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ABSTRACT. The effective properties for a laminar elastic spatial-temporal com-
posite were investigated. It was assumed that the composite is binary, that
is, it is assembled of two original constituents, capable of changing (in space-
time) their material density, as well as their material stiffness. The condition
of plane strain was imposed on a bulk of an elastic material that possesses a
periodic laminar microstructure in space-time. First, the effective elasticity
tensor was derived for the static case. Next, the dynamic case was inves-
tigated, and expressions were found for average material properties. These
expressions appeared to be diagonalizable in certain cases, but proved to be
more complicated in others. An additional force, of Coriolis type, was found in
the averaged equations of elastodynamics due to the presence of simultaneous
change in both inertial and elastic properties of original material constituents.
The appearance of a Coriolis force is a consequence of both dynamics and plane
strain; it doesn’t arise in the case of one dimensional strain that is typical for
longitudinal dynamic disturbances that propagate along an elastic bar.

1. INTRODUCTION

Advancements in materials science have made it possible to create what are
known as “composite materials”, a.k.a. materials with a microstructure. In many
cases the effective material properties can be studied through an averaging process.

Consider two rods (rod 1 and rod 2) that have different electric permittivities
(e1 and €9) and different magnetic permeabilities (p; and ps), as in parts (a) and
(b) of figure 1. It is clear that if identical electromagnetic waves are sent through
rods 1 and 2, each rod will have a different effect on various wave properties (e.g.
phase speed, and group velocity). Knowing this, imagine if these two rods are then
connected to one another, or cut up into pieces, and reassembled into a “composite”
rod, as in part (c) of figure 1. In this case, one may now ask, what is the effect
on an electromagnetic wave which propagates through this new material? Is it
possible to find “average” material properties experienced by long waves? or must
we consider each piece of this microstructure individually? These are the questions
addressed in the mathematical theory of homogenization, which has been studied
at length for materials with what is termed a static (or unchanging) microstructure.

However, more recent advancements in material science and technology have
shown that material parameters, such as dielectric permittivity and magnetic per-
meability [5], [14], or even elasticity and mass density [7], [6], can be changed both
in space and in time. The rate at which these changes can happen range from slow
to very fast (e.g. at the flip of a switch). For example, consider an array of LC-
circuits (i.e. a simple transmission line) where the inductances and capacitances
alternate in space (see figure 2), and can be switched at the “push of a button”.
This forms a material composite, and we can, in certain circumstances, use re-
sults from the theory of homogenization to study the effective properties of such
material assemblages. These properties are perceived on a larger scale compared
to the scale of material microstructure. Homogenization is particularly legitimate
when the material structure is laminar in space and time [12]. Electromagnetic
waves propagating through such structures can experience interesting properties.
We see (Figure 3) that the “world-lines” of the laminar composite interfaces are
characterized by straight lines in space-time; particularly when they are parallel
to the t-axis, the picture characterizes what is called a “static” laminate (Figure 3
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(a) Rod with electromagnetic (b) Rod with electromagnetic
paramaters €1 and g1 paramaters ez and 2

(¢) Rod made by cutting up
the first two, and then re-
assembling them into a com-
posite rod.

FIGURE 1. Three rods with differing electromagnetic parameters.

(a)). However, suppose we start changing the capacitances and inductances using
a periodic switching procedure, effectively creating a more general composite (the
space-time diagram of such a material can be seen in 3 (d)); what is the affect on
electromagnetic waves which propagate through this new structure in space-time?

gipipipiplplytylyly
L L L L L L

FIGURE 2. An array of LC-circuits alternating in space between
Ll, Cl and LQ, Cg.

As it turns out, the answer to the preceding questions is quite interesting, and
has only recently been studied by a select few [12], [11], [16], [17], [9], [3]. This
new area of research is termed “spatial-temporal composites”, and is based on the
argument that material composites can be dynamic as well as static!

Electromagnetics is not the only area where material parameters can be changed
in time. Many researchers are developing methods for changing elastic material pa-
rameters in time [7], [6]. As a result of this, it is becoming possible to create elastic
spatial-temporal composites. With the possibility of the construction of these new
composites, examining the effective properties of these new elastic spatial-temporal
composites becomes very important.
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Worldlines of spatial composite's interfaces ~Worldlines of temporal composite's interfaces

Time
Time

Space Space

(a) Purely Spatial Material Composite (b) Purely Temporal Material Compos-
ite

Worldlines of spatial-temporal composite's interfaces Worldlines for the space-time checkerboard composite

Time

Space Space

(c) General Spatial-Temporal Material Com- (d) Space-Time Checkerboard Material Com-
posite posite

F1GURE 3. Space-time diagrams for various types of spatial-
temporal composites.

In this paper, we investigate the homogenization of material properties found
in the theory of elasticity. We provide a brief background of the relevant theory
surrounding elasticity and homogenization, as well as certain methods that will be
used in the following calculations. We then derive the effective material properties
for a static elastic laminate. After this procedure is established, the effective ma-
terial properties for a general spatial-temporal elastic laminate under plane strain
are found. Finally, the system’s averaged Lagrangian is examined in order to check
the previous derivations. In this examination, some interesting physical results are
obtained, namely, the appearance of two new force terms (one of Coriolis type)
which directly result from the moving property pattern and the physical assump-
tions placed on the system.

2. BACKGROUND

2.1. Theory of Elasticity. The theory of elasticity is the study of materials which
“bounce-back” to their original shape after an applied force has been removed from
said material. This property is called elasticity. Almost all materials possess elas-
tic tendencies, as long as they are not deformed past a certain limit [15]. A main
assumption of elastic materials is that they obey what is known as Hooke’s law.



8 WILLIAM C. SANGUINET

Hooke’s law, in its most basic form, can be seen when investigating the dy-
namics of a mass on a spring. We know that this relationship takes the following
form:

F = —kx where,

F = ma net force on a mass m,

x = displacement of the mass from it’s equilibrium position,
k = stiffness of the spring.

The above relationship gives us a differential equation for x that can be subse-
quently solved and the motion of the mass can be found. In a more general elastic
material, we have essentially the same law; however, it is slightly more complicated.

The role of k£ in the general Hooke’s law is played by a rank-4 tensor known
as the stiffness, or elasticity tensor, which may be dependent on position. Simply
put, this means that at every point in a general material, there is a set of coefficients
that completely characterizes the stiffness of the material in every direction. This
quantity is denoted as D. A particular element of D is denoted using subscripts,
i.e., element Djjp;.

The role of F' in the general Hooke’s law is played by a rank-2 tensor known
as the stress tensor. This is simply a special symmetric 3 x 3 matrix which charac-
terizes the force per unit area in every direction at every point of the material. In
this paper, the stress tensor is denoted as p. A particular element of p is denoted
by subscripting 7, i.e., the ¢j element of p is 7.

The role of z in the general Hooke’s law is played by a rank-2 tensor known
as the strain tensor. This is a special 3 x 3 matrix that characterizes stretch-
ing of the material. The strain tensor is typically denoted as e, and a particular
element of e is given by e;;. The elements of the strain tensor are defined as follows:

Let the position of any point in the material be given by the vector z =
11 + x2j + x3k. Furthermore, define the displacement of the material from equi-
librium at any point z be given by the vector u = u (21, 2, x3) = u1i + usj + usk,
where i, 7, and k are unit vectors pointing in the x1, 2, and z3 directions, respec-
tively. With these assumptions, the strain tensor is defined as follows:

1 ( 8“1 Ouj

(1) ¢ij = 3 oz, + 8@) where 7,7 =1, 2 or 3.

These three quantities are related through the double convolution operation:

3 3
Dij = ZZDUM@M

k=0 1=0
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Thus, we have shown the generalized Hooke’s law.

2.1.1. Static FElasticity. The problem in static elasticity is as follows. It involves
finding solution to the following set of partial differential equations for the material
displacement from equilibrium. These are given as follows [1]:

o7
Tij +pfi = 0 wherei=1, 2, or 3 and,
8.’1)j
p = mass density as a function of position, and,
fi = the sum of body forces in the relevant direction.

2.1.2. Dynamic Flasticity. The problem in dynamic elasticity is similar to the pre-
viously discussed static case; in this case, however, the forces do not balance. Thus,
there is material motion, and the vector u becomes dependent on time along with
the coordinates. This means that velocity and acceleration vectors must be intro-
duced. Let & = @ (x1,x2,x3,t) = Ui + Goj + usk = %14— %j + %E be the
velocity vector of the material, and let & = i (x1, @, x3,t) = tini + o] + gk =
%1 + % J+ %E be the acceleration vector. This case then becomes analogous
to the simpler case of a mass on a spring. It involves finding the solution to the
following set of partial differential equations for the material displacement u from
equilibrium. These are given as follows [1]:

o7
L pfi = pi; wherei=1, 2, or 3.
8a:j -

Oftentimes it is convenient to look at specific cases of constraint for the elas-
tic system that is being studied. For example, a basic dam experiences uniform
stress with respect to the horizontal coordinate that is parallel to it. Another good
example (and the one used later in this paper) is that of plane strain.

2.1.3. Plane Strain. In the case of a plane strain, all field variables are independent
of x3, and the displacement in the z3 direction vanishes identically, [1]. Mathemat-
ically, this means that for any field quantity f(z), the following conditions hold:

uz =0 and,
5= f=0.

To physically achieve and maintain such strain, one has to apply opposing
stresses in the positive and negative z3-direction to constrain particle motion across
the plane. Familiarity with plane strain is important, because it is central to the
results of this paper.

2.2. Homogenization. Homogenization is the study of partial differential equa-
tions with rapidly oscillating coefficients. A main goal of homogenization is finding
the effective values of these coefficients. This theory is readily applicable to static
composite materials, and this field has been extensively studied [10], [13], and [8].

The intuitive idea behind homogenization is that there are different length scales:
the microscale, and the macroscale, [13]. The microscale is a small length scale,
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i.e., it is characterized by lengths less than [y, which is chosen to be greater than
the maximum size of inhomogeneities in the microstructure. The macroscale is a
larger length scale, characterized by some length . At this scale, the composite
appears homogeneous with respect to averaging. It is on this length scale that
mathematical analysis and averaging are carried out. It is assumed that the length
scales are well separated, i.e., [ < ls.

In [10], [13], a very good example of homogenization is given. Consider the
case of electroconductivity in a periodic microgeometry. Also, assume that there
are no internal current sources. The microscale (I1-scale) equations are given as
follows:

j@) = o(@)e(x) ,

viio= 0,
v xe = 0 where,
j(x) = the current field,
e(z) = —wv¢(x)is the electric field
¢ (z) = the electrical potential,
o(z) = the conductivity tensor field.

On the macroscopic level, the equations take the same basic form, but with
average quantities.

jo(z) = o.eo(z)
\VA jO =0 y
VvV Xeyp = 0 where,
jo(z) = the local average of j over a cube centered at z,
ep () = the local average of e over a cube centered at z.

First, it is important to note that the size of the cube in the above definition of jg
and ey is large compared to the microstructure (i.e., it is on the I3 scale). Secondly,
we notice a new quantity o.. This quantity is the effective (average) conductivity
tensor, and a main problem in the theory of composite materials is solving for this
tensor.

3. STATIC MATERIAL LAMINATE
3.1. Introduction. We use the symbol p and e to represent, respectively, the stress

and strain tensors

Ti1 Ti2 Ti13 €11 €12 €13
b= T2 T22 723 , €= €12 €22 €23
T13 T23 733 €13 €23 €33
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We know that, in the theory of elasticity, these quantities are related through
Hooke’s law. More specifically, the stress tensor and the strain tensor (both of rank
2) are related through a rank-4 material tensor called the stiffness (or elasticity)
tensor; we denote it as D. This tensor completely characterizes the stiffness of the
material. The following equation shows this relationship [1], [15]:

pP= D- ‘€ )
where the .- operation denotes the double convolution. It is important to note that

this notation is exactly the same as the index summation notation used in many
texts on mathematical physics, i.e. p = D - -e is equivalent to p;; = D;jrien.

3.2. Physical Setup of System. Consider a bulk of elastic material that is in
static equilibrium. We pick a convenient origin and chose a rectangular coordinate
system with unit vectors ¢ = (1,0,0), j = (0,1,0), and k = (0,0,1). Thus, the
position vector is given by r(x1,x2,x3) = x12 + x2j + x3k = (21,22, x3). The dis-
placement of a particular piece of material at a given point is a vector given by
u=u(x1,r2,r3) = Ui + ugj + usk.

We assume we are working under conditions of plane strain [1]. These con-
ditions state that the displacement of any material particle is confined to the plane,
so the xz-component of the displacement is equal to zero. Also, the derivative of
any field quantity with respect to the xz-coordinate is equal to zero. These condi-
tions are summarized as follows:

uz = 0 )
9_f—=0 for any field quantity f

EEN
To maintain such strain, one has to apply opposing stresses in the positive and
negative z-direction in order to constrain particle motion to the plane.

Furthermore, assume that this plane is equipped with a static lamination, in
other words, assume the plane is divided into sections by lines parallel to the y-axis
(interfaces), and assume that these interfaces both remain immovable and alternate
periodically in space (see figure 4). The sections have different material properties,
and thus, have different elasticity tensors. We denote the elasticity tensor of the
+ sections as Dy, and the elasticity tensor of the — sections as D_. We term the
strain tensor for the + sides of the interface as e, and for the — sections of the
interface as e_. It is thus apparent that the material will generally have different
stress on different sections of the interface, + or —, termed respectively, p; or p_.
On both sides, the material must obey Hooke’s law |, i.e., the following equations
must hold:

py=Dy-eq
p_=D_--e_

3.3. Compatibility Conditions on the Interface. Note: Let a and b be two
arbitrary vectors. In the following calculations, ab denotes the dyadic product of
vectors a and b (i.e. ab=a ® b):
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FIGURE 4. An elastic bulk of material with a periodic lamination
in space.

IS}

&

I~
|

(a1,a2,a3) @ (by, ba, b3)
al bl aq bg al b3

(2) = azby  azbz  azbz

(131)1 as b2 (13b3

Similarly, we will assume that, in general, if A and B are tensors of arbitrary
rank, then AB denotes A®B. Also, in the following calculations the symbol [t :=
(-)+ — (-)= will be used to denote the subtraction of quantities on the - side of the
interface from quantities on the + side of the interface.

3.4. Continuity Conditions. The elastic material previously mentioned has in-
terfaces that separate one type of elastic material from another type. At these
interfaces, there are certain continuity conditions that are observed by both the
stress and the strain. These conditions relate to the continuity of certain deriva-
tives, namely, the derivatives of the displacement vector in the direction tangent to
the interfaces of inhomogeneity. These conditions are as follows [1].

Recall, that in the static case, the material property pattern is not moving,
and so at the interfaces we have that:

ow]" _
L9y | ’
[u]™ _
Loy |-

From our previous definition of strain, i.e, equation (1), we see that only the eso
component of strain is continuous at the material interfaces. Thus, we have that
e11 and eqs are discontinuous at the interface.

For stress, we have the following equation from [1]:
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(3) [ri;n]lf = 0 where
n; = components of the vector normal to the interface.

Thus, we know that as the interfaces are perpendicular to the i-direction the
vector normal to the interfaces is simply the unit vector . So, the components of
stress 711 and T2 are continuous, while the component 755 is discontinuous.

This results in the following conditions on strain and stress:

e~ i)t = (ey—e )i
(4) = en—e-11#0
e +4D)]7 = (er—e)--(ij + i)
(5) = 2(e412) —2(e—12) #0
le-ji]" = (ex—e)jj
(6) = ejop—e€_22=0
and,
p-ii]t = (py—p-)--ii
(7) = Ty -—7-11=0
(i +3)]" = @+ —p-)- (i +50)
(8) = 27412 —27_12=0
-3t = (pe—po)-di
(9) = Tyoe —T_ 22 #0

Equations (4) - (6) and (7) - (9) represent a kind of duality between stress and
strain. We see that if a particular component of strain is continuous, then the
corresponding component of stress is discontinuous. Similarly, if a component of
strain is discontinuous, then the corresponding component of stress is continuous.

3.5. Effective (Average) Values of Properties. Assume that the concentra-
tion of the + material in a laminate is given by mj, and the concentration of the
second material in a laminate is given by msy. These values must add to unity (i.e.
my + my = 1), as they represent the percentage of materials present. These can
be used to represent both the average stress tensor and the average strain tensor
through the arithmetic average. These values, the average stress and strain, are
denoted by py and eg respectively:
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Do = mapy +mop—
€p = miey + maoe_

3.6. Problem Statement. From the previous discussion of average values, we can
also define an average material tensor Dy = m1 D, +moD_. A valid question to ask
is whether or not there exists a linear relationship between the averaged stress and
average strain, in the form of a fourth rank effective material tensor. Specifically,
we ask if there exists a fourth rank tensor D,y ,, that satisfies the following relation:

Po = Deff,s * €0
The problem addressed in the following sections is the derivation of this effective

material tensor, in other words, we will attempt to derive D.fr . It will be seen
that Deff,s 75 Do.

3.7. Derivation of Effective Elasticity Tensor. To simplify calculations, we
use the following abbreviations:

(10) a = i
(11) ay = (ij+ji)
(12) az = ﬂ

To derive the effective tensor, we apply a procedure similar to that introduced
in [10]. From compatibility conditions (4), (5), and (6) across the interface, we see
that the jj-component of strain is continuous. Thus, the strain tensor (on both the
+ and — side of the material interface) can be expressed as a linear combination of
€o, a1, and as. That is, day, 81, as, B2 € R such that:

(13) e = eptaia;+ ﬁlag R
(14) e_ = eg+ asay + Paas

By definition, we know that eg = mie; + maoe_, so by substituting the previ-
ous expansions of ey and e_ to this expression for ey we obtain the following result:

ep = Mmieq + moe_
mi(eo + arar + Braz) + ma(eg + agar + Baaz)
(m1eg + maeg) + (Mg + maae)ay + (m1f1 + mafa)az

= ep+ (miay + mocg)ar + (mif1 + mafa)as

This implies that the following equations hold:

miag +moag =0
mifB1 +mefr =0
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i.e., there exist constants o and 8 such that:

a1 = Moy y
Qg = —Mi& ,
pr=maf |
B2 =—mif .

3.7.1. Simplification of Terms. Using the relationships derived in the previous sec-
tion, we will attempt to simplify some quantities which will be used in the following
calculations. The first term we would like to simplify is the expression for the av-
erage strain tensor pg.

Do = Mip4 + map—
= (s en) +ma(D_ e )
= my(Dy - -(e0 + ara1 + Braz2)) + ma(D— - -(eg + azay + P2a2))
= (m1Dy +maeD_)--eg + (miay Dy +moceD_) - a1 + (m1f1 D4 + mafBaD_) - -ag

We now wish to apply the simplifications for ay, 51, a2, and [2 that were found
in the previous section.

Po = DQ <€ + (ml(mga)D_,_ + mg(fmloz)D_) ceaq + (ml(mgﬂ)D+ + mg(fmlﬂ)D_) %)
= Dg--eg+mima(a(Dy —D_)--a1+B(Dy —D_) - -az)

For the remainder of the derivation, we shall denote Dy — D_ as AD. Thus,
our final simplified expression for pg is as follows:

(15) Po = DO --eo + mlmg(aAD --aq + 6AD . '(12)

Our goal in the forthcoming sections will be to solve for the values of scalars
«a and S, these values depending linearly on e, and thus, allowing us to find an
expression for Dy s.

To determine a and 3, we shall use the compatibility conditions (7) - (9) for
stress.

We will also simplify the difference between p; and p_.

p+—p- = (Dy-eq)—(D--e)
= (Dy --(eo + arar + fraz)) — D_ - -(eg + aoay + B2az))
= (D+ — D,> --e0 + (a1D+ - OZQD,) c-ay + (51D+ — BQD,) © Qo
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Applying both the symbol AD for D, —D_ and the simplifications for a, 81, e,
and By found in the previous section, we have the following:

p+ —p- = AD--eo+ ((meaDy) — (—miaD-)) - a1 + ((m2BD4) — (—=m1BD-)) -

= AD--eg+a(me Dy +miD_)--a; + B(maDy +miD_) - -as

As a further means of simplification, we shall define D to be equal to the ten-
sor mg Dy +mqD_. So for our final simplification of p; —p_, we have the following:

py—p- = AD--eg+aD--a;+ D -ay

3.7.2. Applying the Compatibility Conditions for Stress. We are now at a point
where it is possible to apply compatibility conditions (7) and (8), and solve for «
and (8. Recall that these conditions are as follows:

(p-i-_p—)"al = 0 ,
(p+ —p-)-rag =

Using the simplified form of p; — p_, we see that it is now just a matter of
substituting the simplification for the compatibility conditions (7) and (8).

For (7), we have

(py —p_)-rar = (AD--eg+aD--ay+ 8D --as)--a;
= a1~-AD--eO+a(a1~-5~-a1)+B(a1~-5~-a2):0

For (8), we have

(py —p-)-raa = (AD--eg+aD--a1+ D -a3) - -as
= a2..AD..60+a(a2..E..al)+ﬂ(a2..ﬁ..a2):0

Thus, from the compatibility conditions for stress, we get the following linear
system of equations:

a1~-AD--eo+a(a1~~
a2-~AD~~eO+a(a2~

. 'az) 0
cag) =0

)

Sl S
Sl S

"al) +6(a1.
"al) +ﬂ(a2.

-2
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We notice that the quantities (a; - -AD - -eg), (as - -AD - -ep), and (as - -D - -ay
where s,t are equal to 1 or 2) depend on the basis tensors (a1, as), the values of the
material tensors on both sides of the interface (D4, D_), and the average strain
(eo). To condense the linear system, we define the following:

(16) P = (a1 . AD . ~€0) 5
(17) Q = (ag--AD:--eq) ,
(18) Dy = as--D--a; where s,t are equal to 1 or 2.

Thus, our linear system takes the following form:

P+aDy+f3D1a=0
Q+aDy + 8D =0
These two simultaneous equations are equivalent to the matrix equation

D11 Dlg « -P
A'_(D21 Dy ) ,:C—(ﬂ),andb—(Q )
For this system to have a solution, we require that the determinant of A is not
equal to zero (i.e. det(A) = D11 Doy —Do1 D1y # 0). If the material is isotropic, then
this is automatically the case, as D1s = Do = 0, and thus, det(A) = D11 Das. We

are assuming that the material has a stiffness which is non-zero, and so, det(A) # 0.
Thus, we have the following unique solution for o and 3:

a= ﬁ(ém@ —§22P) ;
B = 4275(DnP —DnQ)
It is now possible to take the simplified expression for average stress (derived in

previous section), and substitute the values derived for o and f into the expression
for po.

Po = DQ * €0 + mlmg(aAD ceaq + BAD . 'CLQ)

mimso — — mimsa
D — Doy P)AD - -
det A (D12Q 20 P) a1 +

= Poreot detA

(Eglp — EllQ)AD + a9

So, a simplified equation for pg is given by the following expression:

po = Do -eg
mimo — —_—
d;tAz (Dlg(AD . 'Cll)Q + Dgl(AD . -ag)P)

mims

detA

(D22(AD - -a1)P + D11 (AD - -a2)Q)
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Next, recall the definitions of P and @ as (ay - -AD - -eg) and (ag - -AD - -ep),
respectively. Plug these values into the above expression for pg; this gives us the
following:

po = Do--eg
mimo — —

detA (Dlz(AD . -al)(ag . AD . '60) =+ D21(AD . '(Lz)(al . AD . °€0))

_m1m2

detA

(Ell(AD . 'CLQ)(QQ . AD . '60) +E22(AD . -al)(al . AD . '60))

Now, we can clearly see that pg is a linear function of eq:

mimo — -
po = [Do+ 25 (D1a(AD - a1)(as - -AD) + Dot (AD - -az) (a1 - -AD))
mimo — o
a d;&A2 (D11(AD - -az)(az - "AD) + D22 (AD - -aq)(a1 - -AD))] - -eg
= Deff,s - -eg

Thus, we have found a fourth rank tensor D¢ s that linearly relates the average
stress pg to the average strain eg, i.e.,

mim —
Defre = Do+ ﬁ [D12(AD - -a1) @ (ag - -AD) + Dy (AD - -a3) @ (ay - -AD)]

myms

detA

mu(AD . -az) ® (ag - -AD) +E22(AD cra1) ® (aq - AD)]

If we assume that D4 and D_ are both isotropic, then Dy = Dy =0, and so
det(A) = D11Da, which means that the effective tensor takes the following form:

Deps = Do—myms (AD - '(lg)ﬁ@ (ag - -AD) N (AD - -al)jb (a1 - -AD)
D22 Dll

It is important to note that the above quantities D1; and Dy are simply compo-
nents of the tensor D, and as such, are linear combinations of components from D
and D_. Because we are assuming that the materials (+ and —) are both elastic,
they both have non-zero stiffness (i.e. D # 0, D_ # 0). As a result, neither D1,
or Doy are equal to zero.

4. DYNAMIC MATERIAL LAMINATE

4.1. Introduction. In the previous section, we derived the effective material tensor
Dy, for a static elastic material with a static (unchanging in time) laminate. We
now wish to consider a laminate which is dynamic, in a material whose constituents
are elastic. We shall attempt to derive the effective tensor Dy q for a material
that is equipped with a lamination that changes in time.
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4.2. Physical Setup of the System. As before, consider a bulk of elastic mate-
rial equipped with an alternating periodic lamination in space-time similar to the
purely spatial lamination described in section 3.2. In each section of material the
stiffness tensor (D) and the mass density (p) are different. Furthermore, assume
that this lamination is dynamic (not static as in section 3.2), i.e., assume that the
laminar property pattern is brought to motion at a velocity V', through the use of
some external agent. In other words, assume that the sections of material with den-
sity p4 and D, are changed into sections with parameters p_ and D_ and likewise,
sections of the material with parameters p_ and D_ are changed into sections with
parameters py and D,. It is important to note that there is no actual material
motion; what is moving is the property pattern alone.

We will study the propagation of dynamic disturbances through the material
environment changing its properties in space and time. Thus, the displacement of
the material constituents produced by the travelling dynamic disturbances becomes
a function of position as well as time, i.e., v = u(x1, T2, 3,t) = w1l + usj + usk.
The velocity of the constituents is then given by the vector @ = @ (1, zo, 3, ) =
%1 + %l’ + %E, and furthermore, if the mass density is p, then the momen-
tum of the constituents is given by o = o(x1,22,23) = 01i + 02j + 03k = pi =
0 (agtl;'—l- %14— %@). As before, we notice that the stress and strain will be
different in the plus and minus parts of the material, so we define p, p_, e4, and
e_ respectively. Lastly, we realize that the momentum vectors on each side of the
interface will also be different due to the varying inertial properties, and so we

define 0, and o_ to be the momenta in the respective material sections, + and -.

4.3. Compatibility Conditions on the Interface. Now that we are considering
a moving interface, there are two sets of compatibility conditions which must be ob-
served on the interface. The first set of conditions are the kinematical compatibility
conditions.

4.3.1. Kinematical Compatibility Conditions. For the kinematic compatibility con-
ditions, we have the following equation from [1]:

ou; 1"
+ i , .
albg| - - ) ) )
[uinj]m = =V [ ] where ¢ =1 or 2, and j =1 or 2, and
Oxj| _
n; = components of a unit normal to the interface moving at a velocity V.

This gives us the following kinematical compatibility conditions:

%r

(19) [lefu + V8x2

. Ous 1™
(20) [ngug—i-Van_ =0 ,
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. Aui "

(21) [nlul—i—VaZj =0 ,
. duy | "

(22) [n1U2+VaZj = 0

4.3.2. Another Method of Deriving KCC’s. Let f(z,t) denote a field quantity which
may be discontinuous across the interface. Then

i j T
Vf X M = le fIz f
ny Up) -V

= _(f12V + f’n‘Z)lJf— (lev + fnl)l—’_ (f:r1n2 - sznl)I

This cross product produces a vector which is perpendicular to the interface
represented as a surface in space-time. As u; and us are both field quantities, we
obtain the following four kinematical continuity conditions:

8 1+

Natly + vl = 0 ,
8332
PRE

Nolo + Vﬂ = 0 ,
8%2

- 8 - +

min + VL = o,

L 8$1_ _

- a - +

77,1’[1,2 + Vﬂ = 0

L 81‘1 _

which match the kinematical continuity conditions (19)-(22).
4.3.3. Dynamical Conditions. For the dynamic compatibility conditions, we have
the following equation from [1]:
[rmg) L = =V [pi]"

This gives us the following dynamical compatibility conditions:

(23) [r1in1 + Tiane + Vpin]t = 0,

(24) [To1m1 + Toang + Vpio]t = 0
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4.4. Transformation of Kinematical Compatibility Conditions. From the
above discussion, we know that equations (19) - (22) must be obeyed on the in-
terface; however, these can be greatly simplified. Previously, we assumed that the
interface remains perpendicular to the zi-axis through its motion, that is, ny=1
and no=0. The kinematical compatibility equations then become:

(25) [gur ~ 0.
(26) [g“r _ 0,
(27) |:1'L1+VgZ1]+ = 0 ,
(28) [u2+Vg;L?]+ = 0

The final simplification to be made to the kinematical compatibility conditions
will be to apply the definition of strain (i.e., equation (1)) while combining equa-
tions (25) and (28). This gives us the following:

oml" _ [, Ou]
81‘2 _ - i 12 8.171 _
s ]
= -2612 + V:| B
1 +
=0 ,
ou 1t .
ot - ]
1 +
(30) = [e- -ar + Vﬂw}
= 0 5
Ous ]t
{83}2] = [622]t
(31) = le- -a3]f
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Due to the assumption that n; = 1 and ny = 0, the dynamical compatibility
equations (23) and (24) become as follows:

[+ Vo]t = [p-ar+Vpi-i]©
(32) =0 ,
. - o+
(o1 + Vpig] T = [p 5 2+ Vﬂﬂ'l]_
(33) ~ 0

4.5. Effective (Average) Values of Properties. Assume that the concentration
of the + material is given by my, and the concentration of the — material is given
by mes; this time, however, m; and ms denote concentrations in space-time, i.e., the
portions of a spatial-temporal period occupied by the relevant material constituents.
The average stress and strain are again defined as pg = mip4+ + mop_ and ey =
mieq +moe_. The only new quantity we must introduce is the average momentum
vector gg. This is done naturally, i.e.:

g0 = Mmipply +mop_U_

(34) = (mip4iny +mep_ti- )i+ (M1pyiey + map_ta_)j

4.6. Problem Statement. As before, a valid question to ask is whether or not
there exists a linear relationship between the averaged stress and average strain
in the form of a fourth rank effective material tensor. Specifically, we ask if there
exists a fourth rank tensor D.¢y 4, that satisfies the following relation:

Po = Deyya--eo

The problem addressed in the following sections is the derivation of this effective
material tensor, in other words, we will attempt to derive D¢ 4. It will be seen
that the answer is more complex than in the static case. Instead of deriving an
effective material tensor that shows a linear relationship between pg and eg, we
show that there is a linear relationship between pg, eg, and 9. Later examination
of the Euler equations (equations of motion) produced by an averaged Lagrangian
will show that the relationship between these quantities is even more complex than
originally expected.

4.7. Relationship between Effective Stress and Strain in the Dynamic
Case. From kinematical compatibility conditions (29),(30), and (31) across the in-
terface, we see that only the jj-component of strain is continuous. Thus, the strain
tensor (in both the 4+ and — sections of the material) can be expressed as a linear
combination of ey, a1, and ay. That is, Jay, 1, ag, f2 € R such that (c.f. (13), (14))

er =eg+arar + Brag
e =eg + azai + faas



EFFECTIVE CHARACTERISTICS OF ELASTIC LAMINATES IN SPACE-TIME 23

Furthermore, conditions (29),(30), and (31) tell us that the velocity g is also
discontinuous across the interface, and so we have that the velocity vector (in both
the + and — sections of the material) can be expressed as a linear combination of
g, %, and j. That is, 3y1,d1,72,02 € R such that,

Uy =Uo +718+017
U_ = tp + Yol + d2j
By definition, we know that eg = mie +mqe_ and that 4y = mitu4 +mat_, so
by substituting the previous expansions of e, e_, 4, and 4_ to these expressions
for ep and g, we obtain:

ep = Mmiey + moe_
mi(eo + aia; + Pfraz) + ma(eo + azay + Paaz)
(myep + maeg) + (Mo + maaz)ar + (m1fB1 + mafa)as

= eo+ (miay +moaz)ar + (m1B1 +mafa)ay

and

do = i+ mai

= my (o + 712+ 015) + ma(to + Y21 + 025)
(Mt + matg) + (Mm1y1 + may2)i + (m1d1 + mada)j
= g+ (m1y1 + may2)i + (m1é1 + mada)j

As before, this implies:

miar +moas =0
miBi+mofa=0
miy1 +meye =0
mi101 + mody =0

i.e., there exist constants «, f3, v, and § such that

ap =mgax
Q2 = -,
61 = m?ﬁ ’
B2 = —m1f3,
Y1 =mey
Y2 = —nhn7y,
0y =mad
(52 = —m15 .

4.7.1. Simplification of Terms. Using the relationships derived in the previous sec-
tion, we will attempt to simplify some quantities which will be used in the following
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calculations. This will allow us to apply the continuity conditions in a clearer man-
ner. First, recall the simplified expression for average stress (15), originally found
in section 3.7.1.

po = Dy --eg+ mlmg(aAD --a1 + BAD - -ag) s

As before, our goal in the forthcoming sections will be to solve for the values of
the scalars o and 8 using conditions (29)-(33).

We will also simplify the difference between the stresses at the interface, i.e.,
p+ and p_. Recall from 3.7.1 that:

AD --eqg+aD --a; + 8D - -ay

P+ —P-

Next, we wish to simplify the difference between the strains at the interface, i.e.,
e+ and e_:

er —e_ = (eg+ajar + Braz) — (eg + aza1 + P2a2)

(eo + maaay + mafas) — (eg — miaa; — mqPBaz)

a(miar +moar) + f(miaz + maas)
So, our simplification for ey — e_ is as follows:
er —e- = aa+ Pas
Now, we simplify the difference between the two velocities @y and .
Uy —u_ = (o +y1i+015) — (o + 2t + d25)
(g 4 mayi 4+ madj) — (g — m1yi —my1dyj)

= yi+dj

We shall also simplify the difference between the respective momenta at the
interface, i.e., 04 and o_:

e o
= py(to + i+ 615) — p— (o + v2i + d25)
= (p+ —p-)o + (p+m1 — p-2)i + (p+01 — p—02)j
= (p+ — p=) +v(ma2py +muip-)i+ 6(mapy +mip-)j

We shall define p = mapy + mip—, and also Ap = p4 — p_. Thus, for our final
simplification for o4 — o, we have the following:
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op—o_ = (Ap)io+ (vp)i+ (6p) ]

And finally, we simplify the expression for average momentum oy. Recall the
expression (34) :

0o = Mipplq + mop_t_
= mips (o + 7+ 61j) + map— (U + Y2i + d2)
= (mipy +map_)to + (Mippy1 +map_y2)i+ (M1pd1 +map_d2)j
= (m1py +map_) g+ mims (p4 — p-) i+ mimad (p+ — p-) J

(35) = potig +myms (vApi+ 6Apj)

4.7.2. Applying the Compatibility Conditions for Strain. We can now apply com-
patibility conditions (29), (30), (32), and (33) to solve for a, 3, 7, and §. Recall
that (29) and (30) state the following.

Using the simplified form of e; —e_ and u4 — 4—, we see that it is now just a
matter of substituting these expressions into the equations (29) and (30).

For (29), we have

1 . N
(aq + Bag) - -as + v (%—i— 61) J
)

_2 .
ity
= 0

.
Il

(€+—ef)"a2+%<ﬂi—ﬂ;)-

For (30), we have

.
I

1 1
(e+—e_)~-a1+v(1l7+—u;>- (aal—l—ﬁag)--al—&—v(ﬂ—kﬁ)-z

- J
= a+v
=0

Thus, conditions (29) and (30) give the expressions for v and ¢ in terms of «
and (3, i.e.,
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4.7.3. Applying Compatibility Conditions for Stress. It is now possible to apply the
compatibility conditions (32) and (33), and solve for « and . These conditions are
as follows:

(p+—p—)'~a1+V(07+—0;)-z = 0,
1
§(p+—p,)~-a2+V<Ui—a;) j =0
For (32), we have
(P+—P—)“a1+V(0i—0;>~z = (AD--eg+aD- a1+ D as) -ay

+V (Apiig +~vpi + 6pj) - i

— al "AD"€O+O{(G/1 ..E..al) J’_/B(al ..b..a2)
+VApug - i +~Vp
— al "AD"@O"‘O{(G& ..E..al) J’_ﬁ(al ..E..a2)

+V Apig - i — VZap

For (33), we have
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(p+—p_)--a2+2V<o'7+—o'7_>~j = (AD~-eo+aﬁ-~a1+ﬁﬁ-~a2)--ag

+2V (Apig + vpi + 0pj) - §

]

= a2..AD..€0+aa2..ﬁ..a1+ﬂa2.
+2V Apig - j + 26V

By %)

= a2..AD..€0+aa2..b..a1+/8a2..D..a2
+2V Apiig - j — 4V*Bp

So, we have the following linear system for a and :

—[(a1 - -AD - -e0) + VAp(ig -i)] = « (a1 D -ay — V2ﬁ) +Bla1--D--as)
—[(az - -AD - -e9) + 2V Ap(tg - j)] = a(az--D--a1)+ Blaz--D--as — 4V?p)

Using the notation from section 3.7.1, the system takes the following form

a (D11 —V?p) + BD12 = — [P+ VAp(iy, - 1)]
aDa1 + B (Do — 4V?p) = — [Q + 2V Ap(itg - j)]

These two simultaneous equations are equivalent to the matrix equation

Az = b, where

L ﬁll - V2ﬁ 512 _ «
A'_( Dy, D22—4V2P)7$_(5)’and
b:( — [P+ VAp(iy - 1)] )
- —[Q+2VAp(ig - j)]
For this system to have a solution, we require that the determinant of A is not
equal to zero (16 det(A) = (Ell — VQﬁ) (ﬁgg - 4V2ﬁ) - ﬁglﬁlg 7é O) If the
material is isotropic, then D1y = D = 0, which implies that for this system to

have a solution we must have V' # % and V # %\/%. Using simplifications

(40) and (41), these conditions take on the form: V # Xt%, and V # \/% In

other words, the velocity V should be different from “averaged” phase velocities of
dilatiation and shear waves, [1].
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Assuming that det(A) # 0, we have the following unique solutions for a and

3:

@ = gia(D12(Q +2VAp(y - ) — (Daz = 4V?p)(P + VAp(isy - 1))
B = g2z (Dar(P + VAp(iy - 1) — (D = V2p)(Q + 2V Ap(ig - 1)) -

It is now possible to take the simplified expression for average stress (15), and
substitute the values derived for a and g into the expression for pg.

po = Dg--eo+ m1m2(aAD --a1 + BAD - 'a2>
mimsz r— . . = 2 . .
= Dqg--eo+ TetA [D12(Q + 2V Ap(ig - §)) — (D22 — 4VZp)(P + VAp(iy - 1)) AD - -ay
mimso

+

T [D21(P+VAp(ig i) = (D11 = VZp)(Q + 2V Ap(ig - )] AD - -a

So, a simplified equation for pg is given by the following expression:

bo = D() - -€ep
+% [Da1(AD - -a3) + (4V?5 — Do) (AD - -a1)| P
—I—% [EH(AD crar) + (Vzﬁ —D11)(AD - ~a2)] o)
% [(4V?p = Dy2)(AD - -a1) 4+ D21 (AD - -a3)] (i - tio)

% [(VQﬁ — ﬁll)(AD . .az) —‘,—Elz(AD . 'al)] (] . 710)

Next, recall the definitions of P and @ as (ay - -AD - -eg) and (as - -AD - -ep),

respectively. Plug these values into the above expression for pg; this gives us the
following:

po = Do--e
mimso

Py

mimso

T et ()

+% [(4V?5 — D2)(AD - -a1) + D21 (AD - -a2)] (i - o)

[D21(AD - -a3) 4+ (4V?p — D22)(AD - -a1)] (a1 - -AD - -eg)

[D12(AD - -a1) + (V?p — D11)(AD - -a3)] (az - -AD - -eq)

+2’”;:Z(2X)A” (V25— D11)(AD - -a3) + Dyo(AD - -ay)] (j - o)

This can be expressed as follows:
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bo = DO

m m o

+d ; 2 [Do1(AD - -a5) @ (a1 - -AD) + (4V?5 — Da2)(AD - -a1) @ (a1 - -AD)] - -eg
m m o

+d; 2 [Dy5(AD - -a1) @ (ag - -AD) + (V5 — D11)(AD - -a) @ (az - -AD)] - -9
mim VA _ o .
W [(4V?5 — Do) (AD - -a1) @i + Doy (AD - -a3) ® i) - g
2mima VA _
W (V5= Du)(AD - -a2) ® j + D1a(AD - -a1) @ j] - g

(36)

To simplify the above equation, we define the following quantities:

Degra = Do
+;’2(’ZQ) [D21(AD - -a2) ® (a1 - -AD) + (425 — Don)(AD - -a1) ® (ay - -AD)]
+Z;2;ZZ12) [blg(AD . .al) [029] (a2 . AD) + (V2ﬁ—511)(AD . .a2) ® (a2 A AD)]
and,
VA _ o |
A = % [(4V?5 — Dy2)(AD - -a1) ® i + Doy (AD - -a3) @]
2mymaV A _ o |
% [(V2ﬁ —D11)(AD - -az) ®7+ D12(AD - -aq) ®l]

With these simplifications, equation (36) becomes more clear.
(37) po = Despa--eo+A-to

This expression shows Hooke’s law for a dynamic elastic laminate. We see that
when there is a moving property pattern, the average stress pg is not just linearly
related to the average stress, but it is also linearly related to the average velocity
of disturbances propagating through the material. This relationship is due to the
rank 3 tensor A. We term (37) the dynamic Hooke’s law.

If we assume that Dy and D_ are both isotropic, then 5123 Dsy1 =0, and so
det(A) = (Dll - Vzﬁ) (D22 - 4V2ﬁ) = (Vzﬁ - Dll) (4V2ﬁ - DQQ), which means
that Deyrq and A take the following form:

(AD - -a1)® (ay - -AD) n (AD . -ag) ® (Clz . AD)

D, = Dg+mm — -
T1d ’ n V2p— Dy 4V2p — Doy
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and,

(AD--a1)®i %AD~@)®1

A = mmoVA —~ _
e P V2ﬁ — Dy (4V2ﬁ — D22)

Further examination will reveal some interesting facts about the physics involved.
To see this, we examine various possibilities for the material parameters, namely,
when AD # 0 and Ap = 0 (i.e. when there is a change in stiffness across the
lamination, but no change in density parameters) and when AD = 0 and Ap # 0
(i.e. when there is no change in stiffness across the lamination, but there is a change
in density). Before these are investigated though, it will prove beneficial to simplify
expressions for certain terms involved in the calculations.

4.8. Specific Cases.

4.8.1. Simplification of Terms. Previously, we assumed that the tensors D, and
D_ are both isotropic. This implies that D+ takes the following form:

Dy = ()\+ + ,u+) araq + p+ (an2aq2 + asay)  where A+ and p+ are the Lamé moduli and,
ap = ﬂ + Q )

ay = @—jj and,

Qg = dij+ji

So, we have that:

AD = D, -D._
= (AXN+ Ap)aja; + Ap(araans + asas)  where,

Ap = py—p-  and,
AN = Ay — A

Also,
ﬁ == m2D+ + mlD,

(ma2(Ay + p4) +mi(A- + p-)) aron + (mapy +mip-) (@202 + azas)  where,
= (X + ﬁ) araq + (212 + asan)  where,

>|

moXy +miA_  and,

Mgy + M

=
[



EFFECTIVE CHARACTERISTICS OF ELASTIC LAMINATES IN SPACE-TIME 31

Thus, to simplify the application of the above equations, we wish to express the
above basis tensors oy, ajaa12, and asas in terms of the previously used tensors
a1 = i, az = ij + ji, and jj:

arar = (id+4j) @ (i + jj)
= aia; +aiaz + asza; +azasz

aipy = (Q‘f'ﬂ) ® (ﬂ""ﬂ)
= Q202 )
azay = (i —jj) @ (i~ jj)

= @101 — @103 — G361 + a3as

Thus, the expressions for AD and D become as follows:

AD = (AX+Ap)arar + Ap(arponz + azas)

= (AX+ Ap) (a1a1 + a1a3 + asa; + asas) + Ap (azas + (a1a1 — a1as — agay + azas))

= (AX+2Ap)ara; + AX (aras + agar) + (AX + 2Ap) asas + Apagas

and

5 = (Xﬂ-ﬁ) 100 -I-ﬁ(OlQO[Q + O[QCVQ)

= (X—i—ﬁ) (a1a1 + ajas + azaq + a3a3) —|—ﬁ(a2a2 + (a1a1 — aijasz — asaq + agag))

= (A 27) ara1 + A (ara3 + azar) + (X + 21) azas + fiazas

So, we can introduce the following simplifications to the quantities (i.e. P, Q,
and Dy, for s,t=0, 1) found in the above equations.

P = (a1--AD - e)

= a1 --((AXN+2Ap) arar + AX (aras + azar) + (AN + 2Ap) azas + Apasas) - -

= ((AXN+2Ap) a1 + Adas) - -eg
(AX+2Ap) [e11]y + AN [e22]y
8u1 8UQ:|
O b

= (A 2A — AN | —=
(B2 H)L’fﬂl]oJr )\L%z
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Q = (az--AD--ep)
= az (AN 4+ 2Ap)ara; + AX (aras3 + asar) + (AN + 2Ap) asaz + Apazas) - -€g
= (2Apaz) - -eg
4Ap [er2],

8u1 (91,62
= 2Au( |22 22
M([a@]o—i_[aml]o) ’

Dii = a1--D--ay
= a1 [(A27) a1a1 + A (a1a3 + azar) + (X + 21) azas + fiazaz] - -aq
(40) = X+2m

D22 = asg- .D. -9
= ax--[(A+20) ara1 + A (ara3 + azar) + (X + 271) azas + fazaz] - -as
() = 4

D12 = aj- .D . -9
a1 -+ [(A+20) ara1 + X (aras + azar) + (X + 271) azas + fazaz] - -as
(42) = 0 ,

Di21 = ay--D--aq
az - [(A+20) ara1 + A (aras + azar) + (X + 21) azas + fiazas| - a1
43) = 0

So, we can apply equations (40)-(43)

det(A) = (D11 —V?p)(D22 —4V>p) — D31 D1y
(A + 21 — V?p) 4z — 4V?p)
AN +2p - V?p)(E—V?p)

Lastly, define the following for simplification:
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Ay = Vp—(A+2p)
A, = Vp—T

b

and thus,

det(A) = 4AAAy

4.8.2. Case 1. When Ap =0 and AD # 0, we have that A = 0, and thus there is
no inertial term in the dynamic Hooke’s law, and so it becomes as follows:

po = Dg--eo
mims

eret(A) mm(AD -wag) ® (ay - -AD) + (4V2ﬁ — D)(AD --a1) ® (ay - -AD)] <o

mimsa

T aet(A) [D12(AD - -a1) @ (a2 - -AD) + (V*5 = D11)(AD - -az) @ (az - -AD)] - -

It now becomes possible to solve for an effective elasticity tensor (Deyys,q):

Derra = Do
mimo —

et [D2(AD ) @ (a1 - -AD) + (4V?p — Dn)(AD 1) @ (a1 --AD)

mimsa r—

det(A) [D12(AD - -a1) @ (az - -AD) + (V*p — D11)(AD - -az) © (az - -AD)]

+

So by applying the above assumption of isotropy, this becomes as follows:

Degra = Do
mims

A A AA((AX+240) a1 + Adas) ® (AN +2Ap) a1 + Adas)]
sd

mimsa

TIAA,

[Ad(2Apaz) ® (2Apas)]

= DO

mimsa
+

[(A)\ +2A0)% atar + (AN + 2Ap) AX(aras + azar) + (AX)2asas
d

mims

+ AL (Ap)azasy

We will represent this in terms of oy, g, and ays. From before, we have that

a, = % (a1 + ag), a9 = % (a1 — ag), and ag = ayo. This changes the effective tensor
as follows:
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Derra = Do
mims
VAW
mimeo
474
mimso
474
mimso
A

+

[(A)\ + 2Au)2 (11 + agan + asay + Oégag)}

[2 (A)\ + QAM) A)\(aloq + 042042)}

+ [(A)\)Q(alal — a0 — a0 + agag)]

(Au)204120412

mimsa
4A,
mimeo

+TS(AM)204120412

[4 (A + 1)? (a101 + azan) + AARA(N + ) (aron + agon)

Thus, our final simplified expression for the effective tensor is the following:

Derra = Do
mimeo
Ay
mimeo
A

+ (A + 1)? (01 + az02) + ApAA + ) (@102 + aza1) |

+ (Ap)?arzais

4.8.3. Diagonalization of Case 1. From the derivations in the previous section, we
have shown that when there is no change in the mass density across the interface
(i.e. Ap = 0) but there is a change in the stiffness tensor (AD # 0) the effective
stiffness tensor is as follows:

mim
Deff,d = Do+ idz

myms
As

{(A()\ +1))? (araq + azan) + A + ) Ap(ogan + 042041)}

+ (Ap) arzars

= (Ao + po)arag + po(azas + arz02)
mims 2
+ [(AO+ 1)? (a1 + aza2) + AR+ p)Ap(ar0z + azar)|

mimeo

A (AM)ZOémOélQ

+

The above equation contains cross terms which we wish to eliminate for simpli-
fication. We introduce a new coordinate basis, with two free parameters (£ and )
whose value we will choose so that the cross terms are eliminated.
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a; = &(ag +raz)
az = {(—ko taz)
ar-ar = [(ar-an) £ K (a2 a2)] €

= (1+ k2)§2 , and thus,

1
V14 k2

As such, the new basis is given by the following:

1 K
a7 - « + o 9
! Vit Vit R
. K n 1
8% — —_ « (87
? Vit Vit R

Let us introduce the parameter ¢ in the following manner:

a; = cos¢pai+singay |,

az; = —sing a; +coso as

And thus, the equations for aq, and as are as follows:

ap = cos¢pajl+singaz

ay = —sing ag + cos¢ ag

35

So we have the following expression for the dyadics ajap, asag, and ajas+asan:

aroy = cos® ¢ agag — cos psin ¢ (aras + agay) + sin? ¢ azag
asas = sin? ¢ ajag + cos ¢sin ¢ (arag + agan) + cos® ¢ taaz
a1 + agay = [cos $sin ¢ (arag — o) + cos® ¢ arag — sin? gzﬁagoq]

+ [cos¢sin¢ (@ron — aman) — sin® ¢ o + cos? qbagal]

= 2cos¢sin¢(arar — azaz) + (cos® ¢ — sin’ ¢)(ajag + azar)

= sin2¢ (a1a; — azqa) + cos 2¢ (agaz + azaq)
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Applying this new representation for the basis, the expression for D.s q changes
in the following manner:

Defra = [Ao ot TR AN u)Q] [cos® ¢ @ra — cos ¢sin ¢ (araiz + @zan) + sin® ¢ Wawa]
mimsz 2 .2 . 2
+ {po + A (AN + ) [Sln ¢ agag + cos ¢sin ¢ (arag + @zar) + cos” ¢ agag]
d
—l—mimz AN+ p)Ap[sin2¢ (arag — azag) + cos 2¢ (arag + azaq)]
d
mim
+ [uo + i zAlf} Q12012
S

Rearranging gives the following:

Degpa = |(Mo s+ TX2AQ 4 0?) cos ot (ot U2 (AN -+ )" ) s o iz

+ mlmQA(/\Jru)Ausinw} aran
AV

+ (Ao +po + TR A u)2> sin® ¢+ (uo + T (A u))2> cos? ¢] @30
L d

- mlmQA(AJru)Ausin?sb} aaz
[ Ad
[ mim

+ |po + LQA/F} Q12002

[ (30 s+ 2 A+ 17 cosgsin ] a7z + aga)
L d

+ (,uo + mimQ (AN + ,u))2> cos ¢sin ¢ + (m;mQA(/\ + u)A,u) cos 2(4 (araz + azaq)
L d d

Thus, elimination of cross terms from the above equation is equivalent to having
Desf.a - -(araz +azay) =0, ie.,

me AN+ ,u)2> cos ¢ sin ¢
Aq

Defra--(@iaz +@mar) = — (/\0 + po +

mimes

(AN + u))z) cos ¢sin ¢

+ (m1m2 AX+ /L)Au) cos 2¢
d
0
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Thus,
Agcosgsing = (mimQA()\ + u)A,u) cos2¢
d
Ao sin2¢ mA()\ + u)Ap | cos2¢
2 Ay
and so, ¢ is expressed as follows:
2m1m2A()\ + ,LL)A/,L
2 =
tan 2¢ A ,
1 2mima AN + pw)Ap
¢ = tan ( A

Thus, the diagonalized expression for D¢ 4 is the following:

mims mims

Detsa = K)\o + po +

mimsa

Ay

mimsa

K)\o + po +

(m;mg AN+ p)Apsin 2¢> (ara7 — azan)
d

mlmg)
A,

+ [/io + Aﬂz} Q120012

4.8.4. Case 2. When Ap # 0 and AD = 0, we have that A = 0 and that D.s¢q =
D, = D_ = D and thus there is no inertial term in the Dynamic Hooke’s Law,
and so it becomes as follows:

po = Depra--eo+ At
D..eo

This shows that once there is no change in stiffness across the interface, then the
material obeys Hooke’s law throughout, however, we're interested in learning more
about the inertial term (A . @) that appears above. Thus, we look to the averaged
Lagrangian to see what more we can learn about this system, and it’s equations of
motions.

5. EXAMINATION OF EULER EQUATIONS

We introduce the averaged Lagrangian Ly (double action density) of the system,
and subsequently solve for the system’s Euler equations in an attempt to better
interpret the dynamic terms.

A+ u)2) cos? ¢ + (uo + A, (AN + u))2> sin? ¢]

A 2 sin? 6+ (o + X2 (A0 ) | eost o

(6585}

Q20
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For the ease of the following calculations, we will make substitutions for the
relevant variables.

x1 z o,
2 =Y ,
up = u ,
Uy = U

Thus, the Lagrangian takes the following form (subscript denotes differentiation
with respect to the variable): L = L (¢, x, y, us, Ut, Uz, Uy, Vg, Uy). We have:

or, equivalently,
L = o111 + 020 — T11€11 — 2T12€12 — T22€22
= 01l + o2l — (111 + Vor)enr + Vorenr — 2(112 + Voo)erz + 2Voze1s — Taear
= —(m+Vor)en —2(mi2 + Vog)era + o1(in + Verr) + oa(ti2 + 2Vera) — Tozean

= —[p-rar+Vo-ilenn—[p--az+2Va-j|ern
+[Q-1+Ve~~a1}01+[@-i—i—Ve--ag}ag—[e~-a3]722

When we introduce Ly and L_, then from the continuity conditions on the
interface (29)-(33), we see that the bracketed terms in the above equation for the
Lagrangian remain continuous across the material interface, so in the weak limit,
we have.

Ly = o0 -t —po--€o
(44)
By applying simplification (35) found for g, along with expression for pg, we
find the following:

I - i P+ VApi)? + 2V Api)?
LO = p0@~@—60..D0..60_m1m2 ( P ) + (Q P )
Ag 4A,

P2+ (VApi)? L L (VApD)?
Ay A,

= polg - g —eo Do --eg —mima

2PV Api QVAp’f)]
—mims + )

Ad As
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P2+ (VApi)? L L (VApD)?

Lo = polg-ug—eo--Do--eg—mima
pollo - Ty Ay A,

2PV Apis QVApiJ]

—mimes |: Ad As

V Apir)? VA2
- %‘Po(a1+a3)-u0_m1m2{( pit) +( pv)}

Ad As
P2 2
—eg - Do - -eg —mimy [Ad + 4QAJ
- 2PV Api QY Api
mimsz Ad As ’
Ly = u'{p(a +a)—mm(VAp)2( ! ay + ! a)]ﬂ
0 ug - |polar +as 1ma V- Dy 1 V75— D 3 Ug

g {D0+m1m2 <(AD..Q1) ® (a1 - -AD) N (AD - -a3) ® (a3 - .AD))} e

Vp— D Vp— Do

2(ay - -AD - -0)V Apis N (agy--AD - 'eo)VApif}

—mimesg |: — — — —
Vp — Dy VP — Dyo

So, we have the following form for the averaged Lagrangian

(45) Ly = do-Meps-to—eo-Degra--€o— Leross s
where,
M, [p(a + as) mm(VAp)Q( 1 - 1 a)]
e = o\d1 3) — Mmims — 1 e 5 ’
! Vp - Dll Vp — D22
and
Lcross = mims |:2((L1 : A? ) @)VAPUO + (a2 . A-? . 60)VAp’UO:|
Vp—Du Vp— D22

Equation (45) tells us much about this composite. It again shows the effective
stiffness tensor (D q) for the dynamic case, however, it is possible to deduce more
from these equations.
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5.1. Case 2 Revisited. Again, consider when Ap # 0 and AD = 0. Then, we
have that Desfq = Do and Leposs = 0, and thus equation (45) becomes:

Lo = g Mes-tig—eo--Do--eo

and thus, the only term of interest is Mcs¢, but what is this quantity?

Mcss can be interpreted as a tensor of effective (or attached) masses. This
concept shows up in hydrodynamics [2].

When a body is immersed in a fluid flow, it has what is known as an effective
mass with respect to the direction of fluid flow. Depending on its orientation with
respect to the flow, it has what can be interpreted as attached masses in certain
directions. Likewise, in the theory of spatial-temporal composites, we can interpret
Mcsr to be the tensor of attached masses with respect to the moving property
pattern.

5.2. Investigation of Cross Terms. It is clear that in the above formulation for
the homogenized Lagrangian there are cross terms that appear. Let us introduce
new notation to distinguish the diagonalized terms from the cross terms.

Lgjag = Uo-Mesy-tg—eo--Depra--eo and,

2PVApd0 QVApUO
+ S0,
Ad As
Ly = Ldiag — Leross

Leross = mime
(46)

Thus, we now wish to use the Euler equations as a means of interpreting the
cross terms that appear in the above Lagrangian. The Euler equations take the
following form [4]:

0 O0Lg 0 0Lg 0 0Lg
9t Ou, | Oz 0u, | Oy Ou,
0 O0Lg 0 0Ly 0 0Ly
9t 0v, " 0z 0v, oy ov,

Introducing equation (46), this becomes the following:

9 0Laiay | O OLuiag | O OLuiay _ < 9 0Lerass | O OLeross | O aLcmss>
ot Ouy ox Ouy Oy Ouy ot Ouy Oox Ouy Oy Ouy
9 0Luiag | O OLuiay | 9 OLuiay _ ( 9 0Leross | 0 OLopass | O aL)
ot Ouy Oox Ovy, Oy Ovy ot Ovy oxr Ovy, Jy Ovy

We introduce some simplifications
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g aLdmg 2 aLdiag ﬁ aLdiag

4 EL =
(47) diag ot 0w Oz Oup 'Oy Ou,
0 aLdia 0 aLdia 0 aLdia
4 E2 — Y Yrdiag | Y g 9 g
(48) diag ot Ov, 0z Ov, 'Oy v,
LCT’OSS LCTOSS LCTOSS
(49) Ei’r’oss = g a + g a + i a )

ot Ouy Oox Ouy Oy Ouy
g a‘[/C'I"OSS ﬁ aLCTOSS E aLC'I"DSS
ot  Ovy ox Ovy, dy Ovy

Thus, our Euler equations become as follows:

(51) E;iag - Eclross = 0 ’
(52) Egiag - Egross =0

The diagonal parts of (51) and (52) have been previously shown to have effective
tensors. However, we must evaluate the cross terms to see what they represent, and
what kind of effect they have on the system.

El _ é 6LCTOSS ﬁ 8LC7'OSS g aLC'I"OSS
eross T 9t Quy Ooxr Ouy Jy Ouy

2 0P 2 0u 0P 181’18@)

A, 0t T A0z 0w, T A, Oy ou,
0 OL¢ross | O OLeross | 0 OLeross

cross T 9t oy dr  Ov, aiy vy

1 0Q 1 00 0Q 2 aaap)

= mlmgVAp (

— Ap [ 2 Lo
mamaV Ap (AS 9t T A, 0200, | Ag 0y v,

Recall the above simplifications for P and @,

) 9
P = (AX+2Ap) {aﬂ AN [am ,
0 0

o (’)ul GUQ
Q= m“([mh* [axlh)

In what follows, we will omit zero indices in ug and vy, and apply just u and v

(for example wu, will be used instead of [g%} , ete.):
0
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2 O ((AXN+2Ap) uy + AX 2 040 (AN + 2Ap) uy + Ao,
Ecl'ross = m1m2VAP <Ad (( gt) “ Uy) + Aidaiz (( al,:) “ Uy))
1 000 (2Ap (uy + vz))
A, dy duy ’
1 02Aun (u +Uz)) 00 0 (2A1 (uy + vz))
2 _ Yy i Yy
Beross = mumaVAp <AS ot A oz D0,
2 0u 0 ((AX +2Ap) uy + Advy)
Ay By vy
1 w : AN+ 2A 1 Ap Ot
El . = 2mmeVAp (Ad <(A>\+2Au) a;t +AA‘9;;> %% A“g;) ,
Ap (0 vy Apdv  AXNO
E02ross = 2m1m2VAp (A'u (6;;7/ + (;}t) A’uaiz + Ad aZl)

We can interchange the preceding derivatives to obtain:

1 AN+ 2A A
Blross = 2mamaVAp (AN +2Ap) dp + AXdy) + (AT, -y Biy)
Aq Ay Ay
Ap . . Ap . AN,
Ec2ross = 2m1m2VAp (As (uy + ’U:L’) + A, Vg + Aduy>

5.2.1. First Euler Equation: Cross Terms. To interpret the preceding Euler equa-
tions, we notice that the mixed derivatives in the above Euler equations as compo-
nents of the “rate of strain” tensor (i.e. velocity of strain). This is defined in the
following manner:

éo = [é11]pa1 + [é12], a2 + [é22], a3

. 1. . .
= Uya; + 3 (ty + 0g) ag + Vyas

With this knowledge, we can interpret E: Define Felf ¢ as follows:

CTross”*

2(AN + 2A AN A
Fgff = 2mimoVA»Ap [((Jfﬂ)) ay + < N> ag]

Ad Ad N As

And so, the cross term for the first Euler equation becomes:
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EL = Flff &0

Cross €

5.2.2. Second Euler Equation: Cross Terms. Recall the cross term for the second
Euler equation:

Ap . . Ap )
E(%ross = 2m1m2VAp <As (uy + Urc) + A, Vg + Ade)

Using the definition of the rate of strain, we notice the following:

uy = [éIZ}O +w 5

Uy = [é12]y —w where,
1,. .

w = 5 (Uy — 0z)

Substituting these values into E? . gives the following:

Cross

Au . Ap . AN
E% o = 2mimaVAp [ ([ra]y +w + [b1a]y — @) + =5 ([é12)g — @) + ~= ([é12]y + )
A, A, Ag
Ap AN . Ap AN
- ey (354 5 ) el + 3 0+ 3 )
(53)

Thus, define the following tensors:

Ap AN
2
Feff = mlmQVAp (3 A, +Ad> as
and,
Ap.. AN
Cepy = mimaVAp <A5U+ Adﬂ>

So, we have the following expression for the second Euler equation:
El e = Flpp-e4+Cepp-Q , where

Q = w(ij-ji)
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5.2.3. Specifying Forces. It is now possible to rearrange the Euler equations to
obtain the equations of motion for this system.

Eéiag - Eclross = Eclliag - Felff - €
0 8Ldiaq 0 8Ldiaq 0 8Ldiaq 1 .
9t Ou, |0z Ouy 'Oy Ou, IO
_ 00 (o Meyy - o) n 0 0(—eo - Deyya -eo) n 0 9(—eo--Dejra--€o)
ot Oouy ox Ouy y Ouy
_Felff -
= O 5
Esiag - Egross = Egiag - Fesz € — Ceff RY
0 aLdiag 0 aLdiag 0 aLdiag 2 .
- 2 il a9 g2 — Oy Q)
9t Ouv, | 0r dv, Oy v, elf 0T Cens
0 0 (g - Meyy - o) 4 90(=e0 Depraeo) , 0 0(=€o Dessaeo)

ot Oy or Ov, oy vy

—Ffff ég— Cepp - Q

This gives the averaged equations of motion for the system (we return to zero
indices):

90 (g Megy-itg) 8 9(eo--Degpa--eo) L 0 0(e0 Depraeo) | pa
ot duy oz Oy Ay du,, eff 0
93 (@ Mgy '@) _ Qa(eo “Deypa- “€0) i ﬁa(eo “Deygsa- “€0)

ot vy ox Ovg oy Ovy

It is now clear that there are two additional forces that appear in the averaged
equations of elastodynamics. The first terms of interest (F;; - -éo, FZ;; - -¢g) cor-
respond to a force that is due to the previously defined rate of strain tensor. The
second term (Ceyy--2) corresponds to a Coriolis type force. We shall examine both

terms.

+ FZp - éo+ Cepy -



EFFECTIVE CHARACTERISTICS OF ELASTIC LAMINATES IN SPACE-TIME 45

However, before this interpretation, we shall introduce a special tensor that will
help us interpret the above results. We define the following:

ox Jy 0z

dity ov  ov 00
dﬂ ox Jy 0z
ox oy oz

Due to plane strain, we notice that the above z-derivatives and z-displacements
vanish. This tensor can be split into a symmetric and antisymmetric terms:

o 1 (04 | 0 1(0d oo
dig ow 5(37,+%> 0 5(37,—%)
—— — +
dr 1 (94 | 0 94 1 (94 0
1 (0w 90 Lol _1(ou _ 9w 0
2 (By Br) oy 2 <8y am)
[e1]y  [€12]o 0 w
- +
[e12]g  [€22], —w 0
= ¢éy+0Q

(54)

This observation will help us in interpreting the Euler equations.

5.2.4. Interpretation of Flr; - -€o and FZ;p - -éo. Let us solve for Fl, - -éo and
F 3f - +€o explicitly:

4(AX + 2A AN A
Flip-éo = mumaVAp ((W) a; +2 <Ad + Aﬂ> a3> €9

= mimaVAp KM) [é11] + 2 <AA + A“) [é22}0} :

Ay Ag A

A AN
Fgff"éo = mlmgVAp<(3 M—|—>a2)~~é0

As Ay
A AN .
= mimoVAp |:2 (3 A/: + Ad> [612]0:|

As can be seen from the above equation and (54), it appears that this force term
arises due to the symmetric portion (i.e., ég) of d{%. Define the force vector as Fe.
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Thus, this takes the following form:

Feo = (Fp-éo)it (Fépp-éo)d
4(AN + 2A . AN A ) .
= mimoVAp K(Adu) [é11]y + 2 (Ad + AA:> [62210] 2
A AN .. .
+mimoV Ap |:2 (3 A/j + Ad) [612]0:| J

The simultaneous change in p and D, along with the motion of the laminar
property pattern produce this force (i.e., it disappears if either one of the quantities
Ap, AD; or V is equal to zero). It is important to note that this force does not
appear in the case of one-dimensional strain [12].

5.2.5. Interpretation of Ceyy - -1. Let us solve for Ceyy - -§2 explicitly:

Ap .. AN L
Ceff . Q = {mlmgVAp (ASU+ Ad]l>:| .. [UJ (ﬂ—ﬂ)]
AN A
= mlmgVAp(Ad—A'L:>w

Thus, this corresponds to a force in the j-direction. We term this force Fo, it is as
follows:

Fo = (Cepyp-)J

AN A .
= mimaVAp <Ad _ Af“) wj

As can be seen from the above equation and (54), it appears that this force
term arises due to the anti-symmetric portion (i.e. Q) of dc%. This anti-symmetric

portion generates an accompanying vector, call it w = wk, such that the above force

is equal to w X a, where a = ai = mlmQVAp(ﬁ—;\ - %)i, ie.,

S

i j k
wXxXa = 0 0 w
a 0 O
= wal'
AN Au) .
= mimoVA —_— = w
v (5~ 5 o

Like the previous force F¢, it appears that this force arises strictly due to the
presence of simultaneous change in both inertial and elastic properties in a dynam-
ical pattern of original material constituents (i.e., it disappears if either Ap = 0, or
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AD =0, or V =0). The physical reason for this is the motion of the main dynamic
disturbance relative to the background motion of the material pattern. The plane
strain situation results in the appearance of transverse displacement that creates
rotation of every elementary material volume. The appearance of the Coriolis type
force is a consequence of both dynamics and plane strain; it doesn’t arise in the
case of one dimensional strain that is typical for longitudinal dynamic disturbances
that propagate along an elastic bar [12], this is why it is so important.

6. CONCLUSION

Two special forces were discovered as a direct result of homogenization. The first
force Fe that arises (due to the symmetric portion of %) takes care of deforma-
tional motion similar to that of a liquid particle in classical hydrodynamics. As to
the second force Fgq, this one is perceived as the Coriolis force that always emerges
when rotation occurs as a relative motion. It is a kind of pseudo-Coriolis effect
associated with the motion of the material pattern interpreted as a background
motion. The appearence of the two force terms is interesting, and perhaps a more
general approach (i.e. one without the constraint of plane strain) will allow for a
better algebraic characterization of the relevant quantities.

The research undertaken has great implications in the design of future com-
posite materials and nano-arrays. The two forces that were discovered clearly must
be taken into account when constructing such devices. Future work should focus
on computational modeling and experimental verification of the forces, in order to
better understand them. Though the research conducted in this project was theo-
retical, it is more than feasible that, in time, there will be a wide implimentation
to mechanical devices.
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