 2.2.3. Note that condition (ii) of the above definition allows for some inter-
action between the crack set K, and dy§2. For example, in the two dimensional
setting, K is allowed to intersect with dy{2 normally at finitely many points (without
branching, of course).

Now, we are in a position to state our static existence result in view of Definition
2.2.1:

Theorem 2.2.1. If the material does not fail under the boundary load f € L*(InS),
then HN"Y(K.) < +oo, and there exists wo, € SBVa(Q) such that, up to a subse-
quence,

wj; = We n SBV(Q)

as j — 00, Wee minimizes Ep[K] over {w € SBV3(§)) : w = we on 0N}, and it

minimizes Ey over {w € SBV5(Q2) : S, C Ks,w =0 on dpQ}. Moreover,
Tw; — Twy, in L*(0xQ), (2.8)

and . )
—/ waij—/ |Vws |? (2.9)
2 Jq 2 /o

as j — oQ.

The proof will be done in multiple lemmas as follows. In the first lemma, we
present two useful properties of the sequences {w;} and {K}, in the second lemma
we show existence of ws, and it minimizing Ep[K |, and finally in the third lemma,
we prove its minimality for Ey, convergence of traces and Dirichlet energies.

From here on, we will assume that Definition 2.2.1 holds.
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Lemma 2.2.1. For all j > 2,

1.

1 1
5/ [V |* — fwj +HY K \Kj o) < 5/ [Vw;1]? — Jwj-1,
Q NGO Q NGO
(2.10)

2. monotonicity of the Dirichlet energy of the sequence of minimizers {w;}:

1 1
5/Q|ij_1|2 < 5/Q|ij|2. (2.11)

Proof. Fix j > 2. Note that since Svj_l C K;_; and v;_1 = 0 on 0p(?2, from minimality
of w; we have that

1 1
5/ [Vw|* - fw; < 5/ [Vjaf* - fuj1 (2.12)
Q ONQ Q OnNQ2

Moreover, from minimality of v;_;, since w;_; = v;_; on Inf), we get that

1 1
5/Q|Wj1|2+4rLN1(Kj1\Kj2) < 5/Q|ij1\2, (2.13)

or equivalently

1 1
5/ |VU]',1‘2— ijfl‘i‘HNil(Kj,l\Kj,Q) S 5/ ’ij,1|2— fwj,l. (214)
Q ONQ Q OnQ2

So, putting (2.12) and (2.14) together, we get (2.10).
Next, notice that w; is an admissible variation for its minimality for £y, and thus
we have that

Q

ONQ2

Therefore, (2.10) in view of the above yields
1 2 N-1 1 2
5 | IV HTHEG K ) < o [Vl
Q Q

which implies (2.11) since HN "1 (K;_1\K;_2) > 0.
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Lemma 2.2.2. HV"1(K,) < +o0, and there ezists wo, € SBVa(Q) such that, up to
a subsequence,

w; — Weo in SBV(Q)

as j — 00, and ws minimizes Ep[K| over {w € SBV5(§2) : w = we on 082}.

Proof. Note that from the condition (i) of Definition 2.2.1, {||w;]| (ay0)} is bounded,
and hence, (2.15) implies that the sequence of Dirichlet energies {3||Vw;| 12} is
bounded. Moreover, by (2.11) it is monotonic, so it converges and let C, be its limit.
Consequently, the sequence of Neumann energies converges:

1 1
En(wj) =5 /Q |V — ; waj =3 /Q V| = —Cr,
N

as j — 00.
Next, we look at HY!(K;). Rewriting (2.10), we have that

HY (K1 \Kj-2) + En(w;) < En(wj1).
Summing up the above over j = 2,3,...,i gives
HY (K21 \Ko) + En(w;) < Ey(wy).
Note that { Ex(w;)} is bounded, and therefore, in view of the above so is {HN"1(K;)}.

Then, letting ¢ — oo, since {K;} is an increasing sequence, HY (K, 1\Ky) —
HY YK\ Kp), and the above becomes

HYN YK \Ko) — Cp < Ex(wy),

so that HY (K ) < +o0.
Now, since the sequences {|wj||s}, {|Vw;|lr2)} and {H¥"1(K;)} are bounded,

by SBV compactness (see Remark 1.1.2), there exists a wy, € SBV2(2) such that
{w;}, up to passing to a subsequence, SBV —converges to it, where

Weolopn = 0 and Weoloya := TWeo-

Moreover, S, C K., where the proof is similar to that of (3.23) in [10].
Next, we establish that the energies of v;’s also converge. Note that HY 1 (K;_1\K;_2) —
0 as j — 00, so (2.13) implies that

1
limsup—/ [Vu,)? < O
2 Ja

j—00
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On the other hand, since w;_; = v;_; on Oy§2, (2.12) implies that

1
lim inf — /]Vv]| > (7,

]—)OO

and therefore, in view of above we get that 3 [, |[Vv;[* — Ci.
Now we proceed to prove minimality of w., for Ep[K.]. Suppose there exists
¢ € SBV5(Q) with ¢ = 0 on 0p€2 such that the variation w, + ¢ has less energy, i.e.

/|V (Weo + )* + HY 1S\ Koo) /|Vwoo|2

This is equivalent to the energy difference being negative:
1
/ Vs - Vo + 5/ IVo? + HY T (S)\Ko) =1 < 0.
Q Q

But, since Vw; — Vw,, in L2(Q) and HYN (K \K;) — 0, the left hand side of the
above is equal to the limit of

/ij'v¢+%/ [Vol? +HY LS\ K;).
Q Q

Hence, since 1 [, [Vw;|? — 1 [,|Vv;|> = 0, for large enough j we have that

3 |Vt + P + 1S < 5 [ (VP + T <5 [ vl

or equivalently
1 _ 1 _
3 | 90+ R + 1SR, ) < 5 [ [Vl + 1Y (S,\K )

which contradicts the minimality of v; for Ep[K;_4] and concludes the proof. O

Lemma 2.2.3. w,, minimizes Ey over {w € SBV,(Q) : S, C Koo, w =0 on dpf}.
Moreover,
Tw; — Twy, in L*(0xQ), (2.16)

and

1 1
§/vawj|2/§/ﬂ\vww|2 (2.17)
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as j — oo.

Proof. To see why w., minimizes Ey let ¢ € SBV,(Q) N L=(2) with 1 = 0 on p
and Sy, C K. In view of condition (ii) of Definition (2.2.1), we can choose a family
of functions ¢. € C'(RY) such that ¢. = 0 on a neighborhood of K., N N.(Ox(),
1—¢. € CH{RY), 0< ¢. <1, and V¢. — 0 in L*(RY) as ¢ — 0. Notice that this
implies ¢. — 1 in L%(Q) as well as HY " 1—a.e. on 9y}, since subsets of Iy with
positive H¥ ! —measure have positive capacity.

Then ¢.¢p € SBV,(Q) with S, C K. Note also that ¢.¢0 € HY(N.(OnQ)°),
where the superscript (.)° denotes the interior. So we can choose 1. € H'(Q) such
that ¢, = ¢.1 on 0f).

Next, from the minimality of w; for Ey, the fact that ). is an admissible variation
of w; for Ey, and the convergence of w; to we,, we have

fioo = Tim [ V- Vi, = / Vi - V..

ON§2

But, since ¥, — ¢ € SBV,(Q) with 1. — ¢.1b = 0 on 92 and S,y C Ko, it is an

admissible variation for minimality of w,, for Ep, so,

/ Vit - V(e — 6e) =0,

which in view of the above and the definition of 1. gives

/ Vi, - V(6:0) / Viw Vo= [ foo=[ fou.

oOnN§2 INS2

Taking the limit as ¢ — 0 in the above, since V(¢:9) = ¥V, + ¢. Vi — Vi) in

L*(92), and ¢.p — v in L' (OnQ) (since ¢. converges to 1 HN"1—a.e. on OyQ and

applying the dominated convergence theorem), proves minimality of w,, for Ey with

the assumption that ¢ € L>°(Q2). The general result follows by approximating in L.
To show the convergence of traces, we note that for all € > 0,

Gwj = Pewy in L), and V(d.w;) — V(pws) in L*(Q), (2.18)

as j — 0o, where the first convergence follows from 0 < ¢. < 1 and w; — wy, in L*(Q),
and the second convergence follows from 0 < ¢, < 1, Vw; = Vw, in L*(Q2), together
with V. € L2(Q) and w; = w,, in L>(£2), which all come from the definition of ¢.
and SBV —convergence of w; to ws. Then, since S, C K; C K, ¢-w; belong to
HY(N.(0x9)°), and by (2.18) so does ¢.ws,, hence, (2.18) in view of Remark 2.2.4
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below implies that
T(¢w;) — T(pws) in L*(OnQ) (2.19)

as j — oo, for all € > 0. Next, since T(p.w;) = ¢.T'(w;) and T(p.ws) = ¢T (W)
(because ¢. € CH(RY)), ¢. — 1 HN"'—a.e. on OyQ and Tw;, Tws, € L>®(OnN), by
the bounded convergence theorem we get that T'(¢.w;) — Tw; and T'(¢p-ws) — TWoo
in L?(OnY), as € — 0. In fact, note that since {|lw;||1=@yo } is bounded, the limit

/ IT(¢ew;) T2 = / 6. Tw;—Tw;? < sup [l ooy / 6.—1[2 = 0 as e — 0,
N ONQ jEN oOnNQ

N

is uniform in j. Therefore, given 1 > 0, we can choose £ > 0 small enough so that
|T(pewos) — TWoo| 220y ) < M and ||T(d-w;) — Twj 20y <n Vj € N.
Hence, by the triangle inequality and the above
[Twj — Tweo || L20y0) < 20+ |T(¢ew;) — T(¢cwoo) || L2050
which upon letting j — oo and n — 0, in view of (2.19), gives that
Tw; — Tws in L*(OxQ), as j — oo. (2.20)
Finally, invoking the facts that w,’s and w. minimize Ey, together with (2.20),

yield
/|ij|2 = fw; — fws = / |Vwoo|2.
Q ONQ ONQ Q

O

In the following remark, we show convergence of traces of H'—functions under
weak H'—convergence:

Remark 2.2.4. For u,,u € H'(Q2) with  a bounded Lipschitz domain, if u,, — u in
L*(Q) and Vu,, — Vu in L*(Q), then
Tu, — Tu in L*(090).

This is a consequence of the following estimate from Theorem 1.5.1.10 in [13], that for
Q) as above, there exists a constant C' depending only on €2 such that for all u € H'(Q)
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and all € € (0, 1),

/asz |Tul* < C (\/E/Q |Vul® + %/Juﬁ) .

Notice that by the weak convergence of gradients, {||Vu,||r2q)} is bounded, say
by C4, and by the lower semicontinuity of the weak limit so is || Vu|z2(q), and also
Jo [t — u|* = 0, hence,

limsup/ T (u,, — u)|* < 4CC3/e,
00

n—o0

which gives the result by letting e — 0.
We conclude this section and chapter with a few remarks.

Remark 2.2.5. A natural question, since we show existence only when there is not
failure, is whether failure is common, or even certain. We note that, as we mentioned
in the introduction, every solution w to a pure Dirichlet problem is also a solution to a
mixed problem, as we can designate part of the boundary that is away from the crack
as dyf, and set f := 0,w. Then, w is a solution to variational fracture with boundary
load f on On€2. This shows that the formulation here is not vacuous. Furthermore,
studying conditions on 2 and f guaranteeing existence (or non failure) seems to be
an interesting direction to explore.

Remark 2.2.6. Note that since S, C K, if we replace K, with S,_ in the previous
lemmas, there is no effect on the energy of w.,, but there is an increase in the
energy of competitors, or there is a reduction in the class of competitors, so then w.,

minimizes Ep[Sy,..] over {w € SBV,(§)) : w = wy on 002}, and it minimizes Ey

over {w € SBV5(§2) : S, C Sy, w =0 on dpQ2}.

Remark 2.2.7. We can now claim that w., actually does minimize the total energy
functional

1
w —/ \Vw]Q—/ fw+HY T (S,\ Ky,
2 Ja oNQ
if the class of competitors is restricted to
{we SBV,(Q) 1 w=wy on N} U{w e SBV,(Q) : S, C Ko, w =0 on dpQ}.

That is, competitors are not allowed to simultaneously vary both their boundary
data on dx§2 and the crack set. But this is consistent with Griffith’s idea that cracks
compete with elastic energy, not boundary loads.
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Remark 2.2.8. Another natural variational approach seems to be minimizing
1 2 N-1
5 [ [Vwl"+H"(Sy)
2 /o

over the class
{w : w minimizes Ey(v) over v € SBV5(Q),v = 0 on dpQ, S, C Sy},

since the jump set is fixed when minimizing the Neumann energy. This would be
incorrect, however, since as S,, grows, the class of minimizers for Ey grows, so Ey
decreases, which means the elastic energy increases, since Ey(v) = —3 [, |[Vv|®. The
solution to this minimization problem will therefore necessarily be S,, = 0.

Remark 2.2.9. Note that a variational formulation similar to the above will not work
in the case of a body load F as well. Minimizing 3 [, [Vw|?+HY"1(S,,) over the class
{w : —Aw = F in Q\S,,w =0 on 00},

or in its weak variational form

1 _
{w : w minimizes v — 5/ |Vol? — / Fuv over v € SBV5(Q),v =0 on 09,5, C Sw} ,
Q Q

will result in S,, = (), with the same exact reasoning as in the previous remark.



Chapter 3

Quasi-Static Fracture Evolution with Boundary Loads

In this chapter, we apply the alternate minimization method introduced in the previous
chapter to seek existence of solutions to a quasi-static fracture evolution problem with
time-varying boundary loads.

We first briefly explain what we mean by a quasi-static evolution. Next, we show
the construction of discrete-time evolutions. Then, we get a continuous-time evolution
by first passing to the limit of the discrete-time evolutions as the size of time-step
approaches zero, and then by extending the result to the whole time interval. We
show that this continuous-time limit has the desired minimality properties. Finally,
we discuss balance of energy for evolutions and show that there exist evolutions that
can decrease the total energy in time and not satisfy the classical quasi-static energy
balance known to hold in the case of Dirichlet boundary conditions.

3.1 Quasi-Static Evolution

Quasi-static models are based on the assumption that whatever is driving the motion,
e.g., loading, varies slowly in time compared to the elastic wave speed of the material.
In other words, the rate of change in the problem parameters (Dirichlet boundary
conditions, boundary loads, body forces) is small compared to the time it takes the
body to reach elastic equilibrium [5, 17].

More precisely, for a given varying load f(¢) (which in our case is a boundary
load) on a time interval [0, 7], one can consider the rescaled problem corresponding
to fo(t) ;== f(et) on the dilated time interval [0, T /¢]. If the corresponding physical
solution (presumably to the dynamic problem) is u.(t), one needs to rescale again in
order to take the limit as € N\ 0, since the limit of f.(¢) is constant in time. Therefore,
it is natural to define u®(t) := u.(t/e) for t € [0,T]. Setting u(t) to be the limit as
e \( 0, it is reasonable to suppose (assuming some damping in the dynamics and that
t — f(t) is not wild) that u(t) is in elastic equilibrium at every ¢, corresponding to
the load f(t) [5].

19
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The first quasi-static variational model of fracture based on minimization of the
sum of elastic and surface energies was first introduced in 1998 [11]. The idea explained
above underlies all quasi-static models of fracture developed ever since, with the only
debate being over whether the overall state, made up of both the displacement and
crack set, should be a global minimizer of the total energy, a local minimizer, or
something in between [14].

The main problem with the quasi-static fracture models concerns jumps in time
of the crack set, for which the quasi-static assumption—that while the crack grows
the material is always in elastic equilibrium—is dubious. The point is that if in the
e\ 0 limit the crack jumps, there is no reason to think that wu.(t) varies slowly, even
though f.(t) does. This issue also gives rise to a modeling challenge for quasi-static
models, that of energy balance. We will expand on this topic more in section 3.3 of this
chapter, but all proposed quasi-static models of fracture based on global minimization
with non-zero Dirichlet boundary conditions balance the sum of elastic and surface
energies with the external work done on the body oblivious to the effect of kinetic
energy caused by the jumps in cracks. This energy balance was questioned in models
inspired by local minimization techniques, see section 1.1 for more detail.

Even though quasi-static models are the first natural step towards modeling
evolution of cracks, due to their simplicity and evasion from having to deal with the
wave equation, it is generally agreed that dynamic models need to be considered, and
then quasi-static limits can be analyzed. This would help clarify whether cracks jump
as soon as the material is not a global minimizer, as proposed in [11], or if jumps
only occur to ensure the material is a local minimizer, or if jumps occur based on a
condition somewhere in between global and local minimality, as in [14].

3.2 Existence

In this section, we first construct discrete-time evolutions. Then, take the limit as the
size of time-step goes to zero and extend the solution to the whole time interval. Our
main result is stated in Theorem 3.2.1.

3.2.1 Constructing Discrete-Time Evolutions

For simplicity, we work with the normalized time interval [0, 1]. Let I, be a countable
dense subset of [0, 1], and for each n € N, let

L ={0=ty <t} <---<t; =1} C I
be such that {I,,} forms an increasing sequence of nested sets whose union is I, i.e.,

YR €N I, C Ity Lo = Upenln.
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We set D, := supyeqy 3 (t; — t5_1), and note that D,, \, 0 as n — oo.

Remark 3.2.1. Note that throughout the dissertation, we will not specify the depen-
dence of functions on the spatial variable. For example,

For each n € N and ¢ € [0, 1] we define

fut) = fi = f(tg) for ¢ € [t 6 1).

We assume that the boundary load f € W ([0,1]; L®(0n€2)), so for each t € I,
f(t) = limy, o0 fn(t), strongly in L>®(0x$2), and in fact, since {I,,} is an increasing
nested sequence, f(t) = f,(t), for large enough n.

Now, for every time step of every partition of the time interval, we perform the
alternate minimization described in the previous chapter. So, for fixed n € N and
fixed k € {0,1,...,n}, at time ¢}, we get that there exist sequences {w;}, {v;} and
{K;} with Ky =TI'}_,, such that w;’s minimize

1
Buli)(w) =5 [ Vol = [ g
Q INQ
over {w € SBV,(Q) : S, C K;_1, w=0on dpQ} and v;’s minimize

Poly-i)(v) = 5 | V0 + HY S )

over {v € SBV,(Q2) : v = w; on 0O} with K; = K;_, US,,. Notice that for the
initial time £ =0, Ky =I",; = I'y, where I'y is a possibly empty pre-existing crack set.

Then, by Theorem 2.2.1 in section 2.2, if the material does not fail under the load
fi, up to passing to a subsequence if necessary, we let

up =SBV —Jh_}rg)wj, 'y = U K;, (3.1)
=0

and it follows again from Theorem 2.2.1 that u} is a minimizer of Ey|[f'] over

{v € SBW(Q) : S, C I}, v = 00n0dpQ}, and a minimizer of Ep[I'}] over

{ve SBV,(2) : v=u} on dN2}. Also, following the same exact approach in proving
convergence of traces in (2.20), in view of (3.1) we have that
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Moreover, since u} minimizes Ey[f}], it follows that

/Vuz V¢ = e VE€SBVR(Q) with ST}, and £€=0 on 9pQ.
Q INQ

(3.3)
Also, (2.10) and (2.17), respectively, imply that

1 1
5/ |ij|2—/ frw; +HN K\ K o) < 5/ [Vw;—i1|* — fiwj—1, (3.4)
Q ONQ Q ONSQ

and

1 1
5 [ Ivul 2 [ v (3.5)
2 Jo 2 Ja
We then define for ¢ € [t},t},,) and k =0,1,...,n,
up(t) :=up and T,(t) :=T7%. (3.6)
Notice that with this notation, for every t € I, (in fact, for every t € 1), u,(t)
minimizes ]
Ex(h)0) =5 [ Vol = [ fute (3.7
0 FNE)

over {v € SBV,(Q) : S, CT,(t), v="0on dpQ} and minimizes
1
Eolla)(0) = 5 [ Vol + HYSAL(0) (3.8)
Q
over {v € SBV5(Q) : v =wu,(t) on 9N}. Moreover,

HY (U Suan\Tn()) = 0. (3.9)

Teln
T<t

In fact, with the above definition for u, and I, I,, in (3.9) can be replaced by I.
Also, (3.3) becomes

/ Vu,(t)-VE= | f.() VE€ SBVQ) with Se CTy(t), and € =0 on dpS.
Q ONQ2
(3.10)
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Remark 3.2.2. From now on, we use phrases Fy—minimality and Ep—minimality of
a pair (un, ;) to refer to the facts that it minimizes (3.7) and (3.8), respectively.

In the next section, we study the limiting case as n — oo for the sequence of
discrete-time evolutions {(u,, ')}

3.2.2 Solution on I

In this section, we define a notion of failure, inspired by Definition 2.2.1 in Chapter
2, for the quasi-static problem. This together with the minimality properties of the
discrete-time evolutions give us certain bounds and subsequently we can find a limit as
n — oo (which is equivalent to letting the time-step go to zero) and get an evolution
defined on I, that satisfy the desired minimality properties, as follows:

Proposition 3.2.1. If the material does not fail (defined below) under the boundary
load f € Wh! ([0, 1]; LOO(ONQ)), then there exists a pair of displacement-crack (too, I'so)
that satisfies:

e For allt € I, HN "1 (Tw(t)) < +oo, and for all t,t, € I, with t; < to,
Foo(t1> C Foo(tg),

o forallt € I, us(t) minimizes

Pl =5 [ Vel = [ s

over {v € SBV,(Q) : S, CTw(t), v=0 on dpQ} and minimizes

Pollal(v) = 5 [ 190 + Y (ST 1)

over {v € SBV2(§2) : v = unx(t) on 02}.

The proof of the above follows from the properties of the limits that we find below
and Lemma 3.2.1.

Notice that the same failure as explained in the static case (see Remark 2.2.1)
can happen for the sequence of discrete-time evolutions {(u,,I',)}. Specifically, {u,}
might blow up on dy€) as n — oo, that is as we refine the time-step. Similarly,
the interaction of I',, and dx§2 could worsen as n — oo. This would mean that the
approximation is deteriorating as we refine the time partitioning and can be interpreted
as material failure under the quasi-static load f. So, the following definition updates
the non-failure definition for the quasi-static evolution:

Definition 3.2.1 (Quasi-static Non-failure). We say the material under the boundary
load f does not fail if the following hold:



CHAPTER 3. QUASI-STATIC FRACTURE WITH BOUNDARY LOADS 24

(i) supnen SUPer, [[un(t)]loo < +o0,
(ii) Cap(T,(1) NN(OxR2)) — 0 as € — 0, uniformly in n.

As a result, if the material does not fail, we get the following uniform bounds:

sup sup ||V (t)| 2@y < 400, (3.11)
neN tels
sup sup HY YT, (1)) < +oc. (3.12)
neN tely

Let us briefly explain why. Note that (3.10) with £ = u,(¢) implies that for every
tel,,

/Q Vua®P = [ fult)un(t), (3.13)

ONQ2

which together with the bound from Definition 3.2.1-(i) and regularity of f gives
(3.11). For the bound (3.12), sum the inequality (3.36) (which is derived using only
minimality of u,) over k =1,... p:

1
A A A R S Ay O Z )y R
Q ONQ2 ONS§2 oN

Now, for any n € N and any t € I, there exists p € N (depending on n) such that
te [t” ZH) Using the definitions (3.6) and that f € W([0, 1]; L>(0y€2)) in the
above, gives

% /Q IV (£)[2 — Fa@un(t) + HY T, (0)\F,(0))

ONS2
1
<5 [0 0F = [ 0u0 = [ [ fohul) anas
Q OnQ2 ONQ2

or equivalently in view of (3.13) and monotonicity of ¢ — I',,(),

MV /|Vun ——/|Vun (O)P+HN 1 / F(8)un(s) dHY s,
ONS2

The first two terms we know are bounded by (3.11) and the third term is independent
of n, since f,,(0) = f(0) for all n € N, and so is bounded by HY"(Ty) + HY " (Sy, 0))-
The last term is bounded by regularity of f and condition (i) of Definition 3.2.1, and
so we have (3.12).

Now, from (3.11), (3.12) in view of (3.9), and condition (i), we are in a position to
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apply the SBV — compactness theorem (see section 1.1.1) along with a diagonalization

process to the class {u,(t)|q : n € N, t € I.} to obtain a subsequence (not relabeled)
and {ux(t) € SBV5(Q) : t € I} such that, for all t € I,

Vu,(t) — Vus(t) in L*(Q) (3.14)

[un(t)]yn(t)HN_l LSun(t)IQ - [uoo(t)]VOO<t)HN_1 I_Suoo(t) as Imeasures, (315)

Un(t) — us(t) in L2(Q), (3.16)

U (t) = us(t) in L=(Q), (3.17)

as n — oo, where [.| and v respectively denote the jump along the jump set and
the approximate normal to the jump set of the function in SBV. For this type of
convergence we use the terminology SBV —convergence throughout the sequel. Note
that as a result of the above convergence,

Sup | Viteo (1) [ 22(0) < +o0, (3.18)
tel
sup HNA( U Suw(7)> < +o0, (3.19)
teloo 7€l
<t
Sup [ oo ()] Loo () < +00. (3.20)
teloo

The bounds (3.18) and (3.20) are direct consequences of lower semicontinuity from weak
and weak™ convergences (3.14) and (3.17), in view of the bound (3.11) and condition
(i), respectively. The bound (3.19) is also a consequence of lower semicontinuity
together with Lemma 3.1 in [10] and the bound (3.12) in view of (3.9). Next, for
t € I, we extend uy(t) to Q by:

uoo(t)|3DQ = 0, and uoo(t)|3NQ = T(uoo(t))

Moreover, notice that if for t € I, we define

F00<t> = U SUoo(T)’ (321)

TEIoo
T<t

and in view of the bound (3.19), we have that for all ¢ € I,

HYN (T (1)) < +o0. (3.22)
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Also, condition (ii) of Definition 2 implies,
Cap(F(1) N N(On2)) — 0 as & — 0. (3.23)

To see why, note that according to condition (ii) of Definition 3.2.1 above we can
choose a family of functions ¢. € C*(RY) such that ¢. = 0 on a neighborhood of
Unenln(1) N NZ(ONQ), 1 — ¢ € CHRY), 0 < ¢. < 1, and V¢. — 0 in L*(RY) as
e — 0. Notice that this implies ¢. — 1 in L?(Q2) as well as H¥ '—a.e. on Oy, since
subsets of Oy with positive HY~'—measure have positive capacity.

Since 0 < ¢. < 1, Vo, € L*(Q), and for all t € I, u,(t) SBV —converges to us(t),
we get that for all € > 0,

¢aun(t) - Cbaum(t) in LQ(Q)7 and v(¢aun(t)) - v(¢aum(t)) n L2(Q)a

as n — oo, which together with the fact that ¢.u,(t) € H'(N.(Oy)°) imply
that ¢-us(t) € H'(N(OnQ)°). Hence, for all ¢ € I, Cap(Sy. ) \supp(l — ¢.) N
N.(OnQY)) = 0, or equivalently,

Cap(Foo(l)\supp(l - ¢€) ﬂ-/\/’a(aNQ)) =0.

Then, (3.23) follows provided that Cap(T's (1) Nsupp(1—¢.) NN (Ox2)) — 0 as e — 0.
Note that otherwise, in view of condition (ii) of Definition 2, Cap(I's(1)\I',(1) N
supp(1 — ¢.) NAN(OnS2)) - 0, which would imply V. - 0 in L*(RY), contradicting
the definition of ¢..

Furthermore, following the same exact approach as in the proof of (2.20) with {¢.}
chosen as in the above, we get that for all t € I,

U (1) = Uso(t) in L2(OnQ). (3.24)

We now proceed by investigating the minimality properties of u.,, which are
essentially consequences of minimality of w,’s, convergences (3.14-3.17), and the
method of Jump Transfer devised in [10].

Lemma 3.2.1. Fort € I, ux(t) minimizes

Bulfi) =5 [ IVl = [ sy (3.25)



CHAPTER 3. QUASI-STATIC FRACTURE WITH BOUNDARY LOADS 27

over {v € SBV,(Q) : S, CT(t), v="0 on dpQ} and minimizes
1
Ep[le](v) = 5 / Vo2 + MY (ST (1)), (3.26)
Q

over {v € SBV5(Q) : v = ux(t) on 9Q}. Further, Vu,(t) — Vus(t) strongly in
L*(Q) as n — oo.

Proof. We start first by proving the Ep—minimality. By definition of I, (¢) in (3.21),
for any n > 0, there exist 0 <t} < --- <, <{tp41 =1 in I, such that

p+1
HN- 1(US%O tk) > HN- 1(% Sutr ) 7. (3.27)

Moreover, note that from (3.14) and (3.16) we have that for each k =1,...,p,

Vi, (te) = Vus(t) in L*(9), (3.28)

Un(tr) — Uso(tr) in L*(€2), (3.29)

as n — o0.

Next, take ¢ to be an arbitrary element in {v € SBV,5(Q) : v = 0 on 90} with
HYN1(S,) < +00. Thanks to Theorem 2.8 in [10], based on (3.28) and (3.29), there
exists a sequence {¢,} C SBV5(Q2) with ¢, = 0 on 09 such that

Ve, = Vo in L2(Q), (3.30)

tim sup HY 1 (5, U Sunten) < HYH(S,\ U Sun))- (3.31)

n—oo

Now, from the minimization in (3.8), in view of (3.9), we get

3 19008 <5 [ 19000+ e + 17 (Suse\Tult))

<z /\V U (t) + @) |* + HV ™ 1< un(t wn\USun m)
k=1

p+1

= /’vun ’2 /Vun Vo, + /‘Vgpn‘Q +HY" l( un(t +s0n\USun(tk>
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or equivalently

0 [ Vi) Vot [ 190+ 1 (5.0 U S
k=1

However, in view of (3.14), (3.30), and (3.31), we may take the limsup as n — oo of
the right hand side of the above and, upon adding %HVuoo(t)H%Z(Q), obtain

p+1

3 19 OF <5 [ 9000 + 0P + 17 (Sueioe\ U S

k=1

which concludes the proof of minimality of u(t) for Ep[l's] in view of (3.27), taking
into account that n > 0 was arbitrary and HY"!(S,) < +oo0.

To prove the Ey—minimality, let ¢ € SBV,(Q) N L®(Q), Sy C I'o(t), ¥ = 0 on
OpS2 be given. In view of (3.23), we can choose ¢. € C1(R") such that ¢. = 0 on a
neighborhood of T'oo (1) N NZ(OxQ), 1 — ¢. € CHRY), 0 < ¢. < 1, and V. — 0 in
L*(RY) as € — 0. Notice that this implies ¢. — 1 in L*(Q) as well as HY'—a.e. on
xS, since subsets of Oy with positive H¥~! —measure have positive capacity.

Note that ¢, € SBV,(Q) with Sy C Too(t), so .10 € HY(N.(OnQ)°) and we can
choose 1. € H'(Q) such that 1. = ¢.1) on 9.

Next, from the Ey—minimality of w,(t) for Ey, the fact that . is an admissible
variation of u,(t) for Ey, and the convergence of w,(t) to us(t) and f,(t) to f(t), we
have

f(t)e = lim [ = lim | Vu,(t) - Vi = / Vus(t) - Vipe.
0 0

But, since . — ¢.¢p € SBVa(Q) with 1. — .0 = 0 on 92 and Sy, 4. C Loo(t), it is
an admissible variation for the Ep—minimality of u.(t), so,

/ Ve (1) - V(e — b)) = 0,

which in view of the above and the definition of 1. gives

/ V() - V(i) — / Vuslt) Vo= | foo={ fou.
Q Q

ONQ2 ONQ2
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Taking the limit as ¢ — 0 in the above, since V(¢:9) = ¥V, + ¢. V¢ — Vi) in
L*(92), and ¢.p — o in L' (OnQ) (since ¢. converges to 1 HN"1—a.e. on OyQ and
applying the dominated convergence theorem), proves the Fy—minimality of u.(t)

with the assumption that ¢ € L>(2). The general result follows by approximating in
L.

Finally, from (3.13), strong convergence of f,(t) to f(t), convergence (3.24) and
Ex—minimality of u,, we get that

lim /Q Vi, = lim | fuua®) = | fus(t) = /Q Vo (t)]?

Therefore, appealing to the weak convergence in (3.14), we get the strong convergence
Vo, (t) = Vue(t) in L2(Q).
O

Next, we see how, as a result of the Fy and Ep minimality of discrete time
solutions, the energy does not increase. If we define the total energy functional by

E.(8) = Elun, T, Ful(8) : / VuOF = [ 50w+ H 0. (652)

we have

Lemma 3.2.2. Givenn € N, for tp_q,ty in I,,

Enlty) < Enltis) - / () = foltie) (). (3.33)

Proof. The starting point for proving (3.33) is going back to the definition of w,(tx) and
I',.(tx) given at the beginning of this section. So, as in (3.1), let {w;} be a minimizer
of Ex[ft] over {w € SBV,(Q) : S, C Kj_1, w=0on dpQ} where K; = K;_1US,,
and v; is a minimizer of Ep[K;_ ;] over {v € SBV5(Q) : v = w; on 9}. Notice that
summing (3.4) over 2 < j <7 yields

/|le|2 ; kawz + HY K \K) < /|Vw1|2 ; kawl (3.34)

On the other hand, since S,» C I't_; = K, testing the Ey—minimality of w; with
up_, gives

3wt [ ge<g [waE- [ g @)
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Note that if we let ¢ — oo, in view of monotonicity in (3.5), L?(Ox{2)—convergence of
w; to uy in (3.2), and monotonicity of K;, we get

1 2 1 n|2
5 [1vu 25 [ v,

n n, .n
Jrw; — E Uk
aNQ N

HYN Ko \Ko) S HY NI ).

Therefore, (3.34) in view of the above and (3.35) yields
1 n|2 n,.n N-1 n n 1 n 2 n.n
= | IVug]® = frug +HY (AN y) < o | [Vug " = frug_q, (3.36)
2 Jq INQ 2 Ja N

which upon adding and subtracting |, P fi-qup_, toits right hand side and appealing
to definition (3.32) gives (3.33).
O

Notice that the reverse direction of the inequality above in Lemma 3.2.2 does
not necessarily hold as we explain below in section 3.3. However, as we state in the
following proposition, adding a certain amount to the total energy at the later time
produces the opposite inequality in Lemma 3.2.2 and gives an upper bound on the
amount of drop in energy between two consecutive time steps.

Proposition 3.2.2. Given n € N, for tp_1,tx in I,,

St + 87 2 Eultid) = [ () = hlt))ult), (337

aNQ

where

AR = HY N T (k) \Ln (1)) + - S () (wn (tr) = tn(te-1))

_/a (nlte) = fulti))unti) 0. (338)

Proof. Let us first show that A} > 0. We start as in the proof of Lemma 3.2.2. Let
{w;} and { K} be such that (3.1) holds. Notice that it follows from the Ey —minimality
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of w; that [, |[Vw;|> = faNQ fiw;, and therefore, (3.4) implies

2HN TN K \Kj—2) < frw; — frwj-1,

ONQ2 ONQ2

which after summing over 2 < j < i and letting 1 — oo gives,
QHN I\ / frupr — fraw;. (3.39)
NG NG

Moreover, testing u}_, against Ey—minimality of w; yields

1 1
3 [ vl = [ ey [vanp- [,
Q ONQ2 Q ONQ2

which in view of the facts that [, [Vwi[* = [, o fiwiand [, [Vui i[> = [, o fisiuiy
becomes

n n n n, .n
- Jrw < Jiqup_q —2 Jrug_
AN NG INQ

Hence, (3.39) in view of the above becomes

SHN T ) + /8 =R | R (340

Therefore, using the definition of A} in (3.38) together with the above, we get
AL > BHN U TI\TL,) > 0.

Now, let
¢ := argmin {/ Vo> : ve SBV(Q), v=u} ,ondQ, S, C FZ} :
Q
Note that since u_; — ¢ = 0 on 02, the above implies

/ V¢V, — ) =0,
Q
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| ve-vup = [ v

Also, from the Ep—minimality of u}_; we get

or equivalently

1 n 1 - n n
R Y AR )

Hence, in view of the two expressions above we have,

/ Ve, — V(P = / Vg 22 / Vi, - VC A / V2
Q Q Q Q

- / Vg 2 / VCR<aHNUTITL L) (341)

Furthermore, since

/IVuZ—V<|2=/IVUZ|2—2/WZ~VC+/\VCIQ,
Q Q Q Q

the facts that [, Vuj - V¢ = faNQ fi¢ = faNQ fiup_y, and [, [VC]? < [o [Vui_y
(which follows from the definition of (), imply

[va-vep< [1vap-2 [ g [ v
0 Q NG 0

Also, [, |Vup? = [, o fiup and [ |Vup_|? = [, o fi_iuji_,, therefore,

Fral — ) — / P oo, (342)

OnNQ2

/ Vap - VP <
Q

ONQ2

Thus, Cauchy’s inequality, (3.41) and (3.42) imply

1
3 |1V =V < [ 9 Ve [ va - v
Q Q Q

SOHNIOITE )+ [ — ) — / (o — ol

OnQ2 OnQ2

Finally, by adding and subtracting Vu} in the Dirichlet integral of u}!_; below, using
the above, and that [, Vui - (Vup — Vup_,) = [, o fi(uf —uj_;) we get
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1 n n n 1 n n n n n
5/ Wuk—1’2—/ Jiqug_ = 5/ Vup_y — Vup 4+ Vug]* — / JE1ui—
Q ONQ Q ONQ

1 1
=5/N%F—/vwwwm—W¢n+;/ww—vw42
Q Q Q

Jrjup_y
N2
1 n n n n — n n
< 5 |Vup|” — p(up —ug_y) + 2HN HT\TR)
Q ONQ2
T ﬁ%—%ﬂ—/(ﬁamm%ﬁ fo
ONSQ2 ONSQ2 ONSQ2

1 n mn, n — n n n n n
= 5/ |Vuk|2 - / Jrug + 2HN l(rk\rk—l) + S (ug —ui_y),
Q ONQ ONQ

(3.43)

which upon appealing to the definitions in (3.32) and (3.38) concludes the proof. [

3.2.3 Extension to [0, 1]

We now extend the solution that we found in the previous section to the whole interval
0,1]. For each t € [0, 1]\, let £, € I, be an increasing sequence such that ¢, 7t as
p — 0. Note that the bounds in (3.18-3.20) give us an S BV —convergent subsequence
(not relabeled) of {u(t,) : p € N}, whose limit is denoted by u(¢) and is extended
to Q by:

uoo(t)|3DQ = 0, and uoo(t)|3NQ = T(uoo(t))

Moreover, for t € [0, 1]\, we define

Foo<t> = U Suoo(T)-

TEIoo
T<t

Notice that, alternatively, for t € [0, 1]\, we could use the uniform bounds (3.11)
and (3.12) to extract a potentially ¢—dependent subsequence of {u,(t) : n € N},
denoted by w,,(t), which SBV —converges to some 4(t) extended to 2 by:

ﬁ(t)|aDQ = 0, and ﬂ(t)|aNQ = T(’&(t))
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As we will see below, the choice of a t—dependent subsequence of {u,(t) : n € N}
does not matter, and in fact Vue(t) = Vu(t) for a.e. t.

Moreover, notice that as a result of lower semicontinuity following from the
SBV —convergence above and the subsequent convergence of traces we get that

Ul € L=([0,1]; L®(Q)),  tsolon € L¥([0,1]; L¥(99)), Vus € L([0,1]; L*(Q)).

Now, we are in a position to state our main result. The proof will come in two
steps: Lemma 3.2.3 and Lemma 3.3.1.

Theorem 3.2.1. If the material does not fail under the boundary load f € W' ([0, 1]; L>(9xQ)),
then there exists a pair of displacement-crack (us, ') that satisfies:

e For allt € [0,1], HN YT (t)) < +o00, and for all ti,ty € [0,1] with t; < ta,
Foo(tl) C 1100@2);

o for allt € [0,1], us(t) minimizes
1 2
Enlflw) =5 [ IVo]F= [ f(t)v
0 NS
over {v € SBV,(Q) : S, CTw(t), v=0 on dpQl} and minimizes

Polll(v) = 5 [ Vo +HY (STt

over {v € SBV5(Q) : v =us(t) on 0Q}.
e forallt e 0,1],

£(t) < £(0) - / [ sl an s

where E(t) := EUoo, oo, f](t), in view of the definition in (3.32).

Lemma 3.2.3. For allt € [0,1], HN YT (t)) < 400, and u(t) minimizes

Enfiw) =5 [ 19of = [ rioe (3.44)
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over {v € SBV,(Q) : S, CT(t), v="0 on dpQ} and minimizes
1
Ep[le](v) = 5 / Vo2 + MY (ST (1)), (3.45)
Q

over {v € SBVa(Q) : v =1uy(t) on 9Q}. Furthermore,

HY " (Sun\oo(t)) = 0,

and for a.e. t € [0,1], Vus(t)

= Va(t ), (t) SBV —converges to ux(t), and
YV, (t) = Vus(t) strongly in L*(Q) as n —

Proof. Notice that for each t € [0,1]\/, in view of (3.21) and (3.22) we have
HY 1 (Too(t)) < HV 1T (1)) < +o0.

Next, the fact that u. () minimizes (3.44) and (3.45) follows from the stability of
minimizers under SBV —convergence that we proved in Lemma 3.2.1. Also, proof
of the fact that HY (S, \I's(t)) = 0 can be found in Lemma 3.8 in [10] and
therefore we will not repeat it here.

Lastly, to prove our final claim we first need to notice that the stability of minimizers
under SBV — convergence yields that @(t) minimizes Ey[f] over {v € SBV»(Q)
v =1u(t) on 0Q}. Now, our goal is to prove Vuu,(t) = Vi(t). The key idea is to use
minimality of u,, along with the monotonicity of the map ¢t — I',,,(t). For n € N and
t €0,1] let

(1) == HY"HT,(1)), (3.46)

and note that as a result of the bound (3.12), {l,,(¢) } is a sequence of uniformly bounded
monotone increasing functions on [0, 1], by virtue of Helly’s theorem we may extract a
subsequence (not relabeled) such that pointwise converges to a monotone increasing
function on [0,1], denoted by A(t). Also note that we can take the (potentially)
t—dependent sequence {n;} above from this subsequence. Denote by H the (at most
countable) set of discontinuity points of A(t). Then, for ¢t ¢ H, consider t, € I, t.
Next, summing (3.43) up over all ¢, € I,, with ¢, <, <t gives

%/Q‘Vum(tp)\z < %/Q|Vunt(t)]2 +2HNTHT,, (1) — 2HN (T, (1)
B Z ~/8 (f”t(tk‘>_fnt<tk71))unt<tk,1).

where we have used the fact that I';, (t,11) D 'y, (f,) for every p € N. Given that
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f e WH([0,1]; L>(dn€2)), we have that

o) = Iulti) = [ " js) ds

and hence, in view of the condition (i) of non-failure in Definition 3.2.1,

Z /a (fre (k) = fre (Be=1)) tn, (to—1 <M/ 1£(s ML=y ds,

tr€lo
tp <t <t

where

M = HY (350 (sup up |rum<t>||Loo<aNm>-

nt€N t€l
Now, passing to the limit as n, — oo and using the facts that Vu,,(t,) = Vu(t,)

and Vuy,, (t) — Va(t) strongly in L?(Q) (the former was proven in Lemma 3.2.1 and
the latter can be proven with the same exact reasoning as the former) gives

1 1 . Lo
3 | V) < 5 [ 1Ta0F +200) = 20(6) + M [ 1) =ionen ds
(9} Q ip

where we used the definition of A above. So, letting p — oo, the last term on the right
hand side vanishes and using the definition of u..(t) as well as the continuity of \ at ¢,

we get
[ vt < [ vaP
Q Q

However, testing u(t) against Ep—minimality of @(t) gives the reverse direction of
the above inequality, which because of strict convexity of the Dirichlet integral implies
that Vue(t) = Va(t) for t € [0,1]\H. Therefore, the limit %(¢) does not depend upon
the choice of a specific t—dependent subsequence and the whole (sub)sequence of {u,}
determined by the convergence of the w,(t) for t € I, (and by that of [,, to A) is such
that, for all t € [0, 1]\ H, u,(t) SBV — converges to us(t), while, as in Lemma 3.2.1,
YV, (t) = Vus(t) strongly in L?(2) as n — oco. Nonetheless, H is at most countable,

which concludes the proof.
O
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3.3 Energy Balance

In this section, we first show that the total energy associated to a quasi-static evolution
does not increase in time, section 3.3.1. Notice that this is merely a consequence of
the fact that the evolutions minimize energy at each time and the growth of cracks is
irreversible. In other words, since whatever each evolution was doing earlier it could
do now (it could not change the energy state), earlier states of energy are legitimate
competitors at each time. This fact holds true among the global and local minimizers
for the Dirichlet boundary conditions that we cited earlier in the background material,
see section 1.1.

However, whether the later states of energy in the evolution can be compared
to the earlier states is a question whose answer has not been so straightforward. In
models based on global minimization for the case of Dirichlet boundary conditions,
the answer is yes, since all the states of energy are accessible at all times, and any
increment in the crack set can be offset with a decrease in the elastic energy so that
the total energy remains balanced. Nevertheless, this is not true for local minimizers
since things can happen at a later time that are not necessarily accessible at earlier
times and thus there can be decreases in energy — particularly caused by jumps in
time in the cracks whenever local energy wells disappear.

The interesting result of our variational formulation for boundary loads is that
even though it is based on global minimization, there can be cases where the energy
of an evolution decreases in time, as we discuss in section 3.3.2. Similar to the local
minimization models, the accessibility of later states of energy is not guaranteed.
Nevertheless, using the minimality properties of the evolutions, we give an estimate
on the amount of drop in energy at any time, see proposition 3.3.1.

Let us emphasize that for quasi-static models, evolution of cracks in time may
involve jumps and therefore it is in fact more realistic if there are drops in energy
since the kinetic energy is not accounted for in the usual quasi-static energy equation.
As a final note, at this time, it is not clear to us if assuming continuity for ¢ +— Iy (t)
is enough to conclude that the energy of an evolution under boundary load stays
balanced.

3.3.1 Energy Does Not Increase

Now that we have extended the solution to the whole time interval, we can express the
result of Lemma 3.2.2 for all ¢ € [0, 1] as follows. Note that following the definition in
(3.32), the corresponding energy to s, is defined by

E(t) = Efune, Tuc, f1(1). (3.47)
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Lemma 3.3.1. For all t € [0,1],

E(t) < £(0) - / [ sl an s (3.48)

Proof. Let us assume first that ¢t € I, and note that there exists ng € N such that
t € I, for all n > ny. Therefore, for any n > ngy, summing (3.33) for all ¢, € I,, with
0 <t <t gives

a0 = 3 [ () = fultin))ualti) @

tr ely,
0<t, <t

- > /t Un(s) dHN ds = € / aNQf $)tun(s) dHN " tds,

tr€ln 8NQ
0<tp <t

where we used the facts that f € W([0, 1]; L>°(dn<2)), which gives f,,(tx)— fr(te—1) =
tt:_l f(s) ds, and that by definition, u,(s) = u,(ts_1) for all s € [ty_1,t;). Notice that

by Lemma 3.2.1 and from (3.24), for ¢t € I, we have that

[t 2@ = lim_ [V ()] 220y

f(us(t) = lim fr(®)u, ().

ONQ =00 Jon0

Moreover, since u,, SBV —converges to u., as n — 00, from Lemma 3.1 in [10]| we
conclude that,

HN T oo (t)) < liminf HY (T, (1)). (3.49)

n—oo

Hence, it follows from the definitions of £(t) and &,(t) and above that,

E(t) <liminf &, (t). (3.50)

n—o0

Moreover, it follows from Lemma 3.2.3 that for a.e. s € [0,1], u,(s) = ux(s) in
L*(0n€Y), and therefore,

F(s)uso(s) dHN ™' = lim F(s)un(s) dHN .

ONQ n—=o0 Joy

Also, the sequence of maps s — faNQ f(s)un(s) dHN' is bounded on [0, ], and hence,
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by the bounded convergence theorem

t

/0t< a Qf(s)uoo(s) dHN—l) ds = lim i < ; Qf(S)Un(S) dHN—l) ds.

n—o0

Therefore, the above, (3.50) and the fact that &£,(0) = £(0) for all n € N (since
fn(0) = f(0)) prove the lemma for the case ¢t € I. Nevertheless, if ¢t € [0, 1]\ /,
we can take increasing sequences t, € I, such that ¢, / t. Notice that since u(t,)
SBV —converges to us(t), the traces converge strongly L?(OyQ) (similar to (3.24))
and since they are minimizers, the gradients converge strongly in L?(Q2). Moreover,
by monotonicity of ¢ — 'y (t), the HY ! —measures converge and therefore,

£(t) = lim (L), (3.51)

p—0o0

which together with the continuity of the map

¢
t r—>/ F(5)uos(s) dHN1ds,
0 JonQ2

finishes the proof. O

Proposition 3.3.1. For all t € [0,1], there exists A(t) > 3HN YT (t)\['w(0)),
defined below, such that

E(t) + A(t) = £(0) — limsup Z /a . (F(tr) = fte—r))uoo(te—r) dHY "1 (3.52)

M—o00 trnelu
0<trp<t

Proof. Similar to before let us first assume that ¢t € I, which means that there exists
My € N such that t € I, for all M > M,. Notice that we can repeat the same
minimization procedure as in the proof of (3.37) for u,, and get that for any ¢;,t; € I

Elty) + A > E(t;) — / (f(t5) = ft))uco(ts),

ONSQ2

where

A — HN71<Foo(tj)\Foo<ti))+ f(tj)(uoo(tj)—uoo(ti))—/ (f(tj)—f<ti))uoo(ti).

Now, for a fixed M > M,, if we sum the above inequality for ¢; = t;_; and t; = t;
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over all t, € Ip; with 0 <t <t we get that

E(t) +An(t) = E(0) = Y (f(te) = f(te1))uso(te-1) dHY 1, (3.53)

te€lns OnQ
0<t, <t
where
Ap(t) == HV o + ) Fte) (oo (t) — oo (ty—1)) dHN?
t€lns InNQ
0<tr <t

B tk%;u /6NQ (f(tk) = f(ter) ) uoo(ti) dH"
0<t,<t

Next, we show that Ay (t) > 3HY YT (t)\['s(0))

. Summing up (3.40) over all
tr € Ipy with 0 <t <t we get that

oH VYT, < ) Futr) (un(ts) — un(ty—r)) dHN!

tr €10 OnQ
0<trp <t

- /8 Q(fn(tk)—fn(tkfl))un(tk,l) dHN L

tr€lns
0<trp<t

On the other hand, in view of (3.49) and strong convergence of f,, to f and wu,, to U,
the above yields

U T (\Ta(0) < 3 / F (1) (e (1) — oo (1)) AV

tr €10 OnQ
0<trp<t

- /8 Q(f(tk)—f(tkfl))uoo(tk,l) dHN

tr €16
0<tp <t

Appealing to the definition of Ay (t) above, we conclude from the above that A (t) >
SHYN (T (t)\'ee(0)). Then, we let

A(t) = liminf Ay (t) > 3HY ™ (T (1) \['(0)),

which upon passing to the liminf as M — oo in (3.53) proves the proposition for the
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case where t € I,. Finally, if ¢ belongs to [0, 1]\ I, similar to the previous lemma, we
can take an increasing sequence in I, that converges to ¢, and use continuity of each
of the terms in (3.52) at ¢. For the energy terms, look at (3.51), and for the terms
involving summations note that since f € W!([0,1]; L*(9x9)) and us is bounded,
the summations can be made arbitrarily small if we get close enough to t. O]

3.3.2 Counter-example to Energy Balance

In this section, we give an example of a crack evolution under a boundary load where
the energy balance is violated. Consider the domain Q = (—1,1) x (0,1) C R? made
up of a material with unit stiffness and fracture toughness, except near the lateral
boundary:

1 9 S ) S 1—¢
Ga(zlaxQ) = Ga(l?) =

+00 otherwise

Suppose we apply the following boundary conditions
Opyt =0, u =0 on 29 =0,1, Op,u= fez on xr1 =1, and u=0 on =z = —1,

where the load f is given by f(z,t) = t. Now, consider the 1-D problem along
horizontal slices parallel to x;—axis with u(—1) = 0 and v/(1) = f =t. Fort <1
there exists a solution, and for ¢t > 1 there does not, since minimizing the Dirichlet
energy gives Vu = 0, H°(S,) = 1, and hence inf Ey(u) = —oc.

Returning to the 2-D problem, a slicing argument shows that for t < 1, there exists
a unique solution, whose slices are solutions to the 1-D problem. Now consider ¢ > 1,
with solution u.(t). Then the Neumann energy of u.(t), in view of Fy—minimality of
ue(t), is

1

1 1
En(uc(t) = =3 | [Vu0F = =5 [ tuelt) = ~5tu0llonsy = =

as € — 0. This limit follows since if the energy stays bounded, we can take the limit
of u.(t) as ¢ — 0, and get a solution of a Neumann problem which does not have a
solution for € = 0, with a reasoning similar to the 1-D case.

Next, note that 7+ [|uc(7)|| 11(ay0) is increasing, since 7+ f(7) and 7+ [(7) are
increasing.
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Now for t_ < 1, suppose

Elue, (1) = Eul(t.) — /t /a () anar

Note that the last term, in absolute value, is less than or equal to (t —¢_)||u=(?)| L1 (ox )

and Efu.](t_) stays bounded as ¢ — 0. Finally, recall E[u., T'|(t) = —%tHUE(t)HLI(BNQ)‘i_

HY(T.(t)) — —oo as € — 0. This gives a contradiction for ¢ and ¢ > 1 small enough.



Chapter 4

['—convergence for Interface Cracks

In this chapter, we show I'—convergence of a regularized model for fracture in layered
structures with interfaces to a sharp interface model. In layered structures, the
mechanical properties of the material bonding the layers together is different from
that of the material that the layers are comprised of. The interesting result of our
analysis is that when a crack starts growing along the interface it faces an effective
fracture toughness that is equal to an (in a sense) average of the fracture toughnesses
of the bulk and interface materials.

4.1 Introduction

Let © C R? and I C € be a material interface that we assume is a finite union
of (topologically) closed C' curves (with finite length). The fracture toughness
of the bulk, Q\I, is equal to g, and the interface, I, is equal to g;. We define
E.: H' () x H'(2) — [0, +00] by

1
E.(u,d) ::/(1—d)2|Vu]2 dx+/gs(s|Vd|2+4—€d2)dx (4.1)
Q Q

where

g; if dist(z, 1) < me
9e(w) := (4.2)
g» otherwise,

and m, g;, g» > 0.

We consider the class C of closed sets K C Q with H!(K) < +oo such that K NI
is a finite union of closed uniformly C! curves (with finite length), together with a
finite collection of points.

43
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The set of admissible displacements A[K] is {u € H'(Q\ K) : K € C}. We make
the additional assumption that these u are discontinuous across their corresponding
K, except possibly at the endpoints of the C' curves making up K N 1.

For K € C and u € A[K], we define

E(u,K) := / |VulPdz + gegH' (K N T) + geH' (K\I).
Q
The effective toughness, geg, is defined by
> 1
s (2 Lo
o= inf [ (@ + ), (43)
where V := {d € H'(R) : max d = 1}, and,

g if|t| <m

gy otherwise.

The main result of this chapter is that

Theorem 4.1.1. E. I'—converges to E. That is, for every e, — 0,

Up,d, € H'(Q),K € C,u € AIK],u, — u in L*(Q) = liminf E._(u,,d,) > E(u, K)
(4.4)
and

VK € C,Vu € A[K], u,,d, € H(Q) such that

U, — u in L*(Q) and limsup E., (u,,d,) < E(u, K).  (4.5)

The proof of the above comes in the ensuing sections, statement (4.4) will be
proved in section 4.2 and statement (4.5) will be proved in section 4.3.

Remark 4.1.1. Note that in the definition of g., if we consider positive powers of ¢, for
the scaling of the diffused interface toughness, then

g i |t] <m(e)e
g=(t) :=
gy otherwise.
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where m(e) := me® and o > —1. So, with the change of variable ¢ — t/e we have

gi At [t] < mf(e)
g-(t) == g:(t/e) =
gy otherwise.

Since as € — 0, for —1 < a < 0, m(e) — oo, for « = 0, m(e) = m, and for o > 0,
m(e) — 0, we have that

(
G —g if —1<a<0,

=g ifa=0,

g — g ifa>0.
\

Therefore, for the cases —1 < o < 0 and a > 0, g defined in (4.3) will be replaced
by ¢g; and g, respectively, in the I'—limit.

Remark 4.1.2. Notice that

&) 1 OC 1
: P N2 | — g2 — = )2 2
cllrel\f// g<(d) * 4d )dt cllrel\f;/_ ga<€(d) * 4€d )dt’

—00

where

gi if [t| < me
g=(t) ==
gy otherwise.

This follows from the fact that given d € V, we can define d. € V by d.(t) := d(t/e),
and if we consider the energy on the left for d, we get the same value as the energy on
the right for d. (and similarly in the other direction). So, the infima are the same, and
d minimizes the energy on the left if and only if d. minimizes the energy on the right.
Remark 4.1.3. If g; < gy, the infimum defined in (4.3) is achieved and if g; < g, the
minimizer d € V is unique, and satisfies d(0) = 1. If g; > g, there does not exist a
minimizer, but the infimum is the same as the infimum in (4.3) with g replaced by
gp- Indeed, if {d,,} is a minimizing sequence and x,, is the point at which d,, equals 1,
then |z,| — oo (and so g; becomes irrelevant).
To see this, we consider the one dimensional energy considered above,

E(d) := /_Oo g((d’)2 + idQ)dt,

o0
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now minimized over d € V,, the space V with the additional constraint that d(xz) =1,
at a point z € R. We label the unique minimizer d,. From the Euler-Lagrange
equations, a straightforward calculation gives, for 0 < x < m,

9i(gy — i) (g6 + 9:) Sinh(x)((gg + ¢2) sinh(m) + 299 cosh(m))
(g7 + 9?) cosh(m) — (g7 — g2) cosh(x) + 2gsg; sinh(m))’

d
dx

E,(d,) =

Y

and for x > m,

iE (d,) = (96 — 9:) (g6 + i) sinh(m)((gf + ¢2) sinh(m) + 2g9; cosh(m))
dl’ A L )
where

L= [(gb - gi) <gb sinh <3m2— .75) + g; cosh (3m2— x))

) ot (55)) [

Due to symmetry, we need only consider the case = € [0,00). Since all of the terms

except (gp — g;) are positive, if g; < gy, © +— E,(d,) is strictly increasing, and the

energy is minimum at x = 0. However, if g; > ¢, the function x — F(d,) is strictly
decreasing, and a minimizer does not exist.

m-+x

+ (g» + 9i) <gb sinh (

Remark 4.1.4. Note that approximation of free discontinuity functionals with elliptic
functionals was first done by Ambrisio and Tortorelli in [3]. Although they proved
the I'—convergence result below for a more general class of approximating functionals,
with minor changes in their proof, we have that F. : H'(Q) x H'(Q) — [0, +oc]
defined by

F.(u,2) := [ 2*|Vul|® dov + (5|Vz|2 + a—z(z — 1)2>dx
’ Q Q 4e

['—converges to F': SBV(Q2) — [0, +0o0] defined by

F(u) := /|W|2 dr + aHNH(S,).
Q
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4.2 The Lower Bound Inequality

We now prove the first inequality in Theorem 4.1.1, (4.4). We suppose u,,d, €
HY(Q),K € C,u € AK],u, — u in L*(Q), and seek to show that lim inf E. (u,,d,) >
E(u, K).

We first choose rectangles that almost cover K. We label the components of K N[
by C;, i =1,..., N, and their endpoints by X}, Xi. We begin by choosing r,h > 0
and a C' function Yx1 [0,7] — R such that with appropriate choice of coordinate
axes we have, up to a translation,

(K NI)NR(X{,r, h) = Graph(vx;),

where R(z,7,h) :={y e R*: 2y <y < @1+ 7, |y2 — 12| < h} is a rectangle with side
lengths r and 2h, oriented so that the normal to Cy at X| is e, and 74, (0) = 0. By
1
continuity of /.., for given n > 0 we can choose r > 0 such that
1

Y (0] <,

for all t € [0,7]. Note that by the uniform continuity of K NI, It follows that for these
2
[vx: (t1) — vx1 (B2)| < mlts — tof <npr.

Moreover,

HU(K N R(XL,rh)) = / U+ P O] dt < (14 n)r. (4.6)

where H! denotes the one-dimensional Hausdorff measure, which for a C! curve equals
its length. Note further that if h > nr, then we are guaranteed that the graph of Yx1
does not intersect the top or bottom of the rectangle R(X{,r, h).

Since K N1 is a finite union of uniformly C! curves, the r chosen above can in fact
be chosen uniformly. We can then consider a next rectangle of the same dimensions,
chosen to begin at a point 2 € Cy, such that R(z?,r, h) does not intersect R(X7{,r, h),
and the length of C} between these rectangles is less than nrh. Note that if this second
rectangle contains the other endpoint X; of C} in its interior, then we can reduce the
dimensions of the second rectangle until X} lies on a side of the rectangle.

We now show that within each rectangle R,

liminf . (u,, dp, R) > gog 7, (4.7)

n—oo
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where

1
E. (up,dn, R) == /(1 — dn)2|Vun|2 dr + /gen (5”|Vdn|2 + —di)dw.
R R 4e,,

Set (&,() to be a local coordinate system for R, so that R = {(£,{) : 0 < & <r,
—h < ¢ < h}. By the convergence of u,, to u, we have that, at least for a subsequence,
for a.e. £ € [0,r], we have u,, — w in L?(l¢), where [¢ is the line segment l¢ := {(£,() €
R?: —h < (< h}.

Now, since u has a discontinuity on every l¢, d-u, must be unbounded in L?(l¢)
for a.e. . So, in order for the first term in E. (u,,d,, R) to be bounded, for a.e. &,
max d,|;, — 1. Denoting (d,|,)" by d;,, using Fubini’s theorem, Fatou’s lemma and
passing to a subsequence such that the liminf is achieved, we get

lim inf /R G (gn\vclnﬁ v idi)dm > lim inf /0 ' [ /zs G (en(d;)2+ Ldi)dg} de

n—o0 n n—oo 4571

> [ [imint [ oo (ot + o))

> /0 ' [7111330 /_ Z G, (an(d;)zntﬁdi)dg]dg

For E., (uy,d,, R) to stay bounded, we must have ffh d>d¢ — 0, which up to a
subsequence gives d,, — 0 a.e. on (—h, h). Thus, we may choose points hy € (—h, —nr)
and hy € (nr, h) such that d,(h;) — 0 and d,,(hy) — 0. Furthermore, we can extract a
subsequence such that |d,(h;)| < €, and |d,(hs)| < &,. Next, for every n € N, define
D, :R — R by

dn@) hl <t< h2,
dn(hl)(t—h1+€n) hy — e, <t < hy,
Dull)i=9 4 0
n€2(—t+h2—i—€n) hy <t < hy+en,
0 t<hy—en,t>hy+ep.
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Notice that D, € H'(R), max D,, — 1 and moreover,

e A S RS C e
+ /h h e, (ald)? + ﬁdi)dc
o, () i
2 n n n

h

2 | |
< (e (d)? —d2>d 2 oo<1 —)2
< [ (4 ) 2l (14 55) 2

h
1
< / e, <€n(d’n)2 + Edi> d¢ + Ce2,

where C' is a constant. Hence,

timint [ g, (an|wn\2 + édi)da} > /0 { lim [/Oo G, <an(D;)2 + iDi)dc - Cgi] }dg

n—00 n—00 oo 4571
r oo 1
> [ [t [ g(0np o+ (02)ac g
g Ln—oo J_ 4
ngefb

(4.8)

where the last inequality follows from the fact that the uniform bound in H*(R) of the
sequence {D,,} gives us a weak in H'(R) and strong in L?(R) convergent subsequence
to d € H'(R); the lower semi-continuity of the weak limit and the a.e. convergence of
a subsequence of {D, } to d which implies maxd = 1, together with (4.3), conclude
(4.8), which gives (4.7).

Now, note that the T'-convergence of E. to E on Q \ I follows from Ambrosio-
Tortorelli (see Remark 4.1.4). This, together with the arbitrariness of n > 0 gives
(4.4).

4.3 The Upper Bound Inequality

We now show that there exist {u,} C H'(Q) and {d,} C H'(Q) such that u, — u in
L?(2) and the upper bound inequality (4.5) for {E., } and F holds.
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We define 7, := €2 and N, to be
N, :={x € Q dist(z, KNI) <n,}.

Again, from Ambrosio-Tortorelli (see Remark 4.1.4), we have that there exist u?,, d7’,
defined on Q\ N,, with the desired convergence, as m — oo, and (4.5) holds on Q\ V,,.
For each n € N, choose m(n) such that

1
n . < =
Hum(n) UHLQ(Q\Nn) n

and the inequality in (4.5) holds on Q\ N, to within . We set u, := Up(ny 20
extend arbitrarily to H'(Q) subject to ||u,/z2(n,) — 0. Below, we will define d,, to be
1 on N, so this extension of u, will play no role in the energy F., .

We now show how to define d,, € H'(Q). First, we assume that g; < g, and let
d € V be the minimizer in (4.3). For 0 < 3 < 1, choose T > 0 such that d(t) < j3 for
all [t| > Tj; and thus define,

B 1
ds = 15 (X1, 1 = ). (4.9)

For € > 0, define d. : (—h,h) — R by

1 1< < me

de(C) == ds <’C|T_77€> n. < |¢| < me +eTp

0 IC| > ne +<T5.
\

As we did in proving (4.4), we choose rectangles R; beginning with R(X{,n,2h).
The difference is that in choosing subsequent rectangles, we allow overlap. In particular,
we ensure that all line segments normal to K N I extending a distance h on each side
of KNI are included in at least one rectangle, while the length of K' NI in the overlap
of any two rectangles is no more than nrh.

For the first rectangle R = Ry, set (§,() to be the local coordinate system as
before, with R given by 0 < & <r, —2h < ¢ < 2h. Here, r > 0 is chosen for 1, = 2.
Define functions d¥ : R — R by

d;/11(¢) == d:,(C), V¢ € lg, VI C R,
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where [¢’s are one-dimensional slices of R defined previously. We repeat this for each
rectangle R;.

For the end points of the curves, again we call a generic point x*, define a semi-
circular region with center at #* and radius h, and set a local polar coordinate system,
(r,0) at x*. For every 6 € [0, 7] define

d(r,0) :=d.,(r), Vr € [0,h].

We then define R’ to be the extension of R by 7. + €T} at each end that contains an
endpoint of a component of K N1, so the region in which d? # 0 is contained in some
R.. Finally, extend d? by zero to the whole domain and define d,, :  — R by

d, = maX{n}zax dfi, Ay }- (4.10)

1

Notice that by construction, d, € H'(€; 0, 1]), for every n € N.

Now, we plug the constructed sequences {u,} and {d,} into the functionals { £},
introduced in (4.1), and proceed with the calculations as follows. Notice that inside of
the 7., —strips in the rectangles and the end points triangular regions, d,, = 1, and
outside of the mentioned region, Vu,, = Vg, and (1 — d,)* < 1; thus, for the first
integral term of the functionals we have,

n

limsup/(l —d,)?|Vu,|?dr < 1imsup/ (1-— d:‘n(n))2|Vug(n)|2dx < / |Vul*dz.
0 Q\N,, Q

(4.11)
Letting S := Ugeg, R, by construction of the sequence {d, } we know that on the set

Q\S, d,, = 0; and so it is enough to work with S instead of €. Further, we decompose
the set S into two disjoint subsets G and B, where G := Uszl R) is composed of
rectangles R} that are achieved by removing the overlaps from the original rectangles,
R; and B := S\G which includes the overlapping regions. Hence,

N
1 1
/ e, <<€n|Vdn|2 + —di) dr < Z/ e, (5n|Vdf”' 2+ —(dfi)2>d:x

>

T h 1
<3 [ ool + o) dcde + Naw
i=1 70 J—h dey,
N Ts
< ZT" / g((dy)* + Zczé)d(’ + Nnrh,
i=1 —Ts

where the second equality follows from the fact that the derivative of d,,’s in £ —direction
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vanishes. Since Nr is controlled by H!'(K N I), Nnrh can be chosen to be arbitrarily
small. Similarly, <Zfi1 rz) can be made arbitrarily close to H!'(K N I), by choosing

n small. Finally, by choosing 3 small, [ fgﬁ g(((f’ﬁ)Q + }ﬂg)dg‘ can be made arbitrarily
close to ge. Therefore,

n—oo

1
lim Sup/ e, <€n|Vdn|2 + —di) dr < gogH' (K N 1).
{dndl, )} den

On the other hand, it is immediate from the Ambrosio-Tortorelli I'-convergence
(see Remark 4.1.4) that

1
lim sup/ e, (€n|Vdn]2 + —di) de < gyH' (K \ I).
n—00 {d”:d?n(n)} 4€n

Combining these with (4.11) gives (4.5).



List of Notations

Notation Description

dist(x, A) distance function, the inf of |z — y| over y € A

Cap(A) 2—capacity of A, the inf of [|V¢[* over ¢ € C'(RY) with ¢ > 1 on A
N.(A) e—neighborhood of A, {x € Q : dist(z, A) < ¢}

0p§2 and On€2 Dirichlet and Neumann parts of the boundary

o,u normal derivative of u at the boundary

f Neumann data

U, v, W displacement functions

K, T crack sets

w (W) stored elastic energy (density)

Epl[T] Dirichlet energy, 3 [, [Vul> + HN (S, \I)
En[f] Neumann energy, 1 [, |Vul? — [, fu

HN (N — 1)—dimensional Hausdorff measure

LN N —dimensional Lebesgue measure

SBV () Special Functions of Bounded Variation on 2
SBV(Q) ulo € SBV(Q) and ulspq € LH(0; HN 1 00Q)
SBV,(Q) u € SBV(Q) and Vulq € L3(Q)

Sy set of approximate discontinuities of u € SBV ()
[u](x) jump of u at

v approximate unit normal to S,

Tu boundary trace of u

up "2 {u,} SBV —converges to u

[Kaipe max{||u| Lo @), [ull L@ }
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