
Catalytic and Electrocatalytic Pathways in
Fuel Cells

A Dissertation

Submitted to the Facultv of the

WORCESTER POLYTECHNIC INSTITUTE

Department of Chemical Engineering

In partial fulfillment of the requirements for the

Degree of Doctor of Philosophy in Chemical Engineering

By

Saurabh A. Vilekar
April 11,2010

Approved:

T2^^*^f* D*rl.i- \0'c-'' r[*:\br
Prof. Ravindra Datta, Advisor

WPI Department of Chemical Engineering

Prof. N. Aaron Deskins
WPI Chemical Engineering Department

Prof. Ilie Fishtik, Co-Advisor
WPI Department of Chemical Engineering

Prof. Erkan Tiizel
WPI Department of Physics

t

Prof. David Dept. Head
WPI Chemical Engineering Department



Abstract 

___________________________________________________________________________ 
Catalytic and Electrocatalytic Pathways in Fuel Cells     

i 

Abstract 

 Materialization of the hydrogen economy can provide a long-term solution to our 

ever-increasing and pressing energy needs. However, significant challenges must be 

overcome before this shift in energy paradigm can occur. If hydrogen is indeed to 

become the energy-vector of future, a fundamental understanding of the kinetics and 

mechanisms of the catalytic reaction steps involved in the process of converting a fuel 

into hydrogen rich stream suitable for a fuel cell, as well as the electro-catalytic reactions 

within a fuel cell, is not only conceptually appealing, but could provide a sound basis for 

the design and development of efficient fuel processor/fuel cell systems. With the 

quantum chemical calculations on kinetics of elementary catalytic reaction steps 

becoming rather commonplace, and with increasing information now available in terms 

of electronic structures, vibration spectra, and kinetic data (activation energy and pre-

exponential factors), the stage is set for development of a comprehensive approach. 

 Toward this end, we have developed a framework that can utilize this basic 

information to develop a comprehensive understanding of catalytic and electrocatalytic 

reaction networks. The approach is based on the development of Reaction Route (RR) 

Graphs, which not only represent the reaction pathways pictorially, but are quantitative 

networks consistent with the Kirchhoff’s laws of flow networks, allowing a detailed 

quantitative analysis by exploiting the analogy with electrical circuits. The result is an 

unambiguous portrayal of the reaction scheme that lays bare the dominant pathways. 

Further, the rate-limiting steps are identified rationally with ease, based on comparison of 

step resistances, as are the dominant pathways via flux analysis. In fact, explicit steady-

state overall reaction (OR) rate expression can also be derived in an Ohm’s law form, i.e. 

OR rate = OR motive force/OR resistance of an equivalent electric circuit, which derives 

directly from the RR graph of its mechanism. 

 This approach is utilized for a detailed analysis of the catalytic and electro-catalytic 

reaction systems involved in reformer/fuel cell systems. The catalytic reaction systems 

considered include methanol decomposition, water gas shift, ammonia decomposition, 

and methane steam reforming, which have been studied mechanistically and kinetically. 

A detailed analysis of the electro-catalytic reactions in connection to the anode and 
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cathode of fuel cells, i.e. hydrogen electrode reaction and the oxygen reduction reaction, 

has also been accomplished. These reaction systems have not so far been investigated at 

this level of detail. The basic underlying principles of the RR graphs and the topological 

analysis for these reaction systems are discussed. 
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Chapter I 

Motivation and Objectives 

1.1 Background and Rationale 

 Fuel cells have been touted as the next-generation power sources for decades. They 

offer the potential of revolutionizing energy production through highly efficient and 

pollution-free power generators for use in applications such as consumer electronics, 

home, and transportation. Enormous technological progress has been made since the 

invention of the first fuel cell ever by William Grove in 1839; however, even the most 

advanced of the technologies is far from being commercialized. A summary of the 

different type of fuel cells as a result of the active research for more than a century is 

presented in Table 1-1 [1] and shown schematically in Figure 1-1. 

 The low temperature fuel cells, namely the H2 – O2 PEM fuel cells demand pure 

hydrogen as the feed. Hydrogen, in spite of being the most abundant element in nature, 

does not exist by itself, and is intended to be produced either on site or centrally via 

catalytic reforming of hydrocarbon fuels. However, despite the considerable advantages 

of a hydrogen economy compared to the current fossil fuel economy, like the possibility 

of finding a long-term energy source with H2 being produced from both fossil fuels, 

renewable resources and atomic energy, there are still significant challenges that must be 

overcome before this shift in energy paradigm can occur. 

 Hydrogen comprises of three times the energy content of petrol on weight basis; 

however, on volume basis the situation is reversed. If hydrogen is indeed to replace 

gasoline, in the much hyped hydrogen economy, and is to be more environmentally 

benign as compared to gasoline, momentous effort needs to be devoted to the 

advancement of technologies for reliable, efficient, safe, and cost-effective production, 

distribution and use of the fuel, which currently is a major technological impediment for 

the commercialization of PEM fuel cells.  
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Table 1-1: Comparison of different types of fuel cells [1]. 
 

Fuel Cell 
Type 

Common 
Electrolyte Operating T System 

Output 
Electrical 
Efficiency 

Combined Heat 
and Power 

(CHP) 
Efficiency 

Applications Advantages 

Polymer 
Electrolyte 
Membrane 
(PEM)/ or 
DMFCs 

Solid organic 
polymer poly-

perfluorosulfonic 
acid 

50 - 100°C 
122 - 212°F 

80 - 150°C (for 
DMFCs) 

< 1kW – 
250kW 

53-58% 
(transportation) 

25-35% (stationary) 

70-90% (low-
grade waste heat) 

 
• Backup power 
• Portable power 
• Small distributed 

generation 
• Transportation 
• Specialty vehicles 
 

 
• Solid electrolyte reduces corrosion 

& electrolyte management problems 
• Low temperature 
• Quick start-up 
 

Alkaline 
(AFC) 

Aqueous solution 
of potassium 

hydroxide soaked 
in a matrix 

90 - 100°C 
194 - 212°F 

10kW – 
100kW 60% > 80% (low-grade 

waste heat) 

 
• Military 
• Space 
 

 
• Cathode reaction faster in alkaline 

electrolyte, leads to higher 
performance 

• Can use a variety of catalysts 
 

Phosphoric 
Acid (PAFC) 

Liquid phosphoric 
acid soaked in a 

matrix 

150 - 200°C 
302 - 392°F 

50kW – 1MW 
(250kW 
module 
typical) 

>40% > 85% 
 
• Distributed generation 
 

 
• Higher overall efficiency with CHP 
• Increased tolerance to impurities in 

hydrogen 
 

Molten 
Carbonate 
(MCFC) 

Liquid solution of 
lithium, sodium, 
and/or potassium 

carbonates, soaked 
in a matrix 

600 - 700°C 
1112 - 1292°F 

< 1kW – 
1MW 

(250kW 
module 
typical) 

45-47% > 80% 

• Electric utility 
• Large distributed 

generation 
 

 
• High efficiency 
• Fuel flexibility 
• Can use a variety of catalysts 
• Suitable for CHP 
 

Solid Oxide 
(SOFC) 

Yttria stabilized 
zirconia 

600 - 1000°C 
1202 - 1832°F  35-43% < 90% 

 
• Auxiliary power  
• Electric utility  
• Large distributed 

generation  
 

 
• High efficiency  
• Fuel flexibility  
• Can use a variety of catalysts  
• Solid electrolyte reduces electrolyte 

management problems  
• Suitable for CHP 
• Hybrid /GT cycle 
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Figure 1-1: Schematics of different type of fuel cells. 
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 Even though liquefaction leads to a form of hydrogen that is potentially attractive for 

use in larger fuel-cell systems, the energy density is low (2.70 Wh/cm3). Furthermore, if 

the energy spent in the liquefaction process is considered, the energy density is lowered 

even further, by as much as 40% [2]. Of course, central production and distribution of 

hydrogen could be a potential solution, however, that calls for a huge capital investment, 

making the use of pipelines unlikely to transition to the hydrogen economy. Currently, no 

efficient, practical method of storing hydrogen for fuel cell applications exists, which is 

not too heavy, bulky or costly. The alternate option is to use some sort of hydrogen 

carrier. A two way carrier is a material that is transported to a distribution site in a 

“hydrogenated” form, dehydrogenated to yield hydrogen, and the dehydrogenated 

material returned to a processing site where it would be re-hydrogenated for reuse, e.g. 

complex hydrides like LiBH4 which has high gravimetric hydrogen wt% (18.5%) and can 

theoretically release about 13.9 wt% hydrogen. A great deal of research effort has been 

invested in the area of onboard storage of hydrogen and it is clear from Figure 1-2 that 

storing as little as 4 kg of H2 (the required amount of H2 for an automobile to give an 

acceptable driving range of 300 miles) onboard presents a daunting prospect [3]. 

 On the other hand, conventional fuels e.g., natural gas, gasoline or alcohols, might be 

construed as one-way hydrogen carriers, i.e., they could be reformed at the point of use, 

e.g., on board an automobile. Such distributed generation (i.e., at the point of 

consumption) proffers the advantage of cost reduction, reduces interdependencies and 

inefficiencies with the associated transmission and distribution. This, however, requires a 

compact fuel processor, often with a number of issues. Any hydrocarbon used for 

onboard hydrogen generation will essentially produce a reformate stream containing CO 

and CO2. The susceptibility of low temperature PEM fuel cells to CO poisoning makes 

the integrated onboard fuel processors rather complex, comparable to a small-scale 

version of an industrial reforming unit. The amount of CO produced during the reforming 

process is greatly influenced by the hydrocarbon being processed and the temperature of 

reforming. Lower the H/C ratio, and higher the temperature, greater is the propensity 

toward formation of CO. For example steam reforming of n-dodecane might produce CO 

in the order of ~8 – 10%, while for methanol steam reforming CO might be in the range 

of ~1%.  
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Figure 1-2: Volume of 4 kg of hydrogen compacted in different ways, with size relative 

to the size of a car [3]. 
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Thus, the degree of fuel processing, post the reformer would change substantially so as to 

produce reformate of PEM fuel cell quality, and many technical issues exists in this 

proposed reformer/fuel cell scheme that remain unresolved at this time. 

 An alternate and potentially extremely attractive technology is the direct methanol 

fuel cell (DMFC), operating at around 80 to 150 ºC, which would obviate the multi-step 

reforming process and its associated complexities, albeit at the expense of substantial 

overpotential or electrical energy. This presents a genuine predicament as to what is 

really an optimum configuration? Is it utilization of the hydrogen rich reformate stream in 

a H2 – O2 PEM fuel or direct internal reforming of methanol in a direct methanol fuel 

cell? Indeed, the optimum solution depends upon the application, e.g., in portable power 

unit, a DMFC may be better, while in a stationary unit, a reformer followed by a PEM 

fuel cell may be better. There is a strong possibility, nonetheless, that the molecular 

mechanism of the overall process remains largely the same regardless of the process 

scheme. 

 Another such an example is the case of solid oxide fuel cell (SOFC). SOFC’s operate 

at much higher temperatures, which provide them the opportunity to utilize readily 

available liquid fuels like gasoline for direct internal reforming. However, it should be 

noted that the high temperature of operation that provides leverage in terms of fuel 

flexibility has the associated material stability and sealing issues, adding system 

complexities. Further, the Ni anode of the SOFC is susceptible to H2S poisoning, and 

thus calls for upstream desulfurization. Moreover, with direct internal reforming of liquid 

fuels, proclivity for the formation of coke precursors (i.e, higher hydrocarbons > C2s) and 

eventual performance degradation has been well documented. Moreover, SOFC’s also 

function better with H2-rich reformate from reforming of liquid hydrocarbons, which 

allows performance longevity. Some level of fuel processing is, thus, inevitable. Of 

course, natural gas can be utilized directly as fuel for internal reforming in a SOFC (See 

Figure 6-1). On the other hand, hydrogen can be produced from steam reforming of 

natural gas, which can be utilized in a PEM fuel cell, which again presents the same 

quandary: Which configuration is optimum?  
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Figure 1-3: Various reformer / fuel cell systems options. 
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Thus, for any fuel cell, H2-rich reformate might be the best suited fuel, where hydrogen is 

simply an energy vector, in turn derived from another fossil fuel or renewable fuel. This 

journey of a fuel (e.g. methane or methanol) to electricity involves a number of catalytic 

steps in fuel reformation into hydrogen as well as electro-catalytic steps in the conversion 

of hydrogen to electricity in a fuel cell. This journey should, in fact, be viewed as a 

continuum, in order to optimize the process of a temperature versus potential scale. These 

various fuel cell/reforming options are summarized in Figure 1-3. Thus, the reformer 

complexity is dictated by the choice of the fuel cell and the fuel, the latter determining its 

temperature. For example, gasoline reforming requires a higher temperature than 

methane, which reforms at a higher temperature than methanol. A high temperature 

reformer is followed by high and low temperature shift, i.e., HTS or LTS, reactor, and 

preferential oxidation, or PrOx, reactor, to reduce the CO to tolerable levels. However, 

for the phosphoric acid fuel cell (PAFC) operating at around 200 ºC, the PrOx stage is 

unnecessary, while PEM fuel cell requires it. In the higher temperature fuel cells, namely 

molten carbonate fuel cell (MCFC) and SOFC, the HTS and LTS are unnecessary, since 

they can use CO and CH4 directly, and also do not need precious metal catalysts. 

 As is evident, on the one extreme, the fuel may be utilized directly in a high 

temperature fuel cell without reformation, to the other extreme involving several catalytic 

steps (reforming, water-gas shift, and preferential oxidation reactions) to produce 

hydrogen feeding a low temperature fuel cell. The optimum perhaps lies in the middle 

somewhere, with a simpler reforming process combined with an intermediate temperature 

fuel cell, which currently does not exist due to lack of electrolytes that function at those 

temperatures. It is with this view that we embark on a fundamental understanding of the 

catalytic reaction steps involved in the process of converting the fossil fuels into 

hydrogen rich streams capable of being utilized in fuel cells and the electro-catalytic 

reactions in a fuel cell that eventually produces power. A detailed mechanistic and kinetic 

understanding of these molecular events should eventually enable us to develop efficient 

fuel processor/fuel cell systems. 

 The earliest approach to developing catalytic kinetics based on a molecular 

mechanism was that of Langmuir-Hinshelwood-Hougen-Watson, or LHHW [4, 5], which 

is still the standard approach today. However, such an approach is limited in the sense 
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that it is applicable to only single RLS systems and is also fraught with the risk of 

identifying the wrong RLS, since more than one such rate expression might concur with 

the experimental findings. On the other hand, quasi-steady state (QSS) and the 

microkinetic approach require detailed kinetics of the mechanistic steps, which have so 

far been based largely on fitting of experimental data along with the use of semiempirical 

relations, e.g., the Polanyi relation [6].  

 Prediction of surface kinetics from fundamental principles was first attempted by 

Shustorovich [7] employing a semi-empirical method, namely Unity Bond Index – 

Quadratic Exponential Potential method (UBI-QEP), that provides activation energy 

barriers within ±4–12 kJ/mol and has been rigorously employed to probe into surface 

chemistry [8-11]. With the advent of user-friendly quantum mechanics software, 

theoretical study of molecular catalytic reaction mechanisms has become rather 

commonplace as a very insightful tool [8-13]. For instance, until relatively recently, 

surface intermediates could only be guessed or identified via elaborate surface science 

experiments, whereas now, quantum chemistry calculations provides a detailed picture 

[14]. For instance, the optimized molecular structures of the reaction intermediates for 

methanol decomposition on Pt(111) are reported in detail in refs [15-19]. In fact, it is not 

even possible to experimentally detect all of these intermediates even with a broad array 

of sophisticated techniques including TPD, EELS, IRS, UPS, AES, and molecular beam 

[16]. First principle calculations can provide not only structural information but also 

thermochemical and energetic parameters for the surface reactions. In short, the density 

functional method (DFT) is an inimitable tool for determining the reaction intermediates 

and building a detailed molecular mechanism for catalytic reactions. The interest in fuel 

cells has also spurred some work in first-principles modeling of electrocatalysis [20-26], 

but the field is still in its infancy. The accuracy of predictions can be expected to only 

improve in the future. 

 However, this is only the starting point for developing a complete understanding of a 

catalytic system, including the most favorable reaction pathway and the key reaction 

steps. What is needed is an easy to use addendum to the quantum mechanical software 

that can utilize its first principles predictions to construct a comprehensive picture of the 

catalytic system, including elucidation of all parallel pathways and the dominant reaction 
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routes and steps. While software tools such as CHEMKIN are available for this purpose, 

they are based on rather brute-force numerical methodologies. A more insightful graphic 

approach is called for that might be readily utilized by the catalytic scientist, without the 

necessity of being fully conversant with its theoretical underpinnings. One of the 

objectives here, thus, is to develop such a consistent graph-theoretic approach and utilize 

it for a host of catalytic and electro-catalytic systems in connection to fuel cells. 

 Graph-theoretical approaches to visualize reaction networks are, of course, not new 

[14, 27, 28]. Such mathematical depiction of network topology while useful is, however, 

not enough. Quantitative reaction networks involving flux of material must also conform 

to certain laws dealing with interdependence of flows in the interconnected networks, 

namely, mass balance at junctures, and consistency with thermodynamics. These, in fact, 

take the form of Kirchhoff’s laws of current (charge balance) and potential 

(thermodynamic driving force) in electrical circuits [29], for instance. Thus, rules for 

graph-theoretic depiction of reaction networks need to be clearly enunciated and followed 

so that the resulting graphs are consistent with these basic requirements. Otherwise, the 

result is a little more than a pretty picture. 

 Unfortunately, practically all the existing reaction graph and theoretical approaches 

are inconsistent with these requirements, as is readily discerned, for instance, if one 

studies Figure 1-4 of Broadbelt and Pfaendtner [14], which is inconsistent except for the 

case of linear mechanisms. Most catalytic mechanisms are non-linear although enzyme 

reactions are often linear. This is due to the unfortunate, but universal, practice of 

identifying nodes, or vertices with individual species, while branches, or edges, represent 

the reaction steps in conventional graph-theoretic representation. This practice no doubt 

derives from the mechanisms depicted in chemistry texts, where species, often including 

structural details, are drawn at hubs interconnected by arrows depicting reactions. 

 Our graph-theoretic approach [30-32] is developed further here that avoids this pitfall, 

overcoming the limitations of current methodologies and providing a self-consistent 

topological and mechanistic and kinetic analysis tool, based on the reaction route theory.  
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Figure 1-4: Conventional graph-theoretic representation with nodes representing 

individual species [14]. 
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The basic difference from the conventional approach is that the nodes, or hubs, do not 

necessarily represent an individual species, but rather simply represent the connectivity 

among elementary reaction steps in the network at a juncture. As a result, the RR Graphs 

become quantitative that follow network laws. For instance, they can be directly 

converted into an equivalent electrical circuit, thus, allowing the well-developed and 

familiar methods of electric circuit theory, including Kirchhoff’s laws, to be utilized in a 

direct and transparent fashion for network analysis. Thus, our new graph-theoretic 

approach, in conjunction with DFT calculations, forms a powerful combination for 

visualizing the myriad pathways, developing detailed network kinetics, and performing 

flux analysis and network pruning. The proposed algorithm provides a framework by 

which the improved experimental and theoretical knowledge could be used to better 

probe and discern reaction mechanisms and kinetics. An adequate understanding of the 

reaction mechanism thus developed not only allows one to develop robust rate 

expressions required for reactor design but also allows rational improvement of catalysts 

and processes to make them more selective and, consequently, more energy and resource 

efficient. 

 Our approach toward robust mechanistic and kinetic analysis is schematically shown 

in Figure 1-5. Further, such analysis could be of immense practical utility in the a priori 

catalyst screening and design by performing such analysis for different catalysts to 

predict reaction kinetics and selectivity, thus reducing the experimental screening work 

and expense. Our overall approach (Figure 1-5) involves the following steps: 1) 

determination of surface intermediates on a given catalyst; 2) generation of a set of 

plausible surface elementary reaction steps involved in the overall reaction (OR); 3) 

graph-theoretic generation of a reaction network that depicts the overall mechanism as 

well as the multitude of reaction routes (RRs); 4) prediction of pre-exponential factors 

and activation energies, from which energy diagrams are drawn; 5) conversion of the 

reaction network into an equivalent electrical network that, not only pictorially represents 

the “circuitry” of reaction pathways, but also allows rigorous flux and kinetic analysis by 

making use of the vast array of tools available for the analysis of electrical circuits, 

namely Kirchhoff’s flux and potential law.  
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Figure 1-5: Network approach to catalyst design. 
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 Furthermore, the reaction circuitry allows a reduction of the network by a direct and 

transparent comparison of the reaction step resistances along with a logical identification 

of slow or rate-limiting steps. The approach provides for development of explicit rate 

expressions for the considered reaction system. Moreover, the approach also allows for 

incorporation of time-honored principles of quasi-equilibrium (QE) hypothesis, most-

abundant reactive intermediate (MARI), LHHW formulation without any ad hoc 

assumption of rate-limiting steps (RLS) and so on.  

 In chapter II the theory of Reaction Route (RR) Graphs and its analogy with electrical 

circuits is explicated without undue mathematical details using relatively simple 

examples of gas-phase hydrogen-bromine non-catalytic reaction and zeolite catalyzed 

N2O decomposition reaction. The approach is then be utilized in subsequent chapters 

with rigor to analyze thermo- and electro-catalytic reaction systems involving parallel 

pathways in fuel cells. 

 Chapter III deals with methanol decomposition on Pt, which is important first step not 

only in methanol steam reforming but also in a direct methanol fuel cell. Here we show 

that the electrical analogy of the RR Graph approach could be combined with ab initio 

prediction of step kinetics to do a detailed flux analysis that lays bare the important 

pathways and steps in a reaction network allowing insightful pruning of the mechanism. 

It is, thus, found that methanol decomposition proceeds exclusively via the initial C-H 

dehydrogenation step rather than through O-H bond activation. 

 Chapter IV evaluates the case of water-gas-shit (WGS), an integral part of the fuel 

processing train for low temperature fuel cells. A rigorous analysis of the comprehensive 

17-step mechanism with DFT-predicted kinetics for the WGS reaction on Pt(111) is 

accomplished, where we show how to assemble all the 71 reaction pathways into a RR 

graph. Based on the reaction circuitry approach, the mechanism is reduced to a network 

involving only a single dominant RR mediated via carboxyl species. Rate limiting steps 

are next identified logically to derive a simple and accurate rate expression, without any 

ad hoc assumptions. 

 As an alternative to a metal-hydride carrier for hydrogen storage, chemical storage of 

hydrogen has been suggested, e.g., as NH3, a very effective and inexpensive hydrogen 
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carrier available in large quantities. Chapter V probes the mechanism and kinetics of a 7-

step commonly accepted mechanism for NH3 decomposition on Fe. The mechanism is 

whittled down to a single RLS. A rate expression subsequently derived is in complete 

agreement with our experimental data. 

 As discussed in this chapter, natural gas can be utilized directly for internal reforming 

in a SOFC on a Ni-based anode or hydrogen can be produced via steam reforming which 

is eventually used in a low temperature PEM fuel cell. Fundamental understanding of this 

important reaction mechanism is pivotal for the development of compact and efficient 

fuel processors/fuel cell systems. A 22-step reaction mechanism based on exhaustive 

literature review is analyzed using the RR graph approach in chapter VI. We 

unequivocally show that a dual-pathway mechanism exists depending on the temperature 

of operation. Rate expressions are next derived based on logical identification of the 

RLSs. The model predictions are in concurrence with the experimental data by Xu and 

Froment [33], considered as the standard reference on methane steam reforming (MSR). 

 In chapter VII, we consider the typical membrane-electrode-assembly (MEA) 

consisting of a five layer assembly in terms of RR Graph approach to develop a lumped 

fuel cell model. We also discuss the cause and the extent of the effect of the fuel and/or 

oxidant crossover on the fuel cell open-circuit voltage (OCV) and provide a logical 

explanation based on a priori parameters, that the hydrogen cross-over to the cathode 

explains all of the observed loss of ~20% under open circuit conditions. 

 Chapter VIII considers the electro-catalytic reactions in connection to low 

temperature fuel cells, namely the hydrogen electrode reaction at the anode and the 

oxygen reduction reaction at the cathode. An improved understanding of these 

archetypical electrochemical reactions is essential for deeper fundamental understanding 

of fuel cells, which would assist better catalyst design and detailed fuel cell modeling. 

Based on a priori activation energies, explicit rate expressions are reported for the first 

time ever, agreeing reasonably well with the experimental findings. Finally, we show for 

the hydrogen oxidation reaction in acidic system that the exchange current density is two 

orders of magnitude higher than what has been assumed for more than four decades. The 
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approach developed here can be extended to a host of other electrochemical systems like 

methanol electro-oxidation occurring at the anode of DMFCs. 

 In summary, the premise of this study is that a better understanding of the catalytic 

and electrocatalytic processes that occur within a reformer/fuel cell system can lead to 

improved catalysts, devices, operating conditions, and overall system. Toward this end, 

this work represents the initial steps taken to understand this important energy generation 

system of the future. 
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Chapter II 

Topological and Kinetic Analysis Based on Reaction Route 

(RR) Graphs 

The conventional kinetic analysis of an overall reaction (OR) is limited to a single 

sequential pathway of molecular steps at a time, based either on the general quasi-steady 

state (QSS) approach of Bodenstein, or on the much simpler but limited Langmuir-

Hinshelwood-Hougen-Watson (LHHW) approach based on assuming a single rate-

determining step (RDS), the remaining being quasi-equilibrated (QE). In this chapter the 

theory of Reaction Route (RR) Graphs and its analogy with electrical circuits is 

explicated, which will be utilized with rigor to subsequently analyze thermo- and electro-

catalytic reaction systems involving parallel pathways in fuel cells. Based on RR 

Graphs/circuitry, QSS rate expression for a reaction system can be simply cast into an 

Ohm’s law form, i.e., OR rate = OR motive force/OR resistance of an equivalent electric 

circuit. Moreover, logical pruning and identification of rate-limiting steps is afforded 

based on flux analysis and step resistance comparison quantitatively. The approach is 

independent of how the step kinetics are derived. In order to describe the basic 

framework for the approach, we utilize the relatively simple examples of: 1) the gas-

phase hydrogen-bromine non-catalytic reaction (non-linear kinetics), and 2) zeolite 

catalyzed N2O decomposition reaction (linear kinetics). In subsequent chapters, the 

approach is applied to practical and more complex reactions networks relevant to fuel 

cells. 
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2.1 Introduction 

 Many of the industrially significant reactions involve parallel reaction pathways. For 

instance water-gas-shift (WGS) reaction of central importance in fuel reforming has 

many possible reaction pathways like redox pathway, associative pathway and so on, 

which could potentially occur in parallel on a given catalyst surface depending on 

reaction conditions. A quandary for the reaction engineer has been how to explicitly 

account for these alternate pathways in describing the overall reaction (OR) rate, rOR, in 

terms of the kinetics of the elementary reaction steps, i.e., in determining the so-called 

OR “rate law” in terms of the known step weights, ρω  [1-4], which represent the step 

mass-action kinetics with the exclusion of the unknown intermediates compositions. The 

most general approach for this is the quasi-steady-state (QSS) approximation of 

Bodenstein [1-4], based simply on the assumption of time-invariance of reaction 

intermediates. However, an explicit QSS rate expression for overall rate rOR is often 

unwieldy, or not possible at all when step kinetics are nonlinear in intermediates 

concentrations [5], only numerical results then being possible for a given set of reaction 

conditions. 

 The Langmuir-Hinshelwood-Hougen-Watson (LHHW) methodology [6], on the other 

hand, does generally allow the development of simple explicit expressions for rOR, but it 

is based on the often arbitrary assumption of a single rate-determining step (RDS), the 

remaining being at quasi-equilibrium (QE). Further, the a priori identification of such a 

RDS in the mechanism, if it exists at all, is not simple. Dumesic [7] has presented an 

approach based on De Donder relations for identification of the RDS involving the 

concept of step reversibility. Thus, the RDS is defined as the step, ρs , whose step 

reversibility, ρz  ( )exp(/ ρρρ A−=≡ rr
rs

, the ratio of the step rate in the backward, to that in 

the forward direction), is approximately equal to that of the OR, 

)exp(/ OROROROR rrz A−=≡
rs

. Here, the dimensionless De Donder affinity, 
  
Aρ = −∆Gρ /RT  

for the step, and   AOR = −∆GOR /RT  for the overall reaction. 

 Campbell [8] has, however, pointed out that such a criterion for identifying the RDS 

is limited, since reversibility of a step represents only its thermodynamic driving force, 



Chapter II: Topological and Kinetic Analysis Based on Reaction Route (RR) Graphs 

___________________________________________________________________________ 
Catalytic and Electrocatalytic Pathways in Fuel Cells 

49

not containing any information, for instance, on its activation barrier, or kinetics. On the 

other hand, identification of RDS simply based on activation barriers is fraught with risk 

as well. In fact, the net step rate involves both kinetics and thermodynamics, i.e., 

)()1( ρρρρρρρ Erzrrrr
rrsr

=−=−= , where 
  
Eρ =1− exp(−Aρ ) represents the thermodynamic 

driving force [1-4], while ρr
r

/1  represents a kinetic resistance. Campbell’s degree of 

control approach, on the other hand, based on sensitivity analysis to identify the step rate 

constant(s) that most influence rOR, provides a more robust approach for the identification 

of the RDS. However, it is based on a numerical analysis. The reaction step resistance, 

Rρ , discussed below, in fact, is the most convenient criterion for identifying the slow or 

rate-limiting steps in a sequence. We assume, in fact, that there can, in general, be more 

than a single rate-limiting step (RLS), the latter being distinct from the rate-determining 

step (RDS). 

 Furthermore, given that there are now first-principles and semi-theoretical methods 

[9-12] available that can predict the kinetics of the elementary reaction steps with 

increasing accuracy, it is now increasingly important that more comprehensive methods 

for the analysis of reaction networks be developed, which is the objective here, based on 

an intuitively appealing electrical analogy of reaction networks. 

 The electrical analogy is, in fact, commonly invoked in a qualitative discussion of 

reaction mechanism and kinetics [13, 14], wherein reaction steps are represented by 

individual resistances, with the current (rate) being driven by an overall motive force 

(Figure 2-1). Thus, we see from Figure 2-1, that when justified, the smaller of the two 

resistances in series is dropped in pruning a mechanism, while the larger of the two 

resistances in parallel is neglected. The electrical analogy was, in fact, first proposed by 

Nernst [15], who suggested that the rate of a chemical reaction might be represented in 

analogy to Ohm’s law, being equal to a “chemical force” divided by a “chemical 

resistance.” Besides its intuitive appeal, the analogy is useful in visualizing the network, 

and especially when rationalizing the assumption of a RLS, as one with the highest 

“resistance” in a sequence. However, it is rarely utilized in a quantitative analysis.  
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Figure 2-1: Qualitative representation of electrical analogy in kinetics. 

 

 

 

 

 



Chapter II: Topological and Kinetic Analysis Based on Reaction Route (RR) Graphs 

___________________________________________________________________________ 
Catalytic and Electrocatalytic Pathways in Fuel Cells 

51

 This is so, because the relationships of the step resistance and the motive force to the 

conventional reaction kinetic and thermodynamic quantities have remained unclear, and 

it is not known how one might draw an appropriate equivalent electric circuit for a 

complex mechanism.  

 We have, actually, more recently developed a Reaction Route (RR) Graph approach 

[16-19] that puts this analogy on a rigorous footing by: 1) providing the equivalent 

electrical circuit for a given mechanism adapted directly from its RR Graph, and 2), 

defining the step resistance in terms of step kinetics via the relation 

)()/ln( ρρρρρ rrrrR
srsr

−≡ , and the dimensionless De Donder affinity, 
  
Aρ , as the driving 

force, resulting in Ohm’s law form for step kinetics, 
  
rρ = Aρ /Rρ . The corresponding 

overall rate then takes the form   rOR = AOR /ROR , where ROR  may be obtained in terms of 

Rρ  from the RR Graph in a manner completely equivalent to that in electrical circuits 

(Fishtik et al. 2005b). However, only numerical analysis is possible in this manner, since 

the step rates, ρr
r
 and ρr

s
, and, hence, the step resistances are not known a priori, 

involving the unknown intermediates concentrations.  

 In a recent paper [20], however, we followed an alternate algebraic methodology for 

the QSS analysis of a reaction sequence, in which the final result was of a form that could 

be cast into an alternate Ohm’s law form, i.e., rOR = EOR /ROR

• , where the OR driving force 

is in the conventional form,   EOR =1− zOR = {1− exp(−AOR )} , and the OR resistance could 

be expressed as a sum of the step resistances in series, ROR

• = Rρ
•

ρ
∑ , while the step 

resistances Rρ
•  could be determined a priori via the LHHW methodology, thus providing 

a new analytical approach based on the electrical analogy. In this Chapter, we show that 

this new form can be extended readily to parallel reaction networks as well, where ROR

•  

relates to step resistances Rρ
•  in the usual manner of electrical circuits. This approach not 

only provides an explicit QSS rate expression for a given mechanism in terms of step 

kinetics, but also affords perceptive insights into the dominant pathways and rate-limiting 

steps, thus allowing rigorous network pruning. 



Chapter II: Topological and Kinetic Analysis Based on Reaction Route (RR) Graphs 

___________________________________________________________________________ 
Catalytic and Electrocatalytic Pathways in Fuel Cells 

52

 We first describe how one might use the given molecular mechanism of an OR to 

construct its RR Graph, which depicts reaction steps as branches interconnected at nodes 

such that all possible reaction pathways for the OR are represented simply as walks on 

the RR graph. Next, the RR Graph is converted into an equivalent circuit by simply 

replacing the branches by resistors representing the steps, followed by Ohm’s law 

representation of overall rate, with the overall resistance being obtained from the 

resulting circuit. We show, for the case of linear step kinetics, that the result is exactly the 

same as that obtained via linear algebra from the conventional QSS analysis. Further, we 

show that, while approximate, the results are very accurate for non-linear kinetics as well. 

All the necessary details along with definitions from our previous work are also 

summarized so that the treatment below is self-contained. 

 For ease of comprehension, further, the application of our approach to parallel 

pathway reaction networks is illustrated here for the relatively simple cases of: 1) gas-

phase hydrogen-bromine reaction (non-linear kinetics), and 2) zeolite catalyzed N2O 

decomposition reaction (linear kinetics) mechanism, both involving only a handful of 

steps. Of course, more complex mechanisms are similarly amenable to kinetic analysis, 

which will be the focus in the subsequent chapters. 

2.2 Theory 

2.2.1 Reaction Routes: Basic Definitions 

We first consider a simple generic 4-step mechanism with parallel pathways given in 

Eq. (2.1), in order to explain the essentials of RR Graphs approach, while avoiding the 

mathematical details [16-19]. 
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This mechanism admits two parallel pathways, or reaction routes (RRs), as indicated 

above by the stoichiometric numbers in the two columns. Thus, steps s1, s2, and s3, when 

added, result in a cancellation of the intermediates I1 and I2, resulting in the OR. 

Similarly, 1 4s s+  provides the OR, which is a second RR. More formally, thus, we define: 

Reaction Route (RR): or a reaction pathway, or a reaction sequence, is a linear 

combination of elementary steps, σ gρsρ
ρ=1

p

∑  that eliminates a specified number of 

intermediate and terminal species to produce a reaction, where σ gρ  is the 

stoichiometric number (usually, 0, ±1 or ±2) of step ρs  in the g
th
 RR. If all the 

intermediate species are eliminated the reaction route is called a Full Route (FR).  

Thus, for the above example, the two RRs may be written as 

         
1 1 2 3

2 1 4

FR :      ( 1) ( 1) ( 1)

FR :      ( 1) ( 1)

OR s s s

OR s s

= + + + + + 


= + + + 
       (2.2) 

On the other hand, an  

Empty Route (ER): or a cycle is a linear combination of the elementary steps such 

that all of the species, both intermediate and terminal, are cancelled, thus 

producing the so-called “zero” OR (i.e., the stoichiometric coefficients of all the 

species are zero). 

In fact, since subtracting one FR from the other, e.g., 21 FRFR − , would eliminate all 

the species, it can provide an empty route (ER), e.g., 

      1 2 3 4ER :      0 ( 1) ( 1) ( 1)s s s= + + + + −        (2.3) 

A negative stoichiometric number, as above, simply indicates that the step in the given 

RR is followed in the reverse direction to that indicated in Eq. (2.1). Since all elementary 

steps are reversible, in principle, although the reversibility of a step ρz  can vary widely, 

this does not present any problem.  

Of course, an infinite number of such RRs may be obtained via a linear combination 

of two or more RRs. However, we are only interested in the so called direct RR, 
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following Milner’s [21] concept of directness or minimality. Such a direct FR and ER 

contains no more than q + 1 and q + 2 steps, respectively, from a given reaction 

mechanism, where q is the number of linearly independent intermediate species, Ik . This 

limitation results in a finite and unique set of RRs. 

In order to construct the Reaction Route (RR) Graph, and hence the electrical circuit, 

for a given mechanism, in fact, a knowledge of not even the entire set of direct RRs is 

needed. Actually, only a set of independent RRs is needed for this purpose, i.e. any set of 

  µ = p − q  RRs, which can include both FRs and ERs, that among them include all of the 

steps of the given mechanism. This is, in fact, related to the fundamental RR matrix of 

the RR Graph [16-18]. All the other direct RRs of the unique set can be topologically 

traced on the thus generated RR Graph as walks, as explained later on. A more formal 

approach for enumerating the entire set of (direct) FRs and ERs based on the 

stoichiometric coefficient matrix of the mechanism is described by Fishtik et al. [16-18].  

We will also be concerned with reaction routes that produce a given intermediate Ik 

from terminal species. Thus, an  

Intermediate Reaction Route (IRR): is the RR, or pathway, in which all the 

intermediate species except the one of interest Ik (often along with a reference 

intermediate, say the vacant surface site, S, in case of catalytic reaction system) 

are eliminated.  

The set of stoichiometrically distinct intermediate reactions, IRs, produced by these 

IRRs may be written as 

         IRh:     
=1

I ( )S+ ( )T 0
n

k k k ki i

i

γ γ γ+ − =∑                            (2.4) 

where kγ  is positive, since the intermediate Ik  is considered as a product in the IR. 

For the example considered above, i.e., Eq. (2.1), in fact, no surface site is involved. 

Thus,  

  IRR1:     1 1IR ( 1)s= +                     (2.5) 

is an example of an IRR for the formation of the intermediate species, I1.  
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2.2.2 Reaction Route (RR) Graph 

The typical goals of kinetic analysis are: 

1)  to determine the elementary step rates 
  
rρ , by first determining the unknown 

intermediate concentrations in terms of the step rate constants and the 

terminal species activities (concentrations), and  

2)  to relate the OR rate,   rOR  to the step rates   
rρ . 

Both of these goals are facilitated by the availability of the Reaction Route (RR) 

Graph of the mechanism, which shows graphically how the various step rates are 

interconnected in a reaction network depicting the overall reaction system and its 

pathways, and how these interconnections constrain the rates of the individual steps, and 

that of the OR. Of course, one could accomplish this goal without the help of the RR 

Graph, just as one could solve an electric circuit problem mathematically without 

drawing a circuit diagram, but the process, as in the case of electric circuits, is assisted by 

the graphic visualization afforded by the RR Graph. In fact, since RR Graphs follow flow 

network laws, namely, Kirchhoff’s laws, they can be directly converted into an 

equivalent electric circuit by simply replacing the branches representing the elementary 

reactions by resistors and the OR by a battery with an EMF related to the affinity, or 

Gibbs free energy, of the OR. 

Thus,  

Reaction Route (RR) Graph: for an OR is a graphical representation of its 

mechanism that is comprised of elementary reactions, and is drawn in a manner so 

that:  

1)  the directed (with arrows) branches representing the individual steps 
  
sρ  are 

interconnected at intermediate nodes (INs) such that all reaction routes 

(RRs) can be traced on it simply as walks between terminal nodes (TNs), 

with the overall reaction (OR) drawn as a branch between the TNs; and 

2)  the interconnectivity of the branches at the INs is consistent with the QSS 

condition for the intermediates, while the connectivity of branches at the 
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TNs, including the OR, is consistent with the QSS condition of the 

terminal species. These are, in fact, the equivalent of Kirchhoff’s Flux (or 

Current) Law (KFL or KCL) in electrical circuits.  

Thus, INs interconnect only elementary steps while the TNs interconnect elementary 

steps to the OR. Both set of nodes are, further, consistent with KFL and the minimality of 

incidence or directness, in the sense that eliminating a reaction step will violate the QSS 

condition. 

Kirchhoff’s Flux (or Current) Law: states that the step rate rρ  (likened to branch 

current Iρ ) of all branches incident at a node j sum up to zero (from mass 

conservation, along with the fact that Vnode = 0). In other words, 

∆rj ≡ mρjrρ
ρ=1

p

∑ = 0, where the incidence coefficient mρj = +1, if a branch leaves the 

node j, and mρj = −1, if a branch is coming into the node j. In fact jmρ  are 

elements of the incidence matrix of the RR Graph [16]. 

Of course, KFL is analogous to the QSS assumption for the intermediate and the 

terminal species. 

Quasi-Steady-State (QSS) Assumption: implies the time invariance of the species 

concentration, i.e., the net rate of production of a species is zero, 

    

∆ri = ν ρirρ
ρ=1

p

∑ = 0.  

It is, thus, clear from the above that KFL and QSS approximation are equivalent. 

Let us apply QSS approximation to the intermediate species in the homogeneous 

decomposition reaction mechanism (Eq. 1), i.e.,  

1 1

2 2

I I 1 2 4

I I 2 3

:              ( 1) ( 1) ( 1) 0

:              ( 1) ( 1) 0

Q r r r r

Q r r r

= − + + + + = 


= − + + = 
                  (2.6) 

Since these two relations are the equivalent of KFL, the connectivity of the reaction steps 

at intermediate nodes implied by these QSS approximation relations is shown in Figure 

2-2a.  
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Figure 2-2: a) KFL condition for intermediates, b) KFL condition for terminal species, c) 

RR Graph 
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The second of these relations indicates that s2  and s3  are interconnected at one 

intermediate node (in red), with s2  coming in and s3  leaving, while the first relation 

indicates an intermediate node with s1 coming in and s2  as well as s4  leaving. These two 

subgraphs are depicted in Figure 2-2a. 

Let us next consider the QSS approximation for the 3 terminal species, which 

participate both in the elementary reactions as well as in the OR 

        

A A 1

B B 3 4

C C 2 4

:              ( 1) ( 1) 0

:              ( 1) ( 1) ( 1) 0

:              ( 1) ( 1) ( 1) 0

OR

OR

OR

Q r r r

Q r r r r

Q r r r r

= − + − = 


= + + + + + = 
= + + + + + = 

                  (2.7) 

Because from Eq. (2.6), r2 = r3 , the QSS approximation for both B and C are the 

same, i.e., only one of these two equations is independent. The remaining two 

independent conditions can be represented by the KFL subgraphs shown in Figure 2-2b, 

where blue nodes represent the terminal nodes. The only way that all these sub-graphs 

(Figure 2-2a and b) can be coalesced into a single RR graph is by overlaying the common 

branches, resulting in Figure 2-2c, which is, hence the RR Graph for the mechanism in 

Eq. (1). 

It can be seen that this RR Graph is appropriate. Firstly, all of the RRs (FR1, FR2 and 

ER1) enumerated above can be traced on this as walks.  

In general, a  

Walk: from a starting node to an ending node is an alternating sequence of nodes 

and branches such that a given node may not be crossed more than once. If a walk 

begins and ends at the same node, it is called a cycle, while if a walk begins at one 

terminal node and ends at the other terminal node, it is a full route.  

Secondly, the nodes evidently satisfy the QSS approximation for both the 

intermediate (INs) and terminal species (TNs). Thus, Figure 2-2c is an appropriate RR 

Graph for the mechanism as it satisfies both of the basic criteria outlined above. 

Moreover, RR Graphs are also thermodynamically consistent, given that they concur 

with Kirchhoff’s Potential Law (KPL). 
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Kirchhoff’s Potential Law (KPL): implies that the branch affinity, i.e., negative 

Gibbs free energy change for a reaction step, Aρ = −∆Gρ  (likened to branch 

voltage Vρ ) of all branches in a closed walk (starting and ending at the same 

node), or a cycle, sum up to zero, i.e., σ gρAρ
ρ=1

p

∑ = 0, where the stoichiometric 

number σ gρ = +1, if a branch is directed in the direction of the walk around a 

cycle, and σ gρ = −1, if a branch is directed in the opposite direction.  

 For example, if we apply KPL to the cycle (ER1) in the considered mechanism, Eq. 

(2.1), there results, 2 3 4 0A A A+ − = , or 32 4

2 3 4

1
kk k

k k k
=

rr s

s s r . Thus, the predicted (or measured) 

kinetics must be consistent with this KPL condition. In other words, not all rate constants 

need to be predicted (measured), some can be obtained from KPL relations. 

2.2.3 Electrical Analogy 

 Since the RR Graphs follow the flow network laws (namely, KFL and KPL), they can 

be directly converted into an equivalent electric circuit by simply replacing the branches 

representing the elementary reactions by resistors, Rρ , and the OR by a battery with an 

EMF, ORA . Thus, for the above 4-step decomposition example with the RR Graph in 

Figure 2-2c, the equivalent electrical circuit is shown in Figure 2-3. 

In order to complete the analogy, we define [16-18] 

Reaction or Step Affinity ρA : is negative of reaction Gibbs free energy, 

ρρ GA ∆−= . It is, in turn, related to the ratio of the rate in the forward direction 
    

r 
r ρ  

to that in the reverse direction, 
    

s 
r ρ , via       

Aρ = ln(
r 
r ρ /

s 
r ρ ), where the dimensionless 

affinity, 
    
Aρ ≡ Aρ /RT .  
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Figure 2-3: Electrical analog of the RR Graph shown in Figure 2-2c. 
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Reaction or Step Resistance Rρ : is the mean value of the inverse of the net step 

rate, ρρρ rrr
sr

−= , between its limiting values, namely, 
  

r 
r ρ  and 

  

s 
r ρ , i.e., 

ln( / )1 1
r

r

r r
R dr

r r r r r

ρ

ρ

ρ ρ
ρ ρ

ρ ρ ρ ρ ρ

≡ =
− −∫

r

s

r s

r s r s . 

Unfortunately, unlike in electric circuits, we don’t know the reaction resistance a 

priori, since it involves the unknown intermediates concentrations. 

Ohm’s Law Form of Step Kinetics: From the definitions of branch affinity and 

branch resistance for a step ρs  as provided above, it is easy to see that step rate 

follows Ohm’s law: r
R

ρ
ρ

ρ

=
A

 

It is to be noted that this does not represent a linearization of reaction kinetics, but is 

simply a definition of a reaction resistance, which unlike the resistance in electrical 

circuits, is not a constant, but rather changes with reaction conditions, especially 

temperature, as 
    

r 
r ρ  and     

s 
r ρ  change with composition and temperature. 

 Since the RR Graphs are drawn so that they are consistent with KFL and KPL and 

Ohm’s law kinetics representation, there is a quantitative correspondence between RR 

Graphs and their electrical circuit analogs. As a result, the overall resistance of the 

network might be calculated in terms of step resistances, with the result that the overall 

rate may be written as 

 OR
OR

OR

r
R

=
A

                                         (2.8) 

where standard electrical circuit techniques are used to evaluate   ROR  in terms of 
  
Rρ , e.g., 

via Yto −−∆  conversions, and other tools of electrical circuit analysis. 

For instance, for the above equivalent circuit (Figure 2-3) involving series and 

parallel resistors 
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rOR =
AOR

ROR

=
AOR

R1 +
1

1

R4

+
1

R2 + R3

                   (2.9)  

 While this rate expression is precise, it is not predictive, as the step rates ρr
r
 and ρr

s
, 

and hence the step resistances 
  
Rρ , are not known a priori. A predictive approach is 

developed below. 

2.2.4 New Form of the Electrical Analogy 

Next, we discuss the alternate formulation of the electrical analogy that leads to an 

explicit expression for the OR rate. First, however, we define (Dumesic, [7] 

Reversibility: of an elementary step 
    
zρ ≡

s 
r ρ /

r 
r ρ , i.e., it is the ratio of the rate in the 

reverse to the forward direction for a step, and is related to step affinity via De 

Donder relation, [22, 23] i.e., 
  
zρ = exp(−Aρ ) .  

Further, for the OR, it is  

      
1

1
/ exp( ) i

n

OR OR OR OR i

iOR

z r r a
K

ν

=

= = − = ∏
s r

A                            (2.10) 

Furthermore, since it is a thermodynamic property, from KPL we have  

          
1 1

1 1

( )
q q

OR
OR

OR

rr
z z

r r

ρ

ρ

σ

σρ
ρ

ρ ρρ

+ +

= =

 
= = =  

 
∏ ∏

ss

r r                                  (2.11) 

In fact, since the intermediate species get cancelled in a FR 

      
1

1

q

ORz

ρσ

ρ

ρ ρ

ω

ω

+

=

 
=   

 
∏

s

r        (2.12) 

i.e., the OR reversibility, ORz , is a known quantity for a given set of reaction conditions. 

Here ωρ  is the reaction step weight, which includes the observable (known) quantities, 

i.e., the rate constants and activities of the terminal species (e.g. β
ρρω

i
ak

rr
= ).  

Further, we formally define 
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Quasi-Equilibrium (QE): A step is quasi-equilibrated if its reversibility, 
    
zρ →1, 

or alternately, if its affinity 0→ρA .  At true equilibrium, of course, 
    
zρ =1, and 

  
Aρ = 0. 

Rate-Limiting Step (RLS): in a sequence is one, whose resistance Rρ  contributes 

significantly to ROR . There may, of course, be more than one RLS in a sequence. 

Interestingly, however, it may be noted that for a constant flux through a sequence of 

steps, this implies that reversibility zρ  contributes significantly to zOR , in agreement with  

(Dumesic, [7]. This may be seen by noting that 
  
Rρ /ROR = Aρ /AOR  in a sequence with 

rρ = rOR  for unit stoichiometric numbers ( 1+=ρσ ). 

At any rate, for the equivalent circuit shown in Figure 2-3, rearranging the OR rate, 

Eq. (2.9), we have 

          

OROR

OROROR

OR

OR

RRR

RR

r

AA

AAA

324

1

1

11

+
+

+==      (2.13)  

so that, we may write 

          
1

4

2 3

1 1 1

1

1 1
ORr r

r

r r

•
•

• •

≈ +
+

+

      (2.14) 

where the rate-determining step (RDS) is given by 

                                                                  

  

rρ
• ≅
AOR

Rρ

  (2.15)  

where the bullet in the subscript denotes the step as the rate-determining step (RDS).  

Thus,  

Rate-Determining Step (RDS): rρ
• ( Iρ

• ) is the rate (current) of the branch (resistor) 

sρ  (  
Rρ ) if all other resistors in the circuit were short-circuited, i.e., if the entire 
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motive force   AOR  (EOR) occurred across a chosen step (resistor) sρ  (  
Rρ ), which, 

of course, would be the maximum step rate (current) in the step (resistor) for the 

given motive force. 

By the same token, since the driving force (
  
Aρ ) drop across the remaining steps is 

virtually zero, they may be considered to be at quasi-equilibrium (QE). In other words, 

the RDS and quasi-equilibrium (QE) hypothesis (also called pseudo-equilibrium 

hypothesis, PEH) go hand-in-hand, as inherent in the LHHW approach. It is to be noted, 

however, that while in an electric circuit the resistance is constant and, thus, independent 

of the driving force, this is not entirely correct in a reaction network. Eq. (2.14) is 

predicated on the assumption that 
  
Rρ  remains constant as 

  
Aρ  changes to ORA , which is 

not true in general in kinetics, unlike in electrical circuits, hence the approximate sign. 

 In fact, rρ
• may be obtained via the LHHW methodology, with sρ  as the RDS, all the 

other steps being at QE. Since ρs  is the RDS and all other steps are at QE, i.e., ORz zρ = , 

for 1+=ρσ , then 

                (1 )ORr r zρ ρ
• •≡ −

r
                                                (2.16) 

From Eqs. (2.14) and (2.16), thus, we have 

 

         •

•••

•
=

+
+

+
=

OR

OROR
OR

R

E

RRR

R

E
r

324

1 11

1
                          (2.17) 

where 

                 EOR ≡1− zOR = {1− exp(−AOR )}                                     (2.18) 

and                                                         
1

R
r

ρ
ρ

•
•≡ r        (2.19) 

Here, ORE  is the thermodynamic motive force term as defined by Christiansen [1] 

rather than the OR affinity, ORA , and Rρ
•  is the resistance of the step sρ  when it is 
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considered as the RDS, i.e., when the entire driving force for the OR occurs across the 

step, the other steps being quasi-equilibrated. As a result, this allows Rρ
•  to be determined 

explicitly a priori, following the LHHW algorithm. Hence, Eq. (2.17) provides an 

explicit predictive rate expression for the QSS rate of the OR. 

 We next show how to obtain the Rρ
•  employing the LHHW approach along with the 

notion of IRRs. We will, thereafter, show that this rate expression in the form of alternate 

Ohm’s law provides exact results for the case of linear kinetics mechanisms (similar to 

the considered reaction mechanism, Eq. (2.1)). We further contend that it provides an 

approximate, albeit, accurate results in other cases [20]. Furthermore, Eq. (2.17), is in a 

form that is readily amenable to comprehension as well as pruning via comparison of 

resistances. 

2.2.5 LHHW Methodology for Reaction Resistance, Rρ
•  

 The resistances Rρ
•  can be obtained a priori, by treating each of the steps as RDS, in 

turn, and using the QE approximation for the remaining [20]. The basic idea is that for a 

given RDS, the q linearly independent unknown intermediate site fractions are 

determined by identifying the appropriate intermediate reactions, or IRs, or pathways for 

the formation of intermediates. As mentioned above, an IR (Eq.(2.4)) results from an 

appropriate linear combination of steps sj that eliminates all of the intermediate species 

except that of interest, Ik , formed from terminal species along with some reference 

intermediate, e.g., the vacant site S in case of catalytic reactions [24, 25], i.e., 

   σ kjs j

IRk

∑ = IR k                            (2.20) 

In analogy with KPL, the affinity of this IRk 

                                                            

  

σ kjAρ
IRk

∑ = A IRk
                           (2.21) 

Using the definition of step reversibility   

                                                       exp( )z r rρ ρ ρ ρ= = −
s r

A                                           (2.22) 
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we have 

  ∏∏ 









==

k

kj

k

kj

k

IR j

j

IR

jIR
r

r
zz

σ

σ
r

s

)(                            (2.23) 

 Using in this the step kinetics in terms of step weights, and noting that, all 

intermediates but Ik  and the reference intermediate, i.e., vacant sites S (in case of a 

catalytic reaction) are eliminated by the stoichiometric numbers chosen to produce the IR 

(Eq. (2.20)) 

                                                   
0

kjk

k

k

jk
IR

IR j

z

σγ
ωθ

θ ω

  
=        

∏
s

r                                            (2.24) 

Further, if we select all the steps sj in Eq. (2.20), such that it does not include the step 

ρs  under consideration as the RDS, or in other words all the selected steps are among the 

QE steps, zIRk
=1, we have 

                                                    

1/

,

0,

k
kj

k

jk

IR j

γσ

ρ

ρ

ωθ

θ ω

•

•

   
=    

   
∏

r

s                                             (2.25) 

 Note that we use the notation ,k ρθ •  to represent site fraction of Ik  when ρs  is the 

RDS. Finally, the site fractions thus calculated are used in the site balance, ,

0

1
q

k

k

ρθ
=

•= ∑ , 

written in the form 

                                                         
,

00, 0,

1 q
k

k

ρ

ρ ρ

θ

θ θ=

•

• •= ∑                                                       (2.26)                            

Thus, the reference site fraction 0,ρθ •  can be determined and, from it, all the remaining 

site fractions ,k ρθ • . As a result, the forward rate of the RDS, and hence the step resistance, 

Rρ
•
 as per Eq. (2.19), can be evaluated a priori. 
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 We next show that the rate expression derived via Eq. (2.17), i.e. •= OROROR REr  is 

the same as that obtained via QSS approximation for the simple 4-step homogeneous 

(non-catalytic) reaction mechanism (Eq. (2.1)). 

2.2.6 Comparison of QSS Analysis of the 4-Step Homogeneous 

Reaction and the Electrical Analogy Approach 

The rates of the elementary steps of the 4-step homogeneous decomposition reaction 

mechanism depicted in Eq. (2.1), in terms of species activities, ai 

{ {

{ {

{ {

{

1 1

1 1

1 2 1 2

2 2

2 2

3 3

1 1

4 4

1 1 1 1 A 1 I 1 1 I

2 2 2 2 I 2 C I 2 I 2 I

3 3 3 3 I 3 B 3 I 3

4 4 4 4 I 4 B C 4 I 4

r r r k a k a a

r r r k a k a a a a

r r r k a k a a

r r r k a k a a a

ω ω

ω ω

ω ω

ω ω

ω ω

ω ω

ω ω

ω ω

= − = − = −

= − = − = −

= − = − = −

= − = − = −

r s

r s

r s

r s

r s r sr s

r s r sr s

r s r sr s

r s r sr s

123

                (2.27) 

where the corresponding step weights ρω  (i.e., products of rate constants and activities of 

the terminal species) are also defined.  

The QSS approximation for the intermediates in this mechanism is provided in Eq. 

(2.6). Using the step rate kinetics in this and rearranging 

       
3I32I2

41I2I421

21

21

)()(

)()()(

ωωωω
ωωωωωω
srsr

srsrrs

=++−

+=−++

aa

aa
    (2.28) 

This may be written in a matrix form, i.e.,     Wm ⋅ x = b, where the various matrices are 

    








+−

−++
=

)(

)(

322

2421

ωωω
ωωωω
rsr

srrs

mW ; x =
aI1

aI2

 

 
 

 

 
 ; and 







 +
=

3

41

ω
ωω

s

sr

b                 (2.29) 

The solution via Cramer’s rule (or by substitution) is 
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                  (2.30) 

With the unknown intermediate concentrations known in terms of ρω , all step rates 

can now be found. Further, OR rate can be found from the relation between OR and step 

rates, which can be discerned from the RR Graph as well. Thus, from Figure 2-3 

        
rOR = r1

rOR = r3 + r4
                  (2.31) 

Either of these relations could be used. For instance, from the first of these, i.e., 

1I111 arrOR ωω
sr

−==  and rearranging 

  
4342323121

41

41
4132

321

321
321 1)(1

ωωωωωωωωωω
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ωω

ωωωω
ωωω
ωωω

ωωω

rrrsrrrsss

rr

ss
rrrs

rrr

sss
rrr

++++
















−++








−

=ORr     (2.32) 

Using Eq. (2.34) below for the driving force (via KPL) for the two parallel pathways, 

we can factor out EOR to provide an alternate form for the OR rate 

1 2 3 2 3 1 4 B C

1 2 1 3 2 3 2 4 3 4 A

( ) 1
1OR

OR

a a
r

K a

ω ω ω ω ω ω ω
ω ω ω ω ω ω ω ω ω ω

 + +
= − 

+ + + +  

r r r s r r r

s s s r r r s r r r      (2.33) 

where from KPL (Figure 2-3) 

  1 2 3 B C1 4

1 2 3 1 4 A

1
1 1 1OR

OR

a a
E

K a

ω ω ω ω ω
ω ω ω ω ω

    
= − = − = −    

    

s s s s s

r r r r r      (2.34) 

We next describe the methodology for deriving the rate expression using the RR 

Graph approach utilizing Eq. (2.17). Thus, using Eqs. (2.17) and (2.34)  
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E
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In order to derive Rρ
• , let us first consider step s1 as the RDS, the remaining steps 

being at QE. Thus, 

1

1 1

1 1
R

r ω
•

•= = rr                                                    (2.36) 

For step s2, similarly 

                         2

2 2 1,2

1 1
R

r aω
•

• •= = rr                   (2.37) 

where 1,2a•  denotes the activity of I1 when step s2 is considered as the RDS and all other 

steps are at QE. The activity 1,2a• , as explained above, is obtained by identifying IRR for 

the formation of I1, from reaction steps other than the RDS, s2. An appropriate IRR for I1 

that does not include s2 is 

   IRR1:     1 1IR ( 1)s= +                   (2.38) 

Thus, with no catalyst site involved in this homogeneous mechanism, using Eq. (2.25), 

we have 

      1
1,2

1

a
ω
ω

• =
r

s        (2.39)  

 Using Eq. (2.39) in Eq. (2.37) we have 

   1
2

2 11
2

1

1 1
R

ω
ω ωω

ω
ω

• = =
 
 
 

s

r rr
r

s

      (2.40) 

Similarly, we have for the two remaining steps 

   1 2
3

3 3 2,3 3 1 21 2
3

1 2

1 1 1 1
R

r a

ω ω
ω ω ω ωω ω

ω
ω ω

•
• •= = = =

 
 
 

s s

r r r rr r r
r

s s

     (2.41) 

  1
4

4 4 1,4 4 11
4

1

1 1 1 1
R

r a

ω
ω ω ωω

ω
ω

•
• •= = = =

 
 
 

s

r r rr r
r

s

      (2.42) 
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Using Eq. (2.36) and (2.40) – (2.42) in Eq. (2.35), thus, 

  B C

A

1

1 1 1 2

4 1 2 1 3 1 2

1 1
1

1 1

1 1

1 1 1

OR

OR

a a
r

K a

ω
ω ω ω ω

ω ω ω ω ω ω ω

 
= − 

 +
+

+

r
s s s s

r r r r r r r

     (2.43) 

which is just a rearranged form of Eq. (2.33). However, as seen here the RR Graph 

approach is easy to follow. Furthermore, logical pruning of the rate expression is possible 

via comparison of the Rρ
•  as illustrated below. 

 The practical utility of the approach is next highlighted with a non-linear kinetics 

example first, namely, the 4-step gas phase hydrogen-bromine reaction, followed by a 

linear kinetics mechanism example, i.e., zeolite catalyzed N2O decomposition. 

2.3 Illustration: Nonlinear Kinetics Mechanism, H2-Br2 Example 

We first define 

Nonlinear Kinetics Mechanism: as one that includes some mechanistic steps 

involving more than one intermediate species on either or both sides, so that the 

kinetics of these steps are nonlinear in aIk
, e.g., 2

Ik
r aρ ρω=

rr
, and I Ij l

r a aρ ρω=
ss

. For 

example, for the bromine decomposition step:   Br2 � 2Br ⋅ , the rate in the reverse 

direction 2

1 Brr aρ ω ⋅=
ss

. 

It is, of course, unlikely that more than two intermediates are involved in an 

elementary reaction, so that higher than quadratic terms in aIk
 are unlikely. 

Let us next illustrate the feasibility of the application of the above approach to a non-

linear kinetics mechanism with σ ρ = ±1. Thus, we consider the classical 4-step H2-Br2 

reaction mechanism 
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                                                                     σ ρ1    σ ρ 2 

Initiation :   s1 :                 Br2  � 2Br ⋅                       +1        0{

Propagation :   
s2 :     Br ⋅ + H2 � HBr +  H ⋅                 +1      +1

s3 :     H ⋅ + Br2  � HBr +  Br ⋅                  0      +1

 
 
 

Termination :   s4 :     Br ⋅ + H ⋅  � HBr                           +1        0 {

OR :                                Br2 +  H2 � 2HBr

   (2.44)  

Clearly, the mechanism is nonlinear in intermediate concentrations. The kinetic data for 

the reaction mechanism is provided in the Ref. [26]. 

For the non-linear case, the expression 

                                                               •≈
OR

OR
OR

R

E
r                                        (2.45) 

provides only approximate, but accurate results, as shown below. In general, of course, 

for the non-linear case, an explicit solution via the QSS approach is not possible. Rather, 

only numerical solution is generally obtained. Therefore, even though approximate, an 

explicit solution is very useful, for instance, in reactor design and analysis. 

2.3.1 Rate Expression Based on Electrical Analogy 

For the given reaction mechanism, Eq. (2.44), thus, the step kinetics are 
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{ {
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= − = − = −

sr
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r s

r s r sr s

r s r sr s

r s r sr s

r s rr s
4ω














s

    (2.46) 

Further, as can be seen from Eq. (2.44), this reaction mechanism has two full routes 

and one empty route, similar to the generic example, i.e., Eq. (2.1), 
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1 1 2 4

2 2 3

1 1 3 4

FR :      ( 1) ( 1) ( 1)

FR :      ( 1) ( 1)

ER : 0 ( 1) ( 1) ( 1)

OR s s s

OR s s

s s s

= + + + + + 


= + + + 
= + + − + + 

     (2.47) 

The equivalent circuit for the mechanism is shown in Figure 2-4, which is obtained 

following a similar procedure as explained for the academic example, and is identical to 

it, although with different step labels.  

Thus, we have from Figure 2-4, as before 

                                   ROR

• = R2

• +
1

1

R3

• +
1

R1

• + R4

•

                                              (2.48)  

Let us calculate the resistances from the step kinetics. For step s1 as RDS, and all 

others at QE, we have 

              1

1 1

1 1
R

r ω
•

•= = rr         (2.49) 

For step s2 as RDS, and all others at QE, we have 

                                                      2

2 2 Br ,2

1 1
R

r cω ⋅

•
• •= = rr                   (2.50) 

where Br ,2c ⋅
•  is the concentration of Br ⋅  when step s2 is the RDS. An appropriate IR for 

formation of Br ⋅  is 

       IRR1:      IR1 = (+1)s1 :      Br2 � 2Br ⋅      (2.51) 

which gives 

                              1
Br ,2

1

c
ω
ω⋅

• =
r

s         (2.52) 

Thus, using Eq. (2.52) in Eq. (2.50), we have 

               1
2

2 2 Br ,2 2 1

1 1 1
R

r c

ω
ω ω ω⋅

•
• •= = =

s

r r rr                   (2.53) 
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Figure 2-4: Equivalent electrical circuit for the 4-step HBr example along with 

representative values of •
1R , •

2R , •
3R , •

4R  and the corresponding flux at conditions 

reported in the text. 
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Similarly, we can obtain 3R
•  and 4R

•  

   2 2 1
3

3 3 H ,3 3 2 Br ,3 3 2 1

1 1 1 1
R

r c c

ω ω ω
ω ω ω ω ω ω⋅ ⋅

•
• • •= = = =

s s s

r r r r r rr                 (2.54) 

       2 1 1 2 1
4

4 4 H ,4 Br ,4 4 2 1 1 4 2 1

1 1 1 1
R

r c c

ω ω ω ω ω
ω ω ω ω ω ω ω ω⋅ ⋅

•
• • •= = = =

s s s s s

r r r r r r r rr     (2.55) 

As a result 

 
1

2

2 1

3 1 4 2 12 1

1 4 2 13 2 1

1 1 1
1 1 1 1

1 11
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E E
r

R
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ω
ω ω

ω ωω ω
ω ω ω ωω ω ω

•

• • •

= =
+ +

+ ++
+

s

r r
s ss s

r r r rr r r

            (2.56) 

where 

 2 3 1 2 4

2 3 1 2 4

1 1 1OR ORE z
ω ω ω ω ω
ω ω ω ω ω

= − = − = −
s s s s s

r r r r r   (2.57) 

2.3.2 QSS Kinetics 

 Let us compare the accuracy of the above expression to numerical QSS analysis. An 

explicit expression for this case via QSS procedure, of course, is not possible. For 

numerical comparison, we utilize the kinetic data (Table 2-1) provided by Cooley and 

Anderson [26]. However, before we apply the QSS approximation, let us check the 

thermodynamic consistence of the reported kinetic data afforded by the RR Graph 

approach. 

 Applying KPL to the empty route, ER1, we have 0341 =−+ AAA . Using de Donder’s 

relationship we have, 1
3

3

4

4

1

1 =






























k

k

k

k

k

k
r

s

s

r

s

r

. However, the reported data [26] yields this 

product as 0.68, rather than 1. 

  

 



Chapter II: Topological and Kinetic Analysis Based on Reaction Route (RR) Graphs 

___________________________________________________________________________ 
Catalytic and Electrocatalytic Pathways in Fuel Cells 

75

 

 

 

 

Table 2-1: The kinetic data for H2-Br2 reaction. Activation energies in kcal/mol; pre-

exponential factors are in units of mol/cm
3 
and sec [26] 

 

ρs  Reaction Step 
ρE
r

 ρE
s

 ρΛ
r

 ρΛ
s

 ρm
r

 ρm
s

 

1s  ⋅2Br   Br2 �  45.25 
#
 0 1.05 10

13
 
#
 5.7 10

15
 1 0 

2s  ⋅⋅ H +HBr    H + Br 2 �  17.7 1.1 8.05 10
10
 3.08 10

10
 1 1 

3s  ⋅++⋅ Br HBr     Br  H 2 �  1.1 41.7 2.59 10
11
 9.31 10

10
 1 1 

4s  HBr   H + Br �⋅⋅  0 85.85 9 10
15
 5.95 10

12
 0 1 

 

 

#

1E
r
changed from 45.23 and 

1Λ
r

 changed from 7.18 10
12
, to ensure thermodynamic consistency 

via KPL.  








−Λ=
RT

E
Tk m ρ

ρρ exp  
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 Furthermore, for the empty route ER1, 0341 =∆−∆+∆ HHH . The reported data [26] 

yields this summation as 20cal/mol− , rather than 0, pointing to the slight thermodynamic 

inconsistency of the data available in literature. Thus, the original value of 1E
r
was 

replaced from 45230 cal/mol to 45250 cal/mol and 1Λ
r
 from 121018.7 ×  to 131005.1 ×  

cm
3
mol

-1
s
-1
, to ensure thermodynamic consistency via KPL. Such inconsistencies in the 

rate data become glaring via the RR Graph approach. 

The conventional QSS result is obtained by algebraic solution of the QSS equations 

for the two intermediates, into which the mass action kinetics is substituted. Alternately, 

we could use the simpler KFL equations, i.e., Eq. (2.58), which are evident from Figure 

2-4 at the two intermediate nodes (red) 

     




=−+

=−

0

0

231

14

rrr

rr
                 (2.58) 

Using step kinetics in this 

        0)()( 2

Br114BrH4 =−−− ⋅⋅⋅ ccc ωωωω
srsr

     (2.59) 

      0)()()( H2Br2Br3H3

2

Br11 =−−−+− ⋅⋅⋅⋅⋅ ccccc ωωωωωω
srsrsr

    (2.60) 

which are two simultaneous non-linear algebraic equations which may be solved for the 

two unknown intermediate concentrations cH⋅ and cBr ⋅ , and then substituted back into Eq. 

(2.46), or KFL equations at the terminal nodes, in order to determine the OR rate. This is 

not trivial, however, since substituting for cH⋅ from Eq. (2.60) into Eq. (2.59) results in a 

third order equation in cBr ⋅  with three possible roots. This clearly demonstrates the 

strength and intuitive power of the described electrical analogy approach. Therefore, we 

will use the QSS analysis below simply to numerically verify the result obtained above, 

using the kinetic parameters from Cooley and Anderson [26] and experimental data 

provided by Levy [27]. 

2.3.3 QSS vs. Electrical Analogy Rates 

Calculations based on the above QSS analysis were made for a temperature, T = 473 

K, and for cH2
= 0.428mol/cm

3
, cBr2

= 0.594 mol/cm
3 
and cHBr = 0.25  mol/cm

3
. Thus, the 
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overall rate, 6 1

2 4 3 2.5938 10  sORr r r r − −= = + = × was obtained from solving the QSS 

equations, (2.59) and (2.60), and substituting the resulting concentrations of the 

intermediate species cH⋅ and cBr ⋅  in Eq. (2.46) to calculate the corresponding step rates. 

These QSS step rates are shown on the RR Graph in Figure 2-4.  It can, clearly, be seen 

from Figure 2-4 that KFL for the QSS step rates is followed at all the nodes. Further, the 

right-hand-side of Eq. (2.56), along with Eq. (2.57), was used to also directly calculate a 

rate of 6 12.5938 10  sORr − −= ×  from the derived rate expression for the given set of 

conditions. Clearly, Eq. (2.56) provides an accurate explicit rate expression! Further, 

unlike the QSS numerical approach, the rate expression, Eq. (2.56), is in a form that is 

amenable to pruning as explained below. 

For this, Rρ
•  were calculated from the explicit Eqs. (2.49) and (2.53) – (2.55) for the 

specified conditions, as they provide an indication of the rate limiting steps, if any. These 

calculated values of •
1R , •

2R , •
3R , •

4R  are also shown in Figure 2-4. A comparison of 

activation energies or rate constants alone is not enough to identify the RLS, since the 

concentrations of intermediates are also needed to determine the step rates. However, a 

comparison of Rρ
•  is more rigorous in identifying the RLSs, as discussed before. Of 

course, these Rρ
•  may also be used in the first equality in Eq. (2.56) along with Eq. (2.57), 

to calculate the overall rate from the electrical analogy, which not surprisingly, also 

provides 6 12.5938 10  sORr − −= × .  

For the mixture composition assumed above, a comparison of •• + 41 RR , •
3R , •

4R  as a 

function of temperature is provided in Figure 2-5. It can be seen that ••• ≈+ 441 RRR , and, 

hence, •
1R  can be easily eliminated from Eq. (2.56). It can be further concluded from 

Figure 2-5, that R3

• << R4

• , i.e., 1 R3

• >>1 R4

• . 

Thus, •
4R  can also be eliminated from Eq. (2.56), resulting in a reduced expression 

for the overall resistance, 

    ROR

• ≈ R2

• +
1

1

R3

•

= R2

• + R3

•      (2.61) 
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Figure 2-5: A comparison of •• + 41 RR , •
3R , •

4R  as a function of temperature for the 

conditions reported in the text. 
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One could have arrived at this conclusion also from a comparison of the branch fluxes in 

Figure 3. Furthermore, the reaction is essentially irreversible at these conditions, i.e., 

               0ORz → , hence 1ORE →                  (2.62) 

When Eq. (2.61) and (2.62) are used in Eq. (2.56), a substantially simplified expression 

results, i.e.,  

     

3

2

112

1

1

2

2

31

1

2

1

/

11

ω
ω

ωωω

ω
ω

ω
ω

ωω
ω

ω
r

s

srr

r

s

r

s

rr

s

r +
=

+

= OR
OR

E
r      (2.63) 

Finally, using the reaction weights in Eq. (2.63), we obtain  

  

2

22

Br

HBr

3

2

2/1

BrH112

1

/

c

c

k

k

cckkk
rOR

r

s

srr

+








=       (2.64) 

as determined from the early experiments by Bodenstein and Lind [28] in the temperature 

range of 200 – 300 ºC. Later experiments by Levy (1958) show that this simplified rate 

law is also valid at higher temperatures. Thus, only reaction steps s2 and s3 are kinetically 

significant for the reaction conditions mentioned above. Of course, mechanistically, the 

other steps of initiation and termination are also significant. 

 Next, we illustrate the utility of our approach by using it for a practical system with 

linear kinetics mechanism. 

2.4 Illustration: Linear Kinetics Mechanism, N2O Decomposition on 

Fe-ZSM-5 

First, we define 

Linear Kinetics Mechanism: as one that includes mechanistic steps that involve 

only one intermediate species on either or both sides, so that the kinetics of these 

steps are linear in aIk
, e.g., Ik

r aρ ρω=
rr

. 

Here, a 7-step mechanism is adopted from Heyden et al., [10] who performed 

quantum chemical calculations for N2O decomposition on dehydrated mononuclear iron 
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sites in Fe-ZSM-5, using the TURBOMOLE V5.6 suite of programs following the DFT-

B3LYP approach, as an example for a linear kinetics mechanism. The step kinetics, 

found to be consistent with KPL requirements, are summarized in Table 2-2 [29]. 

The system has two full routes and one empty route 

           

1 1 2 4 5 6 7

2 1 3 5 6 7

1 2 3 4

FR :

FR :

ER : 0

s s s s s s OR

s s s s s OR

s s s

+ + + + + = 


+ + + + = 
− + = 

          (2.65) 

The corresponding RR Graph/electric circuit for this system obtained from this 

independent RR set, by following a procedure similar to that described above for the 

generic example, is shown in Figure 2-6. From this, thus, the overall rate can be written 

as 

            

•••

••••
•

+
+

++++
==

342

7651 11

1

RRR

RRRR

E

R

E
r OR

OR

OR
OR     (2.66) 

To obtain the step resistances in this, let us first consider step s1 as the RDS, the 

remaining steps being at QE. Thus, 

                                                         1

1 1 0,1

1 1
R

r ω θ
•

• •= = rr                                                   (2.67) 

where, as explained above, the first subscript 0 in θ  denotes I0, and the second subscript 

1 denotes s1 as the RDS. With 1s as the RDS, thus, and all subsequent steps at QE, the 

appropriate IRs for the formation of five linearly independent surface intermediates, I1, I2, 

I3, I4, I5, from the reference intermediate I0, comprising of steps other than s1, are 

           

  

IRI1
:    (−1)s3 + (−1)s5 + (−1)s6 + (−1)s7 :       O2 +  2N2 −  N2O +  I0 � I1

IRI2
:    (−1)s4 + (−1)s5 + (−1)s6 + (−1)s7 :       O2 +  N2 −  N2O +I0 � I2

IRI3
:    (−1)s5 + (−1)s6 + (−1)s7 :                    O2 +  N2 −  N2O +I0 � I3

IRI4
:    (−1)s6 + (−1)s7 :                                 O 2 +  N2 +  I0 � I4

IRI5
:    (−1)s7 :                                              O 2 +I0 � I5

   (2.68) 
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Table 2-2: Elementary reaction steps and their rates in the N2O decomposition on Fe-

ZSM-5 [10] 

 

  
sρ  StepReaction      

rρ =
r 
r ρ −

s 
r ρ    

r 
ω ρ    

s 
ω ρ  ρΛ

r
 ρΛ

s
 ρE

r
 ρE

s
 

s1: N2O + I0 � I1 
1 1 0 1 1r ω θ ω θ= −

r s
 

ON1 2
pk

r
       

s 
k 1  1.06 10

7
 1.67 10

13 
0.0 6.4 

s2: I1 � I2 + N2 2 2 1 2 2r ω θ ω θ= −
r s

 
2k
r
 

2N2 pk
s

 2.09 10
14
 4.43 10

8 
30.7 41.9 

s3: I1 � I3 + N2 3 3 1 3 3r ω θ ω θ= −
r s

 
3k
r
 

2N3 pk
s

 6.98 10
13
 5.82 10

7 
30.4 50.0 

s4: I2 � I3 4 4 2 4 3r ω θ ω θ= −
r s

 
4k
r
       

s 
k 4 2.15 10

13
 8.46 10

12 
14.1 22.5 

s5: N2O + I3 � I4 5 5 3 5 4r ω θ ω θ= −
r s
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Figure 2-6:  Equivalent electrical circuit for the 7-step N2O decomposition reaction 

mechanism on Fe-ZSM-5 
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Then, using Eq. (2.25), for the QE steps, the site fraction ratios are 
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Finally using these in site balance, Eq. (2.26), 
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Thus, we have from Eq. (2.67) 
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We next consider step s2 as the RDS, and the remaining steps at QE, to derive an 

explicit expression for 2R
• , where 
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Following a similar procedure as above, there result 
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Finally, these equations, i.e., Eq. (2.71) and Eqs. (2.73) – (2.78), are used in Eq. 

(2.66) to provide the OR rate explicitly in terms of ρω . The resulting expression is in 

fact, identical to that derived via the conventional QSS approach for this linear kinetics 

mechanism using linear algebra, as illustrated above for the generic example. However, 

the conventional QSS approach provides a rate expression that is in a considerably more 

complex looking and hard to discern form.  

For typical experimental conditions [11], namely, with a feed of 15,000 ppm N2O in 

He passed over Fe-ZSM-5 at T = 800 K, 
2N O 0.0015bar; p =  

2N 0.0135bar;p =  

2 2O N / 2barp p=  and using Eq. (2.71) and Eq. (2.73) – (2.78) we have 
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Using Eq. (2.79) in Eq. (2.66), thus, the overall rate of the reaction is 

                                                   2 -16.2202 10  sORr −= ×                                  (2.80) 

which is identical to that obtained from solving the QSS equations numerically for the 7-

step mechanism. 

2.4.1 Reduced Rate Expression 

The rate expression, Eq. (2.66), is in a revealing form and allows judicious network 

pruning. Let us first compare the resistance of the steps in series, namely, steps s1, s5, s6, 

and s7. As is the case with electrical circuits, the step with maximum step resistance in 

series may be taken as the slowest step or the RLS for the sequence. It can be clearly seen 

from Eq. (2.79), that •
6R  is four orders of magnitude higher than ••• ++ 751 RRR . Thus, 

     •••• ++>> 7516 RRRR                           (2.81) 

Next, note that there are two parallel pathways starting at intermediate node n1 and 

ending at n3. For parallel pathways, the path with the least resistance would be the 

dominant pathway. The total resistance of the first pathway, namely s2 + s4 is 
•• + 42 RR  

while that for the other pathway, step s3 is simply •
3R . It is evident from Eq. (2.79), that 

both the pathways have comparable resistances and it is imperative to retain both. Hence, 

the simplified overall resistance is 

                                               

•••

••

+
+

+≈

342

6 11

1

RRR

RROR                                              (2.82) 
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Further, in the series combination, s2 + s4, 
•
4R  is several orders of magnitude lower 

than •
2R  and, hence, can be eliminated without materially affecting the overall flux (rate). 

Thus, we may further simplify the overall resistance 

       

••

••

+
+≈

32

6 11

1

RR

RROR              (2.83) 

In other words, we simply have three steps s2, s3, and s6 that are the RLSs with resistances 

of similar order, so that the reduced rate expression is  
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where 2R
• , 3R

•  and •
6R , given by Eqs. (2.73), (2.74) and (2.77) are of a comparable order 

and need to be retained. 

2R
• , 3R

•  and •
6R  can, in fact, be further simplified based on the concept of most 

abundant reactive intermediate (MARI) [30], i.e., by comparing the values of , 0,k ρ ρθ θ• •  in 

Rρ
• . For both, steps s2 and s3, 0,0, ≈••

ρρ θθk  for all intermediate species under the 

conditions mentioned above, which implies 0,1 1ρθ • ≈  and, hence, the simplified 

expressions for 2R
•  and 3R

•  are 
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Similarly, by comparing the values of , 0,k ρ ρθ θ• •  in •
6R  we have, 
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Using Eqs. (2.85) and (2.86) in Eq. (2.84), the simplified rate expression, thus, is 
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Using the expressions for ωρ  (Table 2-2), thus, the simplified rate expression for the 

aforementioned experimental conditions, in the conventional form, is 
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Finally, since we have an essentially irreversible reaction, i.e., 
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as 0ORz → , the above expression can be further simplified to 
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where Kρ  is the equilibrium constant for step sρ  . 

 In conclusion, as a result of the systematic analysis of this example, rate-limiting 

steps have been identified in an intuitive manner, following the evaluation of Rρ
• . Thus, 

steps s2, s3, and s6 i.e., the decomposition of adsorbed N2O on Z
–
[FeO]

+
 and Z

–
[FeO2]

+
 

are concluded to be the RLSs. We finally wind up with a highly simplified, but accurate, 

rate expression for N2O decomposition on Fe-ZSM-5. Thus, the simplified rate 

expression, i.e., Eq. (2.90) provides 2 -16.2206 10  sORr −= ×  for the reaction conditions 

mentioned above, which is close to that obtained from Eq. (2.66), or the QSS analysis, 

i.e., 2 -16.2202 10  sORr −= × . 
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2.5 Conclusions 

 A simple and intuitively appealing approach is described here for the treatment of 

quasi-steady state (QSS) kinetics of overall reaction (OR) mechanisms involving parallel 

pathways. It is based on first determining the Reaction Route (RR) Graph for a given 

molecular mechanism, in which reaction steps are represented by branches meeting at the 

nodes such that all pathways can be traced as walks between terminal nodes. The RR 

Graphs are consistent with Kirchhoff’s laws of flow networks, e.g., electric circuits, and 

can, thus, can be directly adapted into an equivalent electrical circuit, in which the 

branches are replaced by resistors representing individual mechanistic steps. The OR rate 

can, hence, be expressed in Ohm’s law form, i.e., OR rate = OR motive force/OR 

resistance, where the overall resistance in terms of individual step resistances is obtained 

following the common tools of electrical circuit analysis.  

 The individual step resistance, in turn, is replaced by the virtual maximum step rate, 

i.e., the rate of the step, if the entire OR affinity were available to the reaction step, with 

all other steps being quasi-equilibrated (QE), i.e., their affinities being zero. This can be 

ascertained following the LHHW approach involving a combination of the RDS/QE 

assumptions. In this manner, the QSS rate law for a complex mechanisms can be 

determined, which may be difficult or impossible to obtain by simply solving the QSS 

equations algebraically. The results are exact for a reaction network with steps linear in 

intermediates, while they are approximate, albeit accurate, for nonlinear step kinetics.   

 The algorithm is illustrated here for a case of the gas-phase H2-Br2 system (non-linear 

kinetics mechanism) involving 4 steps and a 7-step linear zeolite catalyzed N2O 

decomposition mechanism, both with 2 parallel pathways. These simple systems were 

chosen so as to render the process comprehensible, although the approach is widely 

applicable. It is also shown how the thermodynamic consistence of the kinetic data can be 

verified easily using the RR Graph. Further, reaction flux and resistance can be used for 

insightful pruning and mechanistic reduction. The methodology described here when 

utilized with intuitive predictions of step kinetics either via first principles or semi-

empirical methods, provides a comprehensive and consistent framework for mechanistic 

and kinetic analysis. Subsequent chapters will illustrate with examples relevant to fuel 
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cells that the RR network approach is a valuable new weapon in the arsenal of the 

catalytic scientist. 
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Chapter III 

A Graph-Theoretic/DFT Analysis of Methanol 

Decomposition Reaction Network on Pt(111) 

The Reaction Route (RR) Graph approach described in chapter II as a powerful new tool 

for topological, mechanistic and kinetic analysis of catalytic reaction networks, is utilized 

here for in depth analysis of methanol decomposition on Pt(111). In this approach a 

graph-theoretic network of molecular reaction steps is first constructed for the overall 

reaction (OR), on which each mechanistic step is represented by a directed branch 

interconnected at nodes, such that all conceivable reaction pathways can then be traced 

on it simply as walks or paths. The thermodynamic consistence of the DFT predicted 

kinetics in the literature is verified, simply from the fact that the network is consistent 

with the basic laws of flow graphs and its direct analogy with electrical circuits, namely, 

Kirchhoff’s laws of current (rate) and potential (affinity). Next, rigorous flux analysis of 

the network is accomplished. As a result, the dominant pathways as well as the rate-

limiting steps (RLS) become transparent. This furthermore facilitates network pruning to 

retain only the essential steps and pathways. The RR Graph approach when combined 

with ab initio kinetics, thus, provides a rigorous new framework for analyzing the 

mechanism and kinetics of catalytic reactions. It is, thus, found that methanol 

decomposition proceeds exclusively via the initial C–H dehydrogenation step rather than 

through O–H bond activation. 
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3.1 Introduction 

 Catalytic decomposition of methanol is an important reaction in that it occurs in 

several processes, e.g., methanol steam reforming [1-3], Fischer-Tropsch synthesis [4], 

methanol partial oxidation [5-7], methanol electro-oxidation in direct methanol fuel cells 

(DMFCs) [8, 9]. The reverse reaction is involved in methanol synthesis. It is therefore 

useful to develop a fundamental understanding of the reaction mechanism and kinetics on 

different catalysts. Decomposition of methanol on Pt is one of the main reactions 

occurring at the anode of DMFCs. A deeper understanding of the reaction mechanism can 

aid better catalyst design which provides additional motivation for the study to gain 

qualitative insights which can be applied to more complex electrochemical environment 

like the one occurring at the anode of direct methanol fuel cell. 

 The catalysts active in methanol decomposition are metals from group 10 of periodic 

table. The decomposition of methanol have been investigated on a variety of metal 

surfaces, for example, Ni(100) [10], Ni(111) [11], Cu(100) [12, 13], Cu(110) [14-16], 

Cu(111) [17-20], Ag(110) [21], Ag(111) [22], Pd(110) [23], Pd(111) [24], Pt(100) [25], 

Pt(110) [26], Pt(111) [27], Mo(110) [28] and so on. For most these surfaces, methoxy 

species has been reported as the dominant surface intermediate at temperatures below 350 

K, formed by the O-H cleavage of the adsorbed methanol. Several researchers have 

studied methanol decomposition reaction using experimental techniques like IR, DEMS, 

ECTDMS, EELS, TDS, AES, LEED, HREELS, UPS, SEXAFS, NEXAFS, SXPS, XPD 

and other molecular beam techniques in order to probe its reaction intermediates [17, 29-

40]. The catalytic cycle may be initiated via the activation of: i) the C–H; ii) O–H; or iii) 

the C–O bond of the adsorbed methanol, forming the corresponding intermediates 

hydroxymethyl (CH2OH⋅S), methoxy (CH3O⋅S), and CH3⋅S/OH⋅S, respectively, where S 

is a surface site. 

C-O activation is much less likely [41] than the C-H or O-H activation pathways on 

Pt(110). Greeley and Mavrikakis [42] have shown that C-O bond scission has an 

extremely high activation energy barrier (2.19 eV) on Pt(111), and hence less likely 

similar to that for Pt(110). In their review, Mavrikakis and Barteau [43] opine that O-H 

bond cleavage of alcohols upon their adsorption on most transition metals appears to be a 
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common phenomenon, occurring at low temperatures and leading to the formation of 

stable alkoxide intermediate. Franaszczuk et al. [44] examined the decomposition of 

methanol over Pt(110) under ultrahigh-vacuum conditions. Using isotope substitution, 

they showed that the decomposition reaction proceeds via O-H bond scission to yield a 

methoxide intermediate, which then decomposes to CO. The methoxide intermediate is 

also thought to form on oxygen-precovered Pt(111) and Pt(100) surfaces [25]. On Pt(111) 

covered with oxygen, EELS data shows that molecularly adsorbed methanol transforms 

to methoxide at 170 K [29]. However, no direct spectroscopic observations for methoxide 

species were detected on clean Pt(111). Peck et al. [31], however detected methoxide 

species on clean Pt(111) by using methyl nitrite precursor. As suggested by Desai et al. 

[45], the mechanism of methanol decomposition over clean Pt(111) is different from that 

over oxygen-precovered Pt(111). Oxygen acts a promoter for the activation of O-H bond 

according to Kizhakevarium and Stuve [25]. In the absence of coadsorbed oxygen, 

however, a stable surface methoxide intermediate has only been identified on Pt(110) [41, 

44]. 

Bagotsky et al. [46], in late 70’s, formulated the dehydrogenation scheme in which H-

atoms are successively removed, starting with those of the methyl group, i.e. the first 

dehydrogenation step was assumed to proceed via C-H bond activation. DFT analysis of 

the nature and thermodynamics of the reaction intermediates in methanol decomposition 

was initially reported by Kua and Goddard [47] and by Ishikawa et al. [48], using a finite 

cluster model to represent the catalyst. In fact, these studies have extended the 

dehydrogenation scheme in which H-atoms are successively removed, starting with those 

of the methyl group, originally formulated by Bagotzky et al. [46] in 1977 into a dual 

path mechanism, i.e. either C-H or O-H bond activation. Kua and Goddard [47] have 

shown CO to be a thermodynamic sink on Pt, much in accordance to the experimental 

findings that CO poisons the catalyst surface. Both the studies show methoxy 

intermediates to be thermodynamically unstable, and hence, the dehydrogenation 

mechanism to proceed via C-H bond activation in preference to O-H bond activation. 

Ishikawa et al. [48] predict the C-H bond activation to be about 33.8 kJ/mol lower than 

O-H bond activation on Pt(111). Thus, both, Kua and Goddard [47] and Ishikawa et al. 

[48] predict methanol decomposition to proceed via sequential removal of hydrogen 
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atoms off the carbon end as shown in Figure 3-1. Kua and Goddard [47] favor 

hydroxymethylidyne (COH) species over formyl (CHO), while Ishikawa et al. [48] 

recognize that the formation of both species is feasible and likely and the preferred 

species depends on the experimental conditions. 

More recently, Cao et al. [49] have investigated the reaction intermediates and the 

mechanism for methanol decomposition on well-defined low Miller index platinum 

single crystal planes, Pt(111), Pt(110), and Pt(100), in an aqueous environment (in 

connection with direct methanol fuel cell), using a combination of chronoamperometry, 

fast scan cyclic voltammetry as well as an ab initio/DFT investigation using a three-layer 

periodic slab model. Their results also support a dual path dehydrogenation mechanism, 

proceeding via both C–H and O–H bond activation as represented in Figure 3-1. 

The pathway proceeding via C-H cleavage of adsorbed methanol is, in fact, the same 

as that proposed by Bagotsky et al. [46]. For CH3OH decomposition in the gas-phase 

(UHV) over Pt(111), on the other hand, Greeley and Mavrikakis [42, 50] and Kandoi et 

al. [51] have also theoretically investigated the intermediates resulting from homolytic C–

H or O–H cleavage. 

Thus, the intermediates resulting from successive dehydrogenation of the methyl 

group are in hydroxymethyl (CH2OH⋅S), hydroxymethylene (CHOH⋅S), and 

hydroxymethylidyne (COH⋅S) or formyl (CHO⋅S), which finally results in adsorbed CO, 

CO⋅S (Figure 3-1). Some of these intermediates are also assumed to undergo parallel 

reactions involving O–H bond scission (Figure 3-1). While, the pathway starting with O–

H bond cleavage of adsorbed methanol leads first to the methoxy (CH3O⋅S).  Subsequent 

sequential abstraction of H forms formaldehyde (CH2O⋅S2), formyl (CHO⋅S) and CO⋅S 

species (Figure 3-1).   

 The optimized molecular structures of these intermediates are reported in refs. [42, 

47-50]. One such example is shown in Figure 3-2, where Cao et al. [49] has provided 

optimized molecular structures of the reaction intermediates over aqueous-solvated 

Pt(111), an environment similar to that at the anode of DMFCs. Thus, the overall reaction 

scheme is largely similar, be it thermal of electrochemical reaction system.  
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Figure 3-1: Reaction mechanism and activation energies (eV). The values in the 

parenthesis correspond to the calculations by Ishikawa et al. [48] and the lower numbers 

to the prediction by Wisconsin group [51, 52] 
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Figure 3-2: DFT predictions of optimized structures of surface intermediates in methanol 

decomposition over aqueous-solvated Pt(111) [49]. 
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 Such theoretical insights are of tremendous utility in building a robust molecular 

reaction network. Thus, the DFT method is an inimitable starting point for predicting the 

intermediates and building a molecular mechanism. However, a systematic analysis of 

the reaction pathways has not been accomplished. The most favorable decomposition 

mechanism is difficult to be deduced from DFT studies alone, since the relative rates 

depend upon the reaction conditions [52]. 

 One of the earlier attempts to predict the reaction energetics of methanol 

decomposition on Pt was by Ishikawa et al. [48], where a hybrid approach of combination 

of DFT and unity-bond index quadratic exponential potential (UBI-QEP) was utilized. 

Ishikawa et al. [48] calculated the adsorption energies of various intermediates involved 

in methanol oxidation on Pt and mixed metals Pt-M (M=Ru, Sn) using quantum chemical 

calculations using the Amsterdam density functional (ADF) package. All intermediates, 

except atomic hydrogen was found to prefer the on-top site. Moreover, the DFT results 

indicated that the coordination via carbon is more favorable than via oxygen for all 

intermediates except, adsorbed CH3OH, CH3O and CH2O. The predictions by Greeley et 

al. [42, 50] using the total energy calculation code, DACAPO are consistent with these 

results, except that for CH2O, as they predict the binding configuration to be via both 

oxygen and carbon. Ishikawa et al. [48] predicted the formations of adsorbed CH3O and 

CH2O species to be less favorable than adsorbed CH2OH and CHOH, implying the 

dehydrogenation of adsorbed methanol on Pt to be energetically favorable with hydrogen 

atom first stripped off the carbon end, i.e., the C-H bond scission. Predictions by Greeley 

et al. [42, 50] are much in agreement with the findings of Ishikawa et al. [48]. 

 In addition to thermodynamics, the Wisconsin group [42, 50-52] has, also utilized the 

DFT method based on the extended-surface periodic-slab model, to determine the 

activation energy barriers for a 13-step mechanism comprising of both, the O–H and C–H 

bond scission pathways of methanol decomposition on Pt(111). They initially provided 

activation energy barriers (not corrected for zero-point energy, ZPE) for elementary 

reaction steps in methanol decomposition on Pt(111) [42], which were refined in the 

subsequent publication to provide ZPE corrected energetics [52]. These were then 

utilized in a microkinetic analysis of the reaction network, the results of which were 
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found to be in agreement with experimental results. It should be noted that the early 

predictions by Ishikawa et al. [48] are largely in agreement with those of the Wisconsin 

group [42, 50-52], with an average deviation of ±2 kcal/mol, as seen from Figure 3-1. 

In this chapter, the 13-step Wisconsin mechanism for methanol decomposition is 

adopted, since it is the most comprehensive mechanism available providing many 

necessary details for our analysis to judge the efficacy of the competitive parallel 

pathways. More specifically, the Wisconsin mechanism for methanol decomposition on 

Pt(111) comprising 13 elementary steps is assembled into a graph-theoretic reaction route 

(RR) network [53-55]. The RR network is next converted into an equivalent reaction 

electrical circuit which is further analyzed, simplified and pruned using the tools of 

electric circuit analysis. The result is the emergence of an unambiguous picture of 

methanol decomposition on Pt(111), with a clear portrayal of all possible pathways, and 

irrefutable identification of the dominant pathways and rate limiting steps. This example, 

thus, clearly illustrates the utility of our approach in conjunction with DFT for unraveling 

catalytic reaction mechanism and kinetics. 

3.2 Reaction Mechanism and Kinetics 

The p = 13 elementary reaction steps comprising the mechanism of methanol 

decomposition on Pt(111) developed by, Greeley and Mavrikakis [42] and Gokhale et al. 

[52], is adopted here, and is summarized in Table 3-1. The mechanism consists of two 

initial dehydrogenation pathways, one proceeding via O–H bond scission (step s2) and the 

other proceeding via C–H bond scission (step s6). Steps s1, s12 and s13 are the adsorption-

desorption steps for methanol, carbon monoxide and hydrogen respectively, while the 

rest are all surface reaction steps. All reactions are considered to be reversible. The extent 

of reversibility of a step, of course, varies and is indicated by its affinity, ρA . 

 Gokhale et al. [52] have also provided the thermodynamic properties of the surface 

intermediate species, Ik⋅S, based on the DFT prediction of the total electronic energy (TE) 

of the system and the vibrational spectra of the species.  

Thus, the standard enthalpy of formation of a surface species was calculated by them 

via   
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Table 3-1: The microkinetic model for methanol decomposition on Pt(111). The letter ‘S’ denotes a surface site. Activation energies 

and enthalpy changes in kJ/mol; the units of the pre–exponential factors are atm
–1

 s
–1

 for adsorption/desorption reactions and s
–1

 for 

surface reactions. 

 ρE
r

 ρΛ
r

 Elementary Reactions ρE
s

  ρΛ
s

 
o∆ ρH   

s1: 0 1.00 ×10
6
 CH3OH + S � CH3OH⋅S 31.845 8.64 ×  10

13
 –31.845 

s2: 60.795 1.04 ×  10
15

 CH3OH⋅S + S � CH3O⋅S + H⋅S 18.335 1.12 ×  10
15

 42.46 

s3: 10.615 4.61 ×  10
14

 CH3O⋅S + 2S � CH2O⋅S2 + H⋅S 56.935 1.16 ×  10
15

 –46.32 

s4: 4.825 1.00 ×  10
13

 CH2O⋅S2 � CHO⋅S + H⋅S 80.095 2.36 ×  10
12

 –75.27 

s5: 11.58 1.16 ×  10
14

 CHO⋅S + S � CO⋅S + H⋅S 106.15 1.32 ×  10
15

 –94.57 

s6: 49.215 4.06 ×  10
15

 CH3OH⋅S + S � CH2OH⋅S + H⋅S 76.235 1.12 ×  10
15

 –27.02 

s7: 41.495 2.99 ×  10
14

 CH2OH⋅S + S � CHOH⋅S+H⋅S 59.83 1.37 ×  10
15

 –18.335 

s8: 56.935 6.10 ×  10
13

 CHOH⋅S + S � COH⋅S + H⋅S 116.765 2.72 ×  10
13

 –59.83 

s9: 77.2 7.87 ×  10
12

 COH⋅S + S � CO⋅S + H⋅S 145.715 1.02 ×  10
14

 –68.515 

s10: 23.16 1.76 ×  10
13

 CHOH⋅S + 2S � CO⋅S + 2H⋅S 151.505 1.01 ×  10
14

 –128.345 

s11: 51.145 1.95 ×  10
13

 CH2OH⋅S + 2S � CH2O⋅S2 + H⋅S 27.985 1.92 ×  10
14

 23.16 

s12: 133.888 1.00 ×  10
13

 CO⋅S � CO + S 0 1.41 ×  10
5
 133.888 

s13: 88.2824 1.00 ×  10
13

 H⋅S + H⋅S � H2 + 2S 13 6.33 ×  10
6
 75.3 
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where o

(g)Ik
H  is the standard enthalpy of formation in the gas phase, SIBE ⋅k

 is the binding 

energy, and )ZPE( Ik
∆  is the zero point energy correction to binding energy of the 

intermediate species Ik, all of which are provided by Gokhale et al. [52]. The 

thermodynamic properties of the surface reaction steps were then calculated by them 

based on the species thermodynamic properties. Thus, for the surface reaction ρs , 

defined as    
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where, 
  
αρk  is the stoichiometric coefficient of surface intermediate Ik⋅S (k = 1, 2, …, l) 

and 
  
βρi  of the terminal species Ti (i = 1, 2, …, n), in the reaction step ρs .  

 The standard entropy of formation of a surface species, Ik⋅S is based on the 

assumption that adsorption causes a total loss of translational entropy [56], i.e., 

  
( )gItrans

o

(g)I

o

SI kkk ,SSS −=⋅   (3.4) 

where, o

(g)Ik
S is the standard entropy of formation and 

( )gItrans k,S is the translational entropy 

of the species Ik in the gas phase  
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where 
( )gIk

υ  is the molar volume of gas-phase Ik. The entropy values for species in the gas 

phase, o

(g)Ik
S  were taken from standard handbooks [57-59]. The entropies of formation of 

CHOH and COH in the gas phase were, however, determined by us using Gaussian 03 

[60] at the B3LYP/LANL2DZ level of theory with harmonic oscillator approximation, at 
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reference temperature of 298 K and 1 bar, due to lack of reported values in the literature. 

The vibrational frequencies, thus, predicted were similar to those reported by Gokhale et 

al. [52]. 

The forward and reverse rate constants in  are written in the Arrhenius form 

         









−Λ=

RT

E
k

ρ
ρρ

r
rr

exp ; 









−Λ=

RT

E
k

ρ
ρρ

s
ss

exp  and o∆ ρρρ HEE =−
sr

     (3.6) 

where ρΛ  are the pre-exponential factors. The activation energies for steps s2 through s11 

were taken from ref. [52] and are based on DFT calculations, while those for the 

adsorption and desorption steps (s1, s12, s13), not provided in ref. [52] were calculated by 

us using the UBI-QEP method [61], which is based solely on the heats of chemisorption 

and bond dissociation energies of the species involved, already available. 

The pre-exponential factors in the exothermic direction were taken from ref. [52], 

while the ones in the opposite direction were calculated by us from the standard reaction 

entropies as estimated above and the following relation shown below [56], to ensure 

thermodynamic consistency with the known thermodynamics of the overall reaction. 

   exp( / )oS Rρ ρ ρΛ =Λ ⋅ −∆
s r

                             (3.7) 

 The pre-exponential factors listed in Table 3-1 were not subsequently varied from 

these initial estimates. It must be noted, that there are some differences between the 

Wisconsin model and ours, especially, the methodology for calculation of the pre-

exponential factors in the reverse direction. Moreover, for the sake of simplicity, we 

haven’t utilized binding energy of CO as a function of surface coverage. 

3.3 Reaction Route (RR) Graph 

3.3.1 Enumeration of RRs and Nodes 

The first step in our RR Graph approach is the enumeration of atleast some of the 

reaction routes, or pathways [62]. Then, the RR Graph is drawn on which all the RRs can 

be traced as walks or paths. According to the stoichiometric RR formalism, the species 

comprising the mechanism are divided into terminal, i.e., reactants (CH3OH) and 
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products (CO and H2), and, surface intermediates (S, CH3OH⋅S, CH2OH⋅S, CHOH⋅S, 

COH⋅S, CH3O⋅S, CH2O⋅S2, CHO⋅S, CO⋅S and H⋅S) where S stands for a free active site 

on the catalyst surface. Due to the site conservation, however, only q = 9 out of l = 10 

intermediates are linearly independent. 

However, one does not need to enumerate all possible direct pathways for the 

analysis, and only the knowledge of so called independent set is essential. According to 

Horiuti-Temkin theorem, only µ = p – q = 13 – 9 = 4 RRs are linearly independent from 

the complete set of enumerated FRs and ERs for this system. Any appropriate set may be 

chosen. Moreover, the number of linearly independent ERs is given by p – (q + 1) = 13 – 

9 – 1 = 3 for the reaction mechanism considered. Thus, a set of 4 linearly independent 

RRs may be readily determined by finding 3 independent ERs and one FR for the 

mechanism. These, in fact, can be determined simply from an inspection of the 

mechanism, thus avoiding the step of systematic stoichiometric enumeration as described 

in our earlier publications [53-55]. In fact, as shown here, all these FRs and ERs can be 

determined topologically as walks, once the RR Graph is constructed. 

A direct FR for this system, as defined earlier, involves no more than q + 1 = 9 + 1 = 

10 elementary steps. Many may include fewer steps. A simple inspection of the reaction 

mechanism (Table 3-1) shows that s1 + s2 + s3 + s4 + s5 + s12 + 2s13 = OR, is an 

appropriate full route, labeled here as FR1. A direct ER for this system, involves no more 

than q + 2 = 9 + 2 = 11 elementary steps, most involving far fewer. Thus, from Table 3-1, 

we can identify the following three ERs or cycles via inspection labeled here as, ER1: s2 + 

s3 – s6 – s11 = 0; ER2: s4 + s5 – s7 – s10 + s11 = 0 and ER3: s8 + s9 – s10 = 0. It can be seen 

that this set of 4 RRs (1 FR and 3 ERs) comprises all reaction steps and is, thus, an 

adequate independent set.  

 Next, the direct INs may be stoichiometrically enumerated based on the QSS of the 

linearly independent intermediate species (Table 3-2) [53-55]. By definition, a direct QSS 

condition at a node involves no more than p – (q – 1) = 13 – 9 +1 = 5 rates and can be 

obtained by linearly combining Qs listed in Table 3-2. In other words, the degree of INs 

is ≤ 5. Clearly Q6 does not satisfy this criterion.  
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Table 3-2: QSS conditions for surface intermediates and terminal species involved in 

methanol decomposition 

 

Intermediate Species: 

 

CH3OH·S: (Q1) r1 - r2 - r6 = 0  

CH3O·S: (Q2)  r2 - r3 = 0  

CH2O·S2: (Q3)  r3 - r4 + r11 = 0  

CHO·S: (Q4)  r4 - r5 = 0  

CO·S: (Q5)  r5 + r9 + r10 - r12 = 0  

H·S: (Q6)  r2 + r3 + r4 + r5 + r6 + r7 + r8 + r9 + 2r10 + r11 – 2r13 = 0  

CH2OH·S: (Q7) r6 - r7 - r11 = 0  

CHOH·S: (Q8)  r7 - r8 - r10 = 0 

COH·S: (Q9)  r8 - r9 = 0  

 

Terminal Species:  

 

CH3OH: r1 = rOR  

CO:  r12 = rOR  

H2:  r13 = 2rOR  
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Table 3-3: List of Intermediate and Terminal Nodes for the 13-step methanol 

decomposition reaction mechanism. 

 

Intermediate Nodes 

IN1 = s1  -  s2  -  s6 IN17 = 2s4 + 2s8 + 2s10 - s13 

IN2 = s2  -  s3 IN18 = 2s4 + 2s7 - s13 

IN3 = s3  -  s4  +  s11 IN19 = 2s4 + 2s6 - 2s11 - s13 

IN4 = s4  -  s5 IN20 = 2s3 + 2s9 + 2s10 + 2s11 - s13 

IN5 = 2s5  +  2s9 + 2s10 - s13 IN21 = 2s3 + 2s8 + 2s10 + 2s11 - s13 

IN6 = s6 - s7 – s11 IN22 = 2s3 + 2s7 + 2s11 - s13 

IN7 = s7 - s8 – s10 IN23 = 2s3 + 2s6 - s13 

IN8 = s8 - s9 IN24 = s3 - s5 + s11 

IN9 = 2s12 - s13 IN25 = 2s2 + 2s9 + 2s10 + 2s11 - s13 

IN10 = s7 - s9 - s10 IN26 = 2s2 + 2s8 + 2s10 + 2s11 - s13 

IN11 = s6 - s9 - s10 - s11 IN27 = 2s2 + 2s7 + 2s11 - s13 

IN12 = s6 - s8 - s10 - s11 IN28 = 2s2 + 2s6 - s13 

IN13 = 2s5 + 2s8 + 2s10 - s13 IN29 = s2 - s5 + s11 

IN14 = 2s5 + 2s7 - s13 IN30 = s2 - s4 + s11 

IN15 = 2s5 + 2s6 - 2s11 - s13 IN31 = 2s1 - s13 

IN16 = 2s4 + 2s9 + 2s10 - s13 IN32 = s1 - s12 

Terminal Nodes 

TN1 = OR – s1 TN2 = 2OR – s13 

TN3 = OR – s12  
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An appropriate set of INs may be obtained by linearly combining Qk listed in Table 3-2. 

This is useful, since it is not known a priori which nodes will be needed for construction 

of the RR Graph. 

A complete set of INs by linear combination of those in Table 3-2 is listed in Table 3-

3. The TNs, similarly are enumerated based on the QSS of the terminal species [53-55]. 

The complete list of hence enumerated INs and TNs is presented above in Table 3-3. The 

alternate stoichiometric algorithm is described by us [53-55]. 

3.3.2 RR Graph Construction 

 Now that, the list of the linearly independent RRs (1 FR and 3 ERs) and nodes (INs 

and TNs) for the system is determined as described above or via stoichiometric 

algorithms, the next step in our procedure is to construct the graph-theoretic RR Graph, 

on which each reaction step ρs  is drawn as a directed branch, showing assumed 

direction, while the nodes represent reaction connectivity, such that all the remaining FRs 

and ERs can be visualized on the graph as walks or paths. One starts with the 

construction of the RR Graph based on the 4 linearly independent RRs, i.e., ER1, ER2, 

ER3 and FR1. The ERs are first assembled into what is called a cycle graph (Figure 3-

3A). For instance, ER1 and ER2 have step s11 in common, and, may thus be combined 

(Figure 3-3A). ER2 and ER3 have step s10 in common and may thus be fused resulting in 

the cycle graph. Next, the adsorption/desorption steps, i.e., s1, s12 and s13 which are not 

involved in any of the ER, are added to the cycle graph such that FR1 may be traced as a 

walk on the network. 

 While seemingly straightforward, the last step is actually rather tricky due to the fact 

that non-unit stoichiometric numbers are present in the FR [55]. This is, in fact, 

characteristic of most catalytic reactions. Thus s13 must occur twice on the RR Graph. 

Further, the addition of these steps to the cycle graph must be done such that all nodes are 

among the INs. It is, further, seen from Table 3-3 that the INs for s13 all involve doubled 

other steps, e.g., n5: 2s5 + 2s9 + 2s10 – s13 = 0. Moreover, since the step s13 is involved 

twice in FR1, the two steps s13 should appear in the network in series.  This is so because 

the mass balance conditions of the terminal species, CH3OH, CO and H2, require the rates 
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of the desorption/adsorption steps to satisfy the condition 2r1 = 2r12 = r13 = 2rOR (Table 3-

2). Because of these constraints, all of the steps (including the OR) must be doubled, i.e., 

two identical steps in parallel between two given nodes. This is readily accomplished by 

fusing together two cycle graphs shown in Figure 3-3A and adding the remaining steps as 

depicted in Figure 3-3. It can be checked that all the nodes are among the enumerated INs 

and TNs. Thus, the final RR Graph for methanol decomposition is shown in Figure 3-3B. 

 It may be noted that all reaction steps are present twice in the RR Graph. This is, in 

fact, a general property of balanced RR Graphs, i.e., the mass balance conditions require 

every step in a RR network, including the ORs, to be present in the network an equal 

number of times, in this case 2, because of the particular stoichiometry. The final RR 

network thus assembled is shown in Figure 3-3B. Upon inspection of this graph, it is seen 

that all nodes are balanced in that they satisfy the quasi-state conditions of surface 

intermediates. The topological enumeration of all reaction pathways or RRs can now be 

easily accomplished by tracing walks on the RR Graph topology. A total of 6 direct FRs 

can be easily traced as walks between the terminal nodes, and 6 direct ERs can be traced 

as cycles. Of course, only p – q = 13 – 9 = 4 FRs are linearly independent, i.e., the others 

can be resulted by their linear combination. The complete list of thus generated FRs and 

ERs is listed in Table 3-4. It must be noted that exactly the same set of direct RRs (FRs 

and ERs) can be generated based on our stoichiometric algorithm [53-55]. Thus, 

topological enumeration of FRs and ERs is an effective alternate to stoichiometric 

enumeration [62]. 

 Amongst the enumerated FRs, three FRs are initiated via O–H cleavage (Paths 1, 4 

and 5), whilst the rest start via C–H cleavage of adsorbed methanol (Paths 2, 3 and 6). 

From among these, Paths 1, 3 and 6 have been identified by Greeley and Mavrikakis [42] 

and Gokhale et al. [52]. On the other hand, Paths 1, 2 and 6 have been identified by 

Neurock and coworkers [49, 63]. Further, Paths 2 and 6 were proposed by Bagotzky et al. 

[64]. Kua and Goddard [47] and Ishikawa et al. [48] have recognized Path 2.  

 However, Paths 4 and 5 for methanol decomposition have apparently not so far been 

identified in the literature. Clearly, rigorous stoichiometric enumeration of FRs as done 

here is essential.  
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Figure 3-3:  Systematic construction of RR Graph for the considered methanol 

decomposition reaction mechanism. 
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Table 3-4: Stoichiometrically distinct direct FRs and ERs for methanol decomposition 

reaction. 

Reaction Route Expression 

 Full RRs 

FR1 (Path 1): 
s1 + s2 + s3 + s4 + s5 + s12 + 2s13 = OR  

CH3OH�CH3O�CH2O�CHO�CO 

FR2 (Path 2): 
s1 + s6 + s7 + s8 + s9 + s12 + 2s13 = OR  

CH3OH�CH2OH�CHOH�COH�CO 

FR3 (Path 3): 
s1 + s6 + s7 + s10 + s12 + 2s13 = OR  

CH3OH�CH2OH�CHOH�CO 

FR4 (Path 4): 
 s1 + s2 + s3 – s11 + s7 + s8 + s9 + s12 + 2s13 = OR  

CH3OH�CH3O�CH2O�CH2OH�CHOH�COH�CO 

FR5 (Path 5): 
s1 + s2 + s3 – s11 + s7 + s10 + s12 + 2s13 = OR  

CH3OH�CH3O�CH2O�CH2OH�CHOH�CO 

FR6 (Path 6): 
s1 + s6 + s11 + s4 + s5 + s12 + 2s13 = OR  

CH3OH�CH2OH�CH2O�CHO�CO 

 Empty RRs 

ER1: s2 + s3 – s6 – s11 = 0  

ER2: s4 + s5 – s7 – s10 + s11 = 0  

ER3: s8 + s9 – s10 = 0  

ER4: s2 + s3 + s4 + s5 – s6 – s7 – s8 – s9 = 0  

ER5: s4 + s5 – s7 – s8 – s9 + s11 = 0  

ER6: s2 + s3 + s4 + s5 – s6 – s7 – s10 = 0  
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Of course, not all FRs may contribute significantly towards the total flux of the OR. The 

dominant FRs can be identified readily using the RR circuit approach as described next. 

 The RR Graph can also be used to directly generate appropriate energy diagrams, as 

shown in Figure 3-4. As mentioned above, each node is characterized by a potential 

energy or enthalpy on the diagram. 

 Thus, each plateau corresponds to the respective node on the RR graph. In addition to 

reaction enthalpy or the difference between its nodes, the energy diagram also depicts 

both the forward and reverse activation energies for each elementary step (Table 3-1). 

The FRs and ERs are evident on the energy diagram as well. 

3.4 Reaction Network, Thermodynamics, and Kinetics 

 Each cycle or ER in the RR Graph is subject to KPL. As an example of KPL, 

consider ER1, i.e., s2 + s3 – s6 – s11 = 0. The corresponding linear combination of 

affinities is, of course, equal to zero  

             A2 + A3 – A6 – A11 = 0, i.e., 1
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Since in a cycle, the species activities cancel out, we have a thermodynamic consistency 

check on the predicted rate constants of steps in a cycle, i.e., 
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The calculated rate constants must be consistent with these constraints. There are two 

other such constraints for the remaining two independent ERs. Alternatively, not all rate 

constants need to be predicted, some may be found from KPL relations. 

 Furthermore, the affinities, ρA  of the elementary reactions ( A Gρ ρ= −∆ ), in a FR are 

interrelated with the affinity of the OR, AOR, via similar KPL relation. For instance, for 

FR1: s1 + s2 + s3 + s4 + s5 + s12 + 2s13, we have 

       A1 + A2 + A3 + A4 + A5 + A12 + 2A13 = AOR, i.e., K1K2K3K4K5K12K13
2
 = KOR   (3.10) 
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Figure 3-4: Energy diagram corresponding to the RR Graph for methanol decomposition 

reaction on Pt(111). 
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where, ρK  and KOR is the equilibrium constant of the elementary reaction step ρs  and 

OR respectively. The data in Table 3-1 are consistent with this. 

 Each node on the RR graph follows Kirchhoff’s Flux Law (KFL). Thus, KPL ensures 

thermodynamic consistency while KFL is used to rigorously determine the network 

kinetics. For the case of methanol decomposition, the following equations result as per 

the application of KFL at the 9 linearly independent nodes, i.e., (Figure 3-3) 

                                       

  = r -  rn

 =  - r rn

 =  - r - r: rn

  =  - r - r: rn

  =  - rr + r + r n

 =  - r rn
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      (3.11) 

which provide the network constraints on the rates of elementary steps. Using mass 

action kinetics, these KFL equations reduce to the following set 
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             (3.12) 

The above set of 9 non-linear algebraic KFL equations, along with the site balance 

equation,  

10SHSCOSCOHSCHOSCHOHSOCHSOCHSOHCHSOHCH 22323
=+++++++++ ⋅⋅⋅⋅⋅⋅⋅⋅⋅ θθθθθθθθθθ    (3.13) 

may be numerically solved simultaneously, for given input conditions (temperature and 

partial pressures of reactants) and conversion, to obtain the unknown site fractions of 

intermediate species, kθ . Thereupon, one may readily calculate the rate, affinity and 

resistance of each elementary reaction step. Finally, the rate of the overall reaction may 

be obtained from the TNs, e.g., 1 12 13 2ORr r r r= = =  (Figure 3-3). Moreover, if combined 

with mass-balance conditions for a given reactor, one can predict the reactor 

performance. This procedure is distinct from conventional microkinetics analysis [52], 
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wherein differential equations for a given reactor are solved numerically to obtain 

conversion, from which rate of a reaction is inferred indirectly.  

 Finally, once the step resistances are calculated, the elimination of parallel routes with 

higher “resistance” and identification of steps with highest resistance in a sequence as 

rate limiting steps (RLS) can be accomplished rigorously and transparently, as described 

next. 

3.5 Network Analysis and Pruning 

 As a first approximation, as is commonly done, the most favorable reaction routes 

may be identified based on the energetic considerations by simply comparing the energy 

diagrams of the various pathways (Figure 3-4). For instance, one may expect pathways 

involving step s2 to be less favorable than those involving s6. In other words, the initial 

dehydrogenation step is indicated to proceed via the C–H cleavage of adsorbed methanol 

to yield hydroxymethyl (CH2OH⋅S) in preference to the O–H cleavage producing 

methoxide (CH3O⋅S) on Pt(111), owing to the higher activation energy barrier for step s2. 

However, such qualitative arguments can lead to erroneous conclusions because the rate 

of a step depends not only upon the energy barrier but also on concentration of the 

reactants. Further, flux along a pathway may not be determined by a single RLS. 

 A more accurate and robust simplification and reduction may be accomplished based 

on a comparison of the flux (current) along different pathways in the reaction circuit or 

via a comparison of pathway resistance (Figure 3-5). As mentioned above, being 

consistent, RR Graphs can be directly converted into an equivalent electric circuit, or 

wiring diagram allowing use of the gamut of techniques available for electric circuit 

analysis. For the methanol decomposition example, the equivalent electrical circuit can 

be obtained simply by replacing the branches in Figure 3-3B by the step resistances. 

Figure 3-5, thus, provides the electrical analog or the reaction circuit of the methanol 

decomposition. The branch currents in Figure 3-5, simulated using Multisim software, a 

schematic simulation and programmable logic tool produced by Electronics Workbench 

[65], as an alternate to the above mentioned KFL approach, represent the turnover 

frequencies (TOFs, s
-1

) for the corresponding elementary steps on Pt(111) simulated in a 

packed bed reactor (PBR) with W/F = 100 s at 553 K, 1 atm and 1% methanol in feed. 
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First of all note that KFL is followed at all nodes. Figure 3-5 is a very revealing diagram, 

from which many important conclusions regarding the network may be drawn via an 

inspection of branch currents, current splitting at nodes, and a comparison of resistances. 

The total current is 4.4 A (2rOR = 4.4 s
-1

) under these conditions, split equally between 

two parallel s1. At n1, it is seen that the current (flux) flows almost entirely through the 

upper branch (s6), even though R6 is only an order of magnitude lower than R2. This is 

because of a very large R3 in series with R2. Thus, the O-H cleavage pathway contributes 

virtually nothing to the overall methanol decomposition pathway under these conditions. 

The upper branch (C-H cleavage pathway) splits again at node n6. Again, due to the large 

difference in R7 and R11, the flux through the upper branch dominates. A further split 

occurs at n7. Here, while almost 90% of the flux is through lower branch (R10), the upper 

branch (R8 + R9) contribution (about 10%) cannot be neglected. It can be readily seen that 

steps s8 and s9 are an order of magnitude lower than step s10, a conclusion similar to that 

of Gokhale et al. [52] and Kandoi et al. [51] based on their microkinetic analysis.  It can 

further be seen from Figure 3-5 that Path 3, i.e. s1 + s6 + s7 + s10 + s12 + 2s13, (CH3OH � 

CH2OH � CHOH � CO) is the dominant reaction pathway for these typical reaction 

conditions, since majority of the current (flux) flows through this pathway. However, the 

parallel pathway, FR2 comprising of steps s8 and s9, also contributes non-negligibly. 

 To further, confirm these findings, detailed comparison of the resistances is called for 

under a variety of conditions along parallel paths so that irrefutable conclusions can be 

made about the mechanism and kinetics of methanol decomposition. This is most readily 

accomplished by a comparison of resistances of the two parallel pathways between two 

given nodes, which have the same affinity drop by virtue of KPL, i.e., by considering 

each ER as two parallel paths and comparing the total resistance of each path for the sub-

mechanism between two nodes. If the resistance along one path is much larger than the 

other, it would be safe to assume that the path contributes little to the flux and may be 

neglected.
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Figure 3-5: Reaction Circuitry/Electrical analog of the RR network for methanol decomposition reaction. The branch currents 

represent the TOFs (s
–1

) for the corresponding elementary steps on Pt(111) at 553 K, 1 atm and 1% methanol in feed, PBR W/F=100 s 
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 As an example, consider ER3, i.e., let us compare the resistances along parallel 

pathways between nodes n7 and n5, namely, the two parallel paths that produce CO⋅S 

species. In the first path, i.e. s10, CHOH⋅S directly decomposes into CO⋅S, where as in the 

second path, i.e., s8 + s9, COH⋅S is first formed, which then decomposes into CO⋅S. The 

first path consists of a single resistance, R10 while the second path consists of two 

resistances in series, R8 and R9, the overall resistance being R8 + R9. To compare these 

two parallel paths for this sub-mechanism under a broad range of conditions, these 

resistances as a function of temperature are shown in Figure 3-6. R8 + R9 is found to have 

a higher resistance than R10 in the entire temperature range, except around 400 K – 425 

K, for the considered reaction conditions. Although, as can be seen from Figure 3-5, flux 

through s8 and s9 is only about 10% of the total flux, it is clear that deletion of s8 and s9 is 

not justifiable. To further investigate this, the effect of composition of terminal species on 

path resistance is investigated. 

 Figure 3-7, thus, compares the resistance of these two parallel paths to produce CO⋅S 

species in ER3 at a temperature of 503 K as a function of methanol conversion. It can be 

seen that for conversion < 10%, direct decomposition of CHOH⋅S to CO⋅S is the 

dominant reaction pathway, while at higher conversion, CHOH⋅S first decomposes to 

COH⋅S and then to CO⋅S. A similar analysis at T = 553 K, shows FR3 to be a dominant 

reaction pathway for conversions < 75% while at higher conversions, FR2 is the dominant 

reaction pathway. Thus, both FR2 and FR3 are significant depending upon the reaction 

conditions, and the parallel pathways via s10 and, s8 and s9, are hence retained in the 

pruned mechanism. 

 Similar comparisons for ER2, i.e., s4 + s5 - s7 - s10 + s11 = 0, and ER1, i.e., s2 + s3 - s6 - 

s11 = 0, are shown in Figure 3-8 and Figure 3-9, respectively. Thus, pathways involving 

steps s2, s3, s4, s5 and s11 are unlikely, although from Figure 3-9 it seems that, the pathway 

proceeding via steps s2 and s3, i.e. initial O–H cleavage of adsorbed methanol begins to 

contribute more at temperatures above 525 K. However, the subsequent steps for the 

pathway via initial O–H cleavage of adsorbed methanol, say (s4 + s5) have much higher 

resistance than steps involved in the pathway via initial C–H cleavage of adsorbed 

methanol, say (s7 + s10). Thus, s2, s3, s4, s5 and s11 may be dropped from the mechanism. 
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Figure 3-6: R10 vs R8 + R9, as a function of temperature for methanol decomposition 

reaction on Pt(111). [1% methanol in feed, 1 atm, PBR with W/F = 100 s] 
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Figure 3-7: R10 vs R8 + R9, as a function of conversion at T = 503 K for methanol 

decomposition reaction on Pt(111). [1% methanol in feed, 1 atm] 
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Figure 3-8: R4 + R5 + R11 vs R7 + R10 as a function of temperature for methanol 

decomposition reaction on Pt(111). [1% methanol in feed, 1 atm, PBR with W/F = 100 s] 

 

 

 

 

 

 



Chapter III: A Graph-Theoretic/DFT Analysis of Methanol Decomposition Reaction Network on Pt(111) 

___________________________________________________________________________ 
Catalytic and Electrocatalytic Pathways in Fuel Cells 
 

121

 

 

 

 

 

Figure 3-9: R2 + R3 vs R6 + R11, as a function of temperature for methanol decomposition 

reaction on Pt(111). [1% methanol in feed, 1 atm, PBR with W/F = 100 s] 

 

 

 

 

 

 



Chapter III: A Graph-Theoretic/DFT Analysis of Methanol Decomposition Reaction Network on Pt(111) 

___________________________________________________________________________ 
Catalytic and Electrocatalytic Pathways in Fuel Cells 
 

122

A third way of network pruning is to evaluate the overall resistance of the network. Then, 

the FRs or steps whose resistance has no effect on the overall resistance of the network 

could be disregarded. The overall network resistance of the reaction circuit shown in 

Figure 3-5 was evaluated from individual elementary reaction step resistances, using 

conventional electrical circuit theory [66]. Mesh analysis was utilized to evaluate the 

resistance of the sub-network between nodes n1 and n5, the rest of the steps being in 

series as shown in Figure 3-10. Because of the complexity of the network, an explicit 

expression for the overall network resistance is cumbersome and is not provided here. 

The individual pathway resistance comprises of sequential branches between nodes ni and 

nj, the total resistance being given by Eq. (3.14) [53], 

           
ji

ji

nn

knnk RR
→

→ ∑= ρρσ 2

,                  (3.14) 

 A comparison among the individual path resistances and the overall resistance of the 

entire network is shown in Figure 3-11. It is seen that the resistance along Path 3, i.e. FR3 

compares well with the overall resistance of the network, while the resistance of all other 

paths, with the exception of Path 2, is significantly higher, suggesting FR3 and FR2 as 

dominant parallel reaction pathways for methanol decomposition reaction on Pt(111) 

under the conditions considered in this study. Even if all of the FRs, excepting FR3 and 

FR2, are eliminated, the overall resistance of the network still remains largely unaffected, 

as is the rate of the overall reaction. 

 It must be noted that reaction steps s2, s3, s4, s5 and s11 are not involved in FR3 and FR2 

(Table 3-4) and, consequently this analysis also justifies their elimination from the 

reaction mechanism, resulting into a 8 step simplified reaction network for methanol 

decomposition on Pt(111), as shown in Figure 3-12.  
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Figure 3-10: Overall network resistance calculation using Mesh Analysis. 
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Figure 3-11: Comparison of the path resistance with the overall network resistance.  

[1% methanol in feed, 1 atm, PBR with W/F = 100 s] 
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 Finally, to further validate the elimination of steps s2, s3, s4, s5, and s11, we checked 

the effect of neglecting these steps on the overall kinetics by comparing the simulated 

overall rate of the 13-step mechanism (Table 3-1) to the mechanism less s2, s3, s4, s5, and 

s11. As seen in Figure 3-13, the elimination of steps s2, s3, s4, s5 and s11 (simplified 8 step 

mechanism) does not materially affect the overall kinetics. 

 Moreover, as can be seen from Figure 3-13, FR2 does contribute to the net rate non-

negligibly, and must be retained in the reduced network. It is noteworthy that all of the 

eliminated steps are based on the initial O–H bond scission pathway. It is, thus, clear that 

this is not a significant pathway in methanol decomposition on Pt(111). 

 This pruned network shows that the initial dehydrogenation step for methanol is via 

step s6, i.e., via initial C–H cleavage of adsorbed methanol. The O–H cleavage pathway 

plays little or no role in the overall methanol decomposition on Pt(111), which agrees 

with the experimental and theoretical findings of several researchers. To the authors’ 

knowledge, no direct spectroscopic evidence for methoxide species on clean Pt(111) has 

been reported in the literature except for Peck et al. [67], who detected methoxide species 

on clean Pt(111) by using a methyl nitrite precursor. Quantum chemical calculations 

performed over platinum clusters also suggest that methanol prefers to dehydrogenate by 

the activation of its C–H rather than O–H bond [47, 48]. Franaszczuk et al. [68] have 

experimentally concluded the first step to be the C–H scission of methanol on platinum 

clusters in electrochemical environment. Recently, Desai et al. [63], based on nonlocal 

gradient corrected periodic DFT calculations, have also reported the methanol 

decomposition pathway involving an initial activation of C–H bond to be 

thermodynamically more favorable than O–H bond activation on Pt(111). The model 

predictions by Greeley and Mavrikakis [42] based on DFT analysis suggest that the 

adsorbed hydroxymethyl, product of the C–H bond activation is ~0.8 eV more stable than 

the adsorbed methoxy, product of the O–H bond activation on Pt(111). 
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Figure 3-12: Simplified reaction network and schematic of the dominant reaction 

pathways for methanol decomposition reaction on Pt(111). 
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Figure 3-13: Comparison of overall mechanism kinetics with and without s2, s3, s4, s5 and 

s11. [1% methanol in feed, 1 atm, PBR with W/F = 100 s] 
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Figure 3-14: Determination of RLS by comparing the series resistances in the reduced 

RR network. [1% methanol in feed, 1 atm, PBR with W/F = 100 s] 
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 It must be noted that reaction steps s2, s3, s4, s5 and s11 are not involved in FR3 and FR2 

(Table 3-4) and, consequently this analysis also justifies their elimination from the 

reaction mechanism, resulting into a 8 step simplified reaction network for methanol 

decomposition on Pt(111), as shown in Figure 3-12.  

 Furthermore, Gokhale et al. [52] also show that the net rate of step s6 is higher than 

that of step s2, with a similar conclusion. The experimental findings by Kandoi et al. [51] 

coupled with microkinetic modeling using DFT, suggest FR3 to be a dominant reaction 

pathway for methanol decomposition on Pt(111) which is in accord with our findings 

based on our graph-theoretic approach, although we find that in addition FR2 must be 

retained. 

 Finally, RLS(s) may be identified by comparing the series step resistances, wherein 

the step with the highest resistance would govern the reaction kinetics and is the RLS. 

Figure 3-5 indicates that s8, s9 and s10 are the RLSs under the reaction conditions of 

Figure 3-5. To further investigate this, Figure 3-14 evaluates the resistance of the reaction 

steps at other temperatures. It is seen that, in the temperature range of 300 – 400 K, step 

s12 is the RLS. In the temperature range, 400 – 500 K, steps s8, s9 and s10, are the slowest. 

While at temperature above 500 K, step s8 is the RLS. Thus, it is clear that it is not 

possible to further reduce this mechanism down to a single RLS under all conditions. 

3.6 Conclusions 

 The RR graph analysis has been applied for detailed study of catalytic decomposition 

of methanol on Pt(111). The analysis shows two dominant reaction pathways, FR3 and 

FR2 depending upon the reaction conditions, both with an initial C–H bond activation of 

methanol over Pt(111). Thus, the reaction proceeds exclusively via an initial 

dehydrogenation of the C–H bond rather than through the O–H bond of methanol. 

 Methanol decomposition is an important reaction taking place at the anode of DMFC. 

The analysis can be easily extended to methanol electro-oxidation by assuming that the 

mechanism largely remains same. In fact, Janik et al. [69] have shown that a similar dual-

path mechanism exists for methanol decomposition in an electrochemical environment 

using ab initio quantum chemical methods. The authors [69] provide an approach to 
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theoretically calculate potential dependent activation energies. However, one could well 

assume, the activation energies and pre-exponential factors to be similar for both catalytic 

and electrocatalytic systems. The only difference being for electrochemical counterparts 

of the catalytic reactions, the reaction rate would be affected by the electrode potential 

described by the Butler-Volmer equation. The said approach coupled with RR graph 

analysis can possibly provide a detailed portrayal of the electrochemical reaction system 

at the DMFC anode. 
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Chapter IV 

A Reaction Route Network Analysis of Water Gas Shift 

Catalysis on Pt(111) 

After more than a century of intensive research, the mechanism of the water gas shift 

(WGS) reaction continues to be a focus of ab initio and microkinetic modeling. 

Moreover, new catalysts are sought for the WGS reaction in connection with distributed 

hydrogen generation. This quest would be aided by improved fundamental understanding 

of WGS catalysis. We utilize here, the systematic theoretical approach of Reaction Route 

(RR) Graph, for developing a comprehensive understanding of the WGS reaction based 

on a detailed molecular mechanism with a priori kinetics. Furthermore, the problem of 

thermodynamic consistency of the reaction kinetics may also naturally be treated in terms 

of RR graphs in a simple intuitive manner. 

We consider literature reported WGS mechanism along with predicted kinetics of the 

elementary steps in this chapter. These are next used for a graph-theoretic generation of a 

reaction network that depicts the overall mechanism as well as the multitude of reaction 

routes (RRs). The flux analysis afforded by the RR graph allows the dominant reaction 

pathways and the rate-limiting steps to be identified in a transparent and perceptive 

manner. A highly simplified rate expression is next derived based on the alternate 

electrical circuitry. 
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4.1 Introduction 

Recent advances in ab initio chemistry have made it possible to develop a more 

complete theoretical understanding of the elementary molecular steps in heterogeneous 

catalysis, along with reasonably accurate prediction of reaction energetics. One such 

example is provided in Figure 4-1, where the authors investigate the role of step sites in 

water-gas-shift (WGS) reaction by using a stepped surface Cu(321) and periodic DFT 

within a supercell approach [1]. The next logical step is to utilize these calculations to 

develop a comprehensive picture of the reaction mechanism and to elucidate the myriad 

parallel pathways and dominant reaction routes and steps. This step is crucial in 

translating our improved understanding into improved catalysts. The Reaction Route 

graph approach described in detail in chapter II is such a network tool that can translate 

the information obtained from quantum chemical software into useful information, based 

on which many important details can be extracted in a logical manner. 

The performance of the low temperature proton-exchange membrane (PEM) fuel cells 

is limited by CO poisoning of the Pt-based anode catalyst. Thus, there is a need for 

developing an efficient and compact reforming process for distributed generation of 

hydrogen that is devoid of CO. The WGS reaction is an essential part of this. Although a 

well established industrial process, alternate catalysts are sought for distributed hydrogen 

generation because of different operating conditions, design constraints, and safety 

concerns [2]. It is, thus, useful to develop a deeper fundamental understanding of the 

molecular steps involved in the WGS reaction, so that a more systematic and theory-

guided approach may be used to select new catalysts. 

Because of the industrial significance of the WGS reaction, numerous investigations 

have been made into its reaction mechanism and kinetics over common industrial 

catalysts (i.e., copper, and iron) [3-9]. These investigations suggest that the WGS reaction 

mainly occurs via four mechanisms: 1) the so-called formate mechanism [3-7], 2) the 

redox mechanism [4, 5, 8-13], 3) the associative mechanism [14-16], and, 4) the 

carbonate mechanism [12, 13, 17-19]. These parallel mechanisms are pictorially depicted 

in Figure 4-2. 
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Figure 4-1: Reaction profile for WGS mechanism on Cu(321) with DFT predicted 

energetics [1]. 
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Figure 4-2: Schematic of possible mechanisms of the WGS reaction 
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Campbell and Daube [4] explored the water-gas-shift reaction in terms of a formate 

mechanism. Investigating the WGS reaction on a single crystal copper catalyst, their 

surface analysis by AES indicated low levels of carbon. The dissociation of H2O into a 

surface hydroxyl was identified as the rate-limiting step, the surface hydroxyl then 

combining with surface CO to form surface formate. It was noted that the presence of 

adsorbed oxygen could significantly enhance the WGS reaction via: H2O·S + O·S � 

OH·S + OH·S, where S is a surface site. 

Nakamura, et al. [8] suggested the occurrence of the OH disproportionation reaction,  

2OH·S � O·S + H2O·S, the surface oxygen then reacting with CO(g) to produce CO2(g). 

This conclusion was based on studies where the group was unable to produce measurable 

amounts of surface formate, but the OH disproportionation reaction to adsorbed water 

and adsorbed atomic oxygen occurred rapidly, thus resulting in the redox mechanism. 

Based on the work of Nakamura, et al. [8] and Campbell and Daube [4], Ovesen, et al. [5, 

9] considered an 8-step mechanism, but excluded the formate species. The authors 

concluded that H2O dissociation and the oxidation of CO were both plausible rate-

limiting steps. The carbonate species [18, 19] was also neglected by these authors, 

because attempted synthesis of carbonate via exposure of an oxygen-covered Cu surface 

did not produce any carbonate [5]. Millar, et al. [17] considered a carbonate mechanism 

based on experimental IR spectroscopy results which showed a band corresponding to 

“symmetrical” carbonate ions on the catalyst surface. Lund et al. [18, 19] have also 

investigated the WGS reaction via the carbonate mechanism. 

Tserpe and Waugh [12] and Waugh [13] examined the redox microkinetic mechanism 

vis-à-vis experimental data for the reverse WGS reaction. They utilized theoretical 

activation energies and pre-exponential factors. Waugh [13], thus, suggested that the 

forward WGS reaction proceeds by water adsorbing on the copper catalyst and then 

decomposing to give gas phase H2 and adsorbed atomic oxygen. CO also adsorbs on to 

the surface and proceeds to remove the adsorbed atomic oxygen via a Langmuir-

Hinshelwood mechanism yielding adsorbed CO2 and ultimately CO2(g). In both the 

forward and reverse WGS reaction mechanisms, the pre-exponential factors of the 

desorption reactions were assumed to have the value of 10
13

 s
-1

. The microkinetic model 
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showed a good agreement with the experimental data. However, the activation energy for 

the adsorption of hydrogen (as atoms) on Cu was assumed to be zero. Subsequent work 

by Waugh has shown that the chemisorption of hydrogen on Cu is, infact, activated [13]. 

As a consequence, the modeling results were found to overpredict the hydrogen surface 

coverage.  

The 9-step redox mechanism of Nakamura et al. [8] was also considered by 

Schumacher et al. [10], who predicted trends in low-temperature WGS activity via 

microkinetics on transition metals based on DFT energetics. The experimental trend 

found by Grenoble et al. [20] at 300
o
C on an aluminum oxide support is Cu > Re > Co > 

Ru > Ni > Pt > Os > Au > Fe > Pd > Rh > Ir. Based on chemisorption energy calculations 

on step sites by Nørskov and co-workers [21], Schumacher et al. [10] suggested the WGS 

activity trend as Cu > Co > Ru > Fe > Ni > Rh > Au > Ir > Pd > Pt. On the other hand, 

utilizing the chemisorption energies on terraces, the WGS activity trend was predicted as 

Cu > Ni > Pt > Rh > Ru > Au > Ir > Pd. Thus, in the former case the rates for Fe and Rh 

are overestimated, and the rate over Pt is underestimated, while in the latter, the rate over 

Rh is overestimated and that over Ru is underestimated. Although the order of activity of 

the metals is predicted well, the model fails to quantitatively agree with experimental 

data. Zeigarnik et al. [22] have also predicted the WGS activity in the order Cu > Ni > Fe 

> Pt, Pd > Ag > Au, where the rate for Pt seems to be underestimated, when compared 

with the experimentally observed trend. The experimental findings by Wheeler et al. [23] 

indicate the effectiveness of the metal catalysts follows the order Ni > Ru > Rh > Pt > Pd. 

A complexity on many of these catalysts is that methanation is unavoidable under 

WGS conditions. The order in which metals promote methanation [23] was shown to be 

Ru > Rh > Ni > Pt > Pd.  Thus, both experimental and theoretical trends must account for 

this. Further, many supports such as CeO2 [23-27] have a substantial effect on WGS 

activity. Pt was shown to have pronounced effect of ceria addition by Wheeler et al. [23] 

and ceria supported catalyst showed the following trend, Ni ~ Ru > Pt > Rh > Pd. It is 

worth nothing that Pt/ceria was found to more effective than Rh/ceria, whereas Rh was 

more effective than Pt metal. 
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Mhadeshwar and Vlachos [28] considered the kinetics of the WGS reaction on a Pt 

catalyst as a part of a multiple overall reaction. A 23-step mechanism was proposed to 

describe simultaneous CO oxidation, H2 oxidation, WGS reaction, as well as the 

preferential oxidation (PrOx) of CO. This was based on their previous work [29], in 

which the CO-H2 coupling was considered and implied that the reactions may proceed 

through a carboxyl (COOH·S) intermediate. Earlier studies of the WGS reaction by our 

group [16] suggested a 13-step mechanism for the WGS reaction. The analysis was 

performed for a Cu(111) catalyst and indicated that three different mechanisms 

dominated the kinetics of the WGS reaction. This mechanism was further expanded with 

the addition of two more steps [14]. The analysis revealed an alternative to the 

conventional redox reaction mechanism, namely, the modified redox mechanism, which 

was shown to dominate the kinetics at higher temperatures in place of the conventional 

redox mechanism. Recently, we [30] considered a comprehensive set of 19 plausible 

elementary reaction steps proposed in the literature on Cu(111) along with detailed 

kinetics based on pre-exponential factors and energetic parameters calculated via the 

UBI-QEP method. A subsequent systematic pruning of the network identified three 

dominant routes, along with rate-limiting and quasi-equilibrated elementary reaction 

steps, eventually yielding a 11-step simplified mechanism from which a predictive rate 

expression was derived. This was found to be in good agreement not only with the 

complete microkinetic mechanism, but also with our own experimental data. The analysis 

on Cu(111) surface revealed that associative route and formate route are dominant at 

temperatures < 550 K, while the modified redox mechanism dominants at higher 

temperatures. The rate limiting step for the associative mechanism was identified as the 

formation of adsorbed CO2, while that for formate route was the formation of adsorbed 

HCOO species from adsorbed CO and OH species. The rate-limiting step for the 

modified redox pathway was formation of adsorbed CO2 from adsorbed CO and O 

species. Fajín et al. [1] recently studied the WGS mechanism on stepped Cu surface and 

showed that the presence of step sites decreases the activation energy of the rate-limiting 

steps, compared to a perfect Cu(111) surface. 

Very recently, Gokhale et al. [31] and Grabow et al. [32] suggested an associative 

mechanism through a carboxyl intermediate based on periodic, self-consistent density 



Chapter IV: A Reaction Route Network Analysis of Water Gas Shift Catalysis on Pt(111) 

 

___________________________________________________________________________ 
Catalytic and Electrocatalytic Pathways in Fuel Cells 

143

functional theory (DFT-GGA) calculations on Cu(111) and Pt(111), respectively. The 

associative mechanism via formate intermediate was shown to very minimally contribute 

to the overall reaction rate. Direct decomposition of carboxyl species was predicted as the 

rate-limiting step. Liu et al. [33] on the other hand, based on their DFT calculations using 

DMOL code, suggested that the redox and the associative route via carboxyl intermediate 

could co-exist and the dominant reaction pathway depends on the system under 

consideration, typically the nature of the catalytic surface. However, the authors predicted 

water dissociation as the rate-limiting step, which remains the same for all the systems 

investigated. The experimental study by Meunier et al. [34-36] based on DRIFTS and 

isotopic labeling suggested the IR-observable formate species to be only a minor reaction 

intermediates on Pt and Au based catalysts, supporting the claim the formate route could 

only be a minor contributor to the overall reaction rate. Further, the authors also 

suggested that these formate species should not be labeled as “spectator” species since 

they do lead to some reaction product, although at relatively lower rate as compared to 

the dominant route. 

In this chapter, we consider the 17-step mechanism and the DFT-GGA energetics 

provided by Grabow et al. [32] on Pt(111) for a detailed network analysis by utilizing the 

RR graph approach and its electrical analogy. 

4.2 Reaction Mechanism and Kinetics 

The p = 17 step mechanism, comprising of the redox and carboxyl-mediated 

associative pathways, considered here is summarized in Table 4-1. Grabow et al. [32] 

performed periodic, self-consistent density functional theory (DFT-GGA) using 

DACAPO total energy calculation code, based on which a microkinetic model was 

formulated.  The authors assumed a pre-exponential factor of 10
13

 sec
-1

 for spontaneous 

reactions (s12, s13, s14, s15 and s17) where no transition state could be identified. Finally, 

the authors [32] also employed an additional fitting parameter to describe the fraction of 

rotational and vibrational entropy of the gas-phase molecules that is retained by the 

adsorbed species. Lastly, the activation energies utilized in the microkinetic model were 

obtained from activation energy barrier and energy change derived from DFT via a fitting 

parameter that reflects the chemical property of the transition state [32].  
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Table 4-1: The microkinetic model for WGS on Pt(111). The letter ‘S’ denotes a surface site. Activation energies and enthalpy 

changes in kJ/mol; the units of the pre–exponential factors are atm
–1

 s
–1

 for adsorption/desorption reactions and s
–1

 for surface 

reactions. The pre-exponential factor in bold taken from Ref. [32]. 

 ρE
r

 ρΛ
r

 Elementary Reactions ρE
s

  ρΛ
s

 
o∆ ρH   

s1: 0 1.00 ×10
6
 H2O + S � H2O⋅S 18.335 3.6453 ×10

13
 –18.335  

s2: 0 1.00 ×10
6
 CO + S � CO⋅S 104.22 7.0722 ×10

13
 –104.22 

s3: 4.825 1.00 ×10
13

 2H⋅S � H2 + 2S 0 6.3276 ×10
6
 4.825 

s4: 10.615 1.00 ×10
13

 CO2⋅S � CO2 + S 0 4.9955 ×10
5
 10.615 

s5: 46.32 1.04 ×1013 H2O⋅S + S � OH⋅S + H⋅S 26.055 8.5904 ×10
12

 20.265 

s6: 266.34 1.60 ×1013 OH⋅S + S � O⋅S + H⋅S 0 1.0828 ×10
14

 266.34 

s7: 246.075 9.24 ×1012 OH⋅S + OH⋅S � H2O⋅S +O⋅S 0 7.5704 ×10
13

 246.075 

s8: 94.57 1.12 ×1013 CO⋅S + O⋅S � CO2⋅S + S 312.66 2.6840 ×10
13

 –218.09 

s9: 44.39 9.89 ×1012 CO⋅S + OH⋅S � COOH⋅S + S 34.74 3.2259 ×10
12

 9.65 

s10: 66.585 1.99 ×1012 COOH⋅S + S � CO2⋅S + H⋅S 27.985 9.8943 ×10
13

 38.6 

s11: 0 3.74 ×1012 COOH⋅S + O⋅S � CO2⋅S + OH⋅S 227.74 2.7477 ×10
13

 –227.74 

s12: 27.985 1.00 ×1013 COOH⋅S + OH⋅S � CO2⋅S + H2O⋅S 9.65 6.0194 ×10
14

 18.335 

s13: 147.645 1.00 ×1013 COOH⋅S + CO⋅S � CO2⋅S + HCO⋅S 77.2 4.2003 ×10
13

 70.445 

s14: 157.295 1.00 ×1013 HCOO⋅S + S � CO2⋅S + H⋅S 105.185 5.5962 ×10
14

 52.11 

s15: 257.655 8.2692 ×10
13

 CO2⋅S + OH⋅S � HCOO⋅S + O⋅S 43.425 1.00 ×1013 214.23 

s16: 144.75# 1.1179 ×10
13

 CO2⋅S + H2O⋅S � HCOO⋅S + OH⋅S 176.595 1.65 ×1011 –31.845 

s17: 41.495 1.00 ×1013 HCO⋅S + S � CO⋅S + H⋅S 73.34 1.1837 ×10
14

 –31.845 

                # Modified from 143.785, owing to KPL as explained in the text 
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 The pre-exponential factors (shown as bold in Table 4-1) are taken from Ref. [32], 

while those in the opposite direction are calculated by us using Lund’s approach [37] 

from the standard reaction entropies estimated following a procedure explained in chapter 

III. 

 Thus, the entropy values for species in the gas phase, o

(g)Ik
S  were taken from standard 

handbooks [38]. The entropies of formation of COOH and HCOO in the gas phase were, 

however, determined by us using Gaussian 03 [39] at the B3LYP/LANL2DZ level of 

theory with harmonic oscillator approximation, at reference temperature of 298 K and 1 

bar, due to lack of reported values in the literature. 

 Finally, following Dumesic et al. [40], the forward pre-exponential factors for steps s1 

through s4 were assumed by us as shown in Table 4-1. The pre-exponential factors and 

activation energies listed in Table 4-1 were not subsequently varied from these initial 

estimates. 

4.3 Reaction Route Graph 

4.3.1 Enumeration of RRs and Nodes 

RR Graph for a mechanism as explained earlier depicts all possible reaction routes or 

reaction paths as walks between the terminal nodes (TNs). Thus, the first step in our RR 

Graph approach is the enumeration of the reaction routes (RRs), or reaction pathways 

[41]. In chapters II and III, we followed the graphical enumeration approach for the 

reaction routes. In this chapter, let us follow our stoichiometric algorithm (Appendix A) 

[42-44] that provides all “direct” RRs, i.e., those that are the shortest for a given 

mechanism, the “nondirect” RRs resulting from their linear combination. It should, 

however, be noted that stoichiometric reaction route enumeration is certainly not 

necessary, since the knowledge of the independent set is more than sufficient to define 

the topological characteristics of a RR graph including the FRs, and ERs, which in turn 

strongly affects the flux and affinity (Gibbs free energy) of steps. 

For the WGS mechanism, our starting point for the stoichiometric analysis is a list of 

species (reactants, intermediates, and products), which for this system includes the so-

called terminal species H2O and CO as reactants, and CO2 and H2 as products (i.e., n = 4), 
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and H2O·S, CO·S, H·S, CO2·S, OH·S, O·S, COOH·S, HCOO·S, and HCO·S (q = 9) as the 

independent surface intermediates, in addition to vacant surface site, S. The intermediates 

stoichiometric matrix [42-44], thus, 

              

2 2H O S CO S H S CO S OH S  O S COOH S HCOO S HCO S

1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

0 0 2 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0

1 0 1 0 1 0 0 0 0

0 0 1 0 1 1 0 0 0

1 0 0 0 2 1 0 0 0

0 1 0 1 0 1 0 0 0

0 1 0 0 1 0 1 0 0

0 0 1 1 0 0 1 0 0

0 0 0 1 1 1 1 0 0

1 0 0 1 1 0 1 0 0

0 1 0 1 0 0 1 0 1

0 0 1

α

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

+

+

−

−

− + +

+ − +

+ − +

− + −

= − − +

+ + −

+ + − −

+ + − −

− + − +

+ +

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

1 0 0 0 1 0

0 0 0 1 1 1 0 1 0

1 0 0 1 1 0 0 1 0

0 1 1 0 0 0 0 0 1

s

s

s

s

s

s

s

s

s

s

s

s

s

s

s

s

s

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 −
 

− − + + 
 − − + + 

+ −  

           (4.1) 

where, the columns correspond to the 9 linearly independent intermediate species and the 

rows to the elementary steps of the mechanism listed in Table 4-1. The FRs are 

enumerated based on this intermediates stoichiometric matrix α [42-44]. A direct FR for 

this system, as mentioned earlier, involves no more than q + 1 = rank α + 1 = 9 + 1 = 10 

elementary steps, and is obtained from a submatrix of α. For example, the linearly 

independent set of 10 elementary reactions s1, s2, s3, s4, s5, s6, s8, s9, s13, and s14 provides 

the following FR; 

FR: (s1, s2, s3, s4, s5, s6, s8, s9, s13, s14) 
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2 2

1

2

3

4

5

6

8

9

13

14

H O S CO S H S CO S OH S O S COOH S HCOO S HCO S

1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

0 0 2 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0

1 0 1 0 1 0 0 0 0

0 0 1 0 1 1 0 0 0

0 1 0 1 0 1 0 0 0

0 1 0 0 1 0 1 0 0

0 1 0 1 0 0 1 0 1

0 0 1 1 0 0 0 1 0

s

s

s

s

s

s

s

s

s

s

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

+

+

−

−

− + +

+ − +

− + −

− − +

− + − +

+ + −

 

   = s1 + s2 + s3 + s4 + s5 + s6 + s8 

which, is FR1 in the Table 4-2. 

In the usual format, this FR, or reaction pathway, may be presented as ρ
ρ

ρσ s∑=OR , i.e., 

                                                                                  ρσ  

s1: H2O + S � H2O⋅S +1 

s2: CO + S � CO⋅S +1 

s3: 2H⋅S � H2 + 2S +1 

s4: CO2⋅S � CO2 + S +1 

s5: H2O⋅S + S � OH⋅S + H⋅S +1 

s6: OH⋅S + S � O⋅S + H⋅S +1 

s8: CO⋅S + O⋅S � CO2⋅S + S +1 

Net:  H2O + CO � CO2 + H2   

  

On the other hand, the RR or reaction path involving the elementary reactions s1, s2, s3, 

s4, s5, s6, s7, s9, s13, and s14 is an ER, i.e.,  
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ER(s1, s2, s3, s4, s5, s6, s7, s9, s13, s14) 

   

2 2

1

2

3

4

5

6

7

9

13

14

H O S CO S H S CO S OH S O S COOH S HCOO S HCO S

1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

0 0 2 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0

1 0 1 0 1 0 0 0 0

0 0 1 0 1 1 0 0 0

1 0 0 0 2 1 0 0 0

0 1 0 0 1 0 1 0 0

0 1 0 1 0 0 1 0 1

0 0 1 1 0 0 0 1 0

s

s

s

s

s

s

s

s

s

s

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

+

+

−

−

− + +

+ − +

+ − +

− − +

− + − +

+ + −

 

  = s5 −  s6 + s7 

or  

                    ρσ  

s 5: H2O⋅S + S � OH⋅S + H⋅S +1 

s6: OH⋅S + S � O⋅S + H⋅S −1 

s 7: OH⋅S + OH⋅S � H2O⋅S +O⋅S +1 

Net: 0 = 0  

The total number of direct RRs does not exceed the number of ways 10 elementary 

reactions may be selected from the 17 elementary steps of the mechanism, i.e., 17!/10!/7! 

= 19448. In reality, the number is considerably smaller by virtue of the fact that not all of 

the possible sets of 10 elementary reactions involved in a RR are unique. The complete 

list of thus generated FRs and ERs is provided in Table 4-2 and Table 4-3, respectively. 

Thus, a total of 71 FRs and 49 ERs were found to be distinct. Of course, not all FRs may 

contribute significantly toward the total flux of the OR. Moreover, according to Horiuti-

Temkin theorem, only µ = p – q = 17 – 9 = 8 RRs are linearly independent, which may 

include both, FRs and ERs. Additionally, only p – (q + 1) = 17 – 9 – 1 = 7 of the ERs are 

linearly independent. 
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Table 4-2: The complete list of stoichiometrically enumerated direct FRs for the 17-step 

WGS reaction mechanism 

 
FR1: s1 + s2 + s3 + s4 + s5 + s6 + s8 

FR2: s1 + s2 + s3 + s4 + s5 + s9 + s10 

FR3: s1 + s2 + s3 + s4 + s5 + s6 + s9 + s11 

FR4: s1 + s2 + s3 + s4 + 2s5 + s9 + s12 

FR5: s1 + s2 + s3 + s4 + s5 + s9 + s13 + s17 

FR6: s1 + s2 + s3 + s4 + 2s5 + s7 + s8 

FR7: s1 + s2 + s3 + s4 + 2s5 + s7 + s9 + s11 

FR8: s1 + s2 + s3 + s4 + s5 + s8 + s14 + s15 

FR9: s1 + s2 + s3 + s4 + 2s5 + s8 + s15 – s16 

FR10: s1 + s2 + s3 + s4 + s5 + s8 + s10 – s11 

FR11: s1 + s2 + s3 + s4 + 2s5 + s8 – s11 + s12 

FR12: s1 + s2 + s3 + s4 + s5 + s8 – s11 + s13 + s17 

FR13: s1 + s2 + s3 + s4 + s5 + s9 + s11 + s14 + s15 

FR14: s1 + s2 + s3 + s4 + 2s5 + s9 + s11 + s15 – s16 

FR15: s1 + s2 + s3 + s4 + 2s6 – s7 + s8 

FR16: s1 + s2 + s3 + s4 + s6 – s7 + s9 + s10 

FR17: s1 + s2 + s3 + s4 + 2s6 – s7 + s9 + s11 

FR18: s1 + s2 + s3 + s4 + 2s6 – 2s7 + s9 + s12 

FR19: s1 + s2 + s3 + s4 + s6 – s7 + s9 + s13 + s17 

FR20: s1 + s2 + s3 + s4 + 2s6 + 2s8 – s9 – s12 

FR21: s1 + s2 + s3 + s4 + s6 + s8 + s14 + s16 

FR22: s1 + s2 + s3 + s4 + 2s6 + s8 – s15 + s16 

FR23: s1 + s2 + s3 + s4 + s6 + s8 + s10 – s12 

FR24: s1 + s2 + s3 + s4 + 2s6 + s8 + s11 – s12 

FR25: s1 + s2 + s3 + s4 + s6 + s8 – s12 + s13 + s17 

FR26: s1 + s2 + s3 + s4 + s9 + 2s10 – s12 

FR27: s1 + s2 + s3 + s4 + s9 + s10 + s14 + s16 

FR28: s1 + s2 + s3 + s4 + s6 + s9 + s10 – s15 + s16 

FR29: s1 + s2 + s3 + s4 + 2s6 + s9 + 2s11 – s12 

FR30: s1 + s2 + s3 + s4 + s6 + s9 + s11 + s14 + s16 

FR31: s1 + s2 + s3 + s4 + 2s6 + s9 + s11 – s15 + s16 

FR32: s1 + s2 + s3 + s4 + s9 + s12 + 2s14 + 2s16 

FR33: s1 + s2 + s3 + s4 + s9 – s12 + 2s13 + 2s17 

FR34: s1 + s2 + s3 + s4 + 2s6 + s9 + s12 – 2s15 + 2s16 

FR35: s1 + s2 + s3 + s4 + s9 + s13 + s14 + s16 + s17 

FR36: s1 + s2 + s3 + s4 + s6 + s9 + s13 – s15 + s16 + s17 

FR37: s1 + s2 + s3 + s4 – s7 – s8 + 2s9 + 2s10 

FR38: s1 + s2 + s3 + s4 – s7 + s8 + 2s14 + 2s15 

FR39: s1 + s2 + s3 + s4 + s7 + s8 + 2s14 + 2s16 

FR40: s1 + s2 + s3 + s4 – s7 – s8 + 2s9 + 2s13 + 2s17 

FR41: s1 + s2 + s3 + s4 – s7 + s8 + 2s10 – 2s11 

FR42: s1 + s2 + s3 + s4 + s7 + s8 + 2s10 – 2s12 

FR43: s1 + s2 + s3 + s4 – s7 + s8 – 2s11 + 2s13 + 2s17 

FR44: s1 + s2 + s3 + s4 + s7 + s8 – 2s12 + 2s13 + 2s17 

FR45: s1 + s2 + s3 + s4 – s7 + s9 + 2s10 – s11 

FR46: s1 + s2 + s3 + s4 – s7 + s9 + s10 + s14 + s15 

FR47: s1 + s2 + s3 + s4 – s7 + s9 + s11 + 2s14 + 2s15 

FR48: s1 + s2 + s3 + s4 + s7 + s9 + s11 + 2s14 + 2s16 

FR49: s1 + s2 + s3 + s4 – s7 + s9 – s11 + 2s13 + 2s17 

FR50: s1 + s2 + s3 + s4 – 2s7 + s9 + s12 + 2s14 + 2s15 

FR51: s1 + s2 + s3 + s4 – s7 + s9 + s13 + s14 + s15 + s17 

FR52: s1 + s2 + s3 + s4 – s8 + 2s9 + 2s10 – s15 + s16 

FR53: s1 + s2 + s3 + s4 + 2s8 – s9 – s12 + 2s14 + 2s15 

FR54: s1 + s2 + s3 + s4 + s8 + 2s14 + s15 + s16 

FR55: s1 + s2 + s3 + s4 – s8 + 2s9 + 2s13 – s15 + s16 + 2s17 

FR56: s1 + s2 + s3 + s4 + s8 + 2s10 – s11 – s12 

FR57: s1 + s2 + s3 + s4 + s8 + s10 – s11 + s14 + s16 

FR58: s1 + s2 + s3 + s4 + s8 + 2s10 – 2s11 – s15 + s16 

FR59: s1 + s2 + s3 + s4 + s8 + s10 – s12 + s14 + s15 

FR60: s1 + s2 + s3 + s4 + s8 + 2s10 – 2s12 + s15 – s16 

FR61: s1 + s2 + s3 + s4 + s8 + s11 – s12 + 2s14 + 2s15 

FR62: s1 + s2 + s3 + s4 + s8 – s11 + s12 + 2s14 + 2s16 

FR63: s1 + s2 + s3 + s4 + s8 – s11 – s12 + 2s13 + 2s17 

FR64: s1 + s2 + s3 + s4 + s8 – s11 + s13 + s14 + s16 + s17 

FR65: s1 + s2 + s3 + s4 + s8 – 2s11 + 2s13 – s15 + s16 + 2s17 

FR66: s1 + s2 + s3 + s4 + s8 – s12 + s13 + s14 + s15 + s17 

FR67: s1 + s2 + s3 + s4 + s8 – 2s12 + 2s13 + s15 – s16 + 2s17 

FR68: s1 + s2 + s3 + s4 + s9 + 2s10 – s11 – s15 + s16 

FR69: s1 + s2 + s3 + s4 + s9 + 2s11 – s12 + 2s14 + 2s15 

FR70: s1 + s2 + s3 + s4 + s9 + s11 + 2s14 + s15 + s16 

FR71: s1 + s2 + s3 + s4 + s9 – s11 + 2s13 – s15 + s16 + 2s17 
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Table 4-3: The complete list of stoichiometrically enumerated direct ERs for the 17-step 

WGS reaction mechanism 

 
ER1: s5 – s6 + s7 

ER2: s6 + s8 – s9 – s10 

ER3: s8 – s9 – s11 

ER4: s5 – s6 – s8 + s9 + s12 

ER5: s6 – s14 – s15 

ER6: s5 – s14 – s16 

ER7: s6 + s8 – s9 – s13 – s17 

ER8: s5 – s6 + s15 – s16 

ER9: s6 – s10 + s11 

ER10: s5 – s10 + s12 

ER11: s10 – s13 – s17 

ER12: s5 – s6 – s11 + s12 

ER13: s6 + s11 – s13 – s17 

ER14: s5 + s12 – s13 – s17 

ER15: s5 + s7 + s8 – s9 – s10 

ER16: s7 + s8 – s9 – s12 

ER17: s5 + s7 – s14 – s15 

ER18: s5 + s7 + s8 – s9 – s13 – s17 

ER19: s7 – s15 + s16 

ER20: s5 + s7 – s10 + s11 

ER21: s7 + s11 – s12 

ER22: s5 + s7 + s11 – s13 – s17 

ER23: s8 – s9 – s10 + s14 + s15 

ER24: s5 + s8 – s9 – s10 + s15 – s16 

ER25: s5 – s8 + s9 + s12 – s14 – s15 

 

ER26: s8 – s9 – s12 + s15 – s16 

ER27: s8 – s9 – s13 + s14 + s15 – s17 

ER28: s5 + s8 – s9 – s13 + s15 – s16 – s17 

ER29: s10 – s11 – s14 – s15 

ER30: s5 – s10 + s11 + s15 – s16 

ER31: s5 – s11 + s12 – s14 – s15 

ER32: s11 – s12 + s15 – s16 

ER33: s11 – s13 + s14 + s15 – s17 

ER34: s5 + s11 – s13 + s15 – s16 – s17 

ER35: s6 – s7 – s14 – s16 

ER36: s6 – s7 – s10 + s12 

ER37: s6 – s7 + s12 – s13 – s17 

ER38: s6 + s8 – s9 – s12 – s14 – s16 

ER39: s10 – s12 – s14 – s16 

ER40: s6 – s10 + s12 – s15 + s16 

ER41: s6 + s11 – s12 – s14 – s16 

ER42: s12 – s13 + s14 + s16 – s17 

ER43: s6 + s12 – s13 – s15 + s16 – s17 

ER44: s7 + s8 – s9 – s10 + s14 + s16 

ER45: s7 + s8 – s9 – s13 + s14 + s16 – s17 

ER46: s7 – s10 + s11 + s14 + s16 

ER47: s7 + s10 – s12 – s14 – s15 

ER48: s7 + s11 – s13 + s14 + s16 – s17 

ER49: s7 – s12 + s13 – s14 – s15 + s17 
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Next, the connectivity of reaction steps at direct INs in the RR Graph is 

stoichiometrically enumerated based on the QSS (Qk) of the linearly independent 

intermediate species (Table 4-4) [42-44]. By definition, a direct IN has a degree of no 

more than p – (q – 1) = 17 – 9 +1 = 11 rates and can be obtained by linearly combining 

Qs listed in Table 4-4, i.e., INs represent linear combination of QSS conditions for the q 

intermediates. Only q of the INs are independent from the complete list presented in 

Table 4-5. The TNs, similarly are enumerated based on the QSS of the terminal species 

[42-44]. 

4.3.2 RR Graph Construction 

 We begin by drawing the cycle graph by assembling the ERs together. For this, let us 

consider a set of 7 linearly independent ERs comprising of minimum number of steps, 

say ER6, ER5, ER19, ER9, ER21, ER11, and ER3. We first draw ER6 as shown in Figure 4-

3a. ER6 and ER5 have step s14 in common and can then be combined together as show in 

Figure 4-3a. Next, ER19 has steps s16 and s15 in common with ER6 and ER5, respectively 

and can be fused together. ER9 has step s6 common with ER5 and can be added 

appropriately. ER21 has steps s7 and s11 common with ER19 and ER9 and can be aptly 

added. Next, ER11 has step s10 common with ER9 and can be subsequently merged. 

Finally, ER3 has step s8 common with ER9 can be added together to yield the cycle graph. 

It should be noted that any other set of 7 linearly independent ERs would also lead to a 

similar cycle graph and that choice of the linearly independent ERs is arbitrary. However, 

it is easier to work with the ERs with minimum number of steps, typically three, as done 

here. Moreover, all the other ERs can also be traced on the cycle graph.  

 Upon examination of the compilation of the direct FRs given in Table 4-2, it is next 

noted that there are non-unit stoichiometric numbers in several of the FRs; specifically, it 

is seen that some FRs have stoichiometric numbers of ±2, suggesting that the RR graph 

will have each step ρs  as well as the OR twice, which must furthermore be symmetrical. 

This is achieved by duplicating the cycle graph as shown in Figure 4-3b and fusing the 

two together to form a symmetric cycle graph. The characteristics associated with each of 

the unfused nodes are not lost; instead, they are represented collectively by the fused 

node.  
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Table 4-4: Steady-state mass balance conditions for surface intermediates and terminal 

species involved in WGS reaction 

 

Intermediate Species: 

H
2
O·S: (Q

1
)  r

1
 – r

5
 + r

7
 + r

12
 – r

16
 = 0 

CO·S: (Q
2
)  r

2
 – r

8
 – r

9
 – r

13
 + r

17 = 0  

H·S: (Q
3
)  –2r

3
 + r

5
 + r

6
 + r

10
 + r

14
 + r

17 = 0  

CO
2 ·S: (Q

4
)  r
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4
 + r
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 + r
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12

 + r
13

 + r
14

 – r
15 – r

16 = 0  

OH·S: (Q
5
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9
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16 = 0  
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Table 4-5: The complete list of stoichiometrically enumerated direct INs for the 17-step 

WGS reaction mechanism 

IN1: s14 – s15 – s16 

IN2: s13 – s17 

IN3: s9 – s10 – s11 – s12 – s17 

IN4: s9 – s10 – s11 – s12 – s13 

IN5: s6 + s7 – s8 – s11 + s15 

IN6: s6 + s7 – s8 – s11 + s14 – s16 

IN7: s6 + s7 – s8 – s9 + s10 + s12 + s15 + s17 

IN8: s6 + s7 – s8 – s9 + s10 + s12 + s14 – s16 + s17 

IN9: s6 + s7 – s8 – s9 + s10 + s12 + s13 + s15 

IN10: s6 + s7 – s8 – s9 + s10 + s12 + s13 + s14 – s16 

IN11: s5 – s7 – s8 – s10 – s11 – 2s12 + s16 – s17 

IN12: s5 – s7 – s8 – s10 – s11 – 2s12 + s14 – s15 – s17 

IN13: s5 – s7 – s8 – s10 – s11 – 2s12 – s13 + s16 

IN14: s5 – s7 – s8 – s10 – s11 – 2s12 – s13 + s14 – s15 

IN15: s5 – s7 – s8 – s9 – s12 + s16 

IN16: s5 – s7 – s8 – s9 – s12 + s14 – s15 

IN17: s5 – s7 – s8 – 2s9 + s10 + s11 + s16 + s17 

IN18: s5 – s7 – s8 – 2s9 + s10 + s11 + s14 – s15 + s17 

IN19: s5 – s7 – s8 – 2s9 + s10 + s11 + s13 + s16 

IN20: s5 – s7 – s8 – 2s9 + s10 + s11 + s13 + s14 – s15 

IN21: s5 + s6 – 2s8 – s10 – 2s11 – 2s12 + s15 + s16 – s17 

IN22: s5 + s6 – 2s8 – s10 – 2s11 – 2s12 + s14 – s17 

IN23: s5 + s6 – 2s8 – s10 – 2s11 – 2s12 – s13 + s15 + s16 

IN24: s5 + s6 – 2s8 – s10 – 2s11 – 2s12 – s13 + s14 

IN25: s5 + s6 – 2s8 – s9 – s11 – s12 + s15 + s16 

IN26: s5 + s6 – 2s8 – s9 – s11 – s12 + s14 

IN27: s5 + s6 – 2s8 – 2s9 + s10 + s15 + s16 + s17 

IN28: s5 + s6 – 2s8 – 2s9 + s10 + s14 + s17 

IN29: s5 + s6 – 2s8 – 2s9 + s10 + s13 + s15 + s16 

IN30: s5 + s6 – 2s8 – 2s9 + s10 + s13 + s14 

IN31: s5 – s6 – 2s7 – s10 – 2s12 – s15 + s16 – s17 

IN32: s5 – s6 – 2s7 – s10 – 2s12 – s14 + 2s16 – s17 

IN33: s5 – s6 – 2s7 – s10 – 2s12 + s14 – 2s15 – s17 

IN34: s5 – s6 – 2s7 – s10 – 2s12 – s13 – s15 + s16 

IN35: s5 – 6 – 2s7 – s10 – 2s12 – s13 – s14 + 2s16 

IN36: s5 – s6 – 2s7 – s10 – 2s12 – s13 + s14 – 2s15 

IN37: s5 – s6 – 2s7 – s9 + s11 – s12 – s15 + s16 

IN38: s5 – s6 – 2s7 – s9 + s11 – s12 – s14 + 2s16 

IN39: s5 – s6 – 2s7 – s9 + s11 – s12 + s14 – 2s15 

IN40: s5 – s6 – 2s7 – 2s9 + s10 + 2s11 – s15 + s16 + s17 

IN41: s5 – s6 – 2s7 – 2s9 + s10 + 2s11 – s14 + 2s16 + s17 

IN42: s5 – s6 – 2s7 – 2s9 + s10 + 2s11 + s14 – 2s15 + s17 

IN43: s5 – s6 – 2s7 – 2s9 + s10 + 2s11 + s13 – s15 + s16 

IN44: s5 – s6 – 2s7 – 2s9 + s10 + 2s11 + s13 – s14 + 2s16 

IN45: s5 – s6 – 2s7 – 2s9 + s10 + 2s11 + s13 + s14 – 2s15 

IN46: s4 – s8 – s10 – s11 – s12 – s17 

IN47: s4 – s8 – s10 – s11 – s12 – s13 

IN48: s4 – s8 – s9 

IN49: s4 – s6 – s7 – s10 – s12 – s15 – s17 

IN50: s4 – s6 – s7 – s10 – s12 – s14 + s16 – s17 

IN51: s4 – s6 – s7 – s10 – s12 – s13 – s15 

IN52: s4 – s6 – s7 – s10 – s12 – s13 – s14 + s16 

IN53: s4 – s6 – s7 – s9 + s11 – s15 

IN54: s4 – s6 – s7 – s9 + s11 – s14 + s16 

IN55: s4 – s5 + s7 + s12 – s16 

IN56: s4 – s5 + s7 + s12 – s14 + s15 

IN57: s4 – s5 + s7 + s9 – s10 – s11 – s16 – s17 

IN58: s4 – s5 + s7 + s9 – s10 – s11 – s14 + s15 – s17 

IN59: s4 – s5 + s7 + s9 – s10 – s11 – s13 – s16 

IN60: s4 – s5 + s7 + s9 – s10 – s11 – s13 – s14 + s15 

IN61: 2s4 – s5 + s7 – s8 – s10 – s11 – s16 – s17 

IN62: 2s4 – s5 + s7 – s8 – s10 – s11 – s14 + s15 – s17 

IN63: 2s4 – s5 + s7 – s8 – s10 – s11 – s13 – s16 

IN64: 2s4 – s5 + s7 – s8 – s10 – s11 – s13 – s14 + s15 

 

IN65: 2s4 – s5 – s6 – s10 – s15 – s16 – s17 

IN66: 2s4 – s5 – s6 – s10 – s14 – s17 

IN67: 2s4 – s5 – s6 – s10 – s13 – s15 – s16 

IN68: 2s4 – s5 – s6 – s10 – s13 – s14 

IN69: 2s4 – s5 – s6 – s9 + s11 + s12 – s15 – s16 

IN70: 2s4 : – s5 – s6 – s9 + s11 + s12 – s14 

IN71: s4 – s5 – s6 + s8 + s11 + s12 – s15 – s16 

IN72: s4 – s5 – s6 + s8 + s11 + s12 – s14 

IN73: s3 – s8 – s10 – s11 – s12 – s17 

IN74: s3 – s8 – s10 – s11 – s12 – s13 

IN75: s3 – s8 – s9 

IN76: s3 – s6 – s7 – s10 – s12 – s15 – s17 

IN77: s3 – s6 – s7 – s10 – s12 – s14 + s16 – s17 

IN78: s3 – s6 – s7 – s10 – s12 – s13 – s15 

IN79: s3 – s6 – s7 – s10 – s12 – s13 – s14 + s16 

IN80: s3 – s6 – s7 – s9 + s11 – s15 

IN81: s3 – s6 – s7 – s9 + s11 – s14 + s16 

IN82: s3 – s5 + s7 + s12 – s16 

IN83: s3 – s5 + s7 + s12 – s14 + s15 

IN84: s3 – s5 + s7 + s9 – s10 – s11 – s16 – s17 

IN85: s3 – s5 + s7 + s9 – s10 – s11 – s14 + s15 – s17 

IN86: s3 – s5 + s7 + s9 – s10 – s11 – s13 – s16 

IN87: s3 – s5 + s7 + s9 – s10 – s11 – s13 – s14 + s15 

IN88: 2s3 – s5 + s7 – s8 – s10 – s11 – s16 – s17 

IN89: 2s3 – s5 + s7 – s8 – s10 – s11 – s14 + s15 – s17 

IN90: 2s3 – s5 + s7 – s8 – s10 – s11 – s13 – s16 

IN91: 2s3 – s5 + s7 – s8 – s10 – s11 – s13 – s14 + s15 

IN92: 2s3 – s5 – s6 – s10 – s15 – s16 – s17 

IN93: 2s3 – s5 – s6 – s10 – s14 – s17 

IN94: 2s3 – s5 – s6 – s10 – s13 – s15 – s16 

IN95: 2s3 – s5 – s6 – s10 – s13 – s14 

IN96: 2s3 – s5 – s6 – s9 + s11 + s12 – s15 – s16 

IN97: 2s3 – s5 – s6 – s9 + s11 + s12 – s14 

IN98: s3 – s5 – s6 + s8 + s11 + s12 – s15 – s16 

IN99: s3 – s5 – s6 + s8 + s11 + s12 – s14 

IN100: s3 – s4 

IN101: s2 – s8 – s10 – s11 – s12 – s17 

IN102: s2 – s8 – s10 – s11 – s12 – s13 

IN103: s2 – s8 – s9 

IN104: s2 – s6 – s7 – s10 – s12 – s15 – s17 

IN105: s2 – s6 – s7 – s10 – s12 – s14 + s16 – s17 

IN106: s2 – s6 – s7 – s10 – s12 – s13 – s15 

IN107: s2 – s6 – s7 – s10 – s12 – s13 – s14 + s16 

IN108: s2 – s6 – s7 – s9 + s11 – s15 

IN109: s2 – s6 – s7 – s9 + s11 – s14 + s16 

IN110: s2 – s5 + s7 + s12 – s16 

IN111: s2 – s5 + s7 + s12 – s14 + s15 

IN112: s2 – s5 + s7 + s9 – s10 – s11 – s16 – s17 

IN113: s2 – s5 + s7 + s9 – s10 – s11 – s14 + s15 – s17 

IN114: s2 – s5 + s7 + s9 – s10 – s11 – s13 – s16 

IN115: s2 – s5 + s7 + s9 – s10 – s11 – s13 – s14 + s15 

IN116: 2s2 – s5 + s7 – s8 – s10 – s11 – s16 – s17 

IN117: 2s2 – s5 + s7 – s8 – s10 – s11 – s14 + s15 – s17 

IN118: 2s2 – s5 + s7 – s8 – s10 – s11 – s13 – s16 

IN119: 2s2 – s5 + s7 – s8 – s10 – s11 – s13 – s14 + s15 

IN120: 2s2 – s5 – s6 – s10 – s15 – s16 – s17 

IN121: 2s2 – s5 – s6 – s10 – s14 – s17 

IN122: 2s2 – s5 – s6 – s10 – s13 – s15 – s16 

IN123: 2s2 – s5 – s6 – s10 – s13 – s14 

IN124: 2s2 – s5 – s6 – s9 + s11 + s12 – s15 – s16 

IN125: 2s2 – s5 – s6 – s9 + s11 + s12 – s14 

IN126: s2 – s5 – s6 + s8 + s11 + s12 – s15 – s16 

IN127: s2 – s5 – s6 + s8 + s11 + s12 – s14 

IN128: s2 – s4 

 

IN129: s2 – s3 

IN130: s1 – s8 – s10 – s11 – s12 – s17 

IN131: s1 – s8 – s10 – s11 – s12 – s13 

IN132: s1 – s8 – s9 

IN133: s1 – s6 – s7 – s10 – s12 – s15 – s17 

IN134: s1 – s6 – s7 – s10 – s12 – s14 + s16 – s17 

IN135: s1 – s6 – s7 – s10 – s12 – s13 – s15 

IN136: s1 – s6 – s7 – s10 – s12 – s13 – s14 + s16 

IN137: s1 – s6 – s7 – s9 + s11 – s15 

IN138: s1 – s6 – s7 – s9 + s11 – s14 + s16 

IN139: s1 – s5 + s7 + s12 – s16 

IN140: s1 – s5 + s7 + s12 – s14 + s15 

IN141: s1 – s5 + s7 + s9 – s10 – s11 – s16 – s17 

IN142: s1 – s5 + s7 + s9 – s10 – s11 – s14 + s15 – s17 

IN143: s1 – s5 + s7 + s9 – s10 – s11 – s13 – s16 

IN144: s1 – s5 + s7 + s9 – s10 – s11 – s13 – s14 + s15 

IN145: 2s1 – s5 + s7 – s8 – s10 – s11 – s16 – s17 

IN146: 2s1 – s5 + s7 – s8 – s10 – s11 – s14 + s15 – s17 

IN147: 2s1 – s5 + s7 – s8 – s10 – s11 – s13 – s16 

IN148: 2s1 – s5 + s7 – s8 – s10 – s11 – s13 – s14 + s15 

IN149: 2s1 – s5 – s6 – s10 – s15 – s16 – s17 

IN150: 2s1 – s5 – s6 – s10 – s14 – s17 

IN151: 2s1 – s5 – s6 – s10 – s13 – s15 – s16 

IN152: 2s1 – s5 – s6 – s10 – s13 – s14 

IN153: 2s1 – s5 – s6 – s9 + s11 + s12 – s15 – s16 

IN154: 2s1 – s5 – s6 – s9 + s11 + s12 – s14 

IN155: s1 – s5 – s6 + s8 + s11 + s12 – s15 – s16 

IN156: s1 – s5 – s6 + s8 + s11 + s12 – s14 

IN157: s1 – s4 

IN158: s1 – s3 

IN159: s1 – s2 
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The only steps missing in the so-assembled fused cycle graph are the 

adsorption/desorption steps, namely steps s1, s2, s3 and s4. These are next added to as 

depicted in Figure 4-3c. Steps s1, s2, s3 and s4 are added twice across the nodes in order to 

satisfy the KFL at the respective node. For example, node n2 (Figure 4-3c) corresponds to 

IN121: 2s2 – s5 – s6 – s10 – s14 – s17 (Table 4-5), which implies step s2 needs to be added 

twice at the node. Similarly, it can be checked that all the other nodes are among the 

enumerated INs and TNs, i.e., they concur with the mass balance conditions for the 

intermediate/terminal species. The final step in the construction of the RR graph is the 

addition of two ORs (2rOR = 2r1 = 2r4), completing the connectivity of TNs. Thus, the 

final RR Graph for the 17-step WGS on Pt(111) is shown in Figure 4-3c. It may be 

verified that the entire list of FRs and ERs can be traced on the resulting RR graph as 

walks or paths. 

4.4 Network Consistence with Kirchhoff’s Laws 

 As shown in chapter II, RR graphs concur with KFL and KPL. Thus, each ER in the 

RR graph is subject to thermodynamic constraints imposed by KPL. Let us take the 

example of ER6: s5 – s14 – s16. The corresponding linear combination of thermodynamic 

properties must be equal to zero 

                     5 1614
5 14 16

5 14 16

 0, i.e., 1
r rr

A A A
r r r

    
− − = =    

    

r ss

s r r        (4.2) 

Since all the species (both terminal and intermediate) cancel in an ER, thus producing a 

zero overall reaction, all the potentials should sum up to zero in the light of KPL, i.e., 

    5 1614
5 14 16

5 14 16

 0, 1H H H
    Λ ΛΛ

∆ −∆ −∆ = =    
Λ Λ Λ    

r ss

s r r       (4.3) 

The pre-exponential factors reported in Table 4-1 calculated based on Lund’s approach 

[37], indeed yields 5 1614

5 14 16

1
    Λ ΛΛ

=    
Λ Λ Λ    

r ss

s r r , however the energetics reported in [32] 

yields 5 14 16H H H∆ −∆ −∆ =  20.265 52.11 ( 32.81)− − −  0.965 kJ/mol= , which is well 

within the error range of DFT predictions.  
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Figure 4-3a: Systematic construction of the 19-step WGS reaction mechanism RR 

Graph. 

 

 

 

 

 

 

Cycle Graph 
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Figure 4-3b: Systematic construction of the 19-step WGS reaction mechanism RR 

Graph. 

 

Fused Cycle Graph 
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Figure 4-3c: Systematic construction of the 19-step WGS reaction mechanism RR 

Graph. 
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However, to be entirely consistent with thermodynamics 16E
r

 from Ref. [32] was 

modified to 144.75 from 143.785 kJ/mol, as given in Table 4-1. With the hence modified 

16E
r

, all the KPL relations are satisfied for all the rest of the ERs. 

 Furthermore, the affinities, ρA  of the elementary reactions ( A Gρ ρ= −∆ ), in a FR are 

interrelated with the affinity of the OR, AOR, via similar KPL relation. For instance, for 

FR1: s1 + s2 + s3 + s4 + s5 + s6 + s8, we have 

       A1 + A2 + A3 + A4 + A5 + A6 + A8 = AOR, i.e., K1K2K3K4K5K6K8 = KOR           (4.4) 

where, ρK  and KOR is the equilibrium constant of the elementary reaction step ρs  and 

OR respectively. The data in Table 4-1 are consistent with this. Thus, KPL ensures 

thermodynamic consistency while KFL followed at each node is used to rigorously 

determine the network kinetics. 

4.5 Network Analysis and Pruning 

 For the 17-step water gas shift reaction, the equivalent electrical circuit can be 

obtained simply by replacing the branches in the final RR Graph in Figure 4-3c by the 

step resistances. Figure 4-4, thus, provides the electrical analog or the reaction circuit of 

the WGS reaction. An accurate and robust simplification and reduction may be 

accomplished based on a comparison of the flux (current) along different pathways in the 

reaction circuit. The fractional surface coverage of the q = 9 linear independent 

intermediate species, namely, H2O·S, CO·S, H·S, CO2·S, OH·S, O·S, COOH·S, HCOO·S, 

and HCO·S, along with the free sites are obtained by solving KFL equations (and using 

mass action kinetics for the elementary steps) at 9 linearly independent INs along with 

site conservation equation. This set of QSS equations for the linearly independent 

intermediate species can be obtained directly from the step connectivity shown on the RR 

graph Figure 4-4, 
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1 1 2

2 2 5 6 10 14 17

3 5 7 8 9 12 16

4 9 10 11 12 13

5 3 5 6 10 14 17

6 3 4

7 13 17

8 14 15 1

: 2 2 0;

:2 0;

: 0;

: 0;

: 2 0;

2 2 0;

0;

:

n  r   r  =  

n  r   r r r r r  =  

n  r   r r r  r + r  =  

n  r   r r r r  = 

n  r   r r r r r  =  

n : r   r  =  

n : r   r  = 
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i.e., 
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Figure 4-4: The electrical/reaction circuit analog of the reaction network for the WGS 

reaction along with the rates, resistances and reversibilities of elementary reaction steps 

for conditions quoted in text. 
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The above set of 9 non-linear algebraic KFL equations, along with the site balance 

equation,  

           
2 2H O S CO S H S CO S OH S O S COOH S HCOO S HCO S 0 1θ θ θ θ θ θ θ θ θ θ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅+ + + + + + + + + =      (4.7) 

may be numerically solved simultaneously, for given input conditions (temperature and 

partial pressures of reactants) and conversion, to obtain the unknown site fractions of 

intermediate species, kθ . Thereupon, one may readily calculate the rate, affinity, and 

resistance of each elementary reaction step. Finally, the rate of the OR can be obtained 

from TNs, e.g. 1 4ORr r r= =  (Figure 4-4). Moreover, if combined with the mass-balance 

equation for a given reactor, one can predict the reactor performance, or conversion, X. 

 For Pt catalyst in a well-mixed reactor, T = 548 
o
C; feed composition of H2O(10%), 

CO(10%) and N2(balance), the calculated rate (flux) along with reversibility and 

resistance for the elementary reaction steps is mentioned in Figure 4-4. Note, that only 

flux through dominant steps is mentioned on Figure 4-4. For all other steps, the flux is 

negligible (close to zero). Thus, for the said conditions, the adsorption/desorption steps 

s1, s2, s3, s4, dissociation of water, i.e. step s5, formation of carboxyl species, i.e., step s9, 

and subsequent direct decomposition of adsorbed carboxyl, i.e. step s10 and the 

decomposition of adsorbed carboxyl via adsorbed hydroxyl species, i.e. step s12 are the 

only kinetically significant elementary reaction steps. 

 Further, flux (current) comparison in the various branches (reaction steps) for the 

above reaction conditions reveal that there are only two dominant pathways, namely FR2: 

s1 + s2 + s3 + s4 + s5 + s9 + s10 and FR4: s1 + s2 + s3 + s4 + 2s5 + s9 + s12 comprising of the 

steps mentioned above. Furthermore, it is evident from Figure 4-4, that direct 

decomposition of adsorbed carboxyl, i.e. s10: COOH⋅S + S � CO2⋅S + H⋅S contributes 

significantly to the overall flux rather than decomposition of adsorbed carboxyl via 

adsorbed hydroxyl species, i.e. s12: COOH⋅S + OH⋅S � CO2⋅S + H2O⋅S. Thus, FR2 

provides for ~87% of the overall flux, while the remaining 13% is contributed by FR4. It 

should be noted that a higher steam-to-carbon ratio could lead to an increase in the 

concentration of adsorbed hydroxyl species and could potentially increase the flux 

contribution via step s12.  
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Figure 4-5: Surface coverage of the dominant reaction species as a function of 

temperature for WGS for the reaction conditions mentioned in Figure 4-4. 
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 On the other hand, higher affinity of CO toward Pt (Figure 4-5), i.e. higher surface 

coverage of CO⋅S could render step s12 to be limited by the small OH⋅S surface coverage. 

Finally, the step reversibilites and resistances (Figure 4-4) reveal that amongst the key 

elementary steps, only steps s5, s10 and s12 are slow or non-QE steps, while rest of the 

steps are all quasi-equilibrated for the said reaction conditions. However, these 

conclusions may or may not be valid at other conditions. 

 Validation of this reduction and simplification of the RR network over a broad range 

of temperatures can be accomplished by comparing the resistances along parallel paths 

between two nodes, which have the same affinity drop by virtue of KPL, i.e., by 

considering each ER as two parallel paths and comparing the total resistance of each 

path. If the resistance along one path is much larger than the other, it would be safe to 

assume that the path contributes little to the flux and may be neglected. Finally, the effect 

of eliminating a step or pathway is validated by calculating the overall kinetics without 

the elementary reaction step in question. 

 Let us consider ER6: s5 – s14 – s16, which implies there are two parallel pathways for 

formation of adsorbed hydrogen and hydroxyl species. One pathway is the direct 

dissociation of adsorbed water via step s5, i.e. H2O⋅S + S � OH⋅S + H⋅S. The other 

pathway proceeds through the formate species, via steps s14 and s16 as shown below 

                                                                                  ρσ  

s14: HCOO⋅S + S � CO2⋅S + H⋅S +1 

s16: CO2⋅S + H2O⋅S � HCOO⋅S + OH⋅S +1 

Net:  H2O⋅S + S � OH⋅S + H⋅S 

 The resistance of the first pathway is simply R5, while that for the second pathway 

comprising of two steps in series is R14 + R16. Figure 4-6 compares the resistance of these 

two pathways as a function of temperature for the reaction conditions mentioned above. It 

is evident from Figure 4-6, that R14 + R16 is several orders of magnitude higher than R5 

over a broad temperature range. Since a reaction will always proceed largely via the 

minimum resistance pathway, it is reasonable to conclude that it may be possible to 

eliminate steps s14 and s16 from the mechanism.  
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Figure 4-6: Parallel pathway resistance (R14 + R16 vs. R5) comparison as a function of 

temperature for the conditions quoted in the text. 
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To validate this elimination, we check the effect of s14 and s16 on the overall kinetics by 

comparing the simulated overall kinetics of the complete mechanism to the mechanism 

less s14 and s16 and find that these steps do not contribute significantly to the overall 

reaction flux. 

 We next consider the parallel pathways represented by ER5: s6 – s14 – s15 for the 

formation of O⋅S and H⋅S. Figure 4-7 reveals that R14 + R15 is several orders of magnitude 

higher than R6 and hence can be logically deemed kinetically insignificant. Continuing 

the pruning of the RR graph thus, ER11: s10 – s13 – s17 provides two pathways, first being 

the direct decomposition of adsorbed carboxyl species into CO2⋅S and H⋅S (step s10), 

while the other being a two-step decomposition via steps s13 and s17. The resistance of the 

first pathway is simply R10 while that for the other with two series resistors is R13 + R17. 

Numerical simulations of these two resistances as a function of temperature are presented 

in Figure 4-8. It is seen that R13 + R17 is several orders of magnitude higher than R10 at all 

temperatures. Hence, there is ample justification to neglect steps s13 and s17.  

 Continuing the pruning of the RR graph in this vein, the next step is to consider the 

two parallel branches via ER21: s7 + s11 – s12. One pathway, i.e. step s12 represents the 

decomposition of COOH⋅S via OH⋅S, while the other is a two step pathway, comprising 

of steps s7 and s11. From numerical simulations it may be concluded (Figure 4-9) that 

single step s12 offers the minimum resistance pathway and, consequently, the steps s7 and 

s11 may be disregarded. Finally, we compare the resistances of the two parallel branches 

for formation of CO2⋅S and H⋅S as represented by ER2: s6 + s8 – s9 – s10. Both pathways 

comprise of two steps (resistors) in series where the resistance is given as R6 + R8 and R9 

+ R10, for the respective pathway. Based on numerical results (Figure 4-10), we conclude 

that the resistance R6 + R8 is much higher than R9 + R10 and, hence, the formation of 

CO2⋅S and H⋅S via carboxyl species (i.e. steps s9 and s10) is much faster than that via steps 

s6 and s8. In other words, the steps s6 and s8 can be eliminated from the mechanism 

without materially affecting the overall reaction flux. 
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Figure 4-7: Parallel pathway resistance (R14 + R15 vs. R6) comparison as a function of 

temperature for the conditions quoted in the text. 
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Figure 4-8: Parallel pathway resistance (R13 + R17 vs. R10) comparison as a function of 

temperature for the conditions quoted in the text. 
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Figure 4-9: Parallel pathway resistance (R7 + R11 vs. R12) comparison as a function of 

temperature for the conditions quoted in the text. 
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Figure 4-10: Parallel pathway resistance (R6 + R8 vs. R9 + R10) comparison as a function 

of temperature for the conditions quoted in the text. 
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The elimination of steps, s6, s7, s8, s11, s13, s14, s15, s16 and s17 from the mechanism based 

on the above logic is validated by comparing simulated results of the complete 

mechanism with results from the mechanism excluding s6, s7, s8, s11, s13, s14, s15, s16 and 

s17, i.e., the simplified 8 step model. Eliminating the above steps leave us with a reduced 

network comprising of only 8 elementary reactions and 2 FRs, namely, FR2 and FR4 from 

the list in Table 4-2. The overall resistances of each of these FRs is equal to 

2FRR : R1 + R2 + R3 + R4 + R5 + R9 + R10  

4FRR : R1 + R2 + R3 + R4 + 4R5 + R9 + R12  

As can be seen from Figure 4-11, FR4 has a higher resistance as compared to FR2, more 

so at temperatures > 500 K, i.e. in the temperature region of interest with Pt catalyst. 

Thus, the overall WGS mechanism is dominated by FR2, conventionally written as 

follows: 

                                                                                  ρσ  

s1: H2O + S � H2O⋅S +1 

s2: CO + S � CO⋅S +1 

s3: 2H⋅S � H2 + 2S +1 

s4: CO2⋅S � CO2 + S +1 

s5: H2O⋅S + S � OH⋅S + H⋅S +1 

s9: CO⋅S + OH⋅S � COOH⋅S + S +1 

s10: COOH⋅S + S � CO2⋅S + H⋅S +1 

Net:  H2O + CO � CO2 + H2   

However, as mentioned above, a higher steam-to-carbon ratio could potentially increase 

the concentration of OH⋅S species, thereby increasing the rate consumption of carboxyl 

species via step s12. However, in light of the high surface coverage of CO on Pt, it is 

unlikely that the surface coverage of OH⋅S species will be increased dramatically except 

at very high temperatures (Figure 4-5). The thus reduced RR graph for the WGS 

mechanism on Pt(111) is shown in Figure 4-12, which is simply a catalytic sequence. 
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Figure 4-11: Resistances of FR2 and FR4 vs. temperature for the conditions quoted in the 

text. 
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Figure 4-12: Pruned RR graph for the WGS mechanism on Pt(111). 
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4.6 Overall Reaction Rate via Electrical Analogy 

 Now that the mechanism has been dramatically pruned, we are in a position to 

consider a rate expression for the overall reaction. First, we write a formal rate equation 

for the kinetics of the reduced reaction network, Figure 4-12a, by employing the 

electrical circuit analogy and the linear rate law analogous to Ohm’s law.  

 Thus, the overall rate (overall current) is the ratio of the affinity of the OR and the 

overall resistance of the reaction network, i.e., OR
OR

OR

r
R

=
A

, where the overall resistance of 

the reduced reaction network (Figure 4-12a) is  
2FRR :  R1 + R2 + R3 + R4 + R5 + R9 + R10 

Thus, 

      
1 2 3 4 5 9 10

OR
ORr

R R R R R R R
=

+ + + + + +
A

       (4.8) 

where, the resistance of a step is defined in chapter II. It can be seen from Figure 4-13, 

that R5 and R10 are the dominant reaction steps for the above sequence. Thus, 

                         
5 10

OR
ORr

R R
≈

+
A

         (4.9) 

All the other steps, s1, s2, s3, s4, and s9 are at QE (Figure 4-14). Following Temkin, now 

the reduced WGS mechanism can be simply written as a 2-step lumped pathway, as 

follows, which is represented in Figure 4-12b.  

                  ρσ  

 )1()2/1()1(: 5311 sssIR +++++          :  H2O + S � OH⋅S + 1/2H2           +1  

2 2 3 4 9 10: ( 1) ( 1/ 2) ( 1) ( 1) ( 1)  IR s s s s s+ + + + + + + + + :  CO + OH⋅S � CO2 + 1/2H2 + S     +1 

         Net: CO + H2O � CO2 + H2 

 While the above formal rate expression (Eq. (4.9)) is adequate for numerical 

computation of the rate from numerically calculated resistances, it is more desirable to 

obtain, if possible, an explicit rate expression in terms of the terminal species 

composition.  
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Figure 4-13: Comparison of series resistance as a function of temperature in the 

dominant reaction pathway for WGS for conditions mentioned in the text. 
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Figure 4-14: Step reversibilites for the elementary reaction steps in the dominant reaction 

sequence for WGS for conditions mentioned in Figure 4-4. 
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This is accomplished by following the alternate electrical analogy proposed in chapter 2. 

Based on the approach presented in chapter II, the overall reaction rate can be 

approximated as  

                      

1 2

OR OR
OR

OR IR IR

E E
r

R R R• • •≈ =
+

                 (4.10) 

IR1 above is comprised of steps s1, s3 and s5. Based on step reversibilities, zρ (Figure 4-

14) we see that steps s1 and s3 are both QE. Thus, the flux through IR1 is governed by step 

s5, i.e. dissociation of water. Similarly, the flux through IR2 is governed by step s10, i.e. 

direct decomposition of carboxyl, others being QE steps. 

Thus, 

          
1

2

5

10

IR

IR

R R

R R

• •

• •

≈ 


≈ 
                  (4.11) 

Substituting Eq. (4.11) in Eq. (4.10), we have 

      
5 10

OR
OR

E
r

R R• •≈
+

       (4.12) 

5R•  and 10R•  can be ascertained a priori following the LHHW approach detailed in 

chapter II. To obtain the step resistances above, let us first consider step s5 as the RDS, 

the remaining steps being at QE. Thus, 

                                       

2

0,5

0,5

S,5OH

5

0,5S,5OH55

5

)(

111

22 •
•

••••
•











===

⋅⋅ θ
θ

θ
ω

θθω r
rr

r
R                  (4.13) 

where ,k ρθ •  and 0,ρθ •  represents site fraction of intermediate k and vacant surface sites S, 

respectively,  when ρs  is the RDS. With 5s as the RDS, thus, and all other steps at QE, 

the appropriate IRs for the formation of six linearly independent surface intermediates, 

H2O⋅S, CO⋅S, H⋅S, CO2⋅S, COOH⋅S, OH⋅S (in the reduced 7-step mechanism) from the 

vacant surface sites S, comprising of steps other than s5, are 



Chapter IV: A Reaction Route Network Analysis of Water Gas Shift Catalysis on Pt(111) 

 

___________________________________________________________________________ 
Catalytic and Electrocatalytic Pathways in Fuel Cells 

177

 )1(: 1SOH2
sIR +⋅      : H2O + S � H2O⋅S 

 )1(: 2SCO sIR +⋅      : CO + S � CO⋅S 

 )2/1(: 3SH sIR −⋅      : 1/2H2 + S � H⋅S  

 )1(: 4SCO2
sIR −⋅      : CO2 + S � CO2⋅S 

 )1()1()2/1(: 1043SCOOH sssIR −+−+−⋅   : 1/2H2 + CO2 + S � COOH⋅S 

 )1()1()1()2/1()1(: 109432SOH sssssIR −+−+−+−+−⋅  : 1/2H2 + CO2 + S � CO + OH⋅S 

             (4.14) 

Then, using Eq. 2.25, for the QE steps, the site fraction ratios are 
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Finally using these in site balance, Eq. 2.26, 

        •

•

•

•

•

•

•

•

•

•

•

•

•
⋅⋅⋅⋅⋅⋅ ++++++=

0,5

S,5OH

0,5

S,5COOH

0,5

S,5CO

0,5

S,5H

0,5

S,5CO

0,5

S,5OH

0,5

221
1

θ
θ

θ
θ

θ

θ

θ
θ

θ
θ

θ

θ

θ
                  (4.16) 

Thus, we have from Eq. (4.13) 
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 Let us next consider step s10 as the RDS while the others at QE in order to obtain an 

explicit expression for 10R• .  

                       
2

0,10

0,10

S,10COOH

10

0,10S,10COOH1010
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)(

111

•
•

••••
•











===

⋅⋅ θ
θ

θ
ω

θθω r
rr

r
R     (4.18) 

With 10s as the RDS, and all other steps at QE, the appropriate IRs for the formation of 

six linearly independent surface intermediates, H2O⋅S, CO⋅S, H⋅S, CO2⋅S, COOH⋅S, 

OH⋅S from the vacant surface sites S, comprising of steps other than s10, are 

 )1(: 1SOH2
sIR +⋅      : H2O + S � H2O⋅S 

 )1(: 2SCO sIR +⋅       : CO + S � CO⋅S 

 )2/1(: 3SH sIR −⋅      : 1/2H2 + S � H⋅S  

 )1(: 4SCO2
sIR −⋅      : CO2 + S � CO2⋅S 

95321SCOOH )1()1()2/1()1()1( : sssssIR +++++++++⋅  : H2O + CO + S � COOH⋅S + 1/2H2 

 )1()2/1()1(: 531SOH sssIR +++++⋅    : H2O + S � OH⋅S + 1/2H2 

              (4.19) 

Then, using Eq. 2.25, for the QE steps, the site fraction ratios are 
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Finally using these in site balance, Eq. 2.26, 
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Thus, we have from Eq. (4.18) 
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Finally,  

      2 2

2

CO H1 2 3 4 5 9 10

1 2 3 4 5 9 10 H O CO

1
1 1 1OR OR

OR

P P
E z

K P P

ωω ω ω ω ω ω
ωω ω ω ω ω ω

= − = − = −
s s s s s s s

r r r r r r r     (4.23) 

where, KOR is the equilibrium constant for WGS reaction. 

Thus, Eq. (4.12), (4.17), (4.22) and (4.23) provide an explicit rate expression for the 

WGS mechanism on Pt. 
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 5R•  and 10R•  can, in fact, be further simplified based on the concept of most abundant 

reactive intermediate (MARI) [45], i.e., by comparing the values of , 0,k ρ ρθ θ• •  in Rρ
• . We 

find that CO S,5 0,5θ θ⋅
• •  and CO S,10 0,10θ θ⋅

• •  is significantly higher than others for s5 and s10, 

respectively (Figure 4-5). Thus, 
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and  
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Using the thus reduced expressions for 5R•  and 10R•  along with Eq. (4.23) in Eq. (4.12), 

we have 

                         2 2
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           (4.26) 

Finally, substituting the rate constants and concentration of terminal species for reaction 

step weights ρω , we have the overall reaction rate in the conventional form 

                  2 2 2

22

1/2

5 10 1 2 3 5 9 H O CO CO H

1/2 1/2 2
H O CO5 H 10 2 3 5 9 CO 2 CO

1
1

( )(1 )
OR

OR

k k K K K K K P P P P
r

K P Pk P k K K K K P K P

 
≈ −  + +  

r r

r r    (4.27) 

where, Kρ  is the equilibrium constant for step sρ . 

Eq. (4.19) reveals that 1/2

1 2 3 5 9K K K K K  represents the equilibrium constant for the 

intermediate reaction for the formation of COOH⋅S species when step s10 is considered as 

the RDS, i.e. 

                                                    
COOH S,10

1/2

1 2 3 5 9 IRK K K K K K
⋅

=      (4.28) 
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Using Eq. (4.28) in Eq. (4.27), we thus, have 

                COOH S,10 2 2 2

22 COOH S,10

5 10 1 H O CO CO H

1/2 2
H O CO5 1 H 10 CO 2 CO

1
1

( )(1 )

IR

OR

ORIR

k k K K P P P P
r

K P Pk K P k K P K P

⋅

⋅

 
≈ −  + +  

r r

r r    (4.29) 

If appropriate rate constants in Eq. (4.29) are combined, we obtain the following simple 

rate expression for WGS on Pt, 

                            

2 2 2

2 2

H O CO CO H

1/2 2

H CO CO H O CO

6

5

8

1
1

( )(1 )

4342.5
where,  1.0276 10 exp

27985
2.8530 10 exp

23642.5
3.6017 exp

104220
1.414 10 exp

A

OR

B C D OR

A

B

C

D

k P P P P
r

k P k P k P K P P

k
RT

k
RT

k
RT

k
RT

−

 
≈ −  + +  

− = ×  
 

− = ×  
 

 =  
 

 = ×  
 

    (4.30) 

where R is the gas constant in J/(mol K) and T is the temperature in K. The above explicit 

rate expression is in good agreement with the QSS rate obtained numerically for the 17-

step WGS mechanism on Pt(111) from the microkinetic model as shown in Figure 4-15. 

For example, the overall reaction rate for conditions mentioned in Figure 4-4 via Eq. 

(4.30) is 0.1878 s
–1

 which compares well with 0.1884 s
–1 

obtained from numerical 

computation, which points to the robustness of the reaction network analysis and 

reduction approach presented here. 

 Finally, from Eq. (4.30), it is easy to see that the reaction order with respect to H2O is 

1, while H2 and CO, both, have inhibitive effect on the overall rate. This is supported by 

Ribeiro and co-workers [24], who reported (slightly) negative kinetic order with respect 

to CO of –0.03 over Pt/CeO2. On the other hand, Meunier et al. [46] reported apparent 

reaction order with respect to CO to be –0.27. This is not entirely surprising for Pt 

catalyst, owing to the extremely high affinity of CO toward Pt and perhaps competitive 

adsorption of CO and H2O. 
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Figure 4-15: Comparison of overall QSS rate obtained from Ohm’s law form, i.e. Eq. 

(4.29) and that calculated numerically via microkinetic modeling for the 17-step WGS 

reaction on Pt(111). 
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4.7 Conclusions 

 A comprehensive 17-step mechanism with predicted kinetics for the water-gas-shift 

(WGS) reaction on Pt(111) has been rigorously analyzed, simplified and pruned into a 7-

step, single reaction route model, using the RR Graph approach, a comprehensive 

framework for analyzing complex mechanisms and network kinetics. A RR Graph has 

been constructed for the given WGS mechanism that incorporates all the 17 steps, on 

which all of the 71 direct FRs and 49 ERs may be traced as walks!  

 The RR network was subsequently simplified and reduced to a network involving 

only a single dominant RR, namely FR4, i.e. associative mechanism mediated via 

carboxyl species. Microkinetic analysis by Grabow et al. [32] also conclude the said 

pathway as dominant. Further, the authors concluded the direct decomposition of 

carboxyl species, i.e. step s10 as the RLS for the sequence, based on sensitivity analysis. 

However, our graph theoretic based resistance comparison suggests that both, 

dissociation of water, i.e. step s5 and direct decomposition of carboxyl species, i.e. step 

s10 are non-QE steps (or slow steps) and hence RLSs for the said pathway. For example, 

if step s5 is not considered as a slow step and dropped from the rate expression, i.e., 

10/OR ORr E R•≈ , we obtain the overall rate as 0.3657 s
–1

, significantly higher than the 

actual overall rate of 0.1884 s
–1

 for the reaction conditions mentioned in Figure 4-4.  

Thus, following the RR network approach, the RLSs have been identified without making 

any ad hoc assumptions. Based on these two slow steps, a QSS rate expression has been 

derived based on the electrical analogy where the overall reaction rate is cast into an 

Ohm’s law form, i.e. rate = overall driving force/overall resistance. The derived rate 

expression was next pruned based on standard MARI approach, with adsorbed CO as the 

dominant species on Pt, yielding a highly simplified rate expression agreeing reasonably 

well with the 17-step microkinetic model. Further, it is clear from the rate expression and 

MARI that the strong adsorption of CO on Pt is self-poisoning and limits the rate of the 

OR. 
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Chapter V 

A Reaction Route Network Analysis of Ammonia 

Decomposition on Fe 

A key impediment to the universal application of PEM fuel cells is the lack of hydrogen 

storage and distribution infrastructure. Ammonia, which is easy to store and transport, 

and possesses attractive energy density can act as a potential hydrogen carrier due to its 

relative ease of decomposition. Moreover, being carbon free, it does not produce any CO, 

which could act as a poison to the low-temperature fuel cells. The N2 produced is an inert 

in a fuel cell. Detailed microkinetic modeling of NH3 decomposition has been a subject 

of interest for decades. However, in spite being a well-researched reaction system, there 

is disagreement in the literature as to which step is indeed the rate-determining step 

(RDS) for the reaction mechanism. 

In this chapter, we utilize our Reaction Route Graph analysis for detailed mechanistic and 

kinetic analysis of the well-accepted 7-step NH3 decomposition reaction mechanism. The 

RLS(s) are identified in a logical manner following a comparison of the step resistances. 

Next, based on the Ohm’s law representation of kinetics we develop quasi-steady state 

rate expression. The thus developed simplified rate expression is found to be in complete 

agreement with our experimental data on Fe. 
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5.1 Introduction 

 Hydrogen storage is an area of active research, where chemical storage of hydrogen 

has also been suggested, e.g., as NH3, which is actually a very effective and inexpensive 

hydrogen carrier available in large quantities. Sørensen et al. [1] have shown that 

adequate amount of hydrogen for a 1 W fuel cell (sufficient for common cell phones) can 

be produced in a reactor volume of only 20 µl with Ru-based catalyst. 

  In fact, the proposition has been around for a while; e.g. Figure 5-1 shows an 

ammonia cracker built for US Army 500W-fuel cells almost three decades ago [2, 3]. 

Moreover, a PEM fuel cell with 80% fuel utilization can provide enough hydrogen 

(combusted with air) to provide the heat of reaction. Ammonia is one of the few materials 

that can be produced cheaply, transported efficiently, and transformed directly to yield 

hydrogen and a non-polluting byproduct. It has a proven storage/delivery infrastructure 

and safety record. Ammonia is a potential hydrogen carrier with many desirable 

properties [4]. It is produced in very large quantities on the industrial scale (109 MT/y 

worldwide in 2004), as the main source for nitrogen in synthetic fertilizers. With a 

boiling point of ~ 33.3 ºC (240 K) and a vapor pressure of roughly 10 atm at room 

temperature (1061 kPa at 300 K), it is a readily liquefied vapor under ambient conditions, 

with a liquid density of 0.682 kg/L at ~33.3 ºC, and 0.639 kg/L at 0 ºC, which is high for 

a small molecule and is because of its polar nature. It contains 17.6% by weight of 

hydrogen, i.e., around 0.11 kg/L of hydrogen. This compares with 0.07 kg/L for liquid 

hydrogen, and 0.123 kg/L for octane. With a heat of combustion of 18.6 kJ/g (LHV) and 

22.5 kJ/g (HHV), its energy density is very attractive. Even though corrosive and toxic 

with a strong odor, procedure and facilities for its safe handling, transportation and 

storage are available throughout the world. Furthermore, it can be fed into a reformer as a 

vapor without a pump, and is relatively easily decomposed at around 500 - 600 ºC over 

an Fe or Ru catalyst to provide clean hydrogen with ppm levels of unconverted NH3. 

Being carbon free, it does not produce any CO, which could poison the low temperature 

fuel cells, thus, eliminating the need for further processing, e.g. shift converter or 

selective oxidation. The N2 produced along with H2 is an inert diluent for fuel cell. 
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Figure 5-1: Diagram of an Ammonia Cracker built for US Army 500W-fuel cells [2, 3]. 
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Figure 5-2: Effect of NH3 (30 ppm) exposure at anode on H2-air fuel cell performance at 

80 
o
C [5]. 
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 However, trace amount of ammonia as low as 13 ppm in the anode feed is known to 

poison PEM fuel cells [6]. Short term exposure (< 1 hr) shows reversible poisoning 

effect, however, long term exposure causes severe and irreversible loss in performance as 

can be seen from Figure 5-2 [5]. It was conjectured that replacement of H
+
 by NH4

+
 ions 

and the ensuing loss of protonic conductivity was the primary reason for performance 

drop. Thus, a challenge is to reduce ammonia in the reformate to below ppb levels to 

ensure long life, since the losses are cumulative as a consequence of ammonia build up in 

the electrolyte [5, 6]. Uribe et al. [5] utilized Dowex H-ion exchange resin to clean up H2 

fuel streams contaminated with traces of ammonia. Of course, a membrane reactor could 

also be implemented for a combined catalytic reforming and separation of hydrogen [7]. 

The advantage arises as a result of shift in the reaction thermodynamic equilibrium, thus 

increasing the yield at lower operating temperatures while combining processes of 

generating and separating the hydrogen into a single unit operation, the downside being 

the associated higher cost. The use of an ion-exchange resin [5] or an adsorbent filter e.g., 

Calgon-URC [8], to remove traces of ammonia down to ppb levels is an attractive, 

practical, simple and cost-effective approach. Of course, no adsorber is needed if an 

alkaline fuel cell (AFC) is employed and the heat required for ammonia decomposition 

can be supplied directly by the fuel cell. In fact, comparison of hydrogen production 

economics via ammonia decomposition as opposed to that via methanol steam reforming 

for AFC suggested that ammonia is indeed a better choice [9, 10]. Consequently, COx-

free hydrogen from a single-step source like ammonia decomposition can be an attractive 

alternative to hydrocarbon fuels for small-scale fuel cell applications, and a green 

pathway, since every gallon of gasoline/diesel replaced saves ~20 pounds of CO2 from 

entering the atmosphere. It must, further, be noted that, for SOFC, ammonia can be 

directly reformed internally [11, 12]. 

 Decomposition of ammonia has been investigated on a host of single crystal surfaces. 

The experimental studies showed that on most of these single-crystal metal surfaces the 

recombinative desorption of N2 is the RDS for NH3 catalytic decomposition [13]. 

However, the N-H bond cleavage has also been found to be the RDS in some studies [14-

17]. 
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 Earlier studies show that at low temperatures and high hydrogen partial pressures, the 

reaction is inhibited by hydrogen, and is described by the Temkin–Pyzhev mechanism 

[18], while at high temperatures and low hydrogen partial pressure, the reaction is only 

dependent on ammonia partial pressure, referred to as the Tamaru model [18, 19]. Löffler 

and Schmidt [20, 21] observed that at low temperatures (<500 ◦C for Pt and Ru) and low 

ammonia partial pressure (typically <1 Torr) the reaction is zero-order with respect to 

ammonia, and at high temperatures the reaction becomes first-order with respect to 

ammonia. 

 Oyama [22] and by Djèga–Mariadassou et al. [19], suggested that a simple rate 

expression may be derived by applying Langmuir–Hinshelwood analysis to a sequence 

that involves equilibrium adsorption of ammonia, followed by decomposition of adsorbed 

ammonia to products. However, it does not address the inhibitive effect of H2 observed 

on Ru, particularly at low temperatures and when H2 is co-fed along with NH3 [18, 19, 

21, 23]. To explain, these effects a power-law model of the form 

                
3 2NH H

a br k p p=                  (5.1) 

has been suggested. When hydrogen inhibition is significant, (high hydrogen partial 

pressures and low temperatures), b in the above equation is negative, and it becomes 

equivalent to the Temkin–Pyzhev expression 

              3

2

2

NH

3

H

p
r k

p

β
 

=   
 

         (5.2) 

 Chellappa et al. [24] studied the kinetics of pure ammonia over Ni–Pt/Al2O3, the 

results varying greatly with the previous work with dilute NH3. The authors analyzed 

their experimental data and fitted the same to a power–law model as given by Eq. (5.1). 

The analysis of the experimental data between 520 and 660 
o
C revealed a first-order 

dependence on ammonia. This simple first-order model was shown to satisfactorily 

predict conversions >80% over a wide range of W/F values and operating temperatures. 

Mechanistically, this would imply that N–H bond cleavage is not the RDS under these 

conditions with no hydrogen inhibition and no apparent change in the reaction order with 

respect to ammonia. However, when data between 520 and 560 
o
C was analyzed 
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separately, with the Temkin–Pyzhev model Eq. (5.2), the reaction orders of ammonia and 

hydrogen were 0.67 and −1, respectively, indicating hydrogen inhibition effect. Thus, 

different conclusions were reached depending on how the analysis was developed. The 

authors later hinted at the possibility of ammonia decomposition being governed by more 

than one RLS. 

 Bradford et al. [25] showed that the rate has first-order dependence on NH3 with both 

N–H bond cleavage and recombinative desorption of nitrogen as the RLSs, along with 

nitrogen atoms as the MARI. N2-TPD and TOF data by Yin et al. [26] supports the 

proposition that the recombinative desorption of nitrogen atoms is the RDS in NH3 

decomposition. Shustorovich and Bell [27], based on BOC Morse potential method 

suggested a single RDS as the recombinative desorption of N2 on Ru, Pt, Fe and Re. The 

experimental study by Tsai et al. [14] on the other hand showed that the RDS for NH3 

decomposition on Ru at low partial pressures is the temperature dependent, the 

recombinative desorption of N2 being the RDS at T < 650 
o
C, while at higher temperature 

the N–H bond cleavage of adsorbed NH3 being the RDS. DFT calculations by Stolbov et 

al. [15] and Huang et al. [28] also suggest that the first dissociation step (NH3⋅S + S � 

NH2⋅S + H⋅S) is the RDS for NH3 decomposition on Pd(211) and Ir(100), respectively, 

based on the calculated energy barriers.  

 Vlachos and co-workers [16, 17] utilized a hybrid approach, where the N-N 

adsorbate–adsorbate interactions were taken from the DFT simulations, while UBI-QEP 

method was utilized to calculate the step activation energies for a 6-step mechanism, 

which were utilized in a microkinetic modeling of NH3 decomposition on Ru(0001). The 

authors [16] showed that in the absence of the N–N interactions, N⋅S was the MARI, 

while in the presence of the N–N interactions, H⋅S was the dominant species. The RDS 

based on sensitivity analysis was found to be N–H bond cleavage of adsorbed NH2 

species (NH2⋅S + S � NH⋅S + H⋅S) and that desorption of nitrogen only plays a 

secondary role in the presence of the N–N interactions. Subsequent work showed that at 

low temperatures NH3⋅S dominates as a result of its slow decomposition, while H⋅S is the 

dominant species at high temperatures with N⋅S only being the second dominant species 

[17]. 
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 Thus, even for such a simple reaction as ammonia decomposition, which has been a 

subject of intensive investigation for decades, there exists no consensus as to which 

step(s) are the slow step(s), or even whether there is a single RDS, and which surface 

species are significant. We address these questions based on our Reaction Route Graph 

approach in this chapter. The rate-limiting step(s) are identified in a logical manner based 

on comparison of step resistances, allowing us to deduce a simplified rate expression. 

The resulting rate expression can be further pruned based on the concept of MARI, and 

agrees reasonably well with our experimental data on Fe. 

5.2 Experimental 

 A schematic of the experimental set up by Skoplyak et al. [29] is shown in Figure 5-3 

[29]. As shown in Figure 5-3, Argon (99.998% [zero-grade] purity, SpecAir), Hydrogen 

(99.95% purity, BOC), Anhydrous Ammonia (99.99% purity, AGA), and Nitrogen 

(99.999% [Ultra High Purity] purity, SpecAir) gases were fed to the system. MKS Type 

119A Mass-Flow
®

 controllers, controlled by model 247C 4-channel readout were used. 

The reactor was a 0.4 cm I.D., 0.6 cm O.D. quartz U-tube that contained approximately 1 

cm of catalyst bed. 0.2 g of unsupported crushed pre-reduced iron catalyst (AS-4F), 

supplied by Süd-Chemie was used in the experiments. The received pellets were crushed 

using a ceramic mortar and pestle and then sieved to obtain a range of particles between 

40 and 60 mesh. The composition was 78.0 wt% Fe, 11.0 wt% Fe2O3 / FeO, 3.8 wt% 

Al2O3, and 3.2 wt% CaO, 0.7 wt% K2O. The bulk density of the catalyst was 130 ±10 

lbs/ft
3
. The specific surface area of the catalyst and the site density were 12 m

2
/g and 

154.43 10× sites/cm
2
, respectively. 

 The fresh catalyst was reduced prior to experimentation. The reduction consisted of 

exposing the catalyst bed to a mixture of 37.5 sccm H2, 12.5 sccm N2, and 50 sccm Ar. 

The bed temperature was ramped up from room temperature to 500 °C in one hour, and 

then held at 500 °C for three hours followed by a stream of 20 sccm NH3 and 80 sccm Ar 

at a bed temperature of 350 °C in order to ensure that the system would quickly 

equilibrate during experimental runs. During the experiments, ammonia at a constant 

partial pressure of 0.2 atm was fed with argon, the total pressure being 1 atm.  
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Figure 5-3: Experimental setup for NH3 decomposition on Fe [29]. 
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Figure 5-4: Conversion of NH3 as a function of temperature on Fe in a packed-bed 

reactor. (0.2 g of catalyst; Feed: NH3 20 cm
3
/min, N2 80 cm

3
/min, 1 atm) 
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The reactor effluent was analyzed by a SRI model 8610C thermoconductivity detector 

(TCD) gas chromatograph with a HayeSep T packed column. Additional details can be 

found in Ref. [29]. The experimental data of conversion versus temperature is provided in 

Figure 5-4. 

5.3 Reaction Mechanism and Kinetics 

 We consider here the commonly proposed and well-accepted 7-step mechanism for 

NH3 decomposition as shown in Eq. (5.3) 
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              (5.3) 

where S represents a vacant surface site. This describes a reaction system with p = 7 

elementary steps, involving n = 3 terminal species, i.e., reactants N2 and H2, and the 

product NH3, and q = 6 independent intermediate species, namely, N ⋅S, SN2 ⋅ , H ⋅S, 

NH ⋅S, NH2 ⋅S , and NH3 ⋅S , in addition to the vacant surface site S. As per the Horiuti-

Temkin theorem [30, 31], thus, the number of independent RRs, or pathways, 

167 =−=−= qpµ .  This is, of course, given by  

   1 1 2 3 4 5 6 7:      ( 2) ( 2) ( 2) ( 2) ( 1) ( 1) ( 3)FR OR s s s s s s s= + + + + + + + + + + + + +      (5.4) 

There are no empty routes (ERs). Thus, we have a reaction system with a single RR for a 

single overall reaction (OR), i.e., 0T
1

=∑
=

n

i

iiν , where iν  is the stoichiometric coefficient 

of the terminal (observable) species Ti (i = 1, 2, …, n), i.e., reactants and products of the 

OR. Moreover, it also represents a non-linear kinetics mechanism, one of the most 

complex, but well-investigated, cases of sequential reactions.  
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 Following mass action kinetics, the net rate of an elementary step, 
    
rρ =

r 
r ρ −

s 
r ρ , is 

written in the form 
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Here kθ  is the (unknown) activity of intermediate species     Ik ⋅ S, ia  is the (known, or 

specified) activity of terminal species Ti and ρω  is the reaction step weight.  

For ammonia decomposition we, thus, have: 
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 (5.6) 

The step kinetics provided by Stolze and Nørskov [32-34], utilized in this study are 

summarized in Table 5-1. 
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Table 5-1: The microkinetic model for NH3 decomposition on Fe. The letter ‘S’ denotes 

a surface site. Activation energies and enthalpy changes in kJ/mol; the units of the pre–

exponential factors are atm
–1

 s
–1

 for adsorption/desorption reactions and s
–1

 for surface 

reactions [32-34]. 

 

 ρE
r

 ρΛ
r

 Elementary Reactions ρE
s

  ρΛ
s

 

s1: 0.0 2.00 ×10
8
 NH3 + S � NH3⋅S 39.0 4.00 ×10

12
 

s2: 0.0 2.00 ×10
13

 NH3⋅S + S � NH2⋅S + H⋅S 39.0 4.00 ×10
13

 

s3: 0.0 1.00 ×10
12

 NH2⋅S + S � NH⋅S + H⋅S 36.0 1.00 ×10
13

 

s4: 23.0 1.00 ×10
7
 NH⋅S + S � N⋅S + H⋅S 81.0 2.00 ×10

9
 

s5: 155.0 1.00 ×10
9
 2N⋅S � N2⋅S + S 29.0 4.00 ×10

9
 

s6: 43.0 2.00 ×10
14

 N2⋅S � N2 + S 0.0 2.00 ×10
6
 

s7: 94.0 3.00 ×10
13

 2H⋅S � H2 + 2S 0.0 7.00 ×10
6
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5.4 QSS Rate 

 As discussed in chapter II, an explicit QSS rate expression for the overall rate   rOR  is 

generally not possible [35] for a system as non-linear as the one under consideration, 

typically only numerical results being possible for a given set of reaction conditions. 

However, we provide one here based on the algorithm described in chapter II. 

 The q intermediate activities kθ  in terms of ρω
r

 and ρω
s

, may be determined 

numerically by simultaneously solving the q algebraic QSS equations that relate ρr  to 

rOR, 

                                                 
  
rρ =σ ρrOR      ( ρ  = 1, 2, …, q + 1)                                (5.7)       

along with the site conservation equation and the constitutive equations (Eq. (5.5)) 

 The QSS relations represented by Eq. (5.7) are a special case of the so-called 

Kirchhoff’s Flux Law (KFL), representing mass balance at the nodes in reaction route 

graphs [31], for the case of a reaction sequence. For the case of the ammonia 

decomposition example, it may be written in the form 

                                        7654321 26633336 rrrrrrrrOR =======                           (5.8) 

 In order to derive an explicit QSS rate expression we, next utilize our RR graph 

approach to logically identify the RLS in the sequence based on resistance comparison of 

steps in the sequence. The step that significantly contributes to the overall reaction 

resistance can be labeled as the RLS. It should, however, be noted that there could be 

more than one RLS in a given sequence. 

5.5 RR Graph and Network Analysis 

 For the considered non-linear reaction mechanism consisting of a single RR, the 

construction of the RR graph is rather straight-forward as shown in Figure 5-5. The 

connectivity of the reaction steps at the nodes in this RR Graph is governed by the KFL 

(QSS), (Eq. (5.7)), expressed as integers as given above, i.e., Eq. (5.8), along with the 

FR, i.e. Eq. (5.4). 
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Figure 5-5: Reaction Route (RR) Graph for the 7-step NH3 decomposition reaction 

mechanism. 
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The overall reaction rate can next be written in the Ohm’s law form 

                                                      

    

rOR ≡
AOR

ROR

                                                       (5.9) 

where the resistance of the overall network, may be obtained in terms of the branch 

resistances directly for the case of a single sequence under consideration as follows. 

Using the Ohm’s law for the OR as well as for the individual step in the KPL relation, 

1

1

q

OR ρ ρ
ρ

σ
+

=

=∑A A , we have, 

                                                       
1

1

( ) {( ) }
q

OR ORR r R rρ ρ ρ
ρ

σ
+

=

=∑                                      (5.10) 

Further, using the KFL, Eq. (5.7) in the above, i.e., rρ =σ ρrOR , provides the necessary 

relation between ROR  and Rρ , i.e., 

      ROR = σ ρ
2 (Rρ )

ρ=1

q+1

∑             (5.11) 

In other words, this results from a combination of KPL, KFL, and Ohm’s law. The use of 

Eq. (5.9) along with Eq. (5.11) for rOR  requires a knowledge of the step resistances 
  
Rρ .  

Unfortunately, the step resistances, in turn, involve step kinetics including concentrations 

of intermediate species, which are, of course, not known a priori. We will therefore 

follow the alternate Ohm’s law form of kinetics, which is approximate but predictive, as 

developed in chapter II. Thus, 

                                                              OR
OR

OR

E
r

R•≅                                         (5.12)  

where, the overall resistance for this form is OROR rR
r

/1=• . The motive force, ORE  can be 

obtained from the overall reaction reversibility, which is a known quantity. 
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For the ammonia decomposition, the overall driving force, thus 
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In analogy with Eq. (5.11), we have 

                                                               ROR

• = σ ρ
2 (Rρ

• )
ρ=1
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∑                              (5.15) 

Combining Eq. (5.14), (5.15) in Eq. (5.12), thus, the overall rate  
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where the step resistance for ORE  as the driving force (rather than affinity) 

              
1

R
r

ρ
ρ

•
•≡ r                               (5.17) 

The resistances Rρ
•  are next obtained a priori, by treating each of the steps as rate-

determining step (RDS), in turn, and using the QE approximation for the remaining [36], 

i.e. following the LHHW approach, along with the notion of intermediate reactions. 

 Let us, thus, calculate the resistance for step s1 as the RDS from Eq. (5.17) 
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with all other steps being at QE. Note that the subscript 1 in θ  indicates step s1 as the 

RDS, while others at QE. Then the IRs for the six intermediates may be written based on 

the QE steps 
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Chapter V: A Reaction Route Network Analysis of Ammonia Decomposition on Fe 

 

___________________________________________________________________________ 
Catalytic and Electrocatalytic Pathways in Fuel Cells 

204

Using these in Eq. 2.25 for obtaining the intermediate site fraction ratio ••
ρρ θθ ,0, /k  in 

terms of ρω
r

 and ρω
s

 of the QE steps, and then substituting into the site balance, i.e., in 
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to find •
1,0/1 θ , which when used in Eq. (5.18) provides 
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In a similar manner, using Eq. (5.17) for the resistance for step s2  
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The appropriate IRs for the six intermediates, with step s2 as RLS may be written based 

on the QE steps 
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             (5.23)  

Following a similar procedure for obtaining the intermediate site fractions we have after 

some algebra 
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Similarly, the resistance for step s3 
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For step s4 
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For step s5 
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For step s6 
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and, finally, for step s7  
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 (5.34) 

Thus, all step resistances are now available in explicit, albeit rather complex, form for 

use in the OR rate expression, Eq. (5.16). Even though complex-looking, it is, thus, 

possible to obtain a steady state rate expression for this highly non-linear kinetics 

example following our approach without making any assumptions pertaining to the RLS 

in a tractable manner, which otherwise would be virtually impossible. Further our 

approach allows for logical pruning of the rate-expression as explained further.  
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Let us first confirm that the rate expression, Eq. (5.16) thus obtained, is in good 

agreement with the conventional QSS approximation approach, where a set of non-linear 

equations are solved simultaneously in order to evaluate the surface coverage of the 

intermediate species, based on which the overall rate is obtained. It must be noted that 

this set of non-linear QSS equations can be directly obtained from the RR Graph, Figure 

5-5, and is represented by the KFL at the independent intermediate nodes (represented by 

color red), i.e., 

 
1 1 2 2 2 3 3 3 4

5 4 5 6 5 6 7 6 7

: 0; : 0; : 0;

: 2 0; : 0; : 3 0

n r r n r r n r r

n r r n r r n r r

− = − = − =

− = − = − =
                    (5.35) 

Using mass action kinetics, these KFL equations reduce to the following set 
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       (5.36) 

Eq. (5.36) along with the site balance equation, 

 
3 2 2NH S NH S NH S N S N S H S 0 1θ θ θ θ θ θ θ⋅ ⋅ ⋅ ⋅ ⋅ ⋅+ + + + + + =                        (5.37) 

can be solved numerically, for given concentration of terminal species (experimental data 

provided in Figure 5-4) to obtain the unknown site fractions of intermediate species, kθ . 

The QSS rate of the overall reaction may be obtained from the TNs, e.g., 1 76 3 2ORr r r= =  

(Figure 5-5). 

 The kinetic parameters provided in Table 5-1, are used in the above two approaches 

to compute the steady state overall rate of the reaction for the reaction conditions 

mentioned in Figure 5-4. Figure 5-6 compares the rate obtained from the QSS approach 

(solving Eqs. (5.36) - (5.37)) and that obtained from the alternate electrical circuit 

treatment based on the concept of maximum step rate, i.e. Eq. (5.16) along with Eqs. 

(5.21), (5.24), (5.26), (5.28), (5.30), (5.32) and (5.34).  
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Figure 5-6: Parity plot for the experimental data shown in Figure 5-4. 
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As is evident from Figure 5-6, the two approaches are in close agreement with each other, 

which demonstrates the efficacy of the alternate electrical circuit approach elucidated 

above. 

5.6 Sequence Pruning 

 The data may also be used for pruning and further reduction of the mechanism. By 

comparing the relative series resistances, one can quantitatively identify the rate-limiting 

step(s). Thus, the approach is not limited to the case of a single RLS. Figure 5-7 plots the 

seven step resistances, Rρ
• , for the given partial pressures of the terminal species as a 

function of temperature (Figure 5-4). It is clear from this plot (Figure 5-7) that step s5 is 

the RDS, since for this reaction sequence; the step has the dominant resistance in 

comparison with the resistances of the remaining steps.  

Thus, we have, 

                       1 2 3 4 5 6 7 54 4 4 4 9ORR R R R R R R R R• • • • • • • • •= + + + + + + ≈                        (5.38) 

As a result, the overall rate expression for ammonia decomposition over Fe can be 

reduced suitably.                                            

     
5

OR
OR

E
r

R•≈                                                      (5.39) 

 Finally the approach also allows for the incorporation of the most abundant reactive 

intermediate (MARI) approximation. By comparing , 0,k ρ ρθ θ• • , the expression for 0,ρθ •  

can be appropriately reduced and so is Rρ
• . Figure 5-8 compares the ,5 0,5kθ θ• • as a 

function of temperature. We, thus, find the adsorbed nitrogen is the MARI, for the 

reaction conditions considered in this study, i.e. 

32 2 NH S,5N S,5 NH S,5N S,5 H S,5 NH S,5 N S,5

0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5

1
1 1

θθ θθ θ θ θ

θ θ θ θ θ θ θ θ
⋅⋅ ⋅⋅ ⋅ ⋅ ⋅

•• •• • • •

• • • • • • • •

           
= + + + + + + ≈ +                       

            
 (5.40) 
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Figure 5-7: Rρ
•  as a function of temperature for the experimental data provided in Figure 

5-4. 
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Figure 5-8: ,5 0,5kθ θ• • as a function of temperature for the experimental data provided in 

Figure 5-4. 
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Utilizing, Eq. (5.40), 5R•  can be reduced as follows 

2
3/2
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5 2 3

1 2 3 4 7
1 2 3 4 7
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1
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ωω ω ω ωωω ω ω ω
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s s s s sr r r r r
r

s s s s s

            (5.41) 

Using Eq. (5.41) in Eq. (5.39), the overall rate expression for ammonia decomposition on 

Fe can be written in the conventional form as 

                          3 2 2 2

3
3 2

1.5 2 2 3 3

5 1 2 3 4 7 NH H N H

2 2
1.5 1.5

NH
1 2 3 4 7 NH H

( ) ( ) 1
1
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k K K K K K p p p p
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K pK K K K K p p

 
≈ −   +   

r

                 (5.42) 

where, Kρ  is the equilibrium constant for step sρ . 

 The NH3 decomposition on Fe can now be simply written as two-step mechanism as 

shown below, with IR1 at QE and step s5 determining the rate of the overall reaction 

            ρσ  

1 1 2 3 4 7: ( 1) ( 1) ( 1) ( 1) ( 3 / 2) :IR s s s s s+ + + + + + + + +  :  NH3 + S � N⋅S + 3/2H2  +2 

2 5 6: ( 1) ( 1)  IR s s+ + +      :  2N⋅S � N2 + S  +1  

                                                                               OR: 2NH3 � N2 + 3H2    (5.43) 

 With step s5 as the RLS and others at QE, 1.5

1 2 3 4 7K K K K K  represents the equilibrium 

constant for the formation of adsorbed nitrogen, i.e. N⋅S, as is evident from Eq. (5.43) 

Thus, 

             
1

1.5

1 2 3 4 7 IRK K K K K K=       (5.44)  

Using Eq. (5.44) in Eq. (5.42), we thus, have 

                                  1 3 2 2 2
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                    (5.45) 

Combining the appropriate rate constants in Eq. (5.45), we obtain the following simple 

rate expression for NH3 decomposition on Fe, 
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                (5.46) 

R is the gas constant in J/(mol K) and T is the temperature in K. Eq. (5.46) is in close 

agreement with the complete rate expression (Eq. (5.16)) as well as with the numerical 

QSS analysis. Further, the form of the above equation is similar to the Temkin–Pyzhev 

expression (Eq. (5.2)). 

 Eq. (5.45) can be used to predict the performance of the packed-bed reactor using the 

known kinetics (Table 5-1) for ammonia decomposition on Fe for a given input 

conditions, using the mass balance equation for the packed bed reactor [37], 

                                    0

1 1 1

0

p pn
i t t

i i i i

iA

i

dx S C
x r x r

NW
d

F

ρ ρ ρ ρ
ρ ρ

β β
= = =

 
= − 

   
 
 

∑ ∑∑      (5.47) 

where tC  is the site density (sites/cm
2
), tS  is the active catalyst surface area (cm

2
/g), W  

is the mass, or weight of the catalyst, and ix  is the mole fraction of species i. 

 As seen from Figure 5-4, the kinetics predictions, without any fitted parameters, are 

in reasonable agreement with our experimental data for ammonia decomposition on Fe, 

indicative of the robustness of our theoretical approach. Furthermore, Eq. (5.45) also 

reveals hydrogen inhibition on the steady state rate of NH3 decomposition, in agreement 

to the many reported studies in literature. 

 Finally, Skoplyak et al. [29] attempted sizing of an ammonia reformer for PEM fuel 

cell powered automobile application. An inlet ammonia flow rate of 5.40 kg/hr was 

calculated for an automobile cruising at 55 miles/hr with fuel efficiency of 55 

miles/gallon, and fuel cell efficiency of ~40%. Furthermore, the calculations also 

incorporate roughly 10.5% hydrogen produced to be consumed in order to sustain the 

endothermic decomposition reaction at 600 °C. With a fuel tank capacity of 18.5 gallons 
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of liquid ammonia, the PEM fuel cell vehicle will be able to travel 434 miles, ~27% less 

than it would with a gasoline fueled automobile with internal combustion engine. Of 

course, for the PEM fuel cell automobile, impact on lower vehicle emissions would be 

immense. Finally, only 150 g of Fe catalyst would be required in the reformer in order to 

achieve equilibrium conversion. However, it should be noted that trace amounts of 

ammonia in the order of 100 – 1000 ppm
 
would be produced, because of thermodynamic 

limitations, which needs to be reduced to ppb levels, if the PEM fuel cell is not be 

poisoned. This would warrant the incorporation of an efficient adsorber downstream of 

the reformer. 

5.7 Conclusions 

 Ammonia can serve as an excellent chemical carrier for hydrogen and allow compact 

systems for a single-step hydrogen production. In order to develop efficient ammonia 

reformer for fuel cell applications or for direct ammonia fuel cells, it is imperative to 

investigate in detail the decomposition reaction mechanism and kinetics. To this end, we 

have studied the 7-step NH3 decomposition reaction mechanism, which is a case of non-

linear kinetic reaction sequence, utilizing our RR graph approach. The steady state rate 

expression can be cast into a simple Ohm’s law form,   rOR = EOR / ROR

• , which allows 

further network pruning based on step resistance comparison to logically identify the 

rate-limiting step(s). The analysis based on comparison of step resistances, reveals 

unequivocally that the reaction mechanism can be reduced to a single rate-limiting step, 

namely the recombinative desorption of nitrogen, step s5 (2N⋅S � N2⋅S + S), for the 

reaction conditions considered in this study. Moreover, the analysis also allows for 

incorporation of the MARI assumption. Comparison of species surface coverage reveal 

the adsorbed nitrogen, N⋅S is indeed the MARI, agreeing with most of the literature 

reported studies. These simplifications allows for further reduction of the steady-state rate 

expression. The final simple rate expression is in good agreement with our experimental 

data on Fe. Thus, the convenient and insightful new framework based on electrical 

analogy described here, makes it possible to obtain steady state rate expressions without 

making arbitrary assumptions.  
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 Finally, COx-free, SOx-free and NOx-free hydrogen from a single-step source like 

ammonia decomposition can be an attractive alternative to hydrocarbon fuels for small-

scale fuel cell applications.  
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Chapter VI 

Reaction Circuitry of Methane Steam Reforming on 

Ni(111): Mechanism and Kinetics 

In the preceding chapters we have utilized the RR Graph approach for single overall 

reaction systems. In this chapter, we extend this approach to provide a robust model, with 

predictive kinetics for methane steam reforming (MSR) on Ni(111), a case of multiple 

overall reactions. A detailed mechanism comprising of 22 elementary steps is considered 

based on literature reported mechanisms. The Unity Bond Index – Quadratic Exponential 

Potential (UBI-QEP) method and the transition-state theory are employed to calculate the 

elementary reaction step kinetics. 

Following our RR graph approach, the 22-step mechanism is whittled down to a dual 

path mechanism for MSR, depending upon the reaction temperature. Further, only two 

independent overall reactions out of a total of five are necessary to adequately describe 

the system. Rate-limiting steps and quasi-equilibrated steps are next identified based on 

the concept of step resistance and reversibility, respectively, following which explicit rate 

expressions are developed. Finally, a comparison between the reduced model predictions 

for an isothermal PFR and the experimental results of Xu and Froment [1] is presented, 

showing good agreement. 
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6.1 Introduction 

 Natural gas is the preferred feedstock for hydrogen production via steam reforming 

(SR), as well as for direct internal reforming [2-5] in solid oxide fuel cells (Figure 6-1). 

Natural gas consists mostly of methane
 
[6], and has the highest H/C ratio and, thus, the 

lowest CO2 footprint of any hydrocarbon fuel. Methane steam reforming (MSR), 

typically on Ni, is currently the most common industrial process for the production of 

hydrogen [7], producing roughly half of the hydrogen worldwide. For this reason, the 

kinetics of the process has been intensively investigated [1, 8-11]. Most of the proposed 

kinetics and the underlying mechanisms have been developed using the conventional 

Langmuir-Hinshelwood-Hougen-Wantson (LHHW) approach. Here, for brevity, we 

mention only a selection of these models.  

 Early work on MSR was based on the assumption that the methane adsorption was 

rate-determining, which was in agreement with the assumption of first-order dependence 

on the methane. For example, Bodrov et al. [12] assumed methane adsorption to be rate-

limiting and proposed the following expression based on experiments conducted over a 

nickel foil 

              4

2 2

CH

H O H CO1 ( / )

kp
r

a p p bp
=

+ +
        (6.1) 

However, this could not explain the observed hydrogen inhibitive effect. Khomenko et al. 

on the other hand [13] proposed the following rate expression without considering a RDS 

and relying instead on the QSS analysis in terms of Temkin indentity 

        4 2 2

2 2 2 2 2 4 2

3

CH H O H CO

H O H H O H O H CH H O

1
1

( , )(1 / )

kp p p p
r

f p p K P P K p p

 
= −  +  

      (6.2) 

where 
2 2H O H( , )f p p  is a polynomial in 

2H Op  and 
2Hp . However, when this expression 

was tested at high pressure over a nickel foil, the rate constant was found to be a function 

of pressure. 
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 Temkin and coworkers
 
[8] proposed two different, 6-elementary reactions, 2-reaction 

routes (RRs), two OR mechanisms shown below, that result in the same overall rate 

expressions. 

       RRI RRII  

s1:   CH4 + S � CH2·S + H2     +1   0  

s2:   CH2·S + H2O � CH2O·S + H2 +1   0 

s3:   CH2O·S + S � CO·S + H2   +1   0 

s4:   CO·S � CO + S     +1   0       (6.3) 

s5:   H2O + S � O·S + H2       0 +1 

s6:   CO + O·S � CO2 + S     0 +1  

   RRI:       CH4 + H2O � CO + 3H2   rI = r1  

RRII:       H2O + CO � CO2 + H2   rII = r5    

 

        RRI RRII  

s1:   CH4 + S � CH2·S + H2     +1   0  

s2:   CH2·S � C·S + H2   +1   0  

s3:   C·S + H2O � CO·S + H2   +1   0 

s4:   CO·S � CO + S     +1   0   (6.4) 

s5:   H2O + S � O·S + H2       0 +1 

s6:   CO + O·S � CO2 + S     0 +1  

 RRI:     CH4 + H2O � CO + 3H2   rI = r1  

  RRII:     H2O + CO � CO2 + H2   rII = r5    

According to the first mechanism, the CO is produced via carbon oxygenates while in the 

second mechanism, the CO is produced via elemental carbon. In both mechanisms, the 

CO2 is produced via the WGS reaction. It may be noted that in both of these mechanisms, 

the SR and the WGS reactions proceed independently, i.e. they have no common steps. 

The rate equations were derived employing the QSS assumption for the species written in 

bold letters. It can, however, be easily seen that most of the proposed reactions are not 

elementary reaction steps. 
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Figure 6-1: Direct internal reforming (DIR) on Ni/YSZ anode in a SOFC [14]. 
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 A 13-elementary reactions, 3-RRs mechanism shown below, has been proposed by 

Xu and Froment [1], which was an advancement over the mechanism proposed by 

Temkin. 

       RRI RRII RRIII  

s1:   CH4 + S � CH4·S     +1 +1   0 QE 

s2:   H2O + S � O·S + H2     +1 +2 +1 QE 

s3:   CO·S � CO + S     +1   0  -1 QE 

s4:   CO2·S � CO2 + S     0 +1 +1 QE 

s5:   H·S + H·S � H2·S + S    +3 +4 +1 QE 

s6:   H2·S � H2 + S     +3 +4 +1 QE 

s7:   CH4·S + S � CH3·S + H·S  +1 +1   0 QE 

s8:   CH3·S + S � CH2·S + H·S  +1 +1   0 QE        (6.5) 

s9:   CH2·S + O·S � CH2O·S + S  +1 +1   0 QE 

s10:   CH2O·S + S � CHO·S + H·S  +1 +1   0 QE 

s11:   CHO·S + S � CO·S + H·S  +1   0   0 RDS 

s12:     CHO·S + O·S � CO2·S + H·S   0 +1   0 RDS 

s13:   CO·S + O·S � CO2·S + S     0   0 +1 RDS 

 RRI:     CH4 + H2O � CO + 3H2   rI = r11  

 RRII:    CH4 + 2H2O � CO2 + 4H2   rII = r12 

 RRIII:   H2O + CO � CO2 + H2   rIII = r13    

The following rate expressions were developed for the three overall reactions in the Xu 

and Froment model, derived using the LHHW formalism, with CHO·S + S = CO·S + 

H·S, CHO·S + O·S = CO2·S + H·S and CO·S + O·S = CO2·S + S assumed as rate-limiting 

steps (written as bold in Eq. (6.5)), S being a surface site. 

                  4 2 2

2 4 2

2 3

1 CH H O 0 H CO

1 2.5

H 1 CH H O

1
1

k p p p p
r

p K p p

θ  
= −  

 
              (6.6) 

for RRI:   CH4 + H2O � CO + 3H2 

              4 2 2 2

2 4 2

2 2 4

2 CH H O 0 H CO

2 3.5 2

H 2 CH H O

1
1

k p p p p
r

p K p p

θ  
= −  

 
             (6.7) 
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for RRII:  CH4 + 2H2O � CO2 + 4H2, and 

                  2 2 2

2 2

2

3 CO H O 0 H CO

3

H 3 CO H O

1
1

k p p p p
r

p K p p

θ  
= −  

 
              (6.8) 

for RRIII: H2O + CO � CO2 + H2 

 Furthermore, it was also assumed that the surface is mostly covered with adsorbed 

oxygen atoms in addition to CO, H2 and CH4. Thus, in the Xu and Froment model, 

  

2 2 4 4 2 2 2

0

CO CO H H CH CH H O H O H

1

1 /K P K P K P K P P
θ =

+ + + +
      (6.9) 

The resulting rate equations were fitted to the experimental data and were shown to 

accurately reproduce and predict the kinetics over a large range of parameter values. The 

model predicts the order of methane consumption rate with respect to methane to be 

significantly lower than unity. 

 Since the work of Dumesic and coworkers [15] and the recent dramatic advancements 

in semi-empirical [16] and ab-initio [17] quantum chemical methods of calculation of the 

energetics of the elementary reactions, microkinetic modeling is becoming an 

increasingly powerful tool in the development of fundamental and accurate kinetics of 

heterogeneous catalytic reactions [18, 19]. Moreover, the mechanism of steam reforming 

(SR) is complex and there is always the potential for carbon formation on the catalyst in 

the SR process by a variety of mechanisms, i.e., whisker formation following C 

formation, dissolution, nucleation and growth, etc. Recently, the propensity to coking 

shown by Ni catalysts was explained by the strong adsorption of carbon atoms at the step 

sites on a Ni(211) surface, followed by the growth of graphitic carbon over the adjacent 

terrace sites [20]. Bengaard et al. [21] based on their DFT calculations also suggested the 

nucleation of graphite on Ni at step sites. It is, thus, known that the Ni catalysts normally 

suffer from carbon formation (Figure 6-2), and a rational kinetic model needs to 

incorporate the same for a realistic portrayal of the reaction mechanism. This aspect has 

certainly not been considered in the Xu and Froment [1] model. 

   



Chapter VI: Reaction Circuitry of Methane Steam Reforming on Ni(111): Mechanism and Kinetics 

 

___________________________________________________________________________ 
Catalytic and Electrocatalytic Pathways in Fuel Cells 

224

 

 

 

 

                             

    (a)         (b) 

 

Figure 6-2: (a) Sequence of elementary steps for CH4 reforming involving C formation 

[9].  (b) Schematic representation of catalytic growth of carbon nanofibres (CNF) [22], 

Step 1: decomposition of carbon-containing gases on the metal surface. Step 2: carbon 

atoms dissolve in and diffuse through the bulk of the metal. Step 3: precipitation of 

carbon in the form of a CNF consisting of graphite 
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Thus, more recently a 11-elementary steps, 2 RRs, microkinetic model for the MSR on 

Ni was proposed by Aparicio [10] as shown in Eq. (6.10), which incorporates the C 

formation mechanism.  

         RRI RRII 

s1:  CH4 + 2S � CH3·S + H·S      +1   0 

s2:   CH3·S + S � CH2·S + H·S    +1   0 

s3:   CH2·S + S � CH·S + H·S    +1   0 

s4:   CH·S + S � C·S + H·S    +1   0 

s5:   H2O + S � H2O·S       +1 +1 

s6:   H2O·S + S � OH·S + H·S     +1 +1   (6.10) 

s7:   C·S + OH·S � CHO·S2     +1   0 

s8:   CO2 + 2H·S + 2S � CHO·S2 + OH·S + S    0  -1 

s9:   CHO·S2 + S � CO·S2 + H·S      +1  -1 

s10:   CO·S2 � CO + 2S       +1  -1 

s11:   2H·S � H2 + S       +3 +1 

    RRI:       CH4 + H2O � CO + 3H2  

RRII:      H2O + CO � CO2 + H2  

 Most of the pre-exponential factors and activation energies of the elementary 

reactions in this model were theoretically estimated using the experimental molecular 

level information and statistical thermodynamics. Nonetheless, the rate constants of some 

of the elementary reactions were determined by fitting the model to the experimental 

kinetic data. More recently, the Aparicio model has also been adapted for dry (CO2) 

reforming of methane [23]. For example, Avetisov et al. [24], have utilized the Xu and 

Froment as well as the Aparicio models to analyze their experimental data. The kinetic 

parameters were obtained using mathematical regression by minimizing the sum of 

squares of relative deviations of experimental and calculated values of CH4 conversion 

and CO2 yields. 

 Using power law model of the form 

                
4 2CH CO

a br kp p=        (6.11) 
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Bhat and Sachtler [25] reported the dry reforming of methane to be first order in CH4 and 

zero order in CO2, indicating that C–H bond activation is the kinetically relevant step in 

CH4 reforming reactions. The H2 and CO2 desorption reaction were found to be 

kinetically fast. Rostrup-Nielsen and Hansen [26] suggested that steam reforming and dry 

reforming of methane on Ni catalyst proceed with the same rate, and the CH4 dissociation 

and C oxidation were predicted to determine the overall reaction rate. 

 Wei and Iglesia [27, 28] proposed a simple reaction mechanism for both steam and 

dry reforming of methane on Pt and Rh. The activation of C–H bonds was considered to 

be irreversible and first abstraction of hydrogen from CH4 (CH4 + 2S → CH3·S + H·S) 

was shown to the RDS, regardless of the co-reactants. This indicates that the reactivity of 

the metal towards C–H bond activation governs the overall reaction kinetics. On the other 

hand, study by Xu and Froment [1] implies that reactions of carbon intermediates with 

oxygen are rate-limiting. 

 Chen et al. [29, 30] used Aparicio’s microkinetic model [10] as basis for their model 

that included carbon formation and deactivation. Bond Conservation Energy (BOC) 

method was utilized to calculate the step activation energies. The model described both 

dry and steam reforming of methane on Ni/MgO-Al2O3 and Ni/CaO-Al2O3 in a 

temperature range of 773 – 923 K. The sensitivity analysis by the authors revealed that 

the reaction mechanism could not be reduced to a case of single RDS, clearly 

demonstrating the limitation of conventional LHHW-type kinetic modeling based on a 

single RDS. The microkinetic modeling [30] concluded that although the surface 

coverage of C·S is relatively low, it plays a very important role in syngas formation. 

Moreover, the surface coverage of C·S was found to be larger than that of CH3·S, CH2·S 

and CH·S.  

 Jarosch et al. [31] utilized the Box-Hill function to statistically analyze six different 

literature reported models, concluding that the adsorption of methane plays a significant 

role in order to determine the observed rate of methane consumption in MSR. Bradford 

and Vannice [32] reported the reaction kinetics of dry reforming of CH4 over various 

nickel catalysts and proposed a reaction model based on CH4 activation to form CHx and 

CHxO decomposition as slow kinetic steps.  
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Figure 6-3: Reaction mechanism for methane reforming on Ni [33]. 
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Hu and Ruckenstein [34, 35] employed a transient response analysis to study the reaction 

mechanism over Ni/SiO2 and Ni/MgO, and found that the surface reaction between C·S 

and O·S constitutes the RDS. 

 Over the last decade, there has been a surge in first principles prediction of steam and 

dry reforming of methane. Blaylock et al. [36] combined thermodynamic data with 

electronic activation energies and developed microkinetic model to simulate steam 

reforming of methane under realistic conditions. The rate-limiting steps were found to be 

the CH4 dissociative adsorption and the CH·S oxidation by O·S as well as OH·S. 

 Wang et al. [37, 38] based on their DFT calculations suggested CH4 dissociation to be 

the RDS. However, the contribution of OH·S was neglected by the authors. Jones et al. 

[39], implemented DFT analysis using DACAPO code for a 9-step MSR reaction 

mechanism and predicted the catalytic activity trend as Ru > Rh > Ni > Ir > Pt ~ Pd, 

under the assumption that the support effects were negligible. Even though this agrees 

with the experimental trend, the analysis was based on a LHHW-type of rate expressions, 

derived by assuming CH4 + 2S � CH3·S + S and C·S + O·S � CO·S as RLSs. As 

elucidated earlier, such an analysis based on assumed RLS with experimental validation 

is fraught with the risk since more than one such rate expression can agree with the 

experimental observations. Moreover, for complex catalytic systems such as methane 

steam reforming, the RLS can very change with reaction conditions. In fact, Zhu et al. 

[33], very recently, investigated the dry methane reforming on Ni using Vienna ab initio 

simulation package (VASP) using a 34 elementary reaction step mechanism as shown in 

Figure 6-3 and suggested that RLS step does vary with reaction conditions based on 

comparison of the activation energies. 

 Thus, the kinetics of steam and dry reforming of methane have been investigated in 

great detail because of the industrial importance of the reaction system. Nonetheless, 

there is still considerable disagreement among the various reported studies in terms of 

mechanism and the kinetics providing detailed information of elementary reaction steps. 

It is the objective of this chapter to shed light on the reaction mechanism and logically 

identify the RLS(s), based on which a reaction rate expression can be derived which 
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would be useful for reactor design as well as rational design for a better anode catalyst for 

SOFCs. 

 In the preceding chapters we have utilized the RR Graph approach for single overall 

reaction systems. Here, we extend this approach to provide a robust model, with 

predictive kinetics for the MSR on Ni(111), a case of multiple overall reactions. A 

detailed mechanism comprising of 22 elementary steps is considered based on literature 

reported mechanisms. The Unity Bond Index – Quadratic Exponential Potential (UBI-

QEP) method
 
[16] is, utilized to calculate the enthalpy changes as well as activation 

energies of the elementary reactions of the forward and reverse directions. Further, the 

pre-exponential factors are estimated using the conventional transition-state theory [15]. 

Fine-tuning of some of the pre-exponential factors of the adsorption/desorption reactions, 

however, was necessary in order to be consistent with the known thermodynamics of the 

overall reactions. 

6.2 Reaction Mechanism and Kinetics 

 A comprehensive summary of the literature reported mechanisms is provided in Table 

6-1. We only consider CH4, H2O, H2, CO and CO2 as the terminal species. Thus, reaction 

steps with any other terminal species, e.g. formation of methanol as a side product, 

considered by Zhu et al. [33], has not been included in our analysis. 

 Of course, the idealistic approach would be to include all possible elementary 

reaction steps, provided their kinetics are available or can be predicted and assemble the 

same into a RR graph for mechanistic and kinetic analysis. However, the approach is, in 

fact, most revealing when used along with some a priori pruning based on chemical 

intuition. It is easy to see that many of the literature proposed steps are either not 

elementary reactions, i.e., they cannot be treated theoretically, or don’t have kinetic and 

energetic parameters available. Clearly, including all of these steps would result in a RR 

Graph that is exceedingly complex, and would serve to obfuscate rather than illuminate. 

We, thus, judiciously picked a 22 steps mechanism which is considered to be 

comprehensive, but without causing undue complexity. 
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 The mechanism adopted in this study comprises of the 13-step mechanism proposed 

by Xu and Froment [1]. However, it should be noted that the step H2O + S � O·S + H2 

proposed by Xu and Froment [1] is certainly not an elementary reaction and is replaced 

by the following steps in order to be able to predict the step kinetics a priori. 

         ρσ  

   s2:  H2O + S � H2O·S  +1 

   s5:  H·S + H·S � H2·S + S  +1 

   s6:   H2·S � H2 + S   +1                (6.12) 

   s7:   H2O·S + S � OH·S + H·S +1 

s8: OH·S + S � O·S + H·S          +1 

   IR1:  H2O + S � O
.
S + H2   

 Steps s11 (CH2·S + S � CH·S + H·S) and s12 (CH·S + S � C·S + H·S) were next 

added which describe the sequential formation of carbon species, C·S, suggested by many 

in the literature as shown in Table 6-1. Steps s9 through s12 represent successive 

abstraction of hydrogen from adsorbed CH4, i.e., CH4·S to form CHx·S. The, thus formed 

CHx·S can further react with the adsorbed oxygen to form CHxO·S. Thus, steps s19 

through s22 and step s13 have also been considered in our reaction mechanism so as to 

account for oxygenated carbon species. 

 Here, we utilize the semi-empirical Unity Bond Index–Quadratic Exponential 

Potential (UBI–QEP) method (formerly known as the Bond Order Conservation–Morse 

Potential, BOC–MP) to calculate the activation energies of the elementary reaction steps. 

The accuracy of UBI–QEP method to calculate energetics for a wide variety of complex 

reactions within 1-3 kcal/mol is well documented [16, 40-43]. The method solely depends 

on bond dissociation energies and heats of chemisorption. The heats of chemisorption, 

can in turn, be calculated from UBI–QEP formulation, first principles calculations or 

derived from reliable experimental measurements. Complete details of the UBI–QEP 

method can be found in Reference [16]. The bond dissociation energies and heat of 

chemisorption have been reported for a number of species in the literature [43-45].  
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Table 6-1: Literature reported mechanisms for methane reforming. 
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s1 CH4 + S � CH4·S X X  X X   X X X X X X   X     X 

s2 H2O + S � H2O·S   X  X X X X  X X X X  X X  X X    X 

s3 CO·S � CO + S   X X  X X X  X X X X  X  X  X X  X X 

s4 CO2·S � CO2 + S X X  X X   X  X     X X X    X 

s5 H·S + H·S � H2·S + S X X    X     X     X     X 

s6 H2·S � H2 + S   X X    X     X     X     X 

s7 H2O·S + S � OH·S + H·S X  X  X X  X X X X  X X  X X    X 

s8 OH·S + S � O·S + H·S X    X X  X X X X  X  X X X X  X X 

s9 CH4·S + S � CH3·S + H·S X X   X   X  X X X X   X     X 

s10 CH3·S + S � CH2·S + H·S X X X  X X X   X X X X X X X X X  X X 

s11 CH2·S + S � CH·S + H·S X  X  X X X   X X X X X  X X X  X X 

s12 CH·S + S � C·S + H·S X  X  X X X X  X X X X   X X X  X X 

s13 C·S + O·S � CO·S + S   X    X X  X X X   X   X X X  X X 

s14 CH2·S + O·S � CH2O·S + S X X             X      X 

s15 CH2O·S + S � CHO·S + H·S X X             X      X 

s16 CHO·S + S � CO·S + H·S X X  X X          X    X  X 

s17 CO·S + O·S � CO2·S + S   X X  X X   X  X   X  X  X    X 

s18 CHO·S + O·S � CO2·S + H·S X X  X           X    X   

s19 CH3·S + O·S � CH3O·S + S X                    X 

s20 CH3O·S + S � CH2O·S + H·S X                    X 

s21 CHO·S + S � CH·S + O·S X    X                X 

s22 CH·S + O·S � CO·S + H·S X      X          X     
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IR1 H2O + S � H2 + O·S X X  X                  

 CO·S2 � CO + 2S   X          X X        

 CO2 + 2S � CO2·S2   X                   

 CH·S + 2S � C·S2 + H·S              X        

 CH4·S + O·S � CH3·S + OH·S     X  X X  X   X         

 CH3·S + O·S � CH2·S + OH·S     X   X  X   X    X     

 CH2·S + O·S � CH·S + OH·S     X   X  X   X    X     

 CH·S + O·S � C·S + OH·S     X     X   X    X     

 C·S2 + O·S � CO·S2 + S                        

 CHO·S2 + S � CO·S2 + H·S   X           X        

 CHO·S + O·S � CO·S + OH·S                      

 CO·S2 + O·S � CO2·S2 + S                        

 CO2 + 2S � CO·S + O·S      X   X             

 OH·S + CO·S � HCOO·S + S                      

 OH·S + CO·S � CO2·S + H·S       X          X     

 HCOO·S + S � CO2·S + H·S                      

 CO2·S2 + H·S � HCOO·S2 + S   X                   

 HCOO·S + O·S � CO2·S + OH·S                      

 C·S + OH·S � CO·S + H·S        X         X     

 C·S + CO2·S � 2CO + 2S                X      

 C·S + CO2·S � 2CO·S                 X     

 CH4 + 2S � CH3·S + H·S   X   X X       X X  X X  X  

 C·S + OH·S � CHO·S2   X           X        

 CO2 + 2H·S + 2S � CHO·S2 + OH·S + S    X           X        
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 HCOO·S2 + H·S + 2S � CHO·S2 + OH·S 

+ 2S 

  X                   

 CHO·S2 + 3S � CO·S2 + H·S + 2S   X                   

 H·S + H·S � H2 + 2S    X X X   X X X   X X X  X X  X  

 CH2·S + H2O·S � CH3·S + OH·S                 X     

 CH·S + H2O·S � CH2·S + OH·S                 X     

 C·S + H2O·S � CH·S + OH·S                 X     

 CH4 + 3S � CH2·S + 2H·S    X                  

 CH2·S + OS � CHO·S + H·S    X                  

 H2O·S + O·S � OH·S + OH·S     X    X X   X    X     

 H2O + O·S + S � OH·S + OH·S       X X              

 H2O + 2S � OH·S + H·S               X   X  X  

 CH4·S + 2S � CH2·S + 2H·S        X              

 CH4·S + 3S � CH·S + 3H·S        X              

 CH4·S + 4S � C·S + 4H·S        X X             

 CH3·S + 3S � C·S + 3H·S        X              

 CH2·S + 2S � C·S + 2H·S        X              

 CO2·S + H·S � COOH·S                     X 

 COOH·S � CO·S + OH·S                     X 

 CH3·S + OH·S � CH3OH·S                     X 

 CH3OH·S � CH2OH·S + H·S                     X 

 CH2·S + OH·S � CH2OH·S                     X 

 CH2OH·S � CHOH·S + H·S                     X 

 CH·S + OH·S � CHOH·S                     X 

 CHOH·S � COH·S + H·S                     X 
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 C·S + OH·S � COH·S                     X 

 COH·S � CO·S + H·S                     X 

 CH3OH·S � CH3O·S + H·S                     X 

 CH2OH·S � CH2O·S + H·S                     X 

 CHOH·S � CHO·S + H·S                     X 

 CH3OH·S � CH3OH + S                     X 

 CH3 + S � CH3·S                 X     

 CH2 + S � CH2·S                 X     

 CH + S � CH·S                 X     

 C + S � C·S                 X     
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Further, it should be noted that according to Patrito et al. [57], when the surface coverage 

of oxygen is high, the equations governing the prediction of the heat of adsorption of OH 

species indicate a lower value as compared to zero-coverage. This is the consequence of a 

true electronic effect of the surface coverage rather than adsorbate-adsorbate interactions. 

At low oxygen coverages, hydrogen bonding allows for attractive interactions between 

adsorbed hydroxyls leading to a higher heat of adsorption for OH. The difference is 

typically 20-30 kcal/mol. The activation energies of the elementary reaction steps 

including the OH·S species were calculated in this study including the “OH effect” that 

allows for lateral interaction and takes into account the formation of hydrogen bonds 

between OH groups. 

 Following Dumesic et al. [15], furthermore, we simply assume an immobile transition 

state without rotation for all of surface species, which results in a pre-exponential factor 

of 10
1 

Pa
–1

s
–1

 for adsorption/desorption reactions, and 10
13

 s
–1

 for surface reactions. 

However, this simplification can provide results that are inconsistent with the overall 

reaction thermodynamics. Thus, some of the pre-exponential factors, namely, those of 

steps s1, s3, s11, and s15 were adjusted somewhat to ensure consistency with the 

thermodynamics of the overall WGS and MSR reactions. The pre-exponential factors, 

thus, obtained are shown as bold in Table 6-2, while the ones in the opposite direction 

were obtained from Lund’s approach [58] described in chapter III. The Lund’s approach, 

however, requires the knowledge of the entropy change for the elementary reaction which 

can be obtained from the species entropy. The standard entropy of formation of a surface 

species, Ik⋅S is based on the assumption that adsorption causes a total loss of translational 

entropy, while the entropy values for species in the gas phase, o

(g)Ik
S  were taken from 

standard sources [59]. 

 The complete kinetic model for the 22-step reaction mechanism considered in this 

study is provided in Table 6-2. 
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Table 6-2: The microkinetic model for methane steam reforming on Ni(111). The letter 

‘S’ denotes a surface site. Activation energies in kcal/mol ( 0θ →  limit); the units of the 

pre–exponential factors are atm
–1

 s
–1

 for adsorption/desorption reactions and s
–1

 for 

surface reactions. 

 

 ρE
r

 ρΛ
r

 Elementary Reactions ρE
s

  ρΛ
s

 

s1: 0.0 5.5892 ×106 CH4 + S � CH4·S 6.0 3.0518 ×10
13

 

s2: 0.0 1.0 ×106 H2O + S � H2O·S  16.5 3.6415 ×10
13

 

s3: 27.0 8.0718 ×10
13

 CO·S � CO + S 0.0 1.0 ×106 

s4: 6.5 1.3917 ×10
14

 CO2·S � CO2 + S 0.0 1.0 ×106 

s5: 23.35 1.0 ×1013 H·S + H·S � H2·S + S 8.15 8.5516 ×10
12

 

s6: 6.8 1.3487 ×10
12

 H2·S � H2 + S 0.0 1.0 ×106 

s7: 14.41 1.0 ×1013 H2O·S + S � OH·S + H·S  20.41 8.2516 ×10
12

 

s8: 21.1 1.0 ×1013 OH·S + S � O·S + H·S  19.6 6.7606 ×10
13

 

s9: 13.76 1.0 ×1013 CH4·S + S � CH3·S + H·S 13.34 1.6984 ×10
12

 

s10: 23.87 1.0 ×1013 CH3·S + S � CH2·S + H·S 11.87 4.5019 ×10
12

 

s11: 23.21 4.0 ×1012 CH2·S + S � CH·S + H·S 17.61 6.4334 ×10
12

 

s12: 4.52 1.0 ×1013 CH·S + S � C·S + H·S 41.52 8.6385 ×10
13

 

s13: 35.38 1.0 ×1013 C·S + O·S � CO·S + S 33.38 2.5919 ×10
12

 

s14: 24.19 1.0 ×1013 CH2·S + O·S � CH2O·S + S 23.89 1.3112 ×10
13

 

s15: 10.62 1.8 ×1012 CH2O·S + S � CHO·S + H·S 17.22 4.1806 ×10
11

 

s16: 0.0 1.0 ×1013 CHO·S + S � CO·S + H·S  23.1 1.1825 ×10
14

 

s17: 15.18 1.0 ×1013 CO·S + O·S � CO2·S + S  6.68 2.3989 ×10
13

 

s18: 10.1 1.0 ×1013 CHO·S + O·S � CO2·S + H·S 24.7 2.8367 ×10
14

 

s19: 20.88 1.0 ×1013 CH3·S + O·S � CH3O·S + S  12.78 2.3989 ×10
12

 

s20: 9.49 1.0 ×1013 CH3O·S + S � CH2O·S + H·S  5.29 2.4607 ×10
13

 

s21: 34.82 1.0 ×1013 CHO·S + S � CH·S + O·S  22.92 5.2813 ×10
13

 

s22: 11.37 1.0 ×1013 CH·S + O·S � CO·S + H·S  46.37 2.2390 ×10
13
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6.3 Multiple Overall Reaction System: Which and how many ORs 

are important? 

 The question next arises as to how can one obtain a comprehensive set of ORs for a 

multiple overall reaction mechanism? In fact, innumerable ORs can be written for a 

specified set of reactants and products. How does, then, one determine which ORs are 

germane? Which of these ORs are really occurring, and which are superfluous? Does one 

need a rate expression for each of the chosen ORs? How many of these are unique? 

Further, how many are independent? The MSR is generally represented by the following  

reversible set of ORs [1, 60] 

                               

2244

22243

2222

2241

H2  2CO  CO  CH         :

H4  CO  O2H  CH         :

H  CO  OH  CO         :

H3  CO  OH  CH         :

++

++

++

++

�

�

�

�

OR

OR

OR

OR

     (6.13) 

where the significance of OR4 in this system, namely the CO2 dry-reforming of methane 

[61], has been the subject of much recent discussion as a potential route for the abatement 

of green house gases, namely CO2 and CH4. In fact, in this case, only two ORs are 

adequate to describe the system, not for instance three, i.e., OR1, OR2, and OR3, as 

assumed by Xu and Froment [1], in their seminal study of this very important industrial 

reaction system. 

 The number and identity of ORs whose rate expressions are needed to describe the 

kinetics in a multiple OR system, thus, remains a source of confusion. It is shown here 

that such questions are, in fact, superfluous. What actually matters is the list of the 

terminal (reactants and products) species, along with the list of elementary reaction steps 

occurring on the catalyst surface representing the molecular mechanism. The ORs are 

simply our invention to try to rationalize the overall stoichiometry of the process, which 

can rarely be captured by a single OR. It is the mechanistic steps that represent the real 

molecular events, not the ORs. 

 Moreover, ORs also need to be “direct,” in the sense that they have a limitation on the 

number of species that can participate in them. For systems based on the elements C, H, 
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and O, this is actually 4 as shown below. Since ORs do not involve intermediate species, 

they may, in fact, be derived directly from the set of given terminal species, and their 

constituent elements, as the so-called response reactions, or RERs [62]. In this approach, 

the n terminal species are considered as made up of r “elements,” or chemical building 

blocks, which are the radicals, or molecular fragments, that remain unchanged among the 

given terminal species. These are selected such that the rank of the formula matrix is 

equal to the number of elements r, and are frequently, but not always, the actual chemical 

elements [62]. For instance, the formula matrix for the MSR case is: 

        C H O  

                                           εεεε =

  

CH4

H2O

CO

CO2

H2

1 4 0

0 2 1

1 0 1

1 0 2

0 2 0

 

 

 
 
 
 
 
 

 

 

 
 
 
 
 
 

  (6.14) 

which has a rank, r = rankεεεε = 3. Thus, for this case, C, H, and O are appropriate 

“elements.” 

 It is, furthermore, known from chemical stoichiometry [63], that the number of 

linearly independent ORs, m, is related to the number of terminal species n and the rank 

of the formula matrix r via   m = n − r . For the MSR case considered here, for instance, 

with n = 5 (CH4, H2O, CO, CO2 and H2), and r = 3, the number of independent ORs, 

    m = 5− 3 = 2.  

As a result, the number of terminal species involved in a direct OR = 

    n − (m −1) = n − (n − r) +1 = r +1.  For instance, for the MSR case, the maximum number 

of terminal species in a direct OR = 3 + 1 = 4.  Thus, a complete enumeration of direct 

ORs may be accomplished by considering all possible combinations of 4 terminal species 

from among the total of 5.  This results is M = 5 distinct direct ORs: 
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OH2  4CO  3CO  CH       :)COCO,O,H,CH(

H2  2CO  CO  CH        :)H,COO,H,CH( 

H4  CO  O2H  CH         :)H,COCO,,CH(  

H + CO  OH  CO          :)H,COCO,O,H(  

3H + CO  OH  CH         :)HCO,O,H,CH(   

2245224

22442224

22243224

2222222

2241224
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+=
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�

�

�

�

OROR

OROR

OROR

OROR

OROR

   (6.15) 

Thus, while unique, all the ORs (Eq. (6.15)) are not all linearly independent, as some of 

these ORs may be generated by linearly combining an independent set of ORs. Further, 

since the number of linearly independent ORs for this system is simply 2, we may pick 

any appropriate set. Thus, we pick OR1 and OR2 as the independent ORs for further 

analysis here. The remaining ORs may, thus, be derived from these via linear 

combination.  For instance, 4 1 2OR OR OR= − , 3 1 2OR OR OR= +  and     OR5 = OR1 − 3OR2. 

This choice of independent ORs is not unique. Any other set would also suffice. 

 Finally, it may be mentioned that additional constraints may be imposed to reduce the 

set of direct ORs further. For instance, we could reject direct ORs involving 

stoichiometric coefficients larger than say 3, in which case OR5 would be rejected.  

However, this is not necessary, as a set of independent ORs, i.e. any two ORs in this case, 

is all that is needed for further analysis. 

6.4 Reaction Route Graph 

 Before we can generate the RR graph for MSR on Ni, we need to identify the 

independent reaction routes (RRs) for the two independent overall reactions, OR1 and 

OR2. In doing so, we take into account that steps s2, s5, s6, s7 and s8 should be present in 

all stoichiometrically distinct RRs for both the ORs. The combination of these steps, in 

fact, represents the intermediate reaction IR1: H2O + S � O
.
S + H2  considered by Xu and 

Froment [1]. Thus, the combined IR1, is utilized only for drawing the RR graph, while for 

kinetic analysis, individual steps s2, s5, s6, s7 and s8 with a priori kinetics are employed.  

 It should be noted that this step is not essential, and the number of stoichiometrically 

distinct RRs, in the absence of this assumption would be different since we are altering 

the q value. However, all we are concerned is with the independent set of RRs, and not 

with the most exhaustive list of RRs for a given OR.  
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Table 6-3: 20-step lumped mechanism for MSR on Ni. 

 

s1: CH4 + S � CH4·S 

IR1: H2O + S � O
.
S + H2 

s3: CO·S � CO + S 

s4: CO2·S � CO2 + S 

s5: H·S + H·S � H2·S + S 

s6: H2·S � H2 + S 

s9: CH4·S + S � CH3·S + H·S 

s10: CH3·S + S � CH2·S + H·S 

s11: CH2·S + S � CH·S + H·S 

s12: CH·S + S � C·S + H·S 

s13: C·S + O·S � CO·S + S 

s14: CH2·S + O·S � CH2O·S + S 

s15: CH2O·S + S � CHO·S + H·S 

s16: CHO·S + S � CO·S + H·S  

s17: CO·S + O·S � CO2·S + S  

s18: CHO·S + O·S � CO2·S + H·S 

s19: CH3·S + O·S � CH3O·S + S  

s20: CH3O·S + S � CH2O·S + H·S  

s21: CHO·S + S � CH·S + O·S  

s22: CH·S + O·S � CO·S + H·S  
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Thus, the lumped mechanism considered for generating the RR graph is provided in 

Table 6-3. The number of independent RRs for the reaction system is given by µ = p – q.  

 We have 20 elementary reactions, and 13 independent intermediate species (after 

combining s2, s5, s6, s7 and s8 into IR1), thus, µ = 20 – 13 = 7. Thus, we may pick 5 

independent ERs and one FR for each of the two independent ORs. For instance, we may 

pick the independent RRs set as 

1 1 1 1 3 5 6 9 10 11 12 13

2 2 1 3 4 17

1 10 14 19 20

2 11 14 15 21

3

: ( 1) ( 1) ( 1) ( 2) ( 2) ( 1) ( 1) ( 1) ( 1) ( 1)

: ( 1) ( 1) ( 1) ( 1)

: 0 ( 1) ( 1) ( 1) ( 1)

: 0 ( 1) ( 1) ( 1) ( 1)

: 0 (

FR OR s IR s s s s s s s s

FR OR IR s s s

ER s s s s

ER s s s s

ER

= + + + + + + + + + + + + + + + + + + +

= + + − + + + +

= + + + + − + −

= + + − + − + −

= 12 13 22

4 16 21 22

5 16 17 18

1) ( 1) ( 1)

: 0 ( 1) ( 1) ( 1)

: 0 ( 1) ( 1) ( 1)

s s s

ER s s s

ER s s s

+ + + + −

= + + − + −

= + + + + −
                         (6.16) 

It can be seen that this set of 7 RRs (2 FRs and 5 ERs) comprises of all the 22 reaction 

steps and is, thus, an adequate independent set. This set is, of course, not unique, as other 

sets of µ independent RRs may be chosen that fit these criteria. However, this set is 

enough to draw the RR Graph, from which the complete set of unique RRs can be 

determined topologically, as walks, once the RR Graph is constructed, which is however, 

not a prerequisite for further analysis. 

 We start by assembling the empty routes one at a time in to a cycle graph by fusing 

the ERs by their common steps. For e.g., ER1 can be fused with ER2 as they have step s14 

in common. ER4 can be next added by fusing it with ER2 via the common step s21. ER3 is 

next fused to ER4 along the common step s22. Finally, the last of the independent empty 

routes, ER5 is added to ER4 via the common step s16 to generate the cycle graph shown in 

Figure 6-4a.  

 The nodes in the cycle graph are next checked, so as to identify the already balanced 

nodes, i.e. the nodes which agree with the mass balance conditions (or KFL) for the 

intermediate/terminal species provided in Table 6-4.  
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Figure 6-4a: Systematic construction of the RR Graph for the MSR reaction mechanism. 
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Figure 6-4b: Systematic construction of the RR Graph for the MSR reaction mechanism. 
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Table 6-4: QSS Conditions for Intermediates and Terminal Species in the lumped MSR 

reaction mechanism. 

 

Intermediate Species: 

4CH SQ ⋅ :   1 9 0r r− =       

3CH SQ ⋅ :   9 10 19 0r r r− − =   

2CH SQ ⋅ :   10 11 14 0r r r− − =   

CH SQ ⋅ :   11 12 21 22 0r r r r− + − =   

C SQ ⋅ :   12 13 0r r− =  

3CH O SQ ⋅ :  19 20 0r r− =  

2CH O SQ ⋅ :  14 15 20 0r r r− + =  

CHO SQ ⋅ :   15 16 18 21 0r r r r− − − =  

CO SQ ⋅ :   3 13 16 17 22 0r r r r r− + + − + =  

O SQ ⋅ :   
1 13 14 17 18 19 21 22 0IRr r r r r r r r− − − − − + − =  

H SQ ⋅ :   5 9 10 11 12 15 16 18 20 222 0r r r r r r r r r r− + + + + + + + + + =  

2H SQ ⋅ :   5 6 0r r− =  

2CO SQ ⋅ :   4 17 18 0r r r− + + =  

 

Terminal Species: 

    
QCH4

:   
1 1 0ORr r− − =       

    
QH2O :   

1 2 1
0OR OR IRr r r− − − =     

    QCO :   
1 2 3 0OR ORr r r− + =       

    
QH2

:   
1 2 1 63 0OR OR IRr r r r+ + + =    

       
    
QCO2

:   
2 4 0ORr r+ =  
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Next, note that FR1 consists of non-unit stoichiometric number, suggesting that the RR 

graph will contain each step ρs  as well as the OR more than once, which must 

furthermore be symmetrical. This is achieved by duplicating the cycle graph as shown in 

Figure 6-4b. The only steps missing are s1, s5, s6, s9 and s3. We note here, that steps s1, s5, 

s6, s9 will be present in all stoichiometrically distinct RRs for OR1, while s3 corresponds 

only to OR2.  

 In order to present the RR graph in less complex looking form, we combine s1, s5, s6, 

s9 into IR2. 

         ρσ  

   s1:  CH4 + S � CH4·S  +1 

   s5:  H·S + H·S � H2·S + S  +2 

   s6:   H2·S � H2 + S   +2                (6.17) 

 s9:   CH4·S + S � CH3·S + H·S +1 

   IR2:  CH4 + 3H·S � CH3
.
S + 2H2 + 2S 

Finally, we add IR2 and step s3 to the cycle graph as shown in Figure 6-4b. The final step 

in the construction of the RR graph is the addition of the ORs, completing the 

connectivity of TNs. Finally, many of the steps are represented as doubled across two 

given nodes, in order to satisfy the KFL condition at that particular node. Thus, the final 

RR Graph for the MSR on Ni(111) is shown in Figure 6-4b. 

6.5 Network Consistence with Kirchhoff’s Laws 

As shown in chapter II, RR graphs concur with KFL and KPL. Thus, each ER in the RR 

graph is subject to thermodynamic constraints imposed by KPL. Thus, for the 5 linearly 

independent ERs, for MSR we have  
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      (6.18) 

Furthermore, the affinities, ρA  of the elementary reactions ( A Gρ ρ= −∆ ), in a FR are 

interrelated with the affinity of the OR, AOR, via similar KPL relation. For instance, for 

FR1: s1 + IR1 + s3 + 2s5 + 2s6 + s9 + s10 + s11 + s12 + s13, we have 

       
ORIR

ORIR

 = KKKKKKKKKKK

 = A + A + A + A + A + AA + A +  + A + AA

131211109

2

6

2

531

1312111096531

1

1
i.e.,  22

     (6.19)         

where, ρK  and KOR is the equilibrium constant of the elementary reaction step ρs  and 

OR respectively. The kinetic data provided in Table 6-2, is indeed consistent with these 

KPL relations. 

6.6 Network Analysis and Pruning 

 For the 22-step MSR on Ni(111), the equivalent electrical circuit can be obtained 

simply by replacing the branches in the final RR Graph in Figure 6-4b by the step 

resistances. Figure 6-5, thus, provides the electrical analog or the reaction circuit of the 

MSR reaction mechanism. First of all, note that only the independent ORs (2 in this case) 

are required on the network. As long as the driving force (power source) for any two 

overall reactions is known, the network can be simulated in order to calculate the flux 

through individual steps. This provides further justification that only the independent set 

of ORs is essential to describe the reaction mechanism. 
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Figure 6-5: Electrical Analog for the MSR reaction mechanism on Ni. The values on the 

circuit represent flux through each step at 900 K. 
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Figure 6-6: Equilibrium conversion vs. actual conversion in a PBR at a space time of 3.6 

sec for MSR on Ni. 
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 Accurate and robust simplification and reduction may now be accomplished based on 

a comparison of the flux (current) along different pathways in the reaction circuit. The 

fractional surface coverage of the intermediate species and the vacant sites are obtained 

by solving QSS equations and mass-balance equation for a packed-bed reactor (PBR). All 

numerical simulations were performed for the following conditions: surface area of 9.3 

m
2
/g [1], surface site density of 1.86 ×  10

15 
atoms/cm

2
 [64], molar feed ratio H2O/CH4 = 

3.0, molar feed ratio H2/CH4 = 1.25 and pressure = 10 bar, similar to that in the 

experimental study by Xu and Froment [1]. In order to maintain the overall reaction far 

away from equilibrium, we utilized a small space time of 3.6 sec (Figure 6-6). The 

calculated rate (flux) at T = 900 K for the elementary reaction steps is mentioned in 

Figure 6-5. 

 Firstly, we see from Figure 6-5 that KFL is valid at all nodes on the electrical circuit. 

Secondly, it is rather evident that steps s14, s18, s21 and s22 have negligible flux and hence 

can be eliminated without materially affecting the overall reaction flux. However, these 

conclusions may or may not be valid at a temperature other than 900 K or at other feed 

compositions. 

  Validation of this reduction and simplification of the RR network over a broad range 

of temperatures can be accomplished by comparing the resistances along parallel paths 

between two nodes, which have the same affinity drop by virtue of KPL, i.e., by 

considering each ER as two parallel paths and comparing the total resistance of each 

path. If the resistance along one path is much larger than the other, it would be safe to 

assume that the path contributes little to the flux and may be neglected. Finally, the effect 

of eliminating a resistance is validated by calculating the overall kinetics without the 

elementary reaction step in question.  

 Let us consider ER5: 16 17 18( 1) ( 1) ( 1)s s s+ + + + − , which implies that there are two 

parallel pathways for formation of adsorbed hydrogen and CO2 species. In the first 

pathway, CHO⋅S reacts with O⋅S in a single step (step s18), while in the other CHO⋅S 

dissociates into CO⋅S (step s16), which subsequently reacts with O⋅S (step s17) to form 

CO2⋅S and H⋅S. The resistance of the first pathway is simply R18, while that for the 

second pathway comprising of two steps in series is R16 + R17. Figure 6-7, compares the 
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resistance of these two pathways as a function of temperature for the reaction conditions 

mentioned above. It is evident from Figure 6-7, that R18 is several orders of magnitude 

higher than R16 + R17. Since a reaction will always proceed via a minimum resistance 

pathway, it is reasonable to conclude that it may be possible to eliminate step s18 from the 

mechanism. Thus, the sequential formation of CO2⋅S and H⋅S from CHO⋅S mediated via 

CO⋅S is preferred over a single step reaction. 

 Next, we consider ER1: 10 14 19 20( 1) ( 1) ( 1) ( 1)s s s s+ + + + − + − . This empty route provides 

two pathways for the formation of CH2O⋅S and H⋅S. The first pathway comprises of steps 

s10 and s14 as shown below 

                                                                                  ρσ  

s10: CH3·S + S � CH2·S + H·S +1 

s14: CH2·S + O·S � CH2O·S + S +1 

Net:  CH3·S + O·S � CH2O·S + H⋅S 

While the second pathway comprised of steps s19 and s20 is shown below 

                                                                                  ρσ  

s19: CH3·S + O·S � CH3O·S + S +1 

s20: CH3O·S + S � CH2O·S + H·S +1 

Net:  CH3·S + O·S � CH2O·S + H⋅S 

  

Figure 6-8, compares the resistance of these two pathways (R10 + R14 vs. R19 + R20) as a 

function of temperature for the reaction conditions mentioned above. R10 + R14 is found to 

be several of orders of magnitude higher than R19 + R20. Furthermore, it is also evident 

from Figure 6-8 that R10 + R14 ~ R14, which implies all the resistance to the pathway is 

contributed by step s14. Thus, in comparison with the parallel pathway comprising of s19 

and s20, step s14 can be neglected without compromising the overall reaction flux. 
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Figure 6-7: Parallel pathway resistance (R16 + R17 vs. R18) comparison as a function of 

temperature for the conditions quoted in the text. 
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Figure 6-8: Parallel pathway resistance (R10 + R14 vs. R19 + R20) comparison as a function 

of temperature for the conditions quoted in the text. 
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Figure 6-9: Parallel pathway resistance (R12 + R13 vs. R22) comparison as a function of 

temperature for the conditions quoted in the text. 
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Figure 6-10: Parallel pathway resistance (R21 + R22 vs. R16) comparison as a function of 

temperature for the conditions quoted in the text. 
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 The empty route, ER3: 12 13 22( 1) ( 1) ( 1)s s s+ + + + −  is considered next. This empty route 

represents two parallel pathways for the formation of the CO·S and H·S. The first 

pathway proceeds via formation of carbon, i.e. C·S followed by surface reaction with O·S 

to form CO·S and H·S (i.e. step s12 + s13), the resistance of which is given by R12 + R13. 

The second pathway corresponds to the direct formation of CO·S and H·S from CH·S and 

O·S (step s22). The resistance for the second pathway is simply R22. It is evident from 

Figure 6-9, the pathway mediated via C·S is the preferred route. Thus, step s22 can be 

easily neglected from the overall mechanism. 

 Lastly, we consider the parallel pathways represented by ER4: 

16 21 22( 1) ( 1) ( 1)s s s+ + − + − . Figure 6-10 compares the resistance for these parallel 

pathways. It is clear that R16 is several orders of magnitude lower than R21 + R22, 

providing enough justification for steps s21 and s22 to be deemed kinetically insignificant. 

 The elimination of steps, s14, s18, s21, and s22 from the mechanism is validated by 

comparing simulated results of the complete mechanism with results from the mechanism 

excluding s14, s18, s21, and s22, i.e., the simplified network shown in Figure 6-11. The 

reduced network reveals only two pathways, namely FR1: IR1 + IR2 + s10 + s11 + s12 + s13 

+ s3, and FR2: IR1 + IR2 + s19 + s20 + s15 + s16 + s3 for OR1, i.e. CH4 + H2O � CO + 3H2. 

On the other hand, only a single pathway, i.e. FR1: –s3 + s17 + s4 + IR1 exists for OR2 (CO 

+ H2O � CO2 + H2). 

 The pathway resistance of the two reaction routes for OR1 as obtained from Figure 6-

5 is as follows  

    

1

1 2

1

2 2

10 13 311 12
FR

19 20 15 16 3
FR

2 2 2 2 2 2

2 2 2 2 2 2

IR

IR

IR

IR

R R R RR R
R R

R R R R R R
R R

= + + + + + +

= + + + + + +

    (6.20) 

where, 
1 2 5 6 7 8IRR R R R R R= + + + +  and 

2

91
5 62 2

2 2
IR

RR
R R R= + + +  

 As can be seen from Figure 6-12, FR1 has a higher resistance as compared to FR2, at 

temperatures < 1000 K, while at temperatures above 1000 K, FR1 provides a path of 

minimum resistance. 
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Figure 6-11: Pruned RR graph for MSR reaction mechanism on Ni. 
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Figure 6-12: Resistance of the two dominant reaction pathways, FR1 and FR2 for MSR 

on Ni. 
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 However, it should be noted that in the temperature of interest for MSR on Ni or 

direct internal reforming in a SOFC (900 < T < 1100 K), both the pathways have 

comparable resistances. This indicates the existence of a dual pathway mechanism 

depending on the temperature of operation. The two pathways in the conventional form 

are written as 

                 ρσ   

s1:  CH4 + S � CH4·S      +1 

s2:   H2O + S � H2O·S   +1 

s3:   CO·S � CO + S   +1 

s5:   H·S + H·S � H2·S + S    +3 

s6:   H2·S � H2 + S    +3           (6.21) 

s7:   H2O·S + S � OH·S + H·S   +1 

s8:   OH·S + S � O·S + H·S  +1 

s9:   CH4·S + S � CH3·S + H·S    +1 

s10:   CH3·S + S � CH2·S + H·S  +1 

s11:   CH2·S + S � CH·S + H·S  +1 

s12:   CH·S + S � C·S + H·S  +1 

s13:   C·S + O·S � CO·S + S  +1 

    OR1:      CH4 + H2O � CO + 3H2  

and 

                            ρσ   

s1:  CH4 + S � CH4·S      +1 

s2:   H2O + S � H2O·S   +1 

s3:   CO·S � CO + S   +1 

s5:   H·S + H·S � H2·S + S    +3 

s6:   H2·S � H2 + S    +3           (6.22) 

s7:   H2O·S + S � OH·S + H·S   +1 

s8:   OH·S + S � O·S + H·S  +1 

s9:   CH4·S + S � CH3·S + H·S    +1 

s15:   CH2O·S + S � CHO·S + H·S +1 



Chapter VI: Reaction Circuitry of Methane Steam Reforming on Ni(111): Mechanism and Kinetics 

 

___________________________________________________________________________ 
Catalytic and Electrocatalytic Pathways in Fuel Cells 259

s16:   CHO·S + S � CO·S + H·S  +1 

s19:   CH3·S + O·S � CH3O·S + S  +1 

s20:   CH3O·S + S � CH2O·S + H·S +1 

    OR1:      CH4 + H2O � CO + 3H2  

 Thus, both the pathways begin with adsorption of methane to form CH3·S. The first 

pathway, FR1, proceeds via sequential abstraction of hydrogen from CH3·S to form C·S, 

which eventually reacts with adsorbed oxygen atoms, O·S, to form CO·S. On the other 

hand, the second pathway, FR2 proceeds via surface reaction of CH3·S and O·S to form 

CH3O·S. Subsequent sequential removal of hydrogen from CH3O·S leads to the formation 

of CO·S while avoiding any carbon formation.  

 Thus, according to the first mechanism, the CO is produced via elemental carbon 

while in the second mechanism, the CO is produced via carbon oxygenates, similar to 

that proposed by Temkin and coworkers [8]. In short, one pathway takes place via 

hydrogenated carbon species, while the other takes place via oxygenated carbon species 

as depicted schematically in Figure 6-13. 

6.7 QSS Rate Expression for the Overall Reactions 

 Now that the mechanism has been appropriately pruned, we are in a position to 

consider the rate of the overall reactions. Let us first consider OR1: CH4 + H2O � CO + 

3H2. We next identify the RLS for each of the two parallel pathways, namely FR1: IR1 + 

IR2 + s10 + s11 + s12 + s13 + s3, and FR2: IR1 + IR2 + s19 + s20 + s15 + s16 + s3. As described 

in the earlier chapters, RLS for a sequence is step(s) that predominantly contribute to the 

overall pathway resistance. In other words, in a sequence (or set of resistors connected in 

series), the step(s) with maximum resistance would be the slowest steps and hence 

kinetically dominant.  

 Figure 6-14 and Figure 6-15 compares the individual step resistances in the FR1 and 

FR2, respectively. For the first pathway FR1, we observe that, step s11 may be considered 

as RLS with all the other steps at quasi-equilibrium (QE). While for the second pathway, 

we have step s15 as the RLS with all the other steps at quasi-equilibrium (QE).  
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Figure 6-13: Schematic of the dominant reaction mechanism for MSR on Ni. 
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Figure 6-14: Comparison of step resistances connected in series in FR1 in order to 

identify the RLS. 
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Figure 6-15: Comparison of step resistances connected in series in FR2 in order to 

identify the RLS. 
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Figure 6-16: Step reversibilites of elementary reaction steps for the conditions quoted in 

the text. 
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Figure 6-17: Comparison of step resistances connected in series for the dominant 

reaction pathway for WGS in order to identify the RLS. 
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 The above conclusion can also be corroborated by computing the step reversibilities 

for a wide range of reaction conditions. One such example is shown in Figure 6-16, 

where the step reversibilities for steps in the reduced network are plotted for the reaction 

conditions quoted above and T = 1000 K. Thus, it can be seen that all the individual 

reaction steps, except s11, and s15, are substantially reversible. The kinetic analysis, 

described above can, of course, be greatly simplified based on step reversibilites. If 

1→ρz , the step may be considered as quasi-equilibrated (QE), and one of the KFL 

equations may be replaced by an algebraic equation expressing equilibrium of the step. 

 Thus, the above analysis reveals the third C–H bond activation (s11: CH2·S + S � 

CH·S + H·S) to be rate-limiting for the first pathway, as opposed to Iglesia and coworkers 

[27, 28] where the first C–H bond activation was reported to be the RDS. Xu and 

Froment [1] assumed CHO·S + S � CO·S + H·S to be the RDS in their work, however, 

based on our reaction circuitry analysis we find the formation of CHO·S, (i.e., s15: 

CH2O·S + S � CHO·S + H·S) to be rate-limiting for the second pathway. 

 Following a similar procedure, we can identify the RLS(s) for the only pathway, i.e., 

FR1: –s3 + s17 + s4 + IR1, or –s3 + s17 + s4 + s2 + s5 + s6 + s7 + s8 for OR2: CO + H2O � 

CO2 + H2. Figure 6-17, compares these step resistances and we observe step s17: CO·S + 

O·S � CO2·S + S to be the RLS for WGS. This is the same step assumed by Xu and 

Froment [1] as the RDS for WGS in their LHHW analysis. 

 Based on the RLSs, we can now derive QSS rate expression for both, OR1 and OR2. 

For OR1, i.e. SR of methane that proceeds via two dominant RRs, the overall rate can be 

obtained by calculating the flux through each of the two parallel RRs. The rates along 

these dominant RRs may be determined using the quasi-steady state approximation (for 

details, see Appendix B & C) and are equal to   

                           4 2 2

4 22

1/2 2 3

10 11 CH H 0 CO H

11 1/2
CH H O11 10 H

1
1

i

SRv

k k K P P θ P P
r

K P Pk k K P

−  
= −  +  

r r

r s           (6.23) 

                   4 2 2 2

4 22

3/2 2 3

19 20 15 CH H O H 0 CO H

21 1/2
CH H O19 15 20 15 19 20 H

1
1

i vi

SRv

k k k K K P P P θ P P
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K P Pk k k k k k K P

−  
= −  + +  

r r r

s r r r s s     (6.24) 
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where KSR is the equilibrium constant of the SR reaction (OR1: CH4 + H2O � CO + 3H2). 

The overall rate of this overall reaction is thus a sum of the above rates, i.e.,            

        
4 2 2 4 2 2

4 22 2

11 21

3/2 2 1/2 2 3

19 20 15 CH H O H 0 10 11 CH H 0 CO H

1/2 1/2
CH H O19 15 20 15 19 20 H 11 10 H

1
1

SR

i vi i

SRv v

r r r

k k k K K P P P θ k k K P P θ P P

K P Pk k k k k k K P k k K P

− −

= +

  
= + −    + + +   

r r r r r

s r r r s s r s
       (6.25) 

 Next, for OR2, i.e. WGS with only one dominant reaction pathway, we have (for 

details, see Appendix B & C), 

                               2 2

2 2

2

CO H1 2

17 17 CO H O H 0

H O CO

1
1WGS iii vi

WGS

P P
r r k K K P P P θ

K P P

−
 

= = −  
 

r
         (6.26)  

Here 0θ  is the fraction of the free catalyst surface and is determined from the site 

balance. From numerical simulations (Figure 6-18), it is evident that the major and minor 

MARI are H2O·S, CO·S, O·S, H·S, OH·S and C·S, i.e., 

                      S + H2O·S + CO·S + H·S + O·S + OH·S + C·S ≈ 1               (6.27) 

Thus (for details, see Appendix B & C), 

        

2 2 2 2 2 2 2 2

0 1/2 1 1/2 1

H O CO H H O H H O H CO H H O

1

1 ii iii v vi vii ix

θ
K P K P K P K P P K P P K P P P− − −

=
+ + + + + +

   (6.28) 

 The rate expressions for the two overall reactions can now be combined with mass-

balance equations for a PBR. Numerical simulations (Figure 6-19)  show that the model 

predictions are in complete agreement with the experimental data of Xu and Froment [1], 

without any fitting. These results further support the claim here, that only a set of 

independent ORs are necessary in order to describe a reaction system, and are also 

indicative of the robustness of the RR graph approach. 

6.8 Model Significance and Concluding Remarks 

 Following our RR graph approach, the 22-step mechanism for MSR is whittled down 

to a dual path mechanism, depending upon the reaction temperature. The dominant 

pathways have been identified in a logical and intuitive manner. Thus, for OR1: CH4 + 

H2O � CO + 3H2, we have two parallel pathways in the temperature region on interest.  
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Figure 6-18: (a) Major and (b) minor surface species as a function of temperature for 

MSR on Ni. 
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Figure 6-19: (a) Comparison of model prediction for a PBR and the experimental data by 

Xu and Froment [1]. (b) Parity plot of calculated methane conversion vs. the 

experimental conversion. 
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Figure 6-20: Reversibility of WGS reaction in the temperature region of interest for 

MSR on Ni. 
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One of these takes place via hydrogenated carbon species, while the other takes place via 

oxygenated carbon species.  

 Rate limiting steps (s11: CH2·S + S � CH·S + H·S and s15: CH2O·S + S � CHO·S + 

H·S for SR of methane and s17: CO·S + O·S � CO2·S + S for WGS) along with the quasi-

equilibrated steps are next identified based on the concept of step resistance and 

reversibility, respectively, following which explicit rate expressions are developed for 

each of the two overall reactions.  

 Finally, a comparison between the reduced model predictions for an isothermal PBR 

and the experimental results of Xu and Froment [1]
 

is presented, showing good 

agreement. Thus, a predictive model with a priori kinetics has been developed that 

captures the experimental observations, as opposed to a LHHW-type of model fitted to 

the experimental data, commonly reported in the literature. We also show that for this 

multiple overall reaction system, comprising of five ORs, only two are independent. In 

fact, only the so-called independent set of ORs is required to describe the system 

accurately. 

 Lastly, we notice that the WGS reaction is essentially at equilibrium (Figure 6-20), at 

temperatures (700 < T < 1200 K), at which significant reactions involving methane occur 

which imply the rate expression for the WGS reaction can be replaced by its equilibrium 

relation. Thus, a single rate expression (Eq. (6.25)) for OR1: CH4 + H2O � CO + 3H2, 

coupled with equilibrium relation for WGS, i.e. OR2: CO + H2O � CO2 + H2 is all that is 

needed to adequately describe this multiple overall reaction system in the temperature 

region of interest (T > 700 K). 

 Semi-empirical method UBI-QEP and the transition-state theory, were utilized in this 

work to estimate the individual step kinetics, concluding that despite their evidently 

approximate character, are quite reliable in constructing physically meaningful 

microkinetic models for heterogeneous catalytic reactions. Although a detailed 

microkinetic model may in principle, be used to simulate the kinetics of the process for 

any reactor configuration, for numerical convenience and human interpretation of the 

reaction network, it is desirable to distill and simplify the mechanism further. Toward this 

goal, the theory of Reaction Route Graphs, applied so far only to single overall reaction 
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systems, has been suitably extended and applied here to the case of multiple overall 

reaction system. 

 In conclusion, we show how the 22-step MSR mechanism may be assembled into a 

RR Graph, which may next be converted into an equivalent reaction circuit for further 

analysis, simplification, and pruning, using the standard tools of circuit analysis. The 

result is the emergence of an unambiguous picture of MSR on Ni(111), with a clear 

portrayal of all possible pathways, and irrefutable identification of the dominant 

pathways and rate-limiting steps. 
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Chapter VII 

H2 – O2 Polymer Electrolyte Membrane (PEM) Fuel Cells 

Before discussing the fuel cell performance model, we first elucidate the cause and the 

extent of the effect of the fuel and/or oxidant crossover on the observed fuel cell open 

circuit voltage (OCV). The OCV in PEM fuel cells is only ~0.95 – 1.05 V, despite the 

thermodynamic potential being around 1.23 V (~ room temperature). Based on a priori 

parameters, we show that hydrogen cross-over to the cathode explains all of the observed 

loss under open circuit conditions. 

We next discuss within a lumped framework the performance of a single fuel cell, for the 

case when conditions on either electrode may be relatively uniform, typically 

characterized in terms of the polarization plot, i.e., a plot of the output voltage V available 

from a fuel cell versus the current density i drawn from it. The emphasis is to develop a 

simple model for PEM fuel cells that incorporates the cross-over effects. The framework 

discussed here is applicable to all types of fuel cells, albeit with different parameters.  

Equation Chapter (Next) Section 7 
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7.1 The Effect of Hydrogen Crossover on Open-Circuit Voltage 

(OCV) in PEM Fuel Cells 

7.1.1 Background 

 It is an irksome fact of life that the open-circuit voltage (OCV) of the low temperature 

polymer electrolyte membrane (PEM) fuel cell is typically only around 0.95 - 1.05 V, as 

shown in Figure 7-1 [1] versus temperature, rather than the reversible voltage V0 (1.229 V 

at 25 ºC) promised by thermodynamics. What is worse is that, despite extensive study 

over the course of three-quarters of a century, there is no clear explanation in the 

literature for this loss of around 20% in OCV, which causes a corresponding loss in the 

fuel cell efficiency, since efficiency of a fuel cell,     ε = (V /V0)ε0 , where V is the fuel cell 

voltage, V0 is the thermodynamic voltage, and   ε0 is the thermodynamic efficiency. 

Clearly, an unambiguous understanding of the main reason for this in PEM fuel cells is 

important, which is the objective of this work. 

 The various hypotheses advanced to rationalize this observation center around the 

extremely low exchange current density for the 4-electron oxygen reduction reaction 

(ORR) on Pt (    i0
* ~ 10−10  mA/cm2 ) coupled with one or more side reactions occurring at 

the cathode in addition to the ORR [2, 3]. The presence of side reactions results in either 

a “rest potential,” i.e., an equilibrium potential for a closed system, or a “mixed 

potential,” i.e., a steady-state potential for an open system, e.g., a fuel cell, that is 

significantly lower than the thermodynamic potential (Figure 7-1).  

 Some of the possible side reactions ρ proposed are summarized in Table 7-1 [3], 

which can, of course, proceed in either direction depending upon the overpotential of 

electrode reaction ρ, 
  
ηρ = Φ − Φρ ,0 , where Φ is the electrode (rest, or mixed) potential, 

and 
  
Φρ,0 is the equilibrium potential for an individual reaction ρ. However, there is little 

consensus on which, if any, is the dominant parasitic reaction in this list. 
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Figure 7-1: Open Circuit Voltage (OCV) for a PEM fuel cell as a function of 

temperature and membrane thickness. Experimental values are taken from Ref. [1]. 

(Anode: H2, Cathode: Air, 3 atm, 100% RH) 
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Table 7-1: Possible reactions involving O2, H2, carbon support C, impurity CHx, and Pt 

at the PEM fuel cell cathode [3]. 

 

Reaction 

No., ρ 
Overall Reaction 

Standard 

Electrode 

Potential, 
  
Φρ,0

o , V 

1     H2O2 +  2H+ +  2e− � 2H2O 1.77 

2     PtO3 +  2H+ +  2e− � PtO2 +  H2O 1.48 

3     O2 +  4H+ +  4e− � 2H2O 1.229 

4     PtO2 +  2H+ +  2e− � Pt(OH)2  1.11 

5     Pt(OH)2  +  2H+ +  2e− � Pt +  2H2O 0.98 

6     PtO +  2H+ +  2e− � Pt +  H2O  0.88 

7     O2 +  2H+ +  2e− � H2O2  0.68 

8     C + 2H2O � CO2 + 4H+ + 4e−
 0.207 

9       CHx + 2H2O � CO2 + (x + 4)H+ + (x + 4)e−
 ? 

10     2H+ +  2e− � H2  0.00 
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 If the fuel cell OCV were determined by the thermodynamic equilibrium potential in 

the presence of side reactions, the overpotential ηρ  as well as the net current of each 

electrode reaction ρ must individually be zero, i.e., 0=−= ρρρ iii
sr

, so that the rest 

potential 
  
Φ = Φρ,0  is determined via simultaneous solution of the corresponding Nernst 

equations for the independent reaction set 

 

    

Φρ,0 = Φρ ,0

o +
RT

ν
ρe − F

ln ai

ν ρi

i=1

i≠e −

n

∏   (7.1) 

where 
  
Φρ,0

o  is the standard electrode potential, i.e., for unit activities ai of species i, and 

  
ν ρi is its stoichiometric coefficient in reaction ρ, while 

  
ν

ρe −  is that for electrons in it. For 

instance, if H2O2 were considered a side product, even though minor, at the cathode, there 

are two independent overall reactions (ORs) at the cathode, namely, the ORR (reaction 3 

in Table 7-1), along with one more OR involving H2O2, e.g., reaction 7 in Table 7-1. 

 On the other hand, in a steady-state system, the overpotentials 
  
ηρ ≠ 0, and are such 

that the currents from anodic (electron generating) and cathodic (electron consuming) 

reactions occurring simultaneously on the electrode add up to zero, i.e., there is no net 

current, 

    

iρ = 0
ρ

∑ , which determines the resulting mixed potential Φ as well as the 

parasitic current, as shown schematically in Figure 7-2. In other words, there is at least 

one anodic reaction occurring at the cathode that provides the electrons and protons 

consumed by the cathodic ORR and resulting in an overpotential. This, of course, is akin 

to corrosion.  

 Thus, a common explanation for the OCV is the formation of H2O2 via one of the 

reactions mentioned in Table 7-1, which could, in principle, alter the cathode 

thermodynamic potential. Alternately, the presence of H2O2 could sustain an anodic 

current density necessary for a mixed potential. However, it has been argued that the 

concentration of any H2O2 is far too small for this [3]. 
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Figure 7-2: Current-potential curves for ORR and a hypothetical impurity oxidation 

reaction intersecting at mixed potential and a corresponding parasitic current. 

 

 

 

 

    O2 + 4H+ + 4e− � 2H2O

      

CO2 + (x + 4)H+ + (x + 4)e−

 � CHx + 2H2O

    2H2O � O2 + 4H+ + 4e−

  
lniρ

Φ

  
Φρ ,0

    ΦC ,0 =1.23

      

CHx + 2H2O � CO2

+(x + 4)H+ + (x + 4)e−
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 An alternate explanation involves the presence of surface oxides via Pt corrosion via 

one or more reactions mentioned in Table 7-1. However, in an open system such as a fuel 

cell, reactions involving Pt or C support (reaction 8 in Table 7-1) cannot go on 

indefinitely and, hence, must also be rejected as the explanation for the observed OCV. 

The explanation favored by Bockris and Srinivasan [3] in the study of the half-cell 

open-circuit potential of ORR in a liquid electrolyte, is an anodic oxidation reaction 

(reaction 9 in Table 7-1) due to the presence of “an organic impurity present at low 

concentrations in solution and having a reversible potential of 0.2 to 0.3 V,” that 

compromises the cathodic current of the ORR, i.e., reaction 3 in Table 7-1. In careful 

experiments they found that the OCV tended toward the 1.23 V value for the ORR when 

care was taken to rigorously free the electrolyte solution of any traces of impurities. A 

schematic representation of the resulting mixed potential is given in Figure 7-2, showing 

anodic and cathodic potential versus current relations for ORR and the oxidation of an 

organic impurity, the intersection of the two curves representing the graphical solution 

for OCV as the mixed potential. However, again this explanation involving an organic 

impurity seems unlikely for the OCV of a H2-O2 PEM fuel cell operating for hundreds or 

thousands of hours. 

 A more plausible explanation attributes the observed OCV in an operating fuel cell to 

H2 crossover and/or internal electrical short-circuiting [4]. Thus, Laraminie and Dicks [4] 

suggest that the electrolyte supports a very small amount of electronic conductivity, so 

that small short-circuiting currents are possible. More importantly, however, they propose 

that hydrogen crossover supports a small “internal current” of around, iX ≈ 2 mA, which 

can cause an activation overpotential of around 0.3 V at the cathode, estimated based on a 

Tafel equation,     η = b ln(iX / i0) , for ORR with empirical parameters, i.e., a Tafel slope b = 

60 mV, and an ORR exchange current density     i0 = 4.0 ×10
−5  mA/cm

2
. Thorough and 

careful theoretical analysis presented in this chapter below based on a priori parameters 

supports the latter explanation as the exclusive reason for the observed phenomenon. 

 A recent experimental investigation of Zhang et al. [1] on the effect of temperature on 

OCV considered a variety of possible explanations: 1) reduced partial pressures of O2 and 

H2 at higher temperatures due to humidification, as explained by the Nernst equation, 2) 
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mixed potential of the Pt/PtO catalyst surface, and 3) hydrogen crossover. They 

concluded that the loss of OCV is due mainly (135 mV at 80 ºC) to the Pt/PtO catalyst 

surface, and secondarily (56 mV at 80 ºC with Nafion 112) to hydrogen crossover. 

 In another recent study on membrane degradation and OCV, Sompalli et al. [5] also 

assume that the OCV is determined by the parasitic current caused by a combination of 

the permeation of H2 and Ohmic shorting through the membrane, the latter being a minor 

contributor. Like Laraminie and Dicks [4], these authors calculate the resulting cathode 

overpotential via an empirical Tafel equation. Further, they propose OCV as a key 

diagnostic indicator of membrane health [5]. Thus, membrane thinning and pinhole 

formation leads to an increase in hydrogen crossover and consequently a decline in OCV. 

They further reason that the OCV is higher at lower relative humidity (RH), due to the 

lower H2 crossover rate [5]. Based on the hypothesis that higher OCVs lead to enhanced 

chemical degradation of the membrane, the degradation rate would thus be higher at 

lower RH. They further conclude that any parasitic currents caused by carbon corrosion 

at the cathode are also negligible, being an order of magnitude smaller as compared with 

those from hydrogen crossover (0.1 – 1 mA/cm
2
).  

 In a more recent publication by Wu et al. [6], the authors conducted a 1200 hrs 

durability testing close to open-circuit conditions. The drop in the OCV was primarily 

attributed to mixed potential of Pt/PtO catalyst surface and hydrogen crossover. The 

authors further argue that at fixed operating conditions, the loss in OCV due to partial 

oxidation of Pt catalyst if any, should reach a steady state and cannot possibly explain the 

drop in OCV over time. The authors also observed a dramatic reduction in the 

electrochemical surface area and increase in the hydrogen crossover current over the 

1200 hr test, which could be correlated with the observed drop in the OCV. 

 In short, despite its ubiquitous nature and practical significance, there is an absence of 

a clear, quantitative, and unambiguous explanation for the observed OCV in a low 

temperature PEM fuel cell. We theoretically analyze below the role of hydrogen 

crossover in PEM fuel cells, in shortchanging the OCV from its promised value of around 

1.23 V, and show that hydrogen crossover can, in fact, explain the entire potential loss 

under open-circuit conditions. Further, it is able to rationalize the commonly observed 
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effect of temperature and the presence of any pinholes or membrane thinning on the drop 

in OCV of a PEM fuel cell. 

7.1.2 Theory 

In addition to serving as the medium for ion transport, the electrolyte layer, e.g., the 

polymer electrolyte membrane in a PEM fuel cell, serves the important function of 

keeping the fuel and the oxidant apart, which, of course, is crucial to the proper 

functioning of a fuel cell. However, since it is not a perfect separator, some of the fuel, 

e.g., H2, and the oxidant, e.g., O2, crossover to the opposite electrode where they 

encounter the other reactant in the presence of an electrocatalyst and an electrolyte. These 

are ideal conditions for the ready occurrence of an electrocatalytic reaction between 

them, with a consequent electrode overpotential. A schematic of the various processes 

that occur as a result of the permeation is provided in Figure 7-3. Thus, as shown in 

Figure 7-3, even though there is no external current i under open-circuit conditions, there 

are internal short-circuiting currents inti  because of: 1) the minor electronic conductivity 

of the electrolyte membrane, namely the electrical-short circuit current, S,Mi ; and 2) due 

to the permeating H2 and O2 across the membrane that cause small local crossover 

currents at the cathode and the anode, respectively (i.e., X,Ci  and X,Ai ), thus polarizing the 

two electrodes even under open-circuit conditions. The H2 that permeates over to the 

cathode from the anode can, in principle, undergo oxidation on the Pt catalyst with O2 

either chemically, or electrochemically, or via both of these pathways. However, keeping 

in mind that the cathode potential   ΦC  is very high (~1.0 V) as compared to the 

thermodynamic potential of hydrogen oxidation reaction (HOR), i.e.,     ΦA,0 = 0.0 V, there 

is a huge overpotential of around   η ~ 1.0  V for the HOR at the cathode, thus dramatically 

enhancing the electrochemical route, and making it the likely pathway [7]. Therefore, the 

chemical route to the hydrogen oxidation at the cathode is ignored. Thus, the 

electrochemical HOR provides electrons, or a crossover current at cathode, CXi , , for the 

ORR at the cathode even under open-circuit conditions (Figure 7-3). 

Similarly, in principle, there is some ORR occurring at the anode because of the small 

amount of O2 permeating through the PEM from the cathode to the anode.  
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Figure 7-3: Schematic representation of various electrode reactions and the resulting 

external and internal crossover and electrical short-circuit currents. 
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This robs electrons from the HOR occurring at the anode, thus resulting in a 

crossover current at anode, AXi ,  (Figure 7-3). In addition, there is an electrical-short 

circuit current across the PEM,   iS ,M  even under open-circuit conditions due to the tiny 

electronic conductivity of the electrolyte, as shown schematically in Figure 7-3. 

Thus, the total internal current,   iint  at a given electrode consists of the electrical-short 

circuit current and the crossover current due to fuel permeation, e.g., at the cathode, 

  iint,C = iX ,C + iS ,M . 

In other words, the open-circuit condition is not strictly an equilibrium condition, but 

is rather a steady-state condition with small internal currents. As mentioned above, the 

steady-state condition is defined at each electrode by the sum over all electrode reactions 

(HOR and ORR) at a given electrode, 

    

iρ
ρ

∑ = 0, rather than by individual 
    
iρ = 0, as 

required by the equilibrium condition. Thus, at either electrode, the current for the HOR 

and that for the ORR are equal and opposite at steady state, akin to corrosion currents. 

 These parasitic currents cause overpotentials at the anode and the cathode, so that the 

observed OCV is given as 

     OCV =V0 −ηX ,A + ηX ,C   (7.2) 

where 
  
ηρ = Φ − Φρ ,0  is the overpotential for the electrode reaction ρ. Thus, it is positive 

for anode and negative for the cathode.  

The thermodynamic cell voltage,     V0 = (Φ0,C − Φ0,A ). For the case of liquid water being 

produced in the low temperature PEM fuel cell, i.e., for       2H2 + O2 � 2H2O(l ) , the 

thermodynamic voltage is  

  
22 O

2

H

4

0 ln
4

)298(1046.8229.1 pp
F

RT
TV +−×−= −       (7.3) 

 In order to compute the crossover electrode overpotentials   ηX ,A  and   ηX ,C  under open-

circuit conditions, let us first consider the crossover flux of gaseous species i (H2 or O2) 

across the PEM. Under steady state, isothermal conditions, and no reaction (    ∆ri = 0) 
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within the Nafion layer, the one-dimensional species diffusion equation in Cartesian 

coordinates reduces to 

    
0 = Di

∂2ci

∂z2
                    (7.4) 

where ci is the concentration of the gaseous species i within the Nafion phase, and Di is 

the diffusion coefficient of i within Nafion. Note that here we have neglected the 

convective term since the concentration of H2 or O2 is very small, however this may not 

be the case for direct methanol fuel cells. Integration provides 

           ci = C1z + C2          (7.5) 

which may be further differentiated to provide the flux through PEM 

       
    
N iz = −Di

dci

dz
= −DiC1        (7.6) 

The applicable boundary conditions are (Figure 7-3): 

  
,00

M ,

B.C. 1:       at 0,         

B.C. 2:       at ,       
MM

i iz

i i Lz L

z c c

z L c c

=

=

= = 


= = 
            (7.7) 

Evaluating the two constants of integration with these two boundary conditions, the 

concentration profile of species i within the electrolyte layer 

          

    

ci,0 − ci

ci,0 − ci,LM

=
z

LM

         (7.8) 

i.e., the concentration profile within the membrane is linear for both H2 and O2 (Figure 7-

3). 

The species flux in the membrane then from Fick’s law is 

     

    

N i,z =
Di

LM

(ci,0 − ci,LM
) =

ki

LM

( pi,0 − pi,LM
)       (7.9) 

where ci is the concentration of the gaseous species i within the Nafion phase, Di is the 

diffusion coefficient of i within Nafion, and the membrane permeability,   ki = Diκ i /RT  
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( 1 1 1mol atm  cm  s− − − ). Here, the partition-coefficient, 
  
κ i = (ci /ciG )eq  represents the 

solubility of the gaseous species i in the membrane. 

The permeating species (H2 or O2) undergoes electrochemical reaction ρ (HOR or 

ORR) at the electrode, as shown schematically in Figure 7-3. Thus, the corresponding 

current density 

                                          iX = Fν
ρe − N i,z =

Fν
ρe − ki

LM

(pi,0 − pi,LM
)     (7.10) 

where F is the Faraday’s constant. At steady-state, this diffusion flux is equal to the rate 

of the electrode reaction, which may be described via Butler-Volmer equation of the 

form, with ηρ = Φ − Φρ ,0 [8] 

                                       iX = iρ,0 2sinh
αρ

•ν
ρe−
• F (Φ − Φρ ,0)

RT

 
 
 

  

 
 
 

  

 

 
 
 

 

 
 
 
 (ρ = A, C)   (7.11) 

where αρ
•  is the effective transfer coefficient of the electrode reaction ρ, taken as 

symmetry factor of the rate-limiting step (RLS) (typically ½) in the sequence of 

molecular steps involved in the electrode reaction ρ, and 
  
ν

ρe −
•  is the stoichiometric 

coefficient of electrons in the RLS. Alternatively, αρ
•  and 

  
ν

ρe −
•  may be clubbed together 

into an effective transfer coefficient αρ , as done by Thampan et al. [8]. 

 In the above, the exchange current density on the basis of the geometric electrode 

area [8] 

 *

00

*        ;        iiii MXMX γγ ==                  (7.12) 

where, the current density with the asterisk,     i0
* , is defined in terms of per unit active metal 

catalyst surface area and   γ M  is the catalyst roughness factor defined as 

      
    
γ M =

Actual electrocatalyst active interfacial area

Geometric electrode area
    (7.13) 

When the interfacial area at the atomic level is considered, it can be substantially more 

than the geometric area. In typical fuel cells, e.g., depending upon the catalyst particle 
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size and loading   γ M  is of the order of 100. The roughness factor may be estimated from 

[8] 

      

    

γ M = ϕ ImM

6ϕ M

ρM dM

 

 
  

 

 
        (7.14) 

where ϕM accounts for the part of the metal crystallite of diameter dM which is not 

accessible for reaction, e.g., the side which is in contact with the support, and ϕI is the 

fraction of the available metal surface participating in electrocatalysis. This would be less 

than unity, e.g., if not all of the available metal area is in contact with the ionomer, and 

hence depends upon ionomer loading. 

Further, the exchange-current density under actual conditions in a PEM fuel cell is 

related to that under reference conditions via 

    

    

i0 = γ M

pi

pi,ref

 

 
  

 

 
  exp −

EΦ0

R

1

T
−

1

Tref

 

 
  

 

 
  

 
 
 

  

 
 
 

  
i0,ref

*      (7.15) 

where pi is the partial pressure of the permeating species at the electrode. 

 The final equation needed for the steady-state at an electrode under OCV conditions 

(i.e., when the external current i = 0) is 

                                                                

    

iρ
ρ

∑ = 0        (7.16) 

i.e., the sum of current densities of HOR and ORR occurring at an electrode (anode or 

cathode) is zero. Finally, for completeness, we must account for the electrical-short 

circuit current   iS ,M  across the PEM as well, which from Ohm’s law 

        









≈

−

M

M

MS
L

Vi
e,

,

σ
       (7.17) 

where 
    
σ

M ,e −  is the electronic conductivity of the membrane. This current must be added 

to the crossover currents at the two electrodes to compute the overpotential. 
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7.1.3 PEM Fuel Cell Analysis 

 Let us apply the above analysis to the crossover of H2 and the ensuing HOR at the 

cathode (Figure 7-3). The crossover current density corresponding to the hydrogen flux in 

the membrane is 

      

    

iX ,C =
(Fν

HOR ,e − )kH2

LM

( pH2 ,0 − pH2 ,LM
)     (7.18) 

which is also equal to that from the HOR kinetics at the cathode at the overpotential   ηX ,C  

    

iX ,C = γ M ,CiHOR ,0,ref

*
pH2 ,LM

pH2 ,ref

 

 
  

 

 
  exp −

EHOR ,Φ0

R

1

T
−

1

Tref

 

 
  

 

 
  

 
 
 

  

 
 
 

  
2sinh

αHOR

• ν
HOR ,e −
• F(ηX ,C +V0)

RT

 
 
 

  

 
 
 

  
 

              (7.19) 

where we have combined the Butler-Volmer equation with the correlation for exchange-

current density. Of course, since this is equal and opposite of the ORR current at the 

cathode 

    

iX ,C = γ M ,CiORR ,0,ref

*
pO2 ,LM

pO2 ,ref

 

 
  

 

 
  exp −

EORR,Φ0

R

1

T
−

1

Tref

 

 
  

 

 
  

 
 
 

  

 
 
 

  
2sinh

αORR

• ν
ORR ,e −
• F(ηX ,C )

RT

 
 
 

  

 
 
 

  
       (7.20) 

 The above 3 equations, Eq. (7.18) - (7.20) contain 3 unknowns, namely, the partial 

pressure of H2 at the cathode 
    
pH2 ,LM

, the crossover current at the cathode ,X Ci , and the 

cathode overpotential   ηX ,C  under open-circuit conditions, which can all hence be found 

via simultaneous solution. 

Limiting Case 

 Let us consider the limiting case when 
    
pH2 ,LM

→ 0. This is entirely plausible because 

of the very high overpotential at the cathode for HOR. Then the solution is greatly 

simplified. Thus, from Eq. (7.18), we have 

     2

2

H,e

, H ,0

( )
HOR

X C

M

F k
i p

L

ν −

≈       (7.21) 
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which can, hence, be directly evaluated from the permeability data for H2. Thereupon, the 

cathode overpotential   ηX ,C  can be found from either of the two kinetics equations for 

HOR or ORR above (Eq. (7.19) or (7.20)). Finally, including the electrical-short circuit 

current   iS ,M , Eq. (7.17), as well, we have 

 
2 2H H ,0,e ,e1

,

,0,e

( )
sinh

2

HOR M

X C

ORR M ORRORR

F k p VRT

F L i

ν σ
η

α ν

− −

−

−
• •

  +   =       
   (7.22) 

An identical analysis can be done for the permeation of O2, and the resulting open-

circuit anode overpotential. For the limiting case, as above, 

    

ηX ,A =
RT

αHOR

• ν
HOR ,e −
• F

 

 
  

 

 
  sinh−1

(Fν
ORR ,e − )kO2

pO2 ,LM
+Vσ

M ,e −

2LM iHOR ,0

 
 
 

 
 
 

   (7.23) 

Equations (7.22) and (7.23) may finally be substituted into Eq. (7.2) to evaluate V, 

i.e., OCV. In the event that the electronic conductivity of the membrane is small, the 

second term in the curly brackets can further be neglected. Clearly, however, the validity 

of the model depends upon the veracity of the model parameters, discussed next. 

7.1.4 Model Parameters 

 Sakai et al. [9, 10] hypothesized that H2 or O2 permeates mainly through the hydrated 

ion-cluster regions of the Nafion membrane, while Broka and Ekdurge [11] suggest that 

the permeation process involves both, the hydrated ionic clusters and the amorphous 

region of Nafion. It is known, thus, that hydrated Nafion has higher gas permeability as 

compared to dry Nafion but lower than that in water [7]. Thus, dry Nafion has 

permeability coefficient for H2 or O2 similar to or lower than that for Teflon, while 

hydrated Nafion membrane has permeability coefficient approaching that in water [7, 9, 

10]. The correlation provided by Kocha et al. [7] for the permeability of hydrogen in 

Nafion is used in this study, 

          111
1

8

H s cm bar mol 
mol J 21030

exp106.6
2

−−−
−

−









−×=

RT
k          (7.24) 

 The permeability of oxygen in Nafion is approximately half that of hydrogen in 

Nafion [7, 9, 11]. Thus, we assume 
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     2

2

H 1 1 1

O mol bar  cm  s
2

k
k − − −=      (7.25) 

 The electrical conductivity of Nafion, however, is not as well documented in the 

literature. Using a similar rationale as above, the electrical resistivity of Nafion in the dry 

state may be expected to be close to that of Teflon, while in the hydrated state it would be 

approaching the electrical resistivity of deionized water. The resistivity of Nafion at 50% 

RH is about cm106 5 Ω×  [12], which provides an estimate for the electrical conductivity 

of Nafion, 6 1

,e
1 10 Scm

M
σ −

− −≈ × , a value similar to the electrical conductivity of water in 

equilibrium with CO2 in air [13]. On the other hand, Sompalli et al. [5] give a membrane 

electronic resistance of 1 – 20 kΩ cm
2
, which results in 0.1 – 0.02 mA cm

–2
. 

 For the HOR, HORα •  is assumed to be 1/ 2 , and the exchange current density is taken 

as * 3 2

,0, 1 10  A cmHOR refi − −= ×  of metal catalyst surface, commonly reported in the literature 

[8]. The effective activation energy for HOR on PtRu/C is taken as 

0

1

, 34.6 kJ molHORE −
Φ = , higher than that on Pt [14]. For the ORR the exchange current 

density is of the order 10
-10

 A cm
–2

, i.e., * 10 2

,0, 1 10 A cmORR refi − −= ×  of metal catalyst 

surface [15]. ORRα •  similar to HORα •  is considered to be 1/ 2 , and the effective activation 

energy on Pt/C as given by Neyerlin et al. [16], is taken as 
0

1

, 67 kJ molORRE −
Φ = . 

 The roughness factor may be estimated using catalyst loading and nanoparticles size 

as described above [8]. However, here, values reported by Song et al. [14], obtained 

experimentally utilizing the surface cyclic voltammetry measurements and shown in 

Table 7-2 are adopted for analysis. Thus, all the model parameters are adopted from the 

literature as discussed above, and are summarized in Table 7-3. 
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Table 7-2: Roughness factor (cm
2
 metal cm

–2
 geometric electrode area) for anode and 

cathode as determined by Song et al. [14] in low current density region, measured at 3.0 

atm pressure and 100% RH. 

 

Temperature 
o
C ,M Anodeγ   ,M Cathodeγ  

23 44.5 305.0 

40 28.3 168.0 

60 28.3 152.0 

80 30.7 106.0 

100 13.0 78.0 
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Table 7-3: Parameters employed in the OCV model 

 

Parameter Value Units 

2Hk  







−×

−
−

RT

1
8 mol J 21030

exp106.6  1 1 1mol bar  cm  s− − −  

2Ok  2H

2

k
 1 1 1mol bar  cm  s− − −  

,eM
σ −  61 10−×  1S cm−  

HORα •  1 / 2  −  

*

,0,HOR refi  31 10−×  2A cm−  

0,HORE Φ # 34.6  1 kJ mol−  

ORRα •  1 / 2  −  

*

,0,ORR refi  101 10−×  2A cm−  

0,ORRE Φ * 0.67  1kJ mol−  

refT  293 K 

2H ,refc  53.96 10−×  3mol cm−  

2O ,refc  68.32 10−×  3mol cm−  

      

     # Activation energy for PtRu/C 

     * Activation energy for Pt/C 
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Figure 7-4: Comparison of model prediction with experimentally observed OCV for 

PEM fuel cell. Experimental values are taken from Ref. [1]. (Anode: H2, Cathode: Air, 3 

atm, 100% RH) 
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Figure 7-5: Anode overpotential as a function of total internal current. 
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Figure 7-6: Cathode overpotential as a function of total internal current. 
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7.1.5 Results and Discussion 

 Zhang et al. [1] have experimentally monitored the OCV for PEM fuel cell with H2 as 

the anode feed and air as the cathode. In their experiments, the anode and cathode 

consisted of PtRu/C and Pt/C, respectively with a total loading of 1.0 mg cm
–2

, and the 

roughness factors for the anode and the cathode provided in Table 7-2. Thus, Eq. (7.2), 

(7.22) and (7.23) are solved simultaneously to calculate the OCV using the parameters 

from Table 7-2 and Table 7-3. Figure 7-4 compares the model predictions with 

experimental observations of Zhang et al. [1] for PEM fuel cell at 100% RH and 3.0 atm 

pressure, as a function of temperature and membrane thickness. The comparison between 

theory and experiments is hence quantitative with no fitted parameters. Further, as 

expected, the thicker membrane (Nafion 117) would have lower crossover currents and 

hence, higher observed OCV. Finally, the variation in the observed OCV as a function of 

temperature depends on a number of parameters, e.g. ORR activation energy, roughness 

factor. In this particular case, the change in slope of observed OCV may be attributable to 

the change in slope of the roughness factor as a function of temperature (Table 7-2). 

 In order to further investigate the relative significance of the hydrogen and oxygen 

crossover, Figure 7-5 and Figure 7-6 provide the effect of the total internal current,   iint  on 

the anode and cathode overpotential, respectively. 

 It is evident from Figure 7-5, that the anode overpotential is insignificant even for an 

internal current as high as 10 mA cm
–2

. However, Figure 7-6 indicates that the cathode 

overpotential is substantial and, in fact accounts for practically all of the observed 

incongruity between experimental OCV and the reversible potential. Further, we find that 

the electrical short-circuit current is approximately one order of magnitude lower than the 

crossover current for a pin-hole free MEA, an observation similar to that by Cleghorn et 

al. [17]. Thus, the Ohmic shorting does not noticeably affect the observed OCV. In view 

of this, thus, Eq. (7.22), can be further simplified into 
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 Further, since the anode overpotential is negligible as compared to the cathode 

overpotential, we have,     V ≈V0 + ηX ,C . Substituting Eq. (7.3) and (7.26) in this, thus 
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              (7.27) 

 In short, thus, the observed OCV at a given temperature and gas partial pressures and 

its deviation from the thermodynamic potential of 1.23 V is entirely explained by the 

cathode overpotential due to hydrogen permeation, which is adequately described by the 

above relation. 

 Pronounced effect of oxygen and hydrogen crossover on membrane degradation 

under open-circuit conditions have been reported by Inaba et al. [18] and Endoh et al. 

[19], respectively. Ionomer loss and membrane thinning has been observed under open 

circuit conditions by Liu and Crum [20], which may result in pinhole formation and 

increased gas crossover. Of course, with the onset of membrane thinning and pinhole 

formation due to chemical degradation and fatigue, the crossover current increases, 

eventually leading to the failure of the MEA. It must be noted that gas crossover in the 

absence of catalyst does not cause membrane degradation. Consequently, the permeation 

of reactants and their subsequent catalyzed electrochemical reaction is critical for the 

degradation of membrane. 

 While the mechanism is not entirely clear, the high rate of membrane degradation at 

OCV may be attributed to H2O2 [21]. Thus, it may be argued that at the low cathode 

overpotential under OCV conditions, more H2O2 is produced, which is an intermediate 

species in the ORR. At higher overpotentials at the cathode, H2O2 can be further reduced 

into water. These qualitative observations insinuate a strong dependence between fuel 

permeation and OCV. Understanding the correlation between gas crossover and OCV, is 

thus of fundamental significance. The model presented in this study quantitatively shows 

that OCV is an indication of the fuel crossover and its electrochemical consumption, 

implicated by the enhanced membrane degradation under OCV conditions. 
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 Furthermore, crossover of the reactant gases can also cause carbon corrosion [22]. 

Catalyst dissolution and precipitation within the membrane has been observed under open 

circuit conditions and it was found that the location of catalyst precipitation is affected by 

the fuel permeation through the membrane [23]. Finally, the negative effect of fuel 

crossover on OCV is particularly significant for direct alcohol fuel cells [24-27]. The 

current modeling framework can also be extended to explicate these findings. 

7.2 Fuel Cell Performance Model 

7.2.1 Kinetic and Diffusional Processes at an Electrode 

 Let us consider the case where the rate of the interfacial electrode OR is limited by 

the diffusion of one of the terminal species participating in it, as shown schematically by 

Figure 7-7a. As shown in this figure, one might encounter a situation where availability at 

the electrode interface of a gaseous component, e.g., O2, is diffusion limited through the 

electrolyte layer (e.g., Nafion
®

, or molten carbonate) coating the catalyst surface. 

Alternatively, O2 diffusion might be limited across the GDL or H
+
 diffusion to the 

electrode interface might be limited across the polymer electrolyte membrane, e.g., under 

hot and dry conditions. Let us, for specificity, consider here the case of diffusion 

limitation of species i across the electrolyte layer (Figure 7-7a), although the analysis is 

readily adapted to the other situations. 

 Within the framework of the RR Graph approach, the overall process (OP) of 

diffusion and surface reaction might be construed as a two-step process, as shown 

schematically in Figure 7-7b. Here sD refers to the film diffusion step, while sK is the 

electrode kinetic step in the OP. It is then clear that at the intermediate node, n2, the flux 

of step sD is equal to that of step sK, as suggested by KFL. 

 Applying Fick’s law for describing the diffusive flux of species i in the z-direction 

across the film,  

      
  
N iz = −Di

e dci

dz
       (7.28) 
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Figure 7-7: Diffusion-limited electrode reaction at three-phase interface. 
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where   Di

e is the effective diffusion coefficient of i in the film. The solution for flux in the 

film is obtained by integrating the Fickian equation by assuming that the flux   N iz  = 

constant, as is the effective diffusivity, along with quasi-equilibrium of gas dissolution 

process at the gas-electrolyte interface (Figure 7-7a). Thus 

 

  

N iz = Pi ci
G −

ci(a)

κ i

 
 
 

 
 
 

 
  

mol

cm2 MEA.s
 (7.29) 

where the partition coefficient κi and the permeability Pi of species i in the film are  

 

    

κ i ≡
ci

ci
G

 

 
 

 

 
 

0

  ;  

  

Pi ≡
κ iDi

e

L
  (7.30) 

Further, adopting the pseudo-irreversible form for the interfacial electrode kinetics and 

assuming first-order kinetics in species i 

 
  
rρ

* = kρ
*ci(a)   

  

mol

cm2 cat.s
  (7.31) 

where 
  
kρ

*  is obtained by a similar relationship as Eq. (7.11) 
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To equate the steady-state diffusion and reaction fluxes at the interface z = a (Figure 7-

7a) or at node, n2 (Figure 7-7b), the reaction rate must be written in terms of unit area of 

MEA, as is the case in Eq. (7.29) Thus, 

 
  
N iz (a) = (−ν ρi)rρ = (−ν ρi)γ M kρ

*ci(a)   
  

mol

cm2 MEA.s
  (7.33) 

Equating Eqs. (7.29) and (7.33), and solving for the unknown interfacial concentration 

  ci(a) we have 

 

    

ci(a) =
κ ici

G

1+
(−ν ρi)γ M kρ

*κ i

Pi

    (7.34) 
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where the term besides 1 in the denominator represents the ratio of the maximum rate of 

reaction (i.e., when   ci(a) = κ ici

G ) to the maximum rate of diffusion (i.e., when     ci(a) = 0).  

Using   ci(a) from Eq. (7.34) in Eq. (7.31) along with  

 
    
iρ = γ M iρ

* = γ M (Fν
ρe −rρ

*)    (7.35) 

provides the current density as 

 

    

iρ =
γ MFν

ρe
− kρ

*κ ici
G

1+
(−ν ρi)γ M kρ

*κ i

Pi

   (7.36) 

When the rate of diffusion << the rate of the overall electrode reaction, the 1 in the 

denominator in this expression can be neglected as compared with the companion term, 

resulting in the current density under diffusion limited conditions, i.e., 

 

    

iρ ,L ≡
ν

ρe −

−ν ρi

 

 
  

 

 
  FPici

G     (7.37) 

which is called the limiting current density, corresponding to the maximum possible 

diffusion flux across the film, i.e., corresponding to     ci(a) → 0 . Combining the last two 

equations  

 

    

iρ

iρ ,L

=

(−ν ρi)γ M kρ
*κ i

Pi

1+
(−ν ρi)γ M kρ

*κ i

Pi

    (7.38) 

which may be rearranged into 

 

    

(−ν ρi)γ M kρ
*κ i

Pi

=
iρ /iρ ,L

1− iρ /iρ ,L

    (7.39) 

Now, from Eq. (7.35) at equilibrium 

 
      
iρ ,0 = γ MFν

ρe −rρ ,0

* = γ MFν
ρe −

r 
k ρ ,Φ0

* ci,0(a)   (7.40) 

Further, since there are no diffusional limitations at equilibrium,     ci,0(a) = κ ici
G , so that 
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iρ ,0 = γ MFν

ρe −

r 
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* κ ici
G    (7.41) 

From this equation and that for the limiting current density, the ratio 
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   (7.42) 

which may be used in Eq. (7.38) to provide 

 

      

kρ
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r 
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*
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    (7.43) 

Comparing this to Eq. (7.32)  
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rearranging which yields [8] 
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    = ηρ,K + ηρ ,D

    (7.45) 

which is the combined overpotential associated with kinetic and diffusional processes at 

the electrode, as evident from Figure 7-7a, i.e.,   ηOP = ηK + ηD , which is the equivalent of 

Kirchhoff’s potential law (KPL) of electrical circuits. 

7.2.2 Lumped Fuel Cell Model 

A schematic of a typical membrane-electrode-assembly (MEA) consisting of a five layer 

assembly is provided in Figure 7-8. We can treat this MEA in terms of RR Graph 

approach as shown in Figure 7-9a. The different branches in Figure 7-9a represent the 

interconnected steps of diffusion of reactant gases through the GDL at the anode, 

electrode reaction at the anode, electrolyte diffusion, reaction at the cathode, and gas 

diffusion in the cathode GDL. 
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Figure 7-8: Five layer membrane-electrode assembly for fuel cells a) catalyzed 

membrane, b) catalyzed GDL 
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While different species participate in these different steps, it is remarkable that continuity 

of flux at the different intermediate nodes can be assumed, in addition to the sum of 

affinity (potential) drop in the branches adding up to that for the overall process (OP). 

These are, actually, the equivalent of Kirchhoff’s flux and potential laws (KFL and KPL). 

In fact, the electrical equivalent of the fuel cell shown in Figure 7-9b is another form of 

the RR graph in Figure 7-9a, where the branches have been replaced by resistors 

representing the different elements. 

 In the absence of current, V = V0, i.e., potential drop η across each branch is zero, 

where we imagine the OP to be replaced by a power source, as shown in Figure 7-9b. As 

a current i is drawn, the drop in potential registered by the power source is equal to the 

sum of the potential drops across all the branches in series. Thus, the KPL implies that 

 IKCDCELKADA

CA

VV ηηηηηη
ηη

++−++=−
44344214434421

)()( ,,,,0  (7.46) 

where we have included   ηI  as another possible potential drop across an interface with the 

MEA, if it is not well-assembled, or may become delaminated during use. Further, it may 

be recalled that the sum of diffusion and electrode reaction overpotential is given by Eq. 

(7.45). Thus, 

     V =V0 −ηA + ηC −ηEL −ηI   (7.47) 

which accounts for the fact that the sign of   ηC  is negative as 
    
ν

Ce − < 0.  Next, the losses 

for the anode may be written from Eq. (7.45), with ρ = A, as 
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1− iA /iA,L

 
 
 

 
 
 

 

 
 

 

 
     (7.48) 

When using this expression, we will assume that 
    
ν

Ae −
• = +1 for the RLS in the anode 

mechanism for PEM (or acid electrolyte) fuel cell, while   α A

• =1/2.   

On the other hand, for cathode, with ρ = C, the evidence is that 
    
ν

Ce −
• = −2 (based on Tafel 

slope) for the RLS in the mechanism for the ORR in PEM (or acid electrolyte) fuel cell, 

and we will further assume that   αC

• =1/2.  
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(a) 

 

 

(b) 

Figure 7-9: a) RR Graph for transport and reaction in a fuel cell MEA. b) An electrical 

analog of fuel cell internals including an ideal voltage source and internal resistances. 

 

 

 

 



Chapter VII: H2 – O2 Polymer Electrolyte Membrane (PEM) Fuel Cells 

___________________________________________________________________________ 
Catalytic and Electrocatalytic Pathways in Fuel Cells 

307

Furthermore, we need to account for the parasitic current at the cathode due to hydrogen 

crossover, as discussed in the last section 

               
, ,01
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2 1 ( ) /

C C X C

C

C C C X C LC

i i iRT

F i i i
η

α ν −

−
• •
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=       − +      

                (7.49) 

where the crossover current is given by Eq. (7.21). 

 For the electrolyte layer, we assume that ohm’s law is applicable, namely 

 
  
iEL = −σ EL

dφEL

dz
    (7.50) 

which may be integrated for constant current density in the electrolyte layer to yield 
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     (7.51) 

Thus, combining the above equations, along with KFL evident from the equality of fluxes 

or currents at each of the nodes in Figure 7-9, i.e.,   i = iA = iC = iEL, there results [8] 
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   (7.52) 

which is the final expression for V versus the current density i in terms V0 and the 

characteristic parameters, namely, the exchange current densities for the anode and the 

cathode reactions, and the limiting current densities for the two electrodes, and the 

electrolyte conductivity, etc. An example of a resulting plot is provided in Figure 7-10. 

116.62Mγ =  is predicted for the ETEK electrodes using correlations provided in Ref. [8]. 

It is evident that the predictions are reasonable with the a priori parameters, and that the 

crossover current makes a material difference only at very low current densities. 
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Figure 7-10: Polarization curve for H2-O2 fuel cell with Pt/C electrodes (0.5 mg/cm
2
) 

from ETEK, Nafion 115, T = 70 
o
C, P = 1 atm, 100% RH, 0.1 S/cmELσ = , 

kJ/mol 18
0, =ΦAE  for Pt/C, 2

, 1.75 A/cmC Li = , 2

, A/cm 4=LAi , 0=IR , 116.62Mγ = . Rest 

of the values are provided in Table 7-3. 
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The majority of the initial precipitous drop in cell voltage at low current densities is due 

to the huge cathode-side activation overpotential due to its very low exchange-current 

density or activity. This loss levels off at higher current densities. The rather straight-line 

region at intermediate current densities is largely due to the Ohmic potential drop in the 

electrolyte layer, while the final sharp drop is by virtue of the mass transport resistance of 

oxygen in the GDL, as reflected in the limiting current density, when the cell potential 

drops to zero. 

7.3 Conclusions 

 In summary, a simple model is presented here that predicts the effect of fuel 

permeation on open circuit voltage in PEM fuel cells. Model predictions are entirely 

consistent with the experimental observation. To segregate the effect of oxygen vs. 

hydrogen crossover, we find that the crossover current due to oxygen permeation does 

not significantly affect the anode overpotential and hence has no noticeable effect on the 

observed OCV. For a pin-hole free membrane, electrical short-circuit current is an order 

of magnitude smaller than the H2 permeation current. Thus, it is shown that hydrogen 

crossover entirely accounts for the observed loss of about 0.2V under open circuit 

conditions. The OCV, furthermore, is an important diagnostic tool to determine the 

physical well-being of the membrane during prolonged operation, and to identify any 

membrane degradation in the form of membrane thinning or pin-hole formation. The 

cross-over effect can be easily incorporated in the lumped fuel cell performance model, 

which adequately describes the experimental data. 
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Chapter VIII 

Topology, Mechanism and Kinetics of Electro-catalytic 

Reaction Systems in Fuel Cells 

An improved understanding of the hydrogen electrode and oxygen reduction reactions is 

essential for deeper fundamental understanding of fuel cells, which would assist in 

improved catalyst design and detailed fuel cell modeling. In this chapter, we utilize the 

RR graph framework for analysis of these archetypical electrochemical reaction systems. 

The approach highlighted in this chapter can be easily adopted for a detailed and robust 

analysis for a host of different electrochemical systems, e.g. methanol electro-oxidation at 

the anode of DMFCs. 
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8.1 Introduction 

 Due to their practical significance, the hydrogen oxidation reaction (HOR), its 

reverse, i.e., the hydrogen evolution reaction (HER), and oxygen reduction reaction 

(ORR) are by far the most extensively investigated of electrocatalytic reactions [1-15]. 

However, even for the simplest of the electrochemical reaction systems, namely 

hydrogen electrode reaction, the mechanistic and kinetic understanding is still 

incomplete. 

 It is well-recognized that the standard Butler-Volmer equation is lacking in an 

adequate description of the kinetics of the hydrogen electrode reaction over the complete 

range of potentials for the alkaline as well as the acid electrolytes. Further, it is unable to 

explain the asymmetry in current-versus-potential observed in the hydrogen evolution 

reaction (HER) versus the hydrogen oxidation reaction (HOR). In fact, even kinetic 

descriptions via two-step mechanisms (Volmer-Heyrovsky, Volmer-Tafel, or Heyrovsky-

Tafel)) are individually applicable only in limited potential ranges. 

 The significance of dual-pathway kinetics has recently been shown for the case of 

HOR on Pt electrode [1]. However, no general rate expression exists that can 

simultaneously account for these alternate pathways in terms of the accepted three-step 

mechanism, namely, the Tafel, Volmer, and the Heyrovsky steps. Further, no realistic 

first principles prediction of step kinetics yet exists for the hydrogen electrode reaction, 

although there is now a great interest in ab initio predictions [2-9] as well as in their 

experimental validation [5, 10-17]. Were an accurate rate expression for HOR/HER in 

terms of its three step kinetics available, it would not only be revealing, allowing 

fundamental questions to be answered, such as those posed recently by Gasteiger et al. 

[16], but, when available, it could utilize the first principles predictions of step kinetics to 

construct a comprehensive picture of this important and intriguing reaction system, 

including elucidation of the parallel pathways and the dominant steps. A thorough 

understanding of HOR and HER would also serve as a yardstick for understanding other 

electrocatalytic reactions. 

 One of the major pitfalls of PEM fuel cells is related to the sluggish kinetics of the 

irreversible ORR at the cathode, establishing a significant overpotential. Thus, ORR has 
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been the focus of investigation for decades. An elegant review of ORR on Pt and 

bimetallic surface is provided by Markovic et al. [18]. Several research groups have 

attempted prediction of the potential dependent activation energies for the ORR [19-24]. 

While, previous theoretical predictions of catalyst activity were based on the assumption 

of single RDS [19], which of course might not hold true over a broad range of potentials 

[25], there exists no general rate expression that can explain the observed kinetics. In this 

chapter, we provide such an explicit rate expression for the ORR on Pt(111) based on our 

RR graph approach. The deeper theoretical understanding of the ORR kinetics can enable 

us to improve the ORR activity of Pt based cathode electrocatalysis, by e.g. alloying Pt 

with other transition metals like Co, Ni. 

8.2 Step Kinetics for Electrocatalytic Reactions 

 The net rate of a generic elementary step, 
    
rρ =

r 
r ρ −

s 
r ρ , is written as follows 
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where kθ  is the (unknown) activity of intermediate species Ik (k = 0, 1, 2, …, q), ia  is the 

(known, or specified) activity of terminal species Ti (i = 1, 2, …, n), kρα
r

 is the 

stoichiometric coefficient of Ik in reaction step 
  
sρ  as a reactant and that as a product is 

kρα
s

, while that for Ti is iρν
r

 and iρν
s

, respectively. We, club together, as done in earlier 

chapters, in the above mass-action kinetics, the product of the known rate parameters and 

activities of terminal species into reaction weights, ωρ , leaving behind the rates explicitly 

in terms of the unknown intermediates concentrations and known ωρ . 

 The thermodynamic transition-state theory gives the rate constants of the forward and 

reverse steps as [26] 
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where the Gibbs-free energy of activation involves electrostatic potential as well, 

      
∆
r 
G ρ

‡,o = ∆
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G ρ,Φ=0

‡,o − βρ (ν
ρe −FΦ), as per the linear free energy relation (LFER). Further, use 

of the relation: 
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‡,o , provides, e.g., the forward rate constant as  
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where the symmetry factor is assumed to be βρ =1/2 for an elementary reaction, 
      

r 
k ρ ,Φ0

 is 

the rate constant corresponding to equilibrium electrode potential Φ0 , and 
  
ηρ ≡ Φ − Φ0, is 

the overpotential. The “standard” (for unit activities) electrode potentials (denoted by 

superscript o) for the hydrogen electrode reaction are, of course, Φ0

o = 0.000 V for acidic 

electrolytes, and Φ0

o = −0.828  V for alkaline electrolytes. Further, 
      

r 
k ρ ,Φ0

 and 
0,Φρk

s
 in the 

above are rate constants corresponding to equilibrium electrode potential Φ0, i.e., 
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and, 
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This clearly shows the nature of the pre-exponential factor, 

‡,o

, 0
expB

Sk T

h R

ρ
ρ κ Φ=

 ∆
Λ =   

 

r
r

, 

the activation energy that explains the temperature dependence in the usual Arrhenius 

form with the activation energy being related to the enthalpy of activation in the absence 

of potential, o,‡

0,0, =Φ=Φ ∆= ρρ HE
rr

, and  the potential dependence via the usual Butler-Volmer 
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form. Clearly, both temperature and potential have a substantial effect on the rate 

constant of an electrochemical step. However, for the non-electrochemical steps, e.g., the 

Tafel step, clearly the potential dependence is zero, and the rate constant simplifies to the 

Arrhenius expression, 









−Λ= =Φ

RT

E
k

0,
exp

ρ
ρρ

r
rr

. It should be further apparent that the pre-

exponential factor is the same for both chemical and non-electrochemical steps. Further, 

any conclusions about the RDS, and the importance of the different pathways, etc., is 

temperature as well as potential dependent. 

8.3 Hydrogen Electrode Reaction Mechanism, Network and Step 

Kinetics 

 The hydrogen electrode reaction has been investigated over a long period of time due 

to its technological and fundamental significance. The most common and well accepted 

mechanism involves the Tafel, Volmer, Heyrovsky steps [27-29] which have been found 

to adequately explain the overall reaction kinetics [1, 5, 9, 30, 31]. This 3-step 

mechanism involves only a single reaction intermediate, H ⋅ S, where S represents an 

unoccupied catalyst surface site. It should, however, be noted that more recently other 

intermediates have been proposed. For instance, intermediates such as adsorbed water 

( 2H O S⋅ ), and adsorbed hydroxyl ( OH S⋅ ) have been shown to exist on Pt surfaces by 

Ertl and co-workers [32, 33] and others [34]. Thus, Nørskov et al. [31] consider OH S⋅  

and O S⋅  species to calculate the effect of molecular water on adsorption. Additional 

intermediates, of course, imply additional elementary steps in the mechanism and would 

alter the site balance. Nonetheless, we simply adopt the standard Tafel-Volmer-

Heyrovsky mechanism shown below to avoid being distracted by the additional 

complexities of a more detailed mechanism, which are left for future work. 
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Eq. (8.6) above describes the hydrogen oxidation reaction (HOR) in an alkaline 

electrolyte. In an acidic electrolyte, on the other hand, the corresponding mechanism is 
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The Volmer step, sV, above describes the electrochemical consumption of the key 

intermediate, namely, the surface atomic hydrogen, H ⋅ S, while the non-electrochemical 

Tafel step, sT , and the electrochemical Heyrovsky step, sH, describe the generation of 

H ⋅ S from molecular H2. As indicated by the stoichiometric numbers σ gρ  above, when 

these steps are combined in a manner that eliminates the only intermediate H ⋅ S (q =1), 

the overall reaction (OR) results. Clearly, this can be accomplished in more than one 

way, which represent the alternate reaction routes (RRs), or pathways. The overall 

reaction and the elementary steps for the case of the hydrogen evolution reaction (HER) 

are simply the reverse of those written above for the case of HOR. 

 For the hydrogen electrode reaction, a direct FR must not contain more than any two      

(q +1) of the three steps, while a direct ER must be restricted to less than three steps. As 

shown in Eqs. (8.6) and (8.7), the three FRs for the HOR are 
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       (8.8) 

The full-route FRVH represents the Volmer-Heyrovsky pathway, while FRVT and FRHT 

are the Volmer-Tafel and the Heyrovsky-Tafel pathways, respectively. Further, 

subtracting one FR from the other, e.g., FRVT − FRVH, eliminates all species (both 

intermediate and terminal), and thus provides an ER, namely, 

(+1)sV + (−1)sH + (+1)sT = 0, is an empty route, ER1: 
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This finite and unique set of FRs and ERs are listed in Table 8-1 for the above HOR/HER 

mechanism. As per the Horiuti-Temkin theorem, an independent RR set for the 3-step 

HOR/HER mechanism is 213 =−=−= qpµ  RRs, which may include both FRs and 

ERs, so long as they include among them all of the steps in the mechanism. Moreover, 

the number of linearly independent ERs is given p – (q + 1) = 3 – 2 – 1 = 1 for the 

reaction mechanism considered [35]. Thus, a set of 2 linearly independent RRs may be 

readily determined by identifying one independent ER and one FR by simple inspection 

of the HER/HOR mechanism, as done above, thus avoiding the stoichiometric 

enumeration of RRs used for complex mechanisms [35-37]. Let us consider the FRVH and 

ER1, mentioned above as the independent set of RRs for the considered HOR/HER 

mechanism, from which the remaining set of unique RRs can be obtained. Thus, a linear 

combination of FRVH and ER1 results in FRVT and FRHT (Table 8-1). 

 These RRs, or pathways, may, in fact, be simply traced as walks on the Reaction 

Route Graph of a mechanism for an overall reaction. The construction of such a graph is 

is described below with regard to the hydrogen electrode reaction. 

8.3.1 Reaction Route Graph 

 With the independent set of RRs (i.e., FRVH and ER1) in hand, the construction 

of the RR graph is straightforward and is illustrated in Figure 8-1 [38]. We start by 

assembling the empty routes, only ER1 in this case, into a cycle graph.  
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Table 8-1: Stoichiometrically distinct direct FRs and ERs for the 3-step hydrogen 

electrode reaction mechanism. 

 

 

Reaction Route Expression 

 Full RRs 

FRVH 

(Volmer-Heyrovsky): 

sV + sH = OR 

FRVT 

(Volmer-Tafel): 
2sV + sT = OR 

FRHT 

(Heyrovsky-Tafel): 
2sH – sT = OR 

 Empty RRs 

ER1: sV – sH + sT = 0 
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Figure 8-1: RR Graph construction for the 3-step hydrogen electrode reaction 

mechanism. 
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 It is further noted that there exists non-unit stoichiometric ( 2+=ρσ g ) numbers in 

some of the RRs in the unique set (Table 8-1), i.e., in FRVT and in FRHT. This implies that 

every elementary reaction step ρs  as well as the OR must occur twice in the RR graph, 

which must furthermore be symmetrical [37, 39]. 

 This can be accomplished by fusing two ER1’s as shown in Figure 8-1a. Next, we 

note that the remaining RR of the independent set, namely, FRVH, can be included in the 

graph by simply connecting the OR (also twice) across terminal nodes (TNs), yielding the 

final RR Graph (Figure 8-1b). It is next noted that all of the 4 unique RRs (Table 8-1) for 

HOR can be traced on the resulting RR Graph as walks between the TNs. In fact, it may 

be noticed that every RR in the graph is involved twice. This is a consequence of the fact 

that the mechanism is non-minimal [37], i.e., the elementary steps are involved more than 

once in a FR. Nonetheless, the affinity (or any other thermodynamic potential change 

across it) and the rate of a step (e.g., sH, sV or sT) remain unchanged regardless of their 

placement because of the network symmetry. For HER, the FR walks are simply in the 

opposite direction. 

 Let us next check, if the RR graph, so obtained, concurs with the condition that the 

intermediate nodes (INs) and the TNs must be consistent with the quasi-steady state 

(QSS) condition for the intermediate and terminal species. Since there is only one linearly 

independent intermediate, SH ⋅ , here, its QSS condition is 

           0)1()1()2(   : HVTSH =−+++−⋅ rrrQ       (8.10) 

which is consistent with the connectivity, mρjsρ
ρ

∑ = 0 , where the incidence coefficient 

1+=jmρ , if a branch leaves the node j, and mρj = −1, if a branch is coming into the node 

j, of the only one IN (although present twice) in the RR Graph, i.e.,  

          IN1 :    (−2)sT + (+1)sV + (−1)sH = 0      (8.11) 

Similarly, the QSS condition for the terminal species ( H2,  OH−,  H2O, e− ) for the HOR in 

alkaline electrolyte (Eq. (8.6)) are 
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It is seen that the QSS condition for OH−,  e−,  and H2O  is the same, and is represented by 

the TN1 (represented twice in the graph) in the RR Graph, namely 

    1 V HTN :  2OR 0s s− − =       (8.13) 

Thus, the resulting RR graph satisfies all of the conditions imposed on the RR graph, i.e., 

all nodes are balanced in that they satisfy the QSS conditions of one or more surface 

intermediate (in case of INs) and of one or more terminal species (in case of TNs). 

Further, all the RRs can be traced as walks or paths on the RR graph. The network 

includes the commonly considered Volmer-Heyrovsky and Volmer-Tafel pathways, 

along with the not so common Heyrovsky-Tafel pathway [38]. Thus, this is an 

appropriate RR Graph for the hydrogen electrode reaction. 

 Finally, a curious observation by Chialvo et al. [5, 30], that two distinct sets of 

alternate parameters provide identical HOR/HER kinetics, can be explained simply from 

the topology of the RR Graph. Thus, it is clear from the symmetry of the RR Graph in 

Figure 8-1b that the Volmer and the Heyrovsky steps can be interchanged without 

affecting the properties of the circuit. As a result, interchanging the kinetic parameters of 

the Volmer and the Heyrovsky steps does not alter the current density versus 

overpotential predictions, as found by Chialvo et al. [5, 30], even though it changes the 

dependence of surface coverage on η from θH⋅S(η)   to 1−θH⋅S(η) . 

 We will use the RR Graph in Figure 8-1b below for deriving a QSS rate law based on 

its electrical analog, which would include the flux along all the three pathways (FRs), so 

that one need not select a pathway individually for kinetic analysis, as is the usual 

practice. 
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8.3.2 Step Kinetics 

 Following the discussion above in section 8.2, the net rates, 
    
rρ =

r 
r ρ −

s 
r ρ , of the three 

elementary steps in the HOR/HER mechanism may be written as 
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                                       (8.14) 

where the site balance, namely, θ0 + θH⋅S =1, has been incorporated.  

 The step weights in the above may be written as  

    

2T T H T T

V V,0 V V,0

H H,0 H H,0

         ;    

        ;    

        ;    
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r r s s

                               (8.15) 

where the dimensionless electrode overpotential, ψ ≡
1

2

Fη
RT

.  Further, for the case of 

alkaline electrolytes, the parameters above, in terms of the rate constants at equilibrium 

electrode potential and the activities of the terminal species, are 

           

OHH,H,0HOHH,H,0

OHV,V,0OHV,V,0

2020

200

    ;   

    ;   

akaak

akak

ΦΦ

ΦΦ

==

==

−

−

ssrr

ssrr

ωω

ωω
                          (8.16) 

Furthermore, in these expressions, the activity of water is usually assumed to be unity, 

i.e., aH2O =1, for saturated conditions, while the activity of hydrogen is written as its 

partial pressure, i.e., aH2
= pH2

, in atm. 

8.3.3 Consistence with Network Laws 

 Figure 8-2 below represents the electrical analog for the HER/HOR mechanism, 

obtained directly from the RR Graph in Figure 8-1. In doing this, the elementary steps are 

viewed as resistances, while the OR is viewed as a power source [38]. 
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8.3.3.1 Kirchhoff’s Potential Law (KPL) 

 The RR graphs, as explained in chapter II follows Kirchhoff’s potential law 

(KPL) [35-37], that provides an important thermodynamic consistency check on the 

given kinetic parameters. For example, KPL relation for ER1, i.e.,  AV − AH + AT = 0, 

implies, with the help of the relation )/ln(/ ρρρ rrRTA
sr

=   

              1
T

T

H

H

V

V =
























r

r

r

r

r

r
s

r

r

s

s

r

;  or  1
T

T

H

H

V

V =
























ω
ω

ω
ω

ω
ω

s

r

r

s

s

r

               (8.17)      

The calculated or experimentally determined rate constants must be consistent with these 

constraints.  

 Alternatively, not all rate constants need to be predicted, some may be found from 

KPL relations. The affinities of the elementary reaction steps ρs  in a full route are related 

to the overall reaction affinity via a similar reaction. 

         AOR = AV + AH = 2AV + AT = 2AH − AT       (8.18) 

8.3.3.2 Kirchhoff’s Flux Law (KFL) 

 The Kirchhoff’s Flux Law (KFL), analogous to the QSS analysis [5, 30],  applies at 

each node [35-37], i.e., 

    

m jρrρ
ρ=1

p

∑ = 0. Thus, at the intermediate node  

     0)1()1()2(   :IN HVT1 =−+++− rrr        (8.19) 

The use of the step kinetics (Eq. (8.14)) in this, thus, allows one to determine the 

unknown site fraction θH⋅S  from  

{ } 0)2()()(4)(2 HVTSHHHVVT

2

SHTT =++−+++++− ⋅⋅ 444 3444 21

rsr

44444 344444 21

rsrsr

43421

rs

cba

ωωωθωωωωωθωω    (8.20) 

The solution to which is 
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Figure 8-2: The equivalent electrical circuit for the 3-step HER mechanism. 
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The other root of the quadratic equation does not provide a value between 0 and 1 [30]. 

This may be used to obtain the surface coverage of adsorbed hydrogen for a given set of 

kinetic parameters, using which the step rates as well as step affinities and step 

resistances may be calculated.  

 The OR rate can next be calculated from the application of KFL at the terminal node, 

namely 

     TN1 :    (−2)rOR + (+1)rV + (+1)rH = 0         (8.22) 

Thus, although an explicit OR rate expression that contains all the three mechanistic steps 

cannot be obtained, numerical calculations of the OR rate can be readily performed for a 

variety of conditions, as shown later. Such QSS analysis is performed for the HOR/HER 

by many authors, for instance, by Chialvo et al. [5, 30], although we interpret this as KFL 

applicable to the RR Graph. Consequently, the results are similar [5, 30]. 

 One can similarly compute QSS (KFL) rate for each of the individual limiting cases 

of the 2-step mechanisms, namely, the VH, VT and HT mechanisms. Of course, the QSS 

(KFL) condition will change for each such limiting case, as will the dependence of H Sθ ⋅  

on overpotential. 

 A specific advantage of the RR Graph approach, however, is that once the step rates, 

affinities, and resistances are hence obtained via KFL, a robust identification of the 

dominant reaction pathways may be accomplished based on a comparison of the flux 

(current) along different branches in the RR Graph or via a comparison of pathway 

resistance. Moreover, comparison of resistance enables us to identify the rate-limiting 

steps (RLS), without making any ad hoc assumptions. We followed such a numerical 

analysis for many of the examples in earlier chapters. Here, we follow the alternate 

circuitry approach for an explicit treatment of rate law for the general case involving all 

three steps, as well as explicit rate expressions for limiting 2-step mechanisms. 
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8.3.4 Ohm’s Law Kinetics 

 The overall resistance of a reaction network may be calculated in terms of branch 

resistances using standard electrical circuit methods [40]. For the case of the HOR/HER, 

the overall rate may be written as  

  

  

2rOR =
AOR

ROR
                (8.23) 

where for the circuit shown in Figure 8-2, the overall resistance ORR , can be obtained by 

employing, e.g., a Y−∆ conversion utilized in electrical circuits [38]
,
 [40]. The rate, ORr  

on the left-hand side of Eq. (8.23) has been doubled since the network involves the OR 

twice (Figure 8-2). The overall network resistance for HOR/HER may be shown to be 

equal to 

  
)(2

)4(

HVT

VTHVT

RRR

RRRRR
ROR ++

++
=      (8.24) 

 While such a representation of reaction rate is entirely consistent with the numerical 

results obtained from the conventional KFL/QSS analysis discussed in the last section 

[38], unfortunately, the step resistances in Eq. (8.24) as defined in chapter II, involve step 

kinetics including activity of the intermediate species θH⋅S , which is, of course, not 

known a priori, the determination of which is, in fact, the key goal of kinetic analysis. 

We thus, follow an alternate Ohm’s law representation of Eq. (8.23) of the form [41] 

                                                     2 OR
OR

OR

E
r

R•=      (8.25) 

in which the network resistance •
ORR , of a form similar to Eq. (29) as described below, 

can, in fact, be determined a priori. Here, the thermodynamic driving force is defined as 

                                                    EOR ≡1− zOR      (8.26) 

while the reversibility of the OR 

       
1
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Furthermore, based on KPL, the above OR reversibility can be written in terms of the 

step weights, thus making it a known quantity for a given set of reaction conditions 
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For the HOR, thus, for the different FRs (Eq. 3) 
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The OR reversibility in the above relations may be written as follows by combining Eq. 

(8.15) with, e.g., the first of the relations in Eq. (8.29). Thus 
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                (8.30) 

 When equilibrium is brought about by changing the hydrogen electrode overpotential 

to zero, i.e., as ψ → 0, zOR →1, and Rρ → Rρ ,0 . Thus, the term in the parenthesis in the 

above expression must be unity, i.e., H,0V,0H,0V,0 ωωωω
rrss

= , where these parameters in terms 

of rate constants at equilibrium potential and species concentrations are given in Eqs. 

(8.4) and (8.16). 

 The equation also explains the reciprocity in rate constants of the Volmer and 

Heyrovsky steps observed and commented on by Chialvo et al. [5, 30]. As a result, 

furthermore, the reversibility simply becomes 

                                                                  ψ4−= ezOR                 (8.31) 

 It is, thus, clear from above that when 0>ψ , i.e., when the overpotential is positive, 

the OR proceeds as depicted in Eqs. (8.6), i.e., as HOR. On the other hand, when 0<ψ , 

the OR is the HER. Further, at high overpotential in either direction, i.e., when ψ >> 0, 

the reaction is essentially irreversible.  
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 The above relation may alternately be obtained if either of the other two forms in Eq. 

(8.29) were used for this analysis, which further require T

2

V,0T

2

V,0 ωωωω
rrss

=  and 

T

2

H,0T

2

H,0 ωωωω
srrs

=  as additional KPL relations. 

 Further, using Eqs. (8.25), (8.26) and (8.31) in i = ν
OR,e−FrOR , where ORr  is in units of  

2 1mol cm  s− −  andν
OR,e−  is the stoichiometric coefficient of electrons in the overall 

electrode reaction (i.e., ν
OR,e− = +2  for HOR and ν

OR,e− = −2  for HER), and rearranging, 

the current density 
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eeF
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ψψν
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This relation may alternately be expressed in terms of the exchange current density as 

follows. Thus, when equilibrium is brought about by changing the hydrogen electrode 

overpotential to zero, i.e., as ψ → 0, then the net electrode current density i→ 0, but the 

current density in each direction 0 and , iii →
sr

. Of course, then the step resistance 

changes as well, Rρ
• → Rρ ,0

• , and the OR resistance changes concomitantly, ROR
• → ROR ,0

• . 

Thus, 

                                                 i0 =
ν
OR,e− F

2ROR ,0

•                 (8.33) 

and the current density then may be written in the alternate form 
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                (8.34) 

As mentioned above, •
ORR  in the above relations is the total network resistance, which 

may be written in terms of step resistance in the same form as Eq. (8.24), i.e., 

  ROR
• =

RT

•RV

• + RH

• (RT

• + 4RV

• )

2(RT

• + RV

• + RH

• )
                (8.35) 

where •
ρR  is defined explicitly in chapter II, as the resistance of the step ρs  when it is 

considered as the rate-determining step (RDS), with all other steps are at quasi-
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equilibrium (QE). •
ρR  can next be ascertained a priori following the LHHW approach 

along with notion of IRRs, elucidated in chapter II. Thus, with step Ts  as the RDS 
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The corresponding intermediate reaction for SH ⋅  is VSH )1(IR s−=⋅ . Using Eq. 2.25 , we 

thus have VVT,0TS,H ωωθθ
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=••
⋅ . Next from Eq. 2.26 , VVT,0 11 ωωθ

rs
+=• . Finally, using 

this in Eq. (8.36) along with Eq. (8.15) 
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 Next, with step Vs  as the RDS 

                                         V

V V H S,V H S,V

V 0,V

0,V

1 1 1
R

r ω θ θ
ω θ

θ
⋅ ⋅

•
• • •

•
•

= = =
 
  
 

rr
r

                                (8.38) 

The corresponding intermediate reaction for SH ⋅  is HSH )1(IR s+=⋅ . Thus, 

HHV,0VS,H ωωθθ
sr

=••
⋅ along with HHV,0 11 ωωθ

sr
+=• . Using the above in Eq. (8.38), 
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Similarly 
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8.3.5 General Tafel-Volmer-Heyrovsky Kinetics 

 Assuming all three steps are significant, and combining Eqs. (8.32) and (8.35) 
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Using the step resistances obtained above in this and rearranging provides 
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Although complex-looking, it is noteworthy that this is the first explicit expression 

available in the literature that provides the kinetics of the hydrogen electrode reaction in 

terms of the kinetics of all of the three accepted steps (Tafel-Volmer-Heyrovsky) 

considered together.  

 Further, when equilibrium is brought about by changing the hydrogen electrode 

overpotential to zero, i.e., as ψ → 0, then the net electrode current density i→ 0, but the 

current density in each direction 0 and , iii →
sr

. The above equation then provides the 

exchange current density 
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The last two expressions can be further combined to alternately express the current 

density in terms of exchange current density  
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Although the above expressions are approximate, they are highly accurate as shown later 

in comparison with the QSS numerical results over the entire range of potentials of 

interest for both HOR and HER. 
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8.3.6 Limiting Cases of Dual-Step Kinetics 

 When one of the 2-step mechanisms (Volmer-Heyrovsky or Volmer-Tafel) is 

dominant, the third step may be removed from the RR Graph, and the corresponding 

simplified ORR•  computed for the hence reduced circuit (Figure 8-3). The Heyrovsky-

Tafel mechanism is not considered here further based on the QSS results presented later 

in the chapter. Thus, the overall resistances of the two-step pathways involved in 

HER/HOR are 

     
RVH

• = (RV

• + RH

• ) /2

RVT

• = 2RV

• + RT

• /2

 
 
 

                (8.45) 

which may be used for ROR
•  in Eqs. (8.32) to (8.34), i.e., in 

rOR = EOR /(2ROR
• ) ≈ EOR /(2RFR

• ).  

8.3.6.1 Volmer-Heyrovsky Mechanism 

 For the Volmer-Heyrovsky mechanism, using the expressions for the Volmer and 

Heyrovsky resistances in Eq. (8.45) and rearranging 
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This rate expression can, in fact, be derived via the KFL/QSS analysis as well, which 

provides an explicit solution in this case because the kinetics for both the Volmer and 

Heyrovsky steps are linear in the unknown surface intermediate concentration.  

 The rate expression may further be written in an alternate form by using the identities, 

eψ = coshψ + sinhψ , e−ψ = coshψ − sinhψ , and sinh(2ψ) = 2sinhψ coshψ , and 

rearranging, to provide 
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Figure 8-3: Reduced RR circuit for (a) Volmer-Heyrovsky mechanism and (b) Volmer-

Tafel mechanism. 
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 Further, the exchange current density from Eq. (8.33) 
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Thus, an alternate form of the rate expression is obtained by combining the last two 

expressions 
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8.3.6.2 Volmer-Tafel Mechanism 

 For the Volmer-Tafel mechanism, using the expressions for the Volmer and Tafel 

resistances, along with H,0V,0H,0V,0 ωωωω
rrss

= , and Eq. (8.45) in Eq. (8.33) and rearranging 

provides the exchange current density 
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which may be combined with Eq. (8.34) to provide 
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which can alternately be written in terms of hyperbolic functions as above 
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 It is noteworthy that this is the first such explicit expression for the Volmer-Tafel 

mechanism, as the corresponding QSS analysis cannot be written explicitly in such a 

form due to the nonlinearity of the kinetics. Thus, the QSS site coverage for the Volmer-

Tafel kinetics is 

{ } { } 
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2

VVTVVT
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srsrrsrrsr

sr  

             (8.53) 

which may be used in Eq. (8.14) for calculating the OR rate via the KFL/QSS approach.         

8.3.7 Case of Hydrogen Electrode Reaction in Alkaline Medium 

 Unfortunately, the rate constants for electrocatalytic elementary reactions are not yet 

available from first principles predictions, although important progress is being made in 

this direction [2-4, 8, 9, 31]. Therefore, for our analysis, we adopt rate constants obtained 

in the literature by fitting experimental rate data. Thus, the set of rate constants used here 

for the case of Pt catalyst in 0.5M NaOH solution at 296 K is provided in Table 8-2 [30, 

42]. Moreover, this kinetic data is found to be consistent with KPL relations described in 

the earlier sections. 

 Figure 8-4 provides a plot of •
ρR1  (maximum possible forward step rate) versus 

overpotential η . Based on Figure 8-4, Volmer step seems to be the fastest over the entire 

range of overpotential, while the resistances of the Heyrovsky and Tafel steps are of 

similar magnitude and may be rate-limiting over limited potential ranges, as discussed in 

more detail below. However, all three resistances are not of dramatically different 

magnitude. Finally, the potential dependence of RT

•  is curious, and explained by Eq. (49). 
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Table 8-2: Reaction rate constants for HER on Pt in 0.5M NaOH at 296 K [30]. 
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Figure 8-4: Semilog plot of 1 Rρ
•  vs. overpotential, η  (V) for hydrogen electrode 

reaction on Pt in alkaline medium. 
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Figure 8-5: Semilog plot of overpotential (V), η  vs. absolute value of kinetic current, i 

for hydrogen electrode reaction on Pt in alkaline midium. Solid lines represent data 

obtained from solving QSS equation for the 3-step Tafel-Volmer-Heyrovsky (black) 

mechanism and each of the 2-step mechanism, namely, Volmer-Heyrovsky (green), 

Volmer-Tafel (red) and Heyrovsky-Tafel (dotted, black) mechanism, while symbols 

represent calculations from Ohm’s law. ● 3-step mechanism Eq. (8.42), ■ 2-step Volmer-

Heyrovsky mechanism Eq. (8.49), ▲ 2-step Volmer-Tafel mechanism Eq. (8.52). 

 

 



Chapter VIII: Topology, Mechanism and Kinetics of Electro-catalytic Reaction Systems in Fuel Cells 

 

___________________________________________________________________________ 
Catalytic and Electrocatalytic Pathways in Fuel Cells 

339

 Finally, Figure 8-5, provides QSS rates for HOR/HER mechanism in alkaline 

medium obtained numerically by solving the KFL relations for each of the three two-step 

mechanisms as well for the case of the 3-step mechanism. It is evident from Figure 8-5 

that the HT mechanism is not a significant contributor over any part of the range of 

overpotentials considered here for the alkaline system. In fact, even the VH and VT 

mechanisms are individually applicable only in limited potential ranges.  

 Figure 8-5, also plots the QSS rate obtained from the explicit rate expression for the 

complete 3-step mechanism, as well as those for the limiting cases. Although these 

expressions (i.e., Eqs. (8.44), (8.49) and (8.52)) are approximate, they are highly accurate 

as shown in comparison with the QSS numerical results over the entire range of 

potentials of interest for both HOR and HER, as shown in Figure 8-5. Moreover, they 

quite nicely explain the asymmetry between the kinetics in the HER region versus that in 

the HOR region (Figure 8-5). 

It is clear that the expression is adequate in the overpotential range of 

V24.0V3.0 −<<− η for HER and V3.0V13.0 <<η  for HOR in the alkaline system. 

The asymmetry between the kinetics in the HER region versus that in the HOR region for 

the Vomer-Heyrovsky mechanism is a result of the coefficient of the tanh term in the 

denominator (Eq. (8.49)). For small ψ , this would be small, and the result would be a 

simple symmetric behavior as described by a Butler-Volmer kinetic expression [26]. 

Further, there is a great asymmetry in the Volmer-Tafel mechanism, described by the 

form of the denominator in the expression (i.e. Eq. (8.52))! This mechanism is important 

for HER in an alkaline system in the overpotential range of 0.1V 0Vη− < < . 

0.1V 0Vη− < < . For HOR in an alkaline system, the VT mechanism is only applicable 

in a narrow overpotential range of 0 20 mVη< < . 

 Finally, for the kinetic data provided in Table 8-2, this relation provides an exchange 

current density of 24

0 cmA 107.1 −−×=i  for HER on Pt in 0.5M NaOH at T = 296 K. This 

value compares well with that predicted using the correlation provided by Chiavlo et al. 

[30] based on an extension of the Temkin development for a single reaction route. Many 
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others have also suggested 0i  to be ~ 24 cmA 10 −−  on Pt for alkaline electrolytes [15, 43, 

44]. 

8.3.8 Case of Hydrogen Electrode Reaction in Acidic Medium 

 Let us now consider the case of hydrogen electrode reaction in acidic medium, of 

fundamental importance with the connection to PEM fuel cells. The HOR and HER 

reactions are represented by Eq. (8.7) and the kinetic rate constants are written as  
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r
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where 
      
∆
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G ρ,Φ=0

‡,o − βρ (ν
ρe −FΦ), as per the linear free energy relation (LFER). In 
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In short, Λ  acts like a scaling factor in order to express the differences in the intrinsic 

exchange currents by the corresponding activation free energies [9]. ‡,oGρ∆ , on the other 

hand, is a function of the electrostatic potential given by LFER as explained earlier. 

 The activation free energies for the three reactions involved in the hydrogen electrode 

reaction are shown schematically in Figure 8-6. o

adG∆  in Figure 8-6 represents the 

standard adsorption free energy for 21/2H   S  H S+ → ⋅  at zero overpotential. We can 

see from Figure 8-6,  
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   (8.56) 
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Figure 8-6: Schematic representation of free energy of activation and adsorption for the 

Volmer, Heyrovsky and Tafel steps. 
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 Based on dual-pathway kinetic equation, Wang et al. [1] provided fitted step kinetics 

that were able to describe the kinetic behavior of the hydrogen electrode reaction over the 

entire relevant potential region for T = 298 K. In a subsequent publication [9], the authors 

estimated the standard adsorption free energy, 0

ad 75 meVG∆ =  at zero overpotential, and 

the activation free energies for each of the three elementary steps based on the fitted 

kinetic data. Thus, activation free energies were calculated as ‡,o

T, 0 196 meVG Φ=∆ = , 

‡,o

H, 0 294 meVG Φ=∆ =  and ‡,o

V, 0 48 meVG Φ=∆ =  for the Tafel, Heyrovsky and the Volmer 

steps, respectively. The DFT calculations by the authors [9] yielded 0

ad 58 meVG∆ = , 

agreeing reasonably with that obtained from fitting. It must, however, be noted that the 

quantum mechanical calculations by Cai and Anderson [4] obtained the activation energy 

for the Heyrovsky step as 76 meV  which is considerably smaller than that estimated by 

Wang et al. [9]. The authors [9] attributed the difference to entropy contribution and the 

effect of lateral repulsion from the HUPD, neglected by Cai and Anderson [4]. Nørskov 

and coworkers [45] estimated the activation energy for the Volmer step as ~150 meV, in 

consistence with calculated barriers for proton transfer in water. Their calculations for the 

Volmer reaction suggested that the energetics are given essentially by the reaction energy 

with a small extra contribution to the energy barrier due to the proton transfer in the water 

bilayer. This would indicate a very small barrier for this process close to the equilibrium 

potential. The energy barrier for the Tafel step was found to be significantly higher ~550 

meV, than that for the Volmer step. Finally, energy barrier for the Heyrovsky step (~350 

mev) was estimated to be lower than that for the Tafel step. However, the authors 

acknowledge the approximate nature of the method used to estimate the effect of the 

electrode potential which calls for more self-consistent approaches with utilization of 

more water molecules in the simulation to be able to distinguish between protons in the 

solution and protons in the double layer. Thus, there is a great deal of discrepancy in the 

literature reported values, largely due to the difficulties in accurately simulating the 

electrochemical environment from first principles calculations and is an area of active 

research.  
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Table 8-3: Reaction rate constants for hydrogen electrode reaction on Pt in acidic 

medium. 

 

Reaction Step, sρ Wang et al. [9] This work 

‡,o

T, 0G Φ=∆  196 meV 185 meV 

‡,o

H, 0G Φ=∆  294 meV 120 meV 

‡,o

V, 0G Φ=∆  48 meV 48 meV 

0

adG∆  75 meV 58 meV 

Λ  
63.1211 10×  

  

molecules

site.s
 52.1848 10×  
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site.s
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 In the absence of consistent and realistic rate constants for all the electrocatalytic 

elementary reactions from first principles, we utilize the semi-empirical kinetic data 

(Table 8-3) provided by Wang et al. [9] for the case of Pt catalyst in acidic electrolyte. 

The kinetic analysis presented here, however, is independent of how the rate constants 

might have been estimated. 

 Finally, the specific rate rρ , written in terms of mol per unit supported metal catalyst 

surface area, is given as 

   
1 1

i i

n n
t

i i

i i Av

C
r r r k a k a

N

ρ ρν ν
ρ ρ ρ ρ ρ

−

= =

  
= − = −  

  
∏ ∏

r sr sr s
 

  

mol

cm2cat.s
   (8.57) 

where tC  is the number of reaction sites/cm
2
 of catalyst surface (typically ~ 10

15
 

atoms/cm
2
 on a metal surface), and NAv (6.0221415 × 10

23
) is the Avogadro’s number. 

The current density can next be obtained in the units of A/cm
2
, i.e., i = ν

OR,e−FrOR  as 

shown in earlier analysis for alkaline medium. 

 It should be noted that the kinetic data in Table 8-3 is also consistent with KPL 

relations detailed in the earlier sections. We next utilize the data provided by Wang et al. 

[9] (Table 8-3), to simulate the kinetic current for hydrogen electrode reaction on Pt in 

acidic system at T = 298 K as presented in Figure 8-7. A close agreement of the kinetic 

current obtained by employing Eq. (8.44) with the QSS rate, elucidates the brute-force of 

the reaction route graph approach. Finally, for the kinetic data by Wang et al. [9] 

provided Table 8-3, an exchange current density (Eq. (8.43)) of ~370 mA/cm
2
 is obtained 

for HOR on Pt in acidic media at 298 K, which is two orders of magnitude higher than 

the conventionally accepted value of 1 mA/cm
2
 [46]. This is, however, in accord with the 

data reported by Wang et al. [1, 9] based on their dual kinetic equation. Moreover, 

recently, Neyerlin et al. [16] experimentally obtained the exchange current density within 

the range of 235 – 600 mA/cm
2 

using a hydrogen pump configuration, which agrees 

reasonable well with our predictions. 

 Lastly, even though the asymmetry between the kinetics in the HER region versus 

that in the HOR region is captured by the rate expression derived using the circuitry 

approach, the degree of the asymmetry between the two regions is striking (Figure 8-7).  
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Figure 8-7: Semilog plot of overpotential, η  (V) vs. absolute value of kinetic current, i 

for hydrogen electrode reaction on Pt in acidic medium at 298 K, Solid line represents 

data obtained from solving QSS equation for the 3-step Tafel-Volmer-Heyrovsky 

mechanism while symbols (●) represent calculations from Ohm’s law for the 3-step 

mechanism (Eq. (8.44)). 
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The experimental data presented by Neyerlin et al. [16] for a fuel cell at T = 80 
o
C, on the 

other hand is relative symmetric. 

 The kinetic data was next modified by us in order to fit the experimental data by  

Neyerlin et al. [16] at T = 80 
o
C, with reasonable agreement as shown in Figure 8-8. We 

use ‡,o

T, 0 185meVG Φ=∆ = , a value similar to that obtained from UBI-QEP method for the 

Tafel step, ‡,o

H, 0 120meVG Φ=∆ =  as reported on Pt(100) by Markovic et al. [47] and 

‡,o

V, 0 48 meVG Φ=∆ =  provided by Wang et al [9]. Lastly, we use the value for the 

adsorption free energy for 21/2H   S  H S+ → ⋅  at zero overpotential, 0

ad 58 meVG∆ = , as 

determined from the DFT calculations by Wang et al. [9]. Λ , on the other hand, is the 

fitted parameter. It can be seen from Figure 8-8, that the kinetic current predicted by Eq. 

(8.44) well captures the experimental observations by Neyerlin et al. [16]. For this set of 

rate constants, the exchange current density was determined to be ~700 mA/cm
2
, higher 

than that estimated by Neyerlin et al. [16]. 

 Figure 8-8, also plots the kinetic current predicted by the more limiting rate 

expression for the two-step Volmer-Heyrovsky mechanism, i.e. Eq. (8.49). Thus, based 

on our analysis, in the entire overpotential region of interest for PEM fuel cells 

( 60mV 60mVη− < < ) in the acidic system, the Volmer-Heyrovsky is found to be the 

dominant reaction mechanism. The RDS, if any, can next be identified by comparing the 

step resistances connected in series in this pathway, as shown in Figure 8-9. Even though 

Heyrovsky appears to be slower of the two steps, both the steps have resistances of 

similar order and further pruning is unwarranted. 

 A number of experimental studies of HER on various Pt single crystal surfaces or 

polycrystalline Pt films have suggested either the Vomer-Tafel [48-50] or the Vomer-

Heyrovsky dual-step reaction mechanism [51]. Thus, Volmer-Heyrovsky mechanism was 

suggested by Tavares et al. [51] based on fitting kinetic equations for H2 evolution over 

polycrystalline Pt electrodes in acid to Tafel plots. Based on Tafel plots, Markovic et al. 

[47], suggested that the Volmer-Heyrovsky mechanism was being followed over Pt(100), 

and the Volmer-Tafel mechanism over the (110) surface. 
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Figure 8-8: Overpotential, η  (V) vs. kinetic current, i for hydrogen electrode reaction on 

Pt in acidic medium at 353 K, Symbols (●) represent the experimental data [16]. Solid 

line represents kinetic current for the 3-step Tafel-Volmer-Heyrovsky mechanism from 

Ohm’s law for the complete 3-step mechanism (Eqs. (8.44)). Dotted line represents the 

kinetic current for the limiting case via Volmer-Heyrovsky mechanism (Eqs. (8.49)). 
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Figure 8-9: Comparison of •
VR  and •

HR  connected in series for the Volmer-Heyrovsky 

pathway. 
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Results regarding the dominant reaction mechanism, however, were rather unclear over 

Pt(111) [47]. Others have also suggested a dual-pathway mechanism [1, 9]. Nevertheless, 

a general rate expression like the one developed here, for the 3-step complete mechanism 

has not been obtained so far, which would still be valid for all the Pt surfaces. Thus, more 

reliable kinetic data supplemented by consistent experimentation is necessary for a clear 

portrayal of the dominant reaction mechanism. The approach developed in this chapter, 

when combined with such kinetic data, should allow an unambiguous determination of 

the mechanism and kinetics.  

8.4 Oxygen Reduction Reaction: Mechanism and Kinetics 

 Oxygen reduction reaction (ORR) accounts for a significant overpotential, even for 

the best known ORR catalyst, i.e., Pt, in a PEM fuel cell. A fundamental understanding of 

the said reaction is pivotal in designing better ORR catalysts and also for sound fuel cell 

modeling. Unfortunately, the mechanism and kinetics of ORR on different electrode 

surfaces is far from being clear. The complexity of the mechanism is due to the 

associated multielectron transfer and its dependence on the electrode material and 

electrolyte. Rotating-ring-disk electrode has been widely employed to probe the oxygen 

reduction mechanism. However, the method suffers from the drawback that the 

intermediates which do not desorb from the disk electrode surface cannot be detected. 

 Here we consider the simple 4-step reaction mechanism for ORR proposed by Wang 

et al. [25] as shown in Table 8-4, along with the activation free energies on Pt(111) in 0.1 

M HClO4 solution, deduced by analyzing the measured polarization curves. The 

physisorbed O2⋅S [18] and associated O2H⋅S [19, 52-54] are neglected in the mechanism, 

since these species are much less stable than O⋅S or OH⋅S [25]. O2H⋅S is, in fact, not even 

detected in an acidic medium [55]. Other mechanisms for ORR have been shown to be 

mediated via H2O2 [18, 53, 56-61]. However, Paulus et al. [62] showed that H2O2 

formation at typical operating conditions of 0.7 – 0.8V is close to only ~0.2%. Similarly, 

Markovic et al. [18] have also shown that the fraction of peroxide formed on Pt catalyst is 

rather minimal (Figure 8-10), can thus be neglected to simplify the reaction mechanism 

as done in this case. 
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Figure 8-10: (a) Tafel plots for the ORR on Pt/Vulcan in 0.5 M HClO4 (white circles) 

and after addition of 10
–4

 M Cl
–
 (black diamonds), 10

–3
 M Cl

–
 (gray triangles), and 10

–2
 

M Cl
–
 (gray squares). (b) Fraction of peroxide formed during the ORR in the presence of 

chloride [18]. 
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Table 8-4: Free energy of activation for the 4-step ORR reaction mechanism on Pt(111) 

in acidic medium [25]. 

 
 

 
‡,o

, 0Gρ Φ=∆
r

 (eV) Elementary Reactions 
‡,o

, 0Gρ Φ=∆
s

(eV) 

s1: 0.258 ½ O2 + S � O⋅S 0.735 

s2: 0.459 ½ O2 + H
+
 + e

–
 + S � OH⋅S 0.579 

s3: 0.502 O⋅S + H
+
 + e

–
 � OH⋅S 0.145 

s4: 0.455 OH⋅S + H
+
 + e

–
 � H2O + S 0.335 
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Further, the kinetic data utilized in this study is also consistent with the values reported in 

the literature. ‡,o

2, 0G Φ=∆
r

 was predicted to be 0.22 eV by Hyman and Medlin [23], 0.4 eV by 

Wang and Balbuena [22], and 0.45 eV by Anderson et al. [24]. On the other hand, DFT 

calculations by Nørskov and coworkers [19] yielded ‡,o

3, 0 0.51eVG Φ=∆ =
r

 and 

‡,o

4, 0 0.49eVG Φ=∆ =
r

. These values are in harmony with the kinetic data employed in this 

work. Finally, we utilize a pre-exponential factor, 6 molecules
3.1211 10

site.s
Λ = × , calculated 

from Ref. [25]. 

 The net rates, 
    
rρ =

r 
r ρ −

s 
r ρ , of the four elementary steps in the ORR mechanism may be 

written as 

                                      

1 1 O S OH S 1 O S

2 2 O S OH S 2 OH S

3 3 O S 3 OH S

4 4 OH S 4 O S OH S

(1 )

(1 )

(1 )

r

r

r

r

ω θ θ ω θ

ω θ θ ω θ

ω θ ω θ

ω θ ω θ θ

⋅ ⋅ ⋅

⋅ ⋅ ⋅

⋅ ⋅

⋅ ⋅ ⋅

= − − −


= − − − 


= − 
= − − − 

r s

r s

r s

r s

                                 (8.58) 

where, the site balance, namely, 0 O S OH S 1θ θ θ⋅ ⋅+ + = , has been incorporated to exclude 0θ .   

 The step weights in the above are given as 

              

1 1 1 1

2 2,0 2 2,0

3 3,0 3 3,0

4 4,0 4 4,0

               ;    

       ;    

       ;    

       ;    

k k

e e

e e

e e

ψ ψ

ψ ψ

ψ ψ

ω ω

ω ω ω ω

ω ω ω ω

ω ω ω ω

−

−

−

= =

= =

= =

= =

r sr s

r r s s

r r s s

r r s s

                                    (8.59) 

Further, 

           

0 2 0

0 2 0

0 0 2

2,0 2, O 2,0 2,

3,0 3, O 3,0 3,

4,0 4, 4,0 4, H O

     ;    

     ;    

             ;    

k a k

k a k

k k a

ω ω

ω ω

ω ω

Φ Φ

Φ Φ

Φ Φ

= =

= =

= =

r sr s

r sr s

r sr s

     (8.60) 

In these expressions, the activity of water is usually assumed to be unity, i.e., aH2O =1, for 

saturated conditions, while the activity of oxygen is written as its partial pressure, i.e., 
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2 2O Oa p= , in atm. Finally, 
0,kρ Φ

r
 and 

0,kρ Φ

s
 is obtained similar to that in the case of 

hydrogen electrode reaction in the acidic system, i.e., Eq. (8.54) and Eq. (8.3). 

8.4.1 Reaction Route Graph 

 For the 4-step ORR reaction mechanism considered here, with two linearly 

independent intermediates species, O⋅S and OH⋅S, a direct full route must not contain 

more than any three (q +1) of the four steps, while a direct ER must be restricted to less 

than four (q + 2) steps.  

 The system, in fact consists of two FRs and 1 ER as shown below 

   

1 1 3 4

2 2 4

1 1 2 3

FR :      ( 1) ( 1) ( 1) OR

FR :      ( 1) ( 1) OR

ER :    ( 1) ( 1) ( 1) 0

s s s

s s

s s s

+ + + + + = 


+ + + = 
+ + − + + = 

     (8.61) 

It is relatively easy to assemble these RRs into a RR graph which is provided in Figure 8-

11. We first assemble the only empty route, ER1 into a cycle graph. The only step 

missing, i.e., s4 in next added to complete the full route. The overall reaction is then 

added across the terminal nodes to complete the RR Graph. 

 Finally, the kinetic data provided in Table 8-4, is consistent with the KPL relation, i.e. 

            1 3 4 2 4OR = + + = +A A A A A A        (8.62) 

and 

                   31 2
1 2 3

1 2 3

0,i.e, 1
ωω ω

ω ω ω
   

− + = =   
   

rr s

s r sA A A        (8.63) 

8.4.2 QSS Rate Expression 

 Numerical QSS rate can be obtained by solving the KFL equation at the nodes of the 

RR graph, i.e. 

                                                
1 4 1 2

2 1 3

:    ( 1) ( 1) ( 1) 0

:    ( 1) ( 1) 0

n r r r

n r r

− + + + + =

− + + =
     (8.64) 
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Figure 8-11: RR Graph construction for the 4-step ORR mechanism. 
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Solving the above equations simultaneously, provides O Sθ ⋅  and OH Sθ ⋅ , and hence the step 

rates. Using the same in the KFL at the terminal nodes (Figure 8-11) gives the overall 

reaction rate, i.e. 

                           4 2 3ORr r r r= = +       (8.65) 

 We will, however, use the electrical analog of the RR Graph, shown in Figure 8-12 

below for deriving a QSS rate law based on its electrical analog, which would include the 

flux along both pathways (FRs).  

 The rate of the overall reaction can be cast into a Ohm’s law form as shown below 

                              OR
OR

OR

r
R

=
A

       (8.66) 

Where, the resistance of the network can be easily obtained from its electrical network 

(Figure 8-12). 

    4

2 1 3

1

1 1ORR R

R R R

= +
+

+

      (8.67) 

Such a representation, even though consistent with the numerical results obtained from 

the conventional KFL/QSS analysis, cannot provide explicit rate expressions. Thus, 

following the alternate circuitry approach, we may write the overall rate as 

          

4

2 1 3

1

1 1

OR OR
OR

OR

E E
r

R
R

R R R

•
•

• • •

≈ =
+

+
+

      (8.68) 

where, the driving force ORE  is known quantity 

        1 3 42 4

2 4 1 3 4

1 1 1OR ORE z
ω ω ωω ω

ω ω ω ω ω
= − = − = −

s s ss s

r r r r r      (8.69) 
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Figure 8-12: The equivalent electrical circuit for the 4-step ORR mechanism. 
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 •
ρR  can next be ascertained a priori following the LHHW approach along with notion 

of IRRs, described in chapter II. Thus, with step s1 as the RDS, the intermediate reactions 

for the two intermediates are 

O S 3 4: ( 1) + ( 1)IR s s⋅ − −   : H2O + S � O⋅S + 2H
+
 + 2e

–
 

OH S 4: ( 1)  IR s⋅ −   : H2O + S � OH⋅S + H
+
 + e

– 

Using Eq. 2.25, for the QE steps, the site fraction ratios are 

         

1 1

O S,1 3 4

0,1 3 4

1

OH S,1 4

0,1 4

 
θ ω ω
θ ω ω

θ ω
θ ω

− −

⋅

−

⋅

•

•

•

•

   
=    
  


  
=   

  

r r

s s

r

s

      (8.70) 

Once the site fractions are known, the step resistance 1R
•  can be ascertained using the site 

balance equation 

      3 4 4
1

1 1 0,1 1 3 4 4

1 1 1
1R

r

ω ω ω
ω θ ω ω ω ω

•
• •

 
= = = + + 

 

s s s

r r r r rr      (8.71) 

Similarly with step s2 as the RDS, the intermediate reactions for the two intermediates are 

O S 3 4: ( 1) + ( 1)IR s s⋅ − −   : H2O + S � O⋅S + 2H
+
 + 2e

–
 

OH S 4: ( 1)  IR s⋅ −   : H2O + S � OH⋅S + H
+
 + e

– 

Using Eq. 2.25, for the QE steps, the site fraction ratios are 

     

1 1

O S,2 3 4

0,2 3 4

1

OH S,2 4

0,2 4

 
θ ω ω
θ ω ω

θ ω
θ ω

− −

⋅

−

⋅

•

•

•

•

   
=    
  


  
=   

  

r r

s s

r

s

      (8.72) 

Thus, using the above and the site balance equation Eq. 2.26, we have, 

      3 4 4
2

2 2 0,2 2 3 4 4

1 1 1
1R

r

ω ω ω
ω θ ω ω ω ω

•
• •

 
= = = + + 

 

s s s

r r r r rr      (8.73) 

Following a similar procedure for step s3 and s4, we get 
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      1 1 4
3

3 3 O S,3 3 1 1 4O S,3

3 0,3

0,3

1 1 1
1R

r

ω ω ω
ω θ ω ω ω ωθ

ω θ
θ

⋅ ⋅

•
• • •

•
•

 
= = = = + + 

   
  
 

s r s

r r r s rr
r

    (8.74) 

     2 1 2
4

4 4 OH S,4 4 2 1 2O S,4

3 0,4

0,4

1 1 1
1R

r

ω ω ω
ω θ ω ω ω ωθ

ω θ
θ

⋅ ⋅

•
• • •

•
•

 
= = = = + + 

   
  
 

s r r

r r r s sr
r

   (8.75) 

Substituting Eqs. (8.71), (8.73), (8.74), and (8.75) in Eq. (8.68) along with Eq. (8.69), and 

using i = ν
OR ,e−FrOR , provides a complex, albeit explicit rate expression for ORR on Pt in 

acidic medium, we have 

,e

2 1 2

4 2 1 2

3 4 3 44 4 1 1 4

2 3 4 4 1 3 4 4 3 1 1 4

(1 )

1
1

1 1

1 1
1 1 1

OROR
F z

i
ν

ω ω ω
ω ω ω ω

ω ω ω ωω ω ω ω ω
ω ω ω ω ω ω ω ω ω ω ω ω

− −
=

 
+ + + 

  +
     

+ + + + + + +     
    

s r r

r r s s

s s s ss s s r s

r r r r r r r r r r s r

 

                        (8.76) 

Moreover, under conditions of interest, ORR is essentially an irreversible reaction, thus 

0ORz → , or 1ORE → . Thus, 

,e

2 1 2

4 2 1 2

3 4 3 44 4 1 1 4

2 3 4 4 1 3 4 4 3 1 1 4

1
1

1 1

1 1
1 1 1

OR
F

i
ν

ω ω ω
ω ω ω ω

ω ω ω ωω ω ω ω ω
ω ω ω ω ω ω ω ω ω ω ω ω

−

=
 

+ + + 
  +

     
+ + + + + + +     

    

s r r

r r s s

s s s ss s s r s

r r r r r r r r r r s r

 

             (8.77) 

 Moreover, when equilibrium is brought about by changing the electrode overpotential 

to zero, i.e., as ψ → 0, then the net electrode current density i→ 0, and the current 

density in each direction 0 and , iii →
sr

. Thus, Eq. (8.77) at 0ψ =  provides the exchange 

current density for ORR on Pt as 11 2

0 1.43 10 A/cmi −= × . This is within the normal 

reported range of exchange current density for ORR, i.e. 10
–9 

– 10
–11

 A/cm
2
 [63]. Antoine 

et al. [52] predicted exchange current density in the range of 10
–10 

– 10
–7

 A/cm
2
. 
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Parthasarathy et al. have reported exchange current density for ORR as 10 22.2 10 A/cm−×  

[64], 10 28.3 10 A/cm−×  [65] and 11 23.25 10 A/cm−×  [66] in their work. 

 QSS rate expressions can also be derived for the limiting cases for each of the two 

pathways. Thus, 

             
1

2

FR 1 3 4

FR 2 4

R R R R

R R R

• • • •

• • •

= + + 


= + 
       (8.78) 

Thus, for each of the two pathways with 1ORE →  we have  

      
1

1

,e ,e

1 3 4

OROR OR

FR

FR

FE F
i

R R R R

ν ν− −

• • • •≈ ≈
+ +

     (8.79) 

        
2

2

,e ,e

2 4

OROR OR

FR

FR

FE F
i

R R R

ν ν− −

• • •≈ ≈
+

     (8.80) 

Figure 8-13 plots the kinetic current for the 4-step mechanism and for each of two 

pathways for the ORR on Pt rotating disc electrode in an oxygen saturated 

(
2 2O O 1atma p= = ) 0.1 M HClO4 solution. The rate expression for the complete 4-step 

reaction mechanism is in good agreement with the experimental data. It should be noted 

that the current density obtained from Ohm’s law representation of kinetics, Eq. (8.77) is 

in complete agreement with the numerical QSS rate obtained from solving the KFL 

equations, i.e. Eqs. (8.64) and (8.65). In order to avoid clutter, the numerical QSS rate is 

not provided on Figure 8-13. Moreover, Figure 8-13 reveals that majority of the flux is 

through FR2, i.e. 2 4 ORs s+ = . Thus, the reductive adsorption and reductive desorption is 

the favorable path via OH⋅S species.  

 Thus, one may derive the reduced rate expression for ORR on Pt in acidic system, 

      
,e

2 4

OR
F

i
R R

ν −

• •=
+

       (8.81) 

or 
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Figure 8-13: Potential (V) vs. kinetic current for ORR on Pt electrode in 0.1 M HClO4 

solution. Symbols (●) represent the experimental data [25]. Solid line represents kinetic 

current for the 4-step mechanism from Ohm’s law (Eq. (8.77)). Dotted lines represent the 

kinetic current for the limiting case via FR1 (blue) and FR2 (red) (i.e., Eqs. (8.79) and 

(8.80)). 
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Figure 8-14: Comparison of 2R
•  and 4R

•  connected in series for the FR2. 
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,e

3 4 4 2 1 2

2 3 4 4 4 2 1 2

1
1 1

OR
F

i
ν

ω ω ω ω ω ω
ω ω ω ω ω ω ω ω

−

=
   

+ + + + +   
  

s s s s r r

r r r r r r s s

                (8.82) 

Figure 8-14, next compares the relative resistances in FR2. We see that only for 

0.8VΦ > , can step s4, i.e., reductive desorption be labeled as the RDS. Thus, the rate-

limiting step is not constant over the entire potential range. We conclude that the step s2, 

i.e., the reductive adsorption cannot be considered as the RDS for the process as proposed 

by Wang et al. [25]. 

8.5 Conclusions 

 The Reaction Route (RR) Graph approach has been applied here to the hydrogen 

electrode reaction and the oxygen reduction reaction of immense importance in fuel cells. 

Explicit new rate expressions involving all 3 steps ((Volmer-Heyrovsky-Tafel) as well as 

for more limiting 2-step ((Volmer-Heyrovsky, Volmer-Tafel) mechanisms for the 

hydrogen electrode reaction have been derived. These expressions not only agree very 

well with the QSS analysis, and nicely explain the asymmetry in current-versus-potential 

observed in the hydrogen evolution reaction (HER) versus the hydrogen oxidation 

reaction (HOR), but also agree with the literature reported experimental data.  

 Thus, for the 3-step hydrogen electrode reaction mechanism on Pt in 0.5M NaOH at T 

= 296 K, we find that the Volmer-Heyrovsky pathway is dominant in the potential region 

V24.0V3.0 −<<− η for HER and in the range V3.0V13.0 <<η  for HOR, while the 

Volmer-Tafel mechanism dominates in the potential region V0V1.0 <<− η  for HER 

and in mV200 <<η  for HOR. All three steps, however, need to be retained over the 

complete range of potentials of interest.  

 For the case of HOR on Pt in acidic system in connection to fuel cells, we find that 

the Volmer-Heyrovsky mechanism adequately describes the experimental findings in the 

potential region of interest to PEM fuel cells. Moreover, the exchange current density for 

HOR in the acidic system was found to be two orders of magnitude higher than what has 

been assumed for more than four decades. 
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 A 4-step simple mechanism for ORR was also analyzed using the reaction circuitry 

approach to deduce explicit rate expression which is in good agreement with the 

experimental data from the literature. Reduced rate expression based on the dominant 

reaction pathway is next obtained in a logical manner by comparing the resistance across 

different possible pathways. 

 Our topological approach is, thus, revealing and intuitive in depicting all possible 

reaction pathways as walks or paths on the RR Graph, and by visualizing the steps as 

resistances in an electrical circuit analog involving series and parallel pathways. It 

furthermore provides for an explicit analysis in an easy and tractable manner. Based on 

this approach, we were able to report explicit rate expressions for the first time ever, for 

both the electrochemical reaction systems occurring at the anode and cathode of a H2 – 

O2 PEM fuel. A deeper fundamental understanding of fuel cells, thus developed can aid 

improved catalyst design and detailed fuel cell modeling. The approach highlighted in 

this chapter can be easily adopted for a detailed and robust analysis for a host of different 

electrochemical systems, e.g., methanol electro-oxidation at the anode of DMFCs. 
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Chapter IX 

Conclusions and Recommendations for Future Work 

9.1 Theory of Reaction Route Graphs 

 The objective of this research was to develop fundamental understanding of the 

kinetics and mechanism of the journey of a fuel (e.g. methane or methanol) to electricity 

involving a number of catalytic steps in fuel reformation into hydrogen as well as electro-

catalytic steps in the converting hydrogen to electricity in a fuel cell. Kinetic data via first 

principles calculations is becoming a commonplace providing the foundation for such an 

understanding. The accuracy of such approaches can only be expected to improve in near 

future. Moreover, there are semi-empirical approaches like the UBI-QEP that can also 

provide accurate activation energies for many catalytic systems, and are associated with 

radically less computational expense. The next logical question is how to utilize this 

information for logical and rational catalyst design.  

 Toward this goal, we have developed a graph-theoretic approach based on the rigors 

of flow network laws. Such a graph-theoretic description of a reaction mechanism is in 

principle different than the conventional depiction afforded via reaction graphs. In 

conventional reaction graphs, species are depicted as nodes interconnected via arrows 

representing elementary reaction steps. While appropriate for linear-kinetics mechanisms, 

for most catalytic and electro-catalytic reaction schemes of interest (which are non-linear 

in nature), such a representation is merely a pretty picture, providing no more information 

than the qualitative depiction of its molecular reaction mechanism. Our graph-theoretic 

approach developed here avoids this pitfall, overcoming the limitations of current 

methodologies and providing a self-consistent topological, mechanistic, and kinetic 

analysis tool, based on the reaction route (RR) theory. The basic difference from the 

conventional approach is that the nodes, or hubs, do not necessarily represent an 

individual species, but rather simply represent the connectivity among elementary 

reaction steps in the network at a juncture. As a result, the RR Graphs become 

quantitative that follow network laws. Exploiting their analogy with electrical circuits, 

equivalent circuitry for a given reaction mechanism can be developed, simply by 
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replacing each branch by its equivalent resistance, defined as )()/ln( ρρρρρ rrrrR
srsr

−≡ . 

With the dimensionless De Donder affinity, 
  
Aρ , as the driving force, the step kinetics can 

be written in an Ohm’s law form, 
  
rρ = Aρ /Rρ . The corresponding overall rate then takes 

the form   rOR = AOR /ROR , where ROR  may be obtained in terms of Rρ  from the RR Graph 

in a manner completely equivalent to that in electrical circuits. Dominant reaction 

pathways can be identified simply from flux analysis. Further the slow or the rate-

limiting steps are identified rationally with ease based on comparison of step resistances, 

rather than the cursory approach of assuming a RLS (as is the case with the common 

LHHW approach), or the limited notion of step reversibilities (i.e. labeling the step with 

ORzz ≈ρ  as the RLS) or even the robust but numerically exhaustive sensitivity analysis. 

However, only numerical analysis is possible in this manner, since the step rates, ρr
r

 and 

ρr
s

, and, hence, the step resistances are not known a priori, involving the unknown 

intermediates concentrations. 

 Thus, the theory of RR graph was extended so as to allow for an explicit topological 

analysis of reaction mechanisms, in which the final result was of a form that could be cast 

into an alternate Ohm’s law form, i.e., rOR = EOR /ROR
• , where the OR driving force is in 

the conventional form,   EOR =1− zOR = {1− exp(−AOR )} , and the OR resistance ROR
•  

relates to step resistances Rρ
•  in the usual manner of electrical circuits,  and can be further 

ascertained a priori. Thus, this approach not only provides an explicit QSS rate 

expression for a given mechanism in terms of step kinetics, but also affords perceptive 

insights into the dominant pathways and rate-limiting steps, allowing rigorous network 

pruning. This new form of the electrical analogy provides results that are exactly the 

same as that obtained via linear algebra from the conventional QSS analysis, for 

mechanisms that are linear in step kinetics. However, for non-linear kinetic reaction 

mechanism the results are rather accurate, albeit approximate. It should be, however, 

noted that in general, of course, for the non-linear case, an explicit solution via the QSS 

approach is not possible. Rather, only numerical solution is generally obtained. 

Therefore, even though approximate, an explicit solution is very useful, for instance, in 

reactor design and analysis. 
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 Thus, our new graph-theoretic approach is an easy to use addendum to the quantum 

chemical software. It allows thermodynamic consistence check of the predicted kinetics, 

while providing a road-map for all possible pathways from the reactants to the products. 

Microkinetic analysis is similar to circuit analysis, based on the analogous equivalent 

electrical circuit. Thus, in conjunction with DFT calculations, RR graphs form a powerful 

combination for visualizing the myriad pathways, developing detailed network kinetics, 

performing flux analysis along with network pruning, and developing steady-state rate 

expressions. 

 We have employed our rigorous RR graph approach to a host of catalytic and electro-

catalytic systems in connection with fuel cells. The catalytic reaction systems of 

significance with the fuel processing train, namely, the methanol decomposition, water 

gas shift, ammonia decomposition, and methane steam reforming, have been studied 

mechanistically and kinetically. Application of the RR graph theory to the case of 

methane steam reforming is also a significant advancement, which implies that the theory 

is applicable to reaction mechanisms consisting of multiple overall reactions. All the 

other examples involve only a single overall reaction. Finally, the topological analysis of 

the electro-catalytic reactions in connection to the anode and cathode of fuel cells, i.e. 

hydrogen electrode reaction and the oxygen reduction reaction has been accomplished. 

9.1.1 Methanol Decomposition 

 In chapter III, a 13-step reaction mechanism was assembled into a RR graph, and 

combined with DFT predicted step kinetics on Pt(111), we showed how a detailed flux 

analysis could be accomplished that lays bare the dominant reaction pathways and steps 

in a reaction network allowing insightful pruning of the mechanism. It was, thus, found 

that methanol decomposition proceeds exclusively via the initial C–H dehydrogenation 

step rather than through O–H bond activation on Pt. 

 This 13-step mechanism was chosen since this was the most complete reaction 

mechanism reported in the literature with a priori kinetics predicted from first principles. 

Of course, other elementary steps have been reported and should be considered for a 

detailed analysis of the reaction mechanism. Experimental results clearly suggest that 

methanol decomposition reaction is a more complex process.  
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Figure 9-1: RR graph for the 24-step methanol decomposition reaction mechanism (Eq. (9.1)). 
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On many metals, even on Cu, the carbon deposition has been observed. In view of the 

above, it is important to develop more complete mechanisms that can be used to 

quantitatively describe the kinetics of the processes on various catalysts. One such 

example is shown below, where 24 elementary reactions comprising the mechanism of 

heterogeneous catalytic decomposition of methanol on various transition metals have 

been assembled into a RR Graph. The mechanism involves a sequence of elementary 

reactions representing the hydrogen abstraction from both CH3 and OH groups as well as 

C–O bond activation. 

s1: CH3OH + S � CH3OH⋅S       

s2: CH3OH⋅S + S � CH3O⋅S + H⋅S    

s3: CH3O⋅S + S � CH2O⋅S + H⋅S     

s4: CH2O⋅S + S � CHO⋅S + H⋅S     

s5: CHO⋅S + S � CO⋅S + H⋅S   

s6:  CH3OH⋅S + S � CH2OH⋅S + H⋅S 

s7:  CH2OH⋅S + S � CHOH⋅S + H⋅S  

s8:  CHOH⋅S + S =� COH⋅S + H⋅S   

s9:  COH⋅S + S � CO⋅S + H⋅S    

s10: CHOH⋅S + S � CHO⋅S + H⋅S  

s11: CH2OH⋅S + S � CH2O⋅S + H⋅S     (9.1) 

s12: CH3OH⋅S + S � CH3⋅S + OH⋅S  

s13: CH3O⋅S + S � CH3⋅S + O⋅S  

s14: CH2O⋅S + S � CH2⋅S + O⋅S  

s15: CHO⋅S + S � CH⋅S + O⋅S  

s16: CH3⋅S + S � CH2⋅S + H⋅S  

s17: CH2⋅S + S � CH⋅S + H⋅S  

s18: CH⋅S + S � C⋅S + H⋅S  

s19: C⋅S + OS � CO⋅S + S  

s20: C⋅S + OH⋅S � CO⋅S + H⋅S  

s21: CH⋅S + O⋅S � CO⋅S + H⋅S  
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s22: OH⋅S + S � O⋅S + H⋅S  

s23: CO⋅S � CO + S  

s24: H⋅S + H⋅S � H2 + 2S  

     OR: CH3OH = CO + 2H2 

The corresponding RR graph (which happens to be an infinite network) for this 

mechanism is provided in Figure 9-1. The RR graph comprises of the entire set of RRs, 

namely the 122 direct FRs and 192 direct ERs. For all the elementary steps with no first 

principles energetic data, semi-empirical method of UBI-QEP could be employed.  Once 

the kinetic data for all the steps is available, detailed flux analysis can be performed, that 

can enable us to bottleneck the dominant reaction pathways. 

 Furthermore, the case of methanol decomposition should be extended to consider 

methanol steam reforming, an important pathway for hydrogen production [1-4]. Of 

course, oxidative methanol decomposition or auto-thermal methanol reforming is more 

lucrative, since it offers thermo neutrality [5, 6]. We consider here a simple case where 

the 13-step methanol decomposition reaction mechanism (considered in chapter III) [7, 

8], has been combined with the relatively simple WGS reaction mechanism [9]. The 

simple 23-step methanol steam reforming reaction mechanism is shown below, along 

with the corresponding RR graph in Figure 9-2, where OR1: CH3OH � CO + 2H2,    

OR2: CO2 + H2 � CO + H2O, and OR3: CH3OH + H2O � CO2 + 3H2. Of course, only 

two ORs (OR3 = OR1 – OR2) are independent and required for a detailed kinetic and 

mechanistic analysis. The WGS mechanism, however, should be suitably updated in the 

light of conclusions reached in chapter IV to include the carboxyl mechanism. 

Nevertheless, this is a good starting point for developing detailed kinetic model for 

methanol steam reforming. 

s1: CH3OH + S � CH3OH⋅S   

s2: CH3OH⋅S + S � CH3O⋅S + H⋅S    

s3: CH3O⋅S + 2S � CH2O
.
S2 + H⋅S     

s4: CH2O⋅S 2 � CHO⋅S + H⋅S     

s5: CHO⋅S + S � CO⋅S + H⋅S  

s6:  CH3OH⋅S + S � CH2OH⋅S + H⋅S 
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s7:  CH2OH⋅S + S � CHOH⋅S + H⋅S  

s8:  CHOH⋅S + S � COH⋅S + H⋅S   

s9:  COH⋅S + S � CO⋅S + H⋅S      

s10: CHOH⋅S + 2S � CO⋅S + 2H⋅S    

s11: CH2OH⋅S + 2S � CH2O⋅S 2 + H⋅S  

s12: CO
.
S � CO + S           (9.2) 

s13: H⋅S + H⋅S � H2 + 2S  

s14: H⋅S + H⋅S � H2⋅S + S     

s15: H2⋅S � H2 + S 

s16: H2O + S � O⋅S + H2  

s17: H⋅S + O⋅S � OH⋅S + S   

s18: CO⋅S + OH⋅S � H⋅S + CO2⋅S   

s19: CO⋅S + OH⋅S � HCOO⋅S + S  

s20: HCOO⋅S + S � H⋅S + CO2⋅S  

s21: HCOO⋅S + O⋅S � OH⋅S + CO2⋅S  

s22: CO⋅S + O⋅S � CO2⋅S + S 

s23: CO2⋅S � CO2 + S 

 Methanol decomposition is also an important reaction taking place at the anode of 

DMFC. The analysis can be easily extended to methanol electro-oxidation by assuming 

that the mechanism largely remains same, as shown by Janik et al. [10] that a similar 

dual-path mechanism exists for methanol decomposition in an electrochemical 

environment using ab initio quantum chemical methods. The authors [10] provide an 

approach to theoretically calculate potential dependent activation energies. However, one 

could well assume, the activation energies and pre-exponential factors to be similar for 

both catalytic and electrocatalytic systems. The only difference being for electrochemical 

counterparts of the catalytic reactions, the reaction rate would be affected by the electrode 

potential described by the Butler-Volmer equation. The said approach coupled with RR 

graph analysis can possibly provide a detailed portrayal of the electrochemical reaction 

system at the DMFC anode. 
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Figure 9-2: RR graph for the 23-step methanol steam reforming reaction mechanism (Eq. 

(9.2)).  
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 Finally, if methanol is to play an important role in the hydrogen economy, either for 

direct internal reforming in a fuel cell or for catalytic production of hydrogen, it is 

imperative to analyze in detail the dominant reaction pathways for methanol synthesis. 

Methanol, also known as wood alcohol as it was originally produced by the dry 

distillation of wood, is mainly produced from a mixture of CO, CO2 and H2. Several 

researchers have attempted to answer the question whether the carbon in methanol 

originates from CO or CO2. Chinchen et al. [11, 12] experimentally concluded that the 

methanol is produced from hydrogenation of CO2 rather than CO. Millar et al. [13] 

reported that the formation of methanol from CO, historically considered to be the 

preferred path was almost 2 orders of magnitude slower than methanol synthesis from 

CO2 and H2. The model of Waugh [14] similarly proposed methanol to be synthesized 

almost entirely by the hydrogenation of CO2 via a bidentate surface formate, where the 

RDS was the hydrogenation of the surface formate species. Calculations based on dipped 

adcluster model (DAM) combined with ab initio Hartree–Fock (HF) and second-order 

Møller–Plesset (MP2) by Hu et al. [15], identified formate, dioxomethylene, 

formaldehyde, and methoxy as the key reactive intermediates. The authors [16] further 

suggested the RDS to be the hydrogenation of adsorbed formate leading to formaldehyde 

with dioxomethylene intermediate. Of course, in a mixture of CO, CO2 and H2, CO could 

potentially be oxidized to CO2 via WGS, which then later gets converted into methanol. 

The importance of incorporating WGS in the methanol synthesis modeling was duly 

noted by Villa et al. [17]. Graaf et al. [18, 19] also considered both the hydrogenation of 

CO and CO2 as well as the water gas shift reaction, assumed to proceed via the formate 

route. Bussche and Froment [20] followed a similar approach, where WGS was 

considered essentially to oxidize CO to CO2, the precursor to methanol with the generally 

accepted hydrogenation of formate assumed as the RDS. Taylor et al. [21], on the other 

hand suggested that hydrogenation of formate cannot be labeled as the RDS. On the 

contrary, hydrogenation of the dioxomethylene intermediate to form adsorbed methoxy, 

eventually leading to methanol was proposed to be rate-determining. Askgaard et al. [22] 

similarly concluded that the RDS was the hydrogenation of dioxomethylene to 

methoxide. Thus, the identification of the true rate-determining step in methanol 

synthesis is still a topic of research. Our RR graph approach serves as the perfect tool to 
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answer these questions. A compilation of the literature reported mechanism for methanol 

synthesis from CO2 is provided below. Of course, one can also add the WGS reaction to 

the following set of elementary reactions, to include the role of CO in the system. 

s1: CO2 + S � CO2⋅S 

s2: H2 + 2S � 2H⋅S 

s3: CO2⋅S + H⋅S � HCOO⋅S + S 

s4: CO2⋅S + OH⋅S � HCOO⋅S + O⋅S  

s5: HCOO⋅S + S � CHO⋅S + O⋅S 

s6: HCOO⋅S + H·S � CH2O⋅S +O⋅S 

s7: H⋅S + O⋅S � OH⋅S + S 

s8: OH⋅S + H⋅S � H2O⋅S + S 

s9: CHO⋅S + H⋅S � CH2O⋅S + S 

s10: CH2O⋅S + H⋅S � CH3O⋅S + S 

s11: CH3O⋅S + H⋅S � CH3OH⋅S + S 

s12: H2O⋅S � H2O + S           (9.3) 

s13: CH3OH⋅S � CH3OH + S 

s14: CH2O⋅S + H⋅S � CH2OH⋅S + S 

s15: CH2OH⋅S + H⋅S � CH3OH⋅S + S 

s17: HCOO⋅S + H⋅S � H2COO⋅S + S 

s18: H2COO⋅S + H⋅S � CH3O⋅S + O⋅S 

s19: H2COO⋅S + H⋅S � CH2O⋅S + OH⋅S 

s20: H2 + S � H2⋅S 

s21: H2⋅S + S � 2H⋅S 

     OR: CO2 + 3H2 � CH3OH + H2O 

A detailed topological analysis of the above reaction mechanism can unequivocally 

reveal the dominant reaction pathways and the key rate-limiting steps. 

9.1.2 Water Gas Shift 

 In chapter IV, we considered the 17-step associative mechanism through a carboxyl 

intermediate, proposed by Grabow et al. [23] on Pt(111) with DFT-predicted kinetic data. 
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A RR Graph was constructed that incorporates all the 17 steps, on which all of the 71 

direct FRs and 49 ERs may be traced as walks! The RR network was subsequently 

simplified and reduced to a network involving only a single dominant RR, i.e. associative 

mechanism mediated via carboxyl species. Dissociation of water and direct 

decomposition of carboxyl species were identified to the rate-limiting steps. A QSS rate 

expression was next derived based on the slow steps, agreeing reasonably well with the 

17-step microkinetic model. 

 However, others [24] have suggested that the redox and the associative route via 

carboxyl intermediate could co-exist and the dominant reaction pathway depends on the 

system under consideration, typically the nature of the catalytic surface. Our previous RR 

graph analysis on Cu(111) [9] surface also revealed that associative route (without the 

carboxyl species) and formate route were dominant at temperatures < 550 K, while the 

modified redox mechanism dominated at higher temperatures. A more complete picture 

of the WGS mechanism can be developed by combining all of these proposed pathways 

into a single RR graph, so that flux analysis can be performed over the entire system. 

This should readily reveal the dominant pathways as a function of operation conditions. 

9.1.3 Preferential Oxidation (PrOx) 

 Preferrential oxidation (PrOx) of CO is an integral part of the fuel processing train, 

following the shift  reactors, especially for low temperature PEM fuel cells, in order to 

reduce the CO in the reformate down to 20 – 25 ppm range. Due to the limited 

selectivity, however, O2 in excess of stoichiometry is required to reduce CO to low 

levels, which burns the hydrogen present in the reformate, thus reducing the overall 

efficiency. Choi and Stenger [25] studied preferential oxidation of CO on a Pt–Fe/γ-

Al2O3 catalyst between 100 and 300 °C, proposed rate expressions for a 3-step 

mechanism, and suggested performance improvement with addition of water. Bissett et 

al. [26] have developed a rate equation for PrOx on a supported Pt catalyst based on a 6-

step mechanism, which explicitly accounts for the presence of H2O, H2 and CO2 in 

addition to CO and O2 in the PrOx reactor and involves both CO oxidation and H2 

oxidation. Further, the authors [26] reported minimal methanation on Pt catalyst. Ouyang 

et al. [27] simulated a PROX microreactor applying plug-flow model with 28 surface 
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reactions for the Pt–Fe/γ-Al2O3 catalyst using CHEMKIN package. A 20-step PrOx 

reaction mechanism is provided below along with the corresponding RR graph (Figure 9-

3). 

s1: CO + S � CO⋅S 

s2: H2 + 2S � 2H⋅S 

s3: O2 + 2S � 2O⋅S 

s4: O⋅S + H⋅S � OH⋅S + S 

s5: OH⋅S + H⋅S � H2O + 2S 

s6: CO⋅S + O⋅S � CO2 + 2S 

s7: CO⋅S + O⋅S � CO2⋅S + S 

s8: CO2⋅S � CO2 + S 

s9: O2 + S � O2⋅S 

s10: O2⋅S + S � 2O⋅S 

s11: H2 + S � H2⋅S 

s12: H2⋅S + S � 2H⋅S           (9.4) 

s13: OH⋅S + H⋅S � H2O⋅S + S 

s14: H2O⋅S � H2O + S 

s15: CO⋅S + OH⋅S � HCOO⋅S + S 

s16: CO⋅S + OH⋅S � CO2⋅S + H⋅S 

s17: HCOO⋅S + S � CO2⋅S + H⋅S 

s18: HCOO⋅S + O⋅S � CO2⋅S + OH⋅S 

s19: OH⋅S + H⋅S � O⋅S + H2⋅S 

s20: HCOO⋅S + H⋅S � CO2⋅S + H2⋅S 

A detailed analysis of catalytic PrOx can be accomplished based on the above mentioned 

mechanism, along with either DFT-predicted kinetics or those from UBI-QEP. Moreover, 

the analysis can also be extended to simulate anode kinetics of a PEM fuel cell operating 

with CO containing reformate feed, where competitive electro-oxidation of CO and H2 

takes place. 
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Figure 9-3: RR graph for the 20-step preferential oxidation (PrOx) reaction mechanism 

(Eq. (9.4)). 
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9.1.4 Multiple OR system 

 In chapter VI, the theory of RR graphs was developed further and its applicability and 

utility for systems with multiple overall reactions was elucidated for the case of methane 

steam reforming on Ni. We, further, showed that one only needs the independent set of 

ORs to describe a multiple OR reaction system, as opposed to the general notion [28]. 

Following our RR graph approach, the 22-step mechanism was whittled down to a dual 

path mechanism for MSR, depending upon the reaction temperature and the reaction 

conditions considered in this study. Based on the comparison the step resistances, Rρ , the 

rate-limiting steps for each of the two dominant reaction pathways were identified. Based 

on the knowledge of the rate-limiting steps and QE steps, the steady-state rate expression 

for MSR was derived using the QSS analysis. 

 On the other hand, the new form of electrical analogy /OR OR ORr E R•=  can also allow 

us to derive explicit rate expressions for the independent ORs. However, the theory, i.e., 

the alternate form of Ohms’s law, is still in the developing stages and needs to be 

rigorously evaluated in order to apply the same for multiple OR systems. We have shown 

that this form of representation, /OR OR ORr E R•=  provides exact results for the case of 

single OR mechanisms with linear kinetics. Thus, an ideal system for the further 

development of this theory would consist of a multiple OR mechanism with linear 

kinetics. One such example is the N2O decomposition on Fe-ZSM-5 in the presence of 

NO. A simple 16-step reaction mechanism with DFT-predicted kinetics is provided in 

Table 9-1. The corresponding RR graph along with the qualitative representation is 

provided in Figure 9-4. This example should serve as the perfect model to develop the 

theory of RR graphs further, in order to develop QSS rate expressions for multiple OR 

system, directly from the electrical analog with no a priori assumptions about the RLSs. 
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Table 9-1: Elementary reaction steps and their rates in the N2O decomposition on Fe-

ZSM-5 [29-31]. 

 

  
sρ  StepReaction  

    
rρ =

r 
r ρ −

s 
r ρ  

  

r 
ω ρ  

  

s 
ω ρ  

ρΛ
r

 ρΛ
s

 ρE
r

 ρE
s

 

s1: N2O + I0 � I1 
1 1 0 1 1r ω θ ω θ= −

r s
 

ON1 2
pk

r
       

s 
k 1  1.06 10

7
 1.67 10

13 
0.0 6.4 

s2: I1 � I2 + N2 2 2 1 2 2r ω θ ω θ= −
r s

 
2k
r

 
2N2 pk

s
 2.09 10

14
 4.43 10

8 
30.7 41.9 

s3: I1 � I3 + N2 3 3 1 3 3r ω θ ω θ= −
r s

 
3k
r

 
2N3 pk

s
 6.98 10

13
 5.82 10

7 
30.4 50.0 

s4: I2 � I3 4 4 2 4 3r ω θ ω θ= −
r s

 
4k
r

       

s 
k 4 2.15 10

13
 8.46 10

12 
14.1 22.5 

s5: N2O + I3 � I6 5 5 3 5 6r ω θ ω θ= −
r s

 
25 N Ok p

r
 5k

s
 3.99 10

6
 

(4.39 10
8
)
#
 

1.67 10
13 

0.0 2.7 

s6: I6 � I5 + N2 6 6 6 6 5r ω θ ω θ= −
r s

 
6k
r

 
26 Nk p

s
 3.12 10

10
 

(3.12 10
12

)
 #
 

3.19 10
8
 20.1 

(20.2)
 #

 

31.5 

s7: I5 � I0 + O2 7 7 5 7 0r ω θ ω θ= −
r s

 
7k
r

 
27 Ok p

s
 1.67 10

13
 1.51 10

5 
8.0 8.1 

s8: N2O + I2 � I4 8 8 2 8 4r ω θ ω θ= −
r s

 
28 N Ok p

r
 8k

s
 2.74 10

6
 1.67 10

13 
0.0 4.5 

s9: I4 � I5 + N2 9 9 4 9 5r ω θ ω θ= −
r s

 
9k
r

 
29 Nk p

s
 3.25 10
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 8.16 10

7 
16.5 34.4 

s10: I3 � I7 + O2 10 10 3 10 7r ω θ ω θ= −
r s

 
10k
r

 
2O10 pk

s

 

1.67 10
13

 1.4 10
6 

54.2 

(54.17)
 #

 

1.1 

s11: N2O + I7 � I8 11 11 7 11 8r ω θ ω θ= −
r s

 
ON11 2

pk
r

       

s 
k 11 5.3 10

9
 1.67 10

13 
0.03 0.0 

s12: I8 � I0 + N2 12 12 8 12 0r ω θ ω θ= −
r s

 
12k
r

 
2N12 pk

s

 

6.43 10
9
 8.54 10

5 
2.8 70.0 

s13: I2 + NO � I9 13 13 2 13 9r ω θ ω θ= −
r s

 
13 NOk p
r

 13k
s

 5.75 10
5
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13
 3.7 34.6 

(34.7)
 #

 

s14: I9 � I0 + NO2 01491414 θωθω
sr

−=r  
14k
r

 
214 NOk p

s

 

1.67 10
13

 1.81 10
5
 16.0 0.0 

s15: I2 + NO � I10 101521515 θωθω
sr

−=r  
NO15 pk

r
 15k

s
 3.10 10

4
 1.67 10

13
 4.6 38.2 

s16: I10 � I0 + NO2 016101616 θωθω
sr

−=r  
16k
r

 
2NO16 pk

s

 

1.67 10
13

 9.77 10
3
 19.2 0.6 

 

I0=Z
–
[FeO]

+
; I1=Z

–
[FeO]

+
(ON2); I2=Z

–
[OFeO]

+
; I3=Z

–
[FeO2]

+
; I4=Z
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[O2FeO]

+
; I6=Z
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+
; I8=Z
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+
(ON2); I9=Z
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[OFeONO]

+
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+
 

 

Activation energies in ( )expk E RTρ ρ ρ= Λ −  are in kcal/mol; the units of the pre–exponential factors are  

bar
–1

 s
–1

 for adsorption/desorption reactions and s
–1

 for surface reactions. 
ρω  represents the reaction step 

weights where rate parameters and activities of terminal species are clubbed together. 
kθ  is the surface 

coverage of species Ik. 
#
Values in parenthesis are modified to ensure thermodynamic consistency in the 

light of Kirchhoff’s potential law [31]. 
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(a) 

 

 
(b) 

 

Figure 9-4: (a) Reaction Route (RR) Graph and (b) reaction mechanism for the 16-step 

N2O decomposition on Fe-ZSM-5 in the presence of NO 
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9.2 Fuel Cell Model 

 In Chapter VII we discussed within a lumped framework the performance of a single 

PEM fuel cell that incorporates the fuel cross-over effects. A simple model was 

developed that showed the effect of fuel permeation on open circuit voltage in PEM fuel 

cells. The observed loss of about 0.2V under open circuit conditions was attributed to the 

hydrogen cross-over and the ensuing HOR at the cathode side, causing a significant 

overpotential. The cross-over effect was later incorporated in the lumped fuel cell 

performance model, which adequately described the experimental data. 

 The negative effect of fuel crossover on OCV is particularly significant for direct 

alcohol fuel cells [32-35]. Crossover of methanol is a huge challenge that impacts both 

the performance of the fuel cell, as well its Voltage and Faradaic efficiencies. Moreover, 

the flux of methanol across the PEM is not simply by diffusion, but is also proportional to 

the current. This methanol that crosses over to the cathode significantly reduces the 

cathode potential by virtue of the simultaneous methanol oxidation and oxygen reduction 

reactions taking place on the same electrode. 

 The current modeling framework developed in chapter VII should be extended to 

explicate these findings. 
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Appendix A: Stoichiometric algorithm for enumeration of direct 

RRs and nodes for a given reaction mechanism 

 In order to construct the RR graph for complex reaction mechanisms, the enumeration 

of some direct RRs and direct nodes is essential. Although only knowledge of the 

independent set is essential, we describe below the mathematical underpinnings of our 

stoichiometric enumeration of all possible direct RRs and direct nodes (both intermediate 

and terminal).  The details can be found in our earlier publications (Fishtik et al., J. Phys. 

Chem. B. 108 (2004) 5671-5682; J. Phys. Chem. B. 108 (2004) 5683-5697; J. Phys. 

Chem. B. 109 (2005) 2710-2722). The MAPLE code developed based on this framework 

is also provided at the end. 

Notation and Definitions   

 Let us consider the general case of a chemical reaction system comprising of p 

elementary reaction steps sρ (ρ = 1, 2, …, p). The species involved in the elementary 

reaction steps are divided into l intermediates I1, I2, ..., Il of which q are independent, and 

n terminal species (reactants and products) T1, T2, …,Tn. Thus, the elementary reaction 

steps may be presented as 

ρs :  ∑ ∑
= =

=+
l

k

n

i
iρikρk βα

1 1

0TI   ( ρ  = 1, 2, …, p)       (A.1)  

By convention, the stoichiometric coefficients of the intermediates ρkα  (ρ = 1, 2, ..., p; k 

= 1, 2, ..., l) and terminal species ρiβ  (ρ = 1, 2, ..., p; i = 1, 2, ..., n), are assumed to be 

positive for products and negative for reactants. For simplicity, we assume that the 

overall chemical process is described by only one overall reaction (OR)   

OR:  0TTT 2211 =+++ nnν...νν          (A.2)  

 The columns in the stoichiometric matrix of the mechanism, defined without the OR,  





















=

npplpp

nl

nl

β...ββα...αα

........................
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β...ββα...αα

222121

2222122221

1121111211
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are, in general, linearly dependent. We next define as follows two sub-matrices of ν  in 

which the columns are linearly independent. First, we observe that the columns in the two 

sub-matrices comprising the intermediates and terminal species may be linearly 

dependent, that is   

 lq

α...αα

............

α...αα

α...αα

rankrank

plpp

l

l

≤=





















=′

21

22221

11211

 α         (A.4)  
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............

β...ββ

β...ββ

rankrank

pnpp

n

n

≤=





















=′

21

22221

11211

 β        (A.5)  

In such cases, the linearly dependent columns in α′  may be omitted. Without lost of 

generality, we assume that the first q columns in α′  are linearly independent and define 

the sub-matrix    

 





















=

pqpp

q

q

α...αα

............

α...αα

α...αα

21

22221

11211

α           (A.6) 

so that qrank =α . The sub-matrix α  is referred to as the intermediate sub-matrix. Next, 

we notice that the rank of the stoichiometric matrix ν  is equal to q + 1. Without loss of 

generality, we eliminate the last n – 1 columns from β′  and define a reduced 

stoichiometric sub-matrix  

   





















=

121

2122221

1111211

ppqpp

q

q

βα...αα

...............

βα...αα

βα...αα

γ          (A.7)  

such that 1  +== qrankrank γν .  
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 We define, further, the rate vector 

T

21 ),...,,( prrr=r            (A.8)  

where ρr  (ρ = 1, 2, ..., p) is the rate of the elementary reaction steps. Finally, we assume 

that the rates of formation and consumption of the intermediates are approximately equal 

and, hence, the quasi-steady state (QSS) approximation holds. Thus, we introduce the 

vector Q, 

 T

21 ),...,,( qQQQ=Q            (A.9)  

where the Qk’s (k = 1, 2, …, q) denote the QSS conditions of the linearly independent 

intermediates Ik (k = 1, 2, …, q) and may be written in vector form as  

 Q:  0T =rα          (A.10) 

or  

 Q1: 01221111 =+++ pp rα...rαrα        

Q2:  02222112 =+++ pp rα...rαrα   

…           (A.11) 

Qq:  02211 =+++ ppqqq rα...rαrα  

Eq. (A.11) is referred to as the intermediate QSS condition. On the other hand, the rate 

rOR of the OR under QSS conditions is related to the rates of the elementary reaction steps 

via  

∑∑∑
===

====
p

ρ
ρρn

n

p

ρ
ρρ

p

ρ
ρρOR rβ

ν
...rβ

ν
rβ

ν
r

11
2

21
1

1

111
      (A.12) 

where ρr  (ρ = 1, 2, ..., p) are subject to the QSS conditions, Eq. (A.11). Furthermore, Eq. 

(A.12) is referred to as the OR QSS conditions.  

 i) Full RRs: A RR that eliminates all intermediates while retaining only the terminal 

species, thus producing an OR, is referred to as a full RR or, simply, FR. Mathematically, 

the g-th FR is defined as  
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 FRg: ORsσ
p

ρ
ρgρ =∑

=1

       (A.13)  

The FRg, i.e., a set of stoichiometric numbers gpgg σσσ ,...,, 21 , may be generated based on 

the following considerations. Substituting Eq. (A.1) into Eq. (A.13), we have 

 ORσβσαβασ i

n

i

p

ρ
gρρik

l

k

p

ρ
gρρk

n

i
iρi

l

k
kρk

p

ρ
gρ =








+








=








+ ∑ ∑∑ ∑∑∑∑

= == ====

TITI
1 11 1111

  (A.14) 

By definition, the intermediates in a FR should cancel. That is,  

0
1

=∑
=

p

ρ
gρρk σα    (k = 1, 2, …, l) 

or   

 0 T =′
gσα     

where gσ  is the vector of stoichiometric numbers  

 T

21 ),...,,( gpggg σσσ=σ         (A.15)  

After eliminating the linearly dependent columns in  α′ , we have  

 0T =gσα           (A.16) 

Thus, gσ  may be determined by solving a system of homogeneous linear equations, i.e., 

Eq. (A.16). The number of linearly independent FRs is equal to p - α rank  = p – q.   

 Direct FRs: According to Milner, a direct FR involves no more than 

11 +=+ qrank α  linearly independent elementary reaction steps. Let the q + 1 linearly 

independent elementary reaction steps that are involved in a direct FR be 

121
 , ..., , ,

+qq iiii ssss , where the subscripts 121  , ..., ,  , +qq iiii  represent an ordered set of q + 1 

integers from among the p elementary steps, i.e., pii...ii qq ≤<<<<≤ +1211 . A direct FR 

may be denoted by ),,...,,(
121 +qq iiii ssssFR , thus specifying the elementary reaction steps 

121
 , ..., , ,

+qq iiii ssss  that are involved in the FR. Thus, in general, 
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:),,...,,(
121 +qq iiii ssssFR   ORsσsσsσsσ

qqqq iiiiiiii =++++
++ 112211

...    (A.17) 

where the stoichiometric numbers 
121

 , ..., , ,
+qq gigigigi σσσσ  are obtained by solving Eq. 

(A.16), where the solution is  
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,qi,i,i

,qi,i,i
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σ

+++
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−−−

=        (A.18)  

More succinctly, the general equation of a FR may, thus, be written as  

 :),,...,,(
121 +qq iiii ssssFR    OR

sα...αα

sα...αα

...............

sα...αα

sα...αα

qqqq

qq

i,qi,i,i

i,qi,i,i

i,qi,i,i

i,qi,i,i

=

++++ 1111

11

2222

1111

21

21

21

21

   (A.19) 

Clearly, not every subset of q + 1 elementary reaction steps from the total of p is linearly 

independent. Also, not every subset of q + 1 linearly independent elementary reaction 

steps will necessarily result in a distinct RR. The direct FRs may be enumerated by 

considering all of the possible choices of q + 1 elementary reaction steps from among the 

total of p. The number of stoichiometrically distinct direct FRs enumerated, however, 

usually far exceeds p – q, the number of linearly independent FRs. 

 ii) Empty RRs: A RR that eliminates all species, both intermediate and terminal 

species, thus producing a reaction in which the stoichiometric coefficients of all of the 

species are equal to zero is referred to as an empty RR or, simply, an empty route (ER). 

Mathematically, the g-th ER is defined as    
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 ERg: 0
1

=∑
=

p

ρ
ρgρ sσ          (A.20)  

Substituting Eq. (A.1) into Eq. (A.20) and requiring all of the species to cancel, we have 

0
1

=∑
=

p

ρ
gρρk σα     (k = 1, 2, …, l) 

0
1

=∑
=

p

ρ
gρρiσβ     (i = 1, 2, …, n) 

or 

 0σν =g

T   

Eliminating the linearly dependent columns from the stoichiometric matrix ν  gives  

 0σγ =g

T           (A.21)  

Thus, the ERs are also generated by solving a set of homogeneous linear equations, i.e., 

Eq. (A.21). The number of linearly independent ERs is equal to p – ν rank  = p – (q + 1).   

 Direct ERs: By analogy with a direct FR, we define a direct ER as a RR that involves 

no more than 21 +=+ qrank γ  elementary reaction steps, where γ  is the reduced 

stoichiometric matrix, Eq. (A.7). Let the q + 2 elementary reaction steps that are involved 

in an ER be 
2121

,,,...,,
++ qqq jjjjj sssss , where the subscripts 2121 ,,,...,, ++ qqq jjjjj  represent 

an ordered set of q + 2 integers from among p satisfying the condition 

pjjj...jj qqq ≤<<<<<≤ ++ 21211 . A direct ER is denoted by 

),,,....,,(
2121 ++ qqq jjjjj sssssER , thus specifying the elementary reaction steps 

2121
,,,...,,

++ qqq jjjjj sssss  that are involved in the ER. Thus, in general,  

:),(
2121 ++ qqq jjjjj ss,s,...,s,sER 0

22112211
=+++++

++++ qqqqqq jjjjjjjjjj sσsσsσ...sσsσ   (A.22) 

where the stoichiometric numbers are obtained by solving Eq. (A.21). The solution is 

given as 
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=       (A.23)  

Alternatively, this result may be represented as  

:),,,...,,(
2121 ++ qqq jjjjj sssssER   0

22222

11111
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              (A.24) 

Again, not necessarily every subset of q + 2 elementary reaction steps will result in a 

distinct ER. A complete set of distinct ERs may be generated either by considering all of 

the possible combinations of q + 2 elementary reaction steps from among the total of p. 

 iii) Direct QSS Conditions and Direct Nodes: In order to generate meaningful RR 

graphs, it is necessary to specify the rules that govern the connectivity of the elementary 

reaction steps at the nodes of a RR graph. Thus, the nodes of the RR graph are subject to 

Kirchhoff’s Flux Law (KFL), i.e., the rates of the elementary reaction steps leaving and 

entering the nodes satisfy the intermediate and OR QSS conditions, Eqs. (A.11) and 

(A.12). Further there are two types of nodes. Thus, the nodes that satisfy the QSS 

conditions for intermediate species are referred to as the intermediate nodes (INs), while 

those that satisfy the QSS conditions for terminal species are referred to as terminal 

nodes (TNs). Furthermore, the QSS is a limiting form of KFL, which actually applies to 

non-steady state conditions as well. Further, INs or TNs do not necessarily represent QSS 

conditions (Q) of an individual species, but in general represents a group of species, i.e., 
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they represent a certain linear combination of Q1, Q2, …, Qq. Thus, nodes only denote the 

reaction connectivity.   

 Finally, the concept of directness is extended to the nodes as well. More specifically, 

we assume that the number of elementary reaction steps connected at a direct node, either 

IN or TN, should be minimal in the sense that if a reaction is dropped from the node, it is 

not possible to satisfy the QSS conditions for the given set of species at that node by 

employing only the remaining reaction steps. In other words, it is postulated that only the 

nodes that connect a minimum number of reaction steps satisfying the QSS conditions for 

a given set of species are allowed. By analogy with RRs, the QSS conditions involving a 

minimal number of rates of the elementary reaction steps are called direct QSS 

conditions, while the corresponding nodes are called direct INs and direct TNs.   

 Direct INs: Consider first the enumeration of the direct intermediate QSS conditions.  

Let an arbitrary linear combination of the intermediate QSS conditions Q1, Q2, …, Qq be  

0)(

)()(

2211

2222211211221111

2211

=++++

++++++++

=++=

qppqqq

pppp

qq

λrα...rαrα

...λrα...rαrαλrα...rαrα

Qλ...QλQλQ

   (A.25)  

where qλ...λλ ,,, 21  are constants corresponding to the intermediate species. Now, to 

obtain the direct QSS conditions, i.e., those that involve a minimum number of rates, the 

constants q,...,λ,λλ 21  should be chosen so as to eliminate a maximum number of rates. 

This results in a system of homogeneous equations in the unknowns q,...,λ,λλ 21 . As well 

known from linear algebra, in order to obtain a non-trivial solution for q,...,λ,λλ 21  it is 

necessary to have no more than q – 1 linear homogeneous equations. That is, the 

intermediate QSS conditions Q1, Q2, …, Qq should be linearly combined so as to 

eliminate at least q – 1 rates. In turn, this means that a direct intermediate QSS condition 

should involve no more than p – (q – 1) = p – q + 1 rates. This, of course, specifies the 

maximum degree of an intermediate nodes.
 

 Let us partition the set of rates {r1, r2, …, rp} of the elementary reaction steps into 

two subsets: a subset of q – 1 rates }{
121 −qlll ,...,r,rr  )1( 121 pl...ll q ≤<<<≤ −  that are not 
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involved in a direct intermediate QSS condition, and a subset of p – q + 1 

rates }{
121 +−qphhh ,...,r,rr  )1( 121 ph...hh qp ≤<<<≤ +−  that are involved in a direct QSS 

condition. Here }{ 121 −ql,...,l,l  and }{ 121 +−qph,...,h,h  are two ordered subsets of integers 

chosen such that  

 }{1,2,...,}{}{ 121121 ph,...,h,hl,...,l,l qpq =+−− U       (A.26) 

A direct intermediate QSS may, thus, be characterized by either the selection of q – 1 

rates 
121 −qlll ,...,r,rr  that are not involved, or by the p – q + 1 rates }{

121 +−qphhh ,...,r,rr  that are 

involved in a direct intermediate QSS. We denote a direct intermediate QSS condition by 

)(
121 +−qphhh ,...,r,rrQ , thus specifying the rates of the elementary reaction steps that are 

involved in a direct intermediate QSS condition. The latter may be obtained by choosing 

q,...,λ,λλ 21  in Eq. (A.25) so as to eliminate the rates 
121 −qlll ,...,r,rr . This gives  

 

0

0

0

111

222

111

2211

2211
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=+++

=+++

−−− q,ql,l,l

q,ql,l,l

q,ql,l,l

λα...λαλα

...

λα...λαλα

λα...λαλα

qqq

       (A.27)  

The solution to this system of homogeneous linear equations is 

  

0

0

1

0

0

0

121

121

121

121

121

121

111

111

222

111

qq

q

q

q

q

q

,hl,ql,ql

,kl,kl,kl

,kl,kl,kl

,kl,kl,kl

,l,l,l

,l,l,l

k

α...αα

...............

α...αα

α...αα

α...αα

...............

α...αα

α...αα

λ

−

−

−

−

−

−

+++

−−−
=   (k = 1, 2, …, q)              (A.28) 

Substituting Eq. (A.28) into Eq. (A.25) gives the following general formula for a direct 

intermediate QSS condition  
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:)(
121 +−qphhh r,...,r,rQ   0

121

121

121

2222

1111

=

−

−

−

q,ql,ql,ql

,l,l,l

,l,l,l

Qα...αα

...............

Qα...αα

Qα...αα

q

q

q

    (A.29) 

or, taking into account Eq. (A.11), the direct QSS condition (KFL) for a node is    

 :)(
121 +−qphhh r,...,r,rQ  0

1

1

2222

11111

121

121

121

=∑
+−

=

−

−

−

k

kq

kq

kq

h

qp

k

q,h,ql,ql,ql

,h,l,l,l

,h,l,l,

r

αα...αα

...............

αα...αα

αα...αα

   (A.30) 

As a result, the general connectivity of an IN denoted by )(
121 +−qphhh ,...,s,ssn  is  

  :)(
121 +−qphhh s,...,s,sn  

k

kq

kq

kq

h

qp

k

q,h,ql,ql,ql

,h,l,l,l

,h,l,l,l

s

αα...αα

...............

αα...αα

αα...αα

∑
+−

=

−

−

−

1

1

2222

1111

121

121

121

    (A.31)  

 The complete enumeration of direct intermediate QSS conditions and INs may be, in 

principle, performed by considering all of the possible combinations of p – q + 1 species 

from the total of p. Normally, the number of direct INs exceeds the number of linearly 

independent INs, i.e., the number of linearly independent intermediates q. It may be noted 

again, that, although the node connectivity (Eq. (A.31)) results from the QSS condition, it 

is more generally valid including the unsteady state. 

 Direct TNs: Now, consider the enumeration of the direct OR QSS conditions, i.e., the 

enumeration of direct TNs. Since, again, a direct OR QSS condition should involve a 

minimum number of rates, it is necessary to eliminate from Eq. (A12) the maximum 

number of rates by employing the interrelationships provided by the intermediate QSS, 

Eq. (A.11). Because qrank =α , we can solve Eq. (A.11) for no more than q rates. Upon 

substitution of these q rates into Eq. (A.12) we arrive at a direct OR QSS condition 

involving no more than p – q rates of the elementary reaction steps. Let }{
21 qlll ,...,r,rr  

)1( 21 pl...ll q ≤<<<≤  be the q rates of the elementary reaction steps that are not 
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involved in a direct OR QSS condition, while }{
21 qphhh ,...,r,rr

−
)1( 21 ph...hh qp ≤<<<≤ −  

be the p – q rates that are involved in a direct OR QSS condition. Here }{ 21 ql,...,l,l  and 

}{ 21 qph,...,h,h −  are two ordered subsets of integers chosen so as to satisfy Eq. (A.26). A 

direct OR QSS condition is denoted by )(
21 qphhh ,...,r,rrP

−
 thus specifying the rates that are 

involved in a direct OR QSS condition. Its general equation may be obtained by solving 

Eq. (A.11) with respect to }{
21 qlll ,...,r,rr  

   

qpqpqq

qpqpqq

qpqpqq

jq,hhq,hhq,hlq,llq,llq,l

l,hh,hhhl,ll,lll

h,hh,hh,hl,ll,ll,l

rα...rαrαrα...rαrα

...

rα...rαrαrα...rαrα
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−−−−=+++

−−−−=+++

−−−−=+++

22112211

22112211

22112211

222222

111111

   (A.32)  

Substituting the solution of Eq. (A.32) into Eq. (A.12), after a few transformations based 

on the properties of the determinants, we obtain  

 :)(
21 qphhh ,...,r,rrP

−
   ORh

qp

k

,hq,h,h,h
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−
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∆

1
2222

1111

  (A.33) 

where the determinant  

 

q,l,l,l

q,l,l,l

q,l,l,l

q

qqq
α...αα

............

α...αα

α...αα

lll

21

21

21

21

222

111

),...,,∆(∆ ==       (A.34)  

Obviously, only those selections of the set of integers )( 21 ql,...,l,l  are valid for which the 

determinant ),...,,∆(∆ 21 qlll= , Eq. (A.34), is different from zero. The TNs that 

correspond to these direct OR QSS conditions are denoted by )(
21 qphhh ,...,s,ssm

−
 and their 

general connectivity is given by 



Appendix A 

___________________________________________________________________________
Catalytic and Electrocatalytic Pathways in Fuel Cells     

398

:)(
21T qphhh ,...,s,ssn

−
 ORs
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−

=1

121

121

121

121

1

2222

1111

∆

1
  (A.35)  

Notice that in Eq. (A.35) the OR is added to the first term rather than subtracted as it 

would follow from Eq. (A.32). As shown below, this change in sign is dictated by the 

necessity to ensure that the RR graphs are cyclic graphs. It should also be noted that, in 

deriving Eqs. (A.33) and (A.34), we have arbitrarily utilized the first identity in Eq. 

(A.12). It may be shown, however, that, up to a constant, the final result is independent of 

the choice of the identities in Eq. (A.12).   

 The complete enumeration of the TNs may be, in general, performed by applying Eq. 

(A.33) to all possible combinations of }{
21 qlll ,...,r,rr )1( 21 pl...ll q ≤<<<≤  or 

}{
21 qphhh ,...,r,rr

−
 )1( 21 ph...hh qp ≤<<<≤ −  for which the determinant ∆ , Eq. (A.34), is 

different from zero.    

 The connectivity of INs and TNs, in principle, provides the necessary information for 

constructing the RR graph. Of course, not all INs and TNs are independent; only q INs 

(the number of independent intermediate species) and one TN (for the single OR) are 

independent. 

 

Code written in MAPLE for stoichiometric enumeration of direct 

RRs and INs: 

> restart; 

> with(Student[LinearAlgebra]): 

> with(combinat): 

> ########Input stoichiometric matrix: Double click on the matrix to edit 

 

Replace with the filename of your stoichimetric matrix. You need a "csv" file, accessible 

in Excel. 

>  

> stoich := ImportMatrix("WGS17Cu.csv", source = csv); 
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 := stoich













 18 x 15 Matrix 
 Data Type: anything 
 Storage: rectangular 
 Order: Fortran_order 

 

nINTS: Number of intermediates. Needs to be changed by user. 

> nINTS:=9; 
 := nINTS 9  

Input filename. Warning: The files will be overwritten without notice 

> filename:="WGS17Cu": 

> AllFR_file:=cat("AllFR_",filename,".csv"):  

> AllER_file:=cat("AllER_",filename,".csv"): 

>  

> UniqueFR_file:=cat("UniqueFR_",filename,".csv"): 

> UniqueER_file:=cat("UniqueER_",filename,".csv"): 

> AllIN_file:=cat("AllIN_",filename,".csv"): 

> UniqueIN_file:=cat("UniqueIN_",filename,".csv"): 

>  nES := RowDimension(stoich)-1: 

 nSPECIES := ColumnDimension(stoich)-1: 
> for i from 2 to nES+1  

do  

   rxnR[i] := 0;  

   rxnP[i] := 0;  

   for j from 2 to nSPECIES+1 

   do 

     if stoich[i, j] < 0  

        then rxnR[i] := evalf(rxnR[i])-stoich[i, j]*convert(stoich[1, j], symbol); 

        else rxnP[i] := evalf(rxnP[i])+stoich[i, j]*convert(stoich[1, j], symbol);  

     end if: 

   od:  

od: 
>  

> for i to nES 

do  

   ESlist[i] := cat(stoich[i+1, 1], ":     ", convert(rxnR[i+1], string), "  <->  ", 

convert(rxnP[i+1], string));   print(ESlist[i]); 

od: 
"s1:     S+H2O  <->  H2OS" 

"s2:     S+CO  <->  COS" 
"s3:     2*HS  <->  2.*S+H2" 
"s4:     CO2S  <->  S+CO2" 

"s5:     H2OS+S  <->  HS+OHS" 
"s6:     OHS+S  <->  HS+OS" 

"s7:     2*OHS  <->  OS+H2OS" 
"s8:     OS+COS  <->  CO2S+S" 

"s9:     COS+OHS  <->  COOHS+S" 
"s10:     COOHS+S  <->  HS+CO2S" 
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"s11:     OS+COOHS  <->  OHS+CO2S" 
"s12:     OHS+COOHS  <->  CO2S+H2OS" 
"s13:     COS+COOHS  <->  CO2S+HCOS" 

"s14:     HCOOS+S  <->  HS+CO2S" 
"s15:     OS+HCOOS  <->  OHS+CO2S" 

"s16:     OHS+HCOOS  <->  CO2S+H2OS" 
"s17:     HCOS+S  <->  HS+COS" 

> for i from 1 to nINTS 

do 

  Q[i]:=0: 

  for k from 1 to nES 

    do 

      Q[i]:=Q[i]+stoich[k+1,i+1]*convert(stoich[k+1,1],symbol); 

    od: 

  print(cat("Q",i,"=",convert(Q[i],string))): 

od: 
>  

"Q1=-2*s3+s5+s6+s10+s14+s17"  
"Q2=s6+s7-s8-s11-s15"  
"Q3=s2-s8-s9-s13+s17"  

"Q4=s5-s6-2*s7-s9+s11-s12+s15-s16"  
"Q5=s9-s10-s11-s12-s13"  

"Q6=-s14-s15-s16"  
"Q7=-s4+s8+s10+s11+s12+s13+s14+s15+s16"  

"Q8=s1-s5+s7+s12+s16"  
"Q9=s13-s17"  

> intM := Matrix(nES, nINTS): #Intermediate submatrix 

> for i to nINTS 

do  

  for j to nES 

  do intM[j, i] := stoich[j+1, i+1] 

  od: 

od: 
> print("intM:=",intM); 

,"intM:="













 17 x 9 Matrix 
 Data Type: anything 
 Storage: rectangular 
 Order: Fortran_order 

 

> ES:=Rank(intM)+1; 
 := ES 10  

 

Full Routes enumeration: 

 

 

> FRmax := factorial(nES)/(factorial(nES-ES)*factorial(ES)); 
 := FRmax 19448  
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> RRsubmatrix := Matrix(ES-1, nINTS): #Submatrix used to determine the Si 

coefficient in the reaction route 
> Enumerated:=choose(nES,ES): 

> ORcounter:=0: 

unique:=1: 

AllFR := fopen(AllFR_file, WRITE): 

UniqueFR:= fopen(UniqueFR_file,WRITE): 

fprintf(UniqueFR,cat(", , Number of steps, Associated OR \n")): 

for k  from 1 to FRmax 

do 

 counter:=0: 

 Steps[k]:=""; 

 for i from 1 to ES 

 do 

   for l from 1 to ES-1 

   do 

     for m from 1 to nINTS 

     do 

       if (l=i) 

          then jump:=1; 

       end if; 

       RRsubmatrix[l,m]:=intM[Enumerated[k,l+jump],m]; 

       #print(jump,k,l,m,RRsubmatrix[l,m],Enumerated[k,l+jump]); 

     od: 

   od: 

   Scoeff[i]:= (-1)^((i+1))*Determinant(RRsubmatrix); 

   jump:= 0; 

   #print(Enumerated[k],RRsubmatrix,jump,k,l,m, Scoeff[i]); 

  od: 

  #Determine gcd of Scoeff 

  g:=0; 

  for i from 1 to ES 

  do 

    g:= gcd(g,Scoeff[i]); 

    if (g=1) then break end if: 

  od: 

  #Check sign of the first non-zero Si coefficient 

  neg:=1: 

  for i from 1 to ES 

  do 

    if (Scoeff[i]<>0) 

    then 

      if (Scoeff[i]<0) 

      then 

        neg:=-1; 

        break; 
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      else 

        neg:=1; 

        break; 

      end if; 

    else 

      neg:=0; 

    end if; 

  od: 

  #Puts possible FR into "canonical" form 

  for i from 1 to ES 

  do 

    if (neg<>0) and (g<>0) 

    then 

      Scoeff[i]:=(Scoeff[i])/(neg*g); 

    end if; 

  od: 

  FR[k]:=0; 

  for i from 1 to ES 

  do 

    FR[k]:=FR[k]+convert(stoich[Enumerated[k,i]+1,1],symbol)*Scoeff[i]; 

    if (i<>ES) 

    then 

      Steps[k]:=cat(Steps[k],stoich[Enumerated[k,i]+1,1],";") 

    else Steps[k]:=cat(Steps[k],stoich[Enumerated[k,i]+1,1]) 

    end if: 

  od: 

  ###Check if the reaction obtained is "zero"  

  OR[k]:=0; 

  for i from 1 to ES 

  do 

    for j from 2 to nSPECIES+1 

    do 

      

OR[k]:=OR[k]+Scoeff[i]*stoich[Enumerated[k,i]+1,j]*convert(stoich[1,j],symbol); 

    od: 

  od: 

  OR[k]:=simplify(OR[k]); 

  ER[k]:=0: 

  if (OR[k]=0) 

  then 

    ER[k]:=1 

  end if: 

  fprintf(AllFR,cat("FR(",Steps[k],")=", convert(FR[k], string),"\n")): 

  #print(cat("FR(",Steps[k],")=", convert(FR[k], string))); 

  if (ER[k]=1)  

  then 
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    Buffer[k]:=0; 

  else 

    unique:=1: 

    for i from 1 to k-1 

      do 

        if (Buffer[i]=FR[k]) 

        then 

          #print(Buffer[i],FR[k]); 

          unique:=0: 

          break: 

        end if: 

      od: 

    if (unique=1) 

    then 

      #uniqueOR:=1: 

      for i from 1 to ES 

      do  

        if (Scoeff[i]<>0) then counter:=counter+1 end if: 

      od: 

      uniqueORtrue:=1: 

      #print(ORcounter): 

      for i from 1 to ORcounter 

      do 

        if (OR[k]<>0) 

        then 

          #print(OR[k],uniqueOR[i]); 

          if (abs(uniqueOR[i])=abs(OR[k]))  

          then 

            uniqueORtrue:=0: 

            ORnumber:=i: 

            #print("break",OR[k],OR[i],k,i); 

            break: 

          else 

            uniqueORtrue:=1: 

          end if: 

        else 

          #print("zero",k,i);   

        end if: 

      od: 

      if (uniqueORtrue=1) 

      then 

        ORcounter:=ORcounter+1: 

        ORnumber:=ORcounter: 

        #print("no zero",OR[k],OR[i],ORcounter,i); 

        uniqueOR[ORcounter]:=OR[k]:  

      end if:  
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      fprintf(UniqueFR,cat("FR(",Steps[k],")=,", convert(FR[k], 

string),",",convert(counter,string),",OR",convert(ORnumber,string),"\n")); 

    end if: 

    Buffer[k]:=FR[k] 

  end if:                     

od: 

fprintf(UniqueFR,"\n \n \n"): 

for i from 1 to ORcounter 

do 

 

fprintf(UniqueFR,cat("OR",convert(i,string),"=",convert(uniqueOR[i],string),"\n")

); 

od: 

fclose(AllFR): 

fclose(UniqueFR): 
> #uniqueOR; 

> for i from 1 to ORcounter 

do 

 print(uniqueOR[i]); 

 #fprintf(UniqueFR,cat("FR(",Steps[k],")=,", convert(FR[k], 

string),",",convert(counter,string),"\n")); 

od: 

 
−  −  +  + H2O CO H2 CO2  

 

Empty Routes Enumeration 

 

> gammaM := Matrix(nES, nINTS+1): #reduced stoichiometric submatrix 

>  

> for i to nINTS 

do  

  for j to nES 

  do gammaM[j, i] := stoich[j+1, i+1] 

  od: 

od: 
> for j from 1 to nES 

do  

   gammaM[j, nINTS+1] := stoich[j+1, nINTS+3]: 

od: 

 

> print("gammaM:=",gammaM); 

,"gammaM:="













 17 x 10 Matrix 
 Data Type: anything 
 Storage: rectangular 
 Order: Fortran_order 

 

> qp2:=Rank(gammaM)+1; 
 := qp2 11  
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> ERmax := factorial(nES)/(factorial(nES-qp2)*factorial(qp2)); 
 := ERmax 12376  

> ERsubmatrix := Matrix(qp2-1, nINTS+1): #Submatrix used to determine the Si 

coefficient in the reaction route 
> Enumerated:=choose(nES,qp2): 

>  

 

AllER := fopen(AllER_file, WRITE): 

UniqueER:= fopen(UniqueER_file,WRITE): 

for k  from 1 to ERmax 

do 

 counter:=0: 

 Steps[k]:=""; 

 for i from 1 to qp2 

 do 

   for l from 1 to qp2-1 

   do 

     for m from 1 to nINTS+1 

     do 

       if (l=i) 

          then jump:=1; 

       end if; 

       ERsubmatrix[l,m]:=gammaM[Enumerated[k,l+jump],m]; 

     od: 

   od: 

   Scoeff[i]:= (-1)^((i+1))*Determinant(ERsubmatrix); 

   #print(Scoeff[i],i,k); 

   jump:= 0; 

  od: 

  #Determine gcd of Scoeff 

  g:=0; 

  for i from 1 to qp2 

  do 

    g:= gcd(g,Scoeff[i]); 

    if (g=1) then break end if: 

  od: 

  #Check sign of the first non-zero Si coefficient 

  neg:=1: 

  for i from 1 to qp2 

  do 

    if (Scoeff[i]<>0) 

    then 

      #print(Scoeff[i],i,k); 

      if (Scoeff[i]<0) 

      then 

        neg:=-1; 
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        break; 

      else 

        neg:=1; 

        break; 

      end if; 

    else 

      neg:=0; 

    end if; 

  od: 

  #Puts possible ER into "canonical" form 

  for i from 1 to qp2 

  do 

    if (neg<>0) and (g<>0) 

    then 

      Scoeff[i]:=(Scoeff[i])/(neg*g); 

    end if; 

  od: 

  ER[k]:=0; 

  for i from 1 to qp2 

  do 

    ER[k]:=ER[k]+convert(stoich[Enumerated[k,i]+1,1],symbol)*Scoeff[i]; 

    if (i<>qp2) 

    then 

      Steps[k]:=cat(Steps[k],stoich[Enumerated[k,i]+1,1],";") 

    else Steps[k]:=cat(Steps[k],stoich[Enumerated[k,i]+1,1]) 

    end if: 

  od: 

  ###Check if the reaction obtained is "zero"  

  OR[k]:=0; 

  for i from 1 to qp2 

  do 

    for j from 2 to nSPECIES+1 

    do 

      

OR[k]:=OR[k]+Scoeff[i]*stoich[Enumerated[k,i]+1,j]*convert(stoich[1,j],symbol); 

       

      #print("OR,Scoeff,stoich,stoich coeff, 

i,j,k",OR[k],Scoeff[i],stoich[Enumerated[k,i]+1,j],stoich[1,j],i,j,k); 

    od: 

    #print(" j loop end"); 

  od: 

  #print("i loop end"); 

  #OR[k]:=simplify(OR[k]); 

  #print("Final",OR[k],k); 

  ERcheck[k]:=0: 

  if (OR[k]=0) 
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  then 

    ERcheck[k]:=1 

  end if: 

  fprintf(AllER,cat("ER(",Steps[k],")=", convert(ER[k], string),"\n")); 

  #print(cat("ER(",Steps[k],")=", convert(OR[k], string))); 

  if (ERcheck[k]<>1)  

  then 

    Buffer[k]:=0; 

  else 

    unique:=1: 

    for i from 1 to k-1 

      do 

        if (Buffer[i]=ER[k]) 

        then 

          unique:=0: 

          break: 

        end if: 

      od: 

    if (unique=1) 

    then 

      for i from 1 to qp2 

      do 

        if (Scoeff[i]<>0) then counter:=counter+1 end if: 

      od: 

      fprintf(UniqueER,cat("ER(",Steps[k],")=,", convert(ER[k], 

string),",",convert(counter,string),"\n")); 

    end if: 

  Buffer[k]:=ER[k] 

  end if:                     

od: 

fclose(AllER); 

fclose(UniqueER); 
 

Intermediate Nodes Enumeration 

>  

> intMT:=Transpose(intM); 

 := intMT













 9 x 17 Matrix 
 Data Type: anything 
 Storage: rectangular 
 Order: Fortran_order 

 

> nES; 

> ES; 

>  
17  
10  

> q:=Rank(intMT); 
 := q 9  
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> INmax := factorial(nES)/(factorial(nES-(q-1))*factorial(q-1)); 
 := INmax 24310  

> INsubmatrix := Matrix((q-1), (q-1) ): #Submatrix used to determine the Si 

coefficient in the reaction route 
> Enumerated:=choose(nES,q-1): 

>  

> AllIN := fopen(AllIN_file, WRITE): 

UniqueIN:= fopen(UniqueIN_file,WRITE): 

for k  from 1 to INmax 

do 

  counter:=0: 

  jump:=0: 

  Steps[k]:=""; 

  for l from 1 to nINTS 

  do 

    for i from 1 to q-1 

    do 

      for j from 1 to q-1 

      do 

        if (j=l) then jump:=1 end if: 

        INsubmatrix[j,i]:=intMT[j+jump,Enumerated[k,i]]; 

        #print("something",i,j,k,l,jump); 

      od: 

      jump:=0: 

    od: 

    #jump:=0: 

    #print(INsubmatrix); 

    Qcoeff[l]:=(-1)^(l+1)*Determinant(INsubmatrix): 

    #print("plus"); 

  od: 

  #print("out");  

  Steps:=cat("IN("): 

  for i from 1 to nES 

  do 

    fait:=0: 

    for j from 1 to q-1 

    do 

      if (i<>Enumerated[k,j]) and (fait=0) 

      then 

        Steps:=cat(Steps,stoich[i+1,1],";"): 

        fait:=1:   

      end if: 

    od: 

  od: 

  Steps:=cat(Steps,")"): 

  IN[k]:=0: 
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  for i from 1 to nINTS 

  do 

    IN[k]:=IN[k]+Qcoeff[i]*Q[i]: 

    #print("do"): 

  od: 

  simplify(IN[k]): 

  #fprintf(AllIN,cat(Steps,"=, ",convert(IN[k],string),"\n")); 

  #Calculate individual Si coefficients 

  for j from 1 to nES 

  do 

    Scoeff[j]:=0: 

  od: 

  #print("done"); 

  for i from 1 to nINTS 

  do 

    for j from 1 to nES 

    do 

      Scoeff[j]:=Scoeff[j]+Qcoeff[i]*stoich[j+1,i+1]: 

      #print("OK"); 

    od: 

  od: 

  Scoeffprint:=0: 

  for i from 1 to nES 

  do 

    Scoeffprint:=Scoeffprint+ Scoeff[i]*convert(stoich[i+1,1],symbol); 

  od: 

  #print(Scoeffprint); 

  #Check sign of the first nonzero coeff 

  neg:=1: 

  for i from 1 to nES 

  do 

    if (Scoeff[i]<>0) 

    then 

      if (Scoeff[i]<0) 

      then  

        neg:=-1: 

        break: 

      else 

        neg:=1: 

        break: 

      end if: 

    else 

      neg:=0: 

    end:   

  od: 

  #Determine GCD of Scoeff 
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  g:=0: 

  for i from 1 to nES 

  do  

    g:=gcd(g,Scoeff[i]): 

    if (g=1) then break end if: 

  od: 

  #Puts IN into canonical form 

  for i from 1 to nES 

  do 

    if (neg<>0) and (g<>0) 

    then 

      Scoeff[i]:=Scoeff[i]/(neg*g); 

    end if: 

  od: 

    Scoeffprint:=0: 

  for i from 1 to nES 

  do 

    Scoeffprint:=Scoeffprint+ Scoeff[i]*convert(stoich[i+1,1],symbol); 

  od: 

  fprintf(AllIN,cat(Steps,"=, ",convert(Scoeffprint,string),"\n")); 

  #Determine Unique INs 

  unique:=1: 

  for i from 1 to k-1 

  do 

    if (Buffer[i]=Scoeffprint) 

    then 

      unique:=0: 

      break: 

    end if: 

  od:   

  if (unique=1) 

  then 

    Buffer[k]:=Scoeffprint: 

    fprintf(UniqueIN,cat(Steps,"=, ",convert(Scoeffprint,string),"\n")); 

  end if: 

od: 

 

> fclose(AllIN); 

fclose(UniqueIN); 
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Appendix B: Derivation of QSS rate expressions Eqs. (6.23) – (6.28). 

 

 The rate of the elementary reaction s11 is 

 
211 11 CH S 0 11 CH S H Sr k θ θ k θ θ⋅ ⋅ ⋅= −

r s
          (B.1) 

 From Appendix C we have 

  
2

1/2

H S H 0v
θ K P θ⋅ =             (B.2) 

  
2 2

3/2 -1

CH S CO H H O 0x
θ K P P P θ⋅ =           (B.3) 

The coverage of the surface intermediate CH2·S may be obtained from the quasi-

steady state condition  

r10 = r11 + r14. However, the flux through step s14 is negligible, thus, 

r10 = r11 

or 

3 2 210 CH S 0 10 CH S H S 11 CH S 0 11 CH S H Sk θ θ k θ θ k θ θ k θ θ⋅ ⋅ ⋅ ⋅ ⋅ ⋅− = −
r s r s

       (B.4) 

From Appendix C we have 

3 4 2

1/2

CH S CH H 0i
θ K P P θ

−
⋅ =            (B.5) 

Solving (B.4) gives  

4 2 2 2

2

2

1/2 2 1

10 CH H 11 CO H H O

CH S 01/2

11 10 H

i v x

v

k K P P k K K P P P
θ θ

k k K P

− −

⋅

+
=

+

r s

r s        (B.6) 

Substituting Eqs. (B.2), (B.3) and (B.6) into Eq. (B.1) 

 4 2 2

4 22

1/2 2 32
10 11 CH H 0 CO H

11 1/2
10 11 CH H O11 10 H

1
i v x

iv

k k K P P θ P PK K
r

K K K P Pk k K P

−  
= −  +  

r r

r s         (B.7) 

Eq. (6.23) is obtained by recognizing that  

 
2

10 11

1
v x

i SR

K K

K K K K
=  

 

The rate of the elementary reaction s15 is 

 
215 15 CH O S 0 15 CHO S H Sr k θ θ k θ θ⋅ ⋅ ⋅= −

r s
         (B.8) 

From Appendix C we have 
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2

1/2

CHO S CO H Sviii
θ K P P θ⋅ =            (B.9) 

 H Sθ ⋅  is given in Eq. (B.2) 

 Surface coverage of CH2O·S is determined from the quasi-steady state condition 

r20 + r14 = r15. However, the flux through step s14 is negligible, thus 

  r20 = r15 

or 

 
3 2 220 CH O S 0 20 CH O S H S 15 CH O S 0 15 CHO S H Sk θ θ k θ θ k θ θ k θ θ⋅ ⋅ ⋅ ⋅ ⋅ ⋅− = −

r s r s
    (B.10)  

 Solving Eq. (B.10) gives 

 2

2 3

2 2

15 CO H20
CH O S CH O S 01/2 1/2

15 20 H 15 20 H

v viii

v v

k K K P Pk
θ θ θ

k k K P k k K P
⋅ ⋅= +

+ +

sr

r s r s          (B.11) 

 In turn, from the steady-state condition of CH3O·S we have 

  r19 = r20  

 or 

 
3 3 3 219 CH S O S 19 CH O S 0 20 CH O S 0 20 CH O S H Sk θ θ k θ θ k θ θ k θ θ⋅ ⋅ ⋅ ⋅ ⋅ ⋅− = −

r s r s
     (B.12)    

 where 
3CH Sθ ⋅  is given by Eq. (B.5) and O Sθ ⋅ according to Appendix C, is given by 

 
2 2

1

O S H O H 0vi
θ K P P θ

−
⋅ =          (B.13)  

 From Eq. (B.12) we have  

 4 2 2 2

3 2

3/2 1/2

19 CH H O H 20 H

CH O S 0 CH O S

19 20 19 20

i vi v
k K K P P P k K P

θ θ θ
k k k k

−

⋅ ⋅= +
+ +

r s

s r s r                 (B.14) 

 Solving simultaneously Eqs. (B.11) and (B.14) we have       

 2 2 4 2 2

2

2

3/2

19 15 CO H 20 15 CO H 19 20 CH H O H

CH O S 01/2

19 15 20 15 19 20 H

v viii v viii i vi

v

k k K K P P k k K K P P k k K K P P P
θ

k k k k k k K P
θ

−

⋅

 + +
=  
 + + 

s s r s r r

s r r r s s     (B.15) 

 Substituting Eqs. (B.2), (B.9) and (B.15) into Eq. (B.8) results in  

    4 2 2 2

4 22

3/2 2 32
19 20 15 CH H O H 0 CO H19 20 15

15 1/2
CH H O19 15 20 15 19 20 H 19 20 15

1
i vi v viii

v i vi

k k k K K P P P θ P Pk k k K K
r

P Pk k k k k k K P k k k K K

−  
= −  + +  

r r r s s s

s r r r s s r r r    (B.16) 

or 

    4 2 2 2

4 22

3/2 2 32
19 20 15 CH H O H 0 CO H

15 1/2
19 20 15 CH H O19 15 20 15 19 20 H

1
i vi v viii

i viv

k k k K K P P P θ P PK K
r

K K K K K P Pk k k k k k K P

−  
= −  + +  

r r r

s r r r s s    (B.17) 
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Eq. (6.24) is obtained by recognizing that  

 
2

19 20 15

1
v viii

i vi SR

K K

K K K K K K
=  

 

 The rate of the elementary reaction s17 is 

 
217 17 CO S O S 17 CO S 0r k θ θ k θ θ⋅ ⋅ ⋅= −

r s
                   (B.18) 

Based on Appendix C, 

 CO S CO 0iii
θ K P θ⋅ =  

 
2 2

1

O S H O H 0vi
θ K P P θ

−
⋅ =  

 
2 2CO S CO 0iv

θ K P θ⋅ =  

 Substituting above in Eq. (B.18), we have 

  2 2

2 2

2

CO H1 2 17
17 17 CO H O H 0

H O CO17

1 iv

iii vi

iii vi

P Pk K
r k K K P P P θ

P Pk K K

−
 

= −  
 

s
r

r      (B.19) 

 or 

  2 2

2 2

2

CO H1 2

17 17 CO H O H 0

17 H O CO

1 iv

iii vi

iii vi

P PK
r k K K P P P θ

K K K P P

−
 

= −  
 

r
     (B.20) 

 Eq. (6.26) is obtained by recognizing that 

  
17

1
iv

iii vi WGS

K

K K K K
=  

 

 Finally 0θ in the above expressions is obtained based on the concept of MARI. Thus, 

  
20 H O S CO S H S O S OH S C S1θ θ θ θ θ θ θ⋅ ⋅ ⋅ ⋅ ⋅ ⋅= − − − − − −       (B.21) 

 Based on Appendix C, we have 

  
2 2H O S H O 0ii

θ K P θ⋅ =  

  CO S CO 0iii
θ K P θ⋅ =  

  
2

1/2

H S H 0v
θ K P θ⋅ =  

  
2 2

1

O S H O H 0vi
θ K P P θ

−
⋅ =  
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2 2

1/2

OH S H O H 0vii
θ K P P θ

−
⋅ =  

  
2 2

1

C S CO H H O 0ix
θ K P P P θ

−
⋅ =  

Eq. (6.28) can be obtained by substituting the above in Eq. (B.21) 
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Appendix C: Intermediate Reactions for the formation of key 

intermediates utilized in Appendix B 

 We show here the derivation of surface coverage of intermediate species based on QE 

approximation and the notion of intermediate reactions. The methodology is illustrated 

for one species, CH3·S. The surface coverage of the other intermediate species can be 

derived following a similar procedure, unless otherwise stated in the text. 

 In order to obtain the QE surface coverage of CH3·S, we first identify the 

Intermediate Reaction for the formation of CH3·S from amongst steps that can be 

considered to be quasi-equilibrated. Thus, for CH3·S, the appropriate intermediate 

reaction is 

si:  CH4 + S = CH3·S + ½ H2 as shown below 

         ρσ  

   s1:  CH4 + S � CH4·S  +1 

   s5:  H·S + H·S � H2·S + S +½ 

   s6:   H2·S � H2 + S   +½                    

 s9:   CH4·S + S � CH3·S + H·S +1 

   IR:  CH4 + S � CH3·S + ½ H2 

Thus, the equilibrium constant for this intermediate reaction is ( ) 9

21

651 KKKKK
/

i
=  and 

    
3 4 2

1/2

CH S CH H 0i
θ K P P θ

−

⋅ =  

 

A list of the intermediate reactions for relevant intermediate species utilized in Appendix 

B is as follows: 

 

si:   CH4 + S = CH3·S + ½ H2  ( ) 9

21

651 KKKKK
/

i
=  

sii:   H2O + S = H2O·S   2KK
ii
=  

siii:   CO + S = CO·S   1

3

−= KK
iii

 

siv:   CO2 + S = CO2·S   1

4

−= KK
iv

  

sv:   ½ H2 + S = H·S   ( ) 21

65

/

v
KKK

−
=   
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svi:   H2O + S = O·S + H2     2 5 6 7 8vi
K K K K K K=  

svii:   H2O + S = OH·S + ½ H2    ( )
1/2

2 5 6 7vii
K K K K K=  

sviii:   ½ H2 + CO + S = CHO·S    ( )
1

1/2 1/2

3 5 6 16viii
K K K K K

−

=  

six:    CO + H2 +  S = C·S + H2O             ( )
1

2 3 5 6 7 8 13ix
K K K K K K K K

−
=  

sx:   CO + 3/2H2 +  S = CH·S + H2O    ( )
1

3/2 3/2

2 3 5 6 7 8 12 13x
K K K K K K K K K

−

=  
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Appendix D: Overview of energetic predictions via first-principles 

and UBI-QEP 

 A brief overview of the first-principles calculations that are fast becoming a 

commonplace for energetic predictions for catalysis and electrocatalysis is provided here. 

The electronic structure theories are based on the Time-Independent Schrödinger 

Equation (TISE), 

  EΨΨV
m

HΨ
mol

=







+∇−= 2

2

2

h
      (D.1) 

where, H is the Hamiltonian (total energy operator) comprising of potential (V), and 

kinetic energy, i.e., 22 )2/( ∇− molmh , E is the total energy of the system, and ψ is the 

wavefunction, i.e., a function of space containing all possible information about the 

system. πh 2/=h  and molm , the mass of the molecule are constants. Solution of this 

equation yields fundamental information about the system, including probability 

distributions for all particles within it and energetic information about particular particle 

configurations. The above TISE is simplified by the Born-Oppenheimer Approximation, 

which relies on the fact that atomic nuclei move at a pace which is several orders of 

magnitude slower than that of the electrons, thus allowing us to perform separate 

calculations for nuclear and electronic structure by splitting the TISE into two parts. 

Chemical engineers are concerned with the electronic structure solution, which may be 

visualized as fixed configurations of nuclei surrounded by an “electron gas.” The 

electronic structure of this gas is determined by solution of the electronic TISE, and the 

resulting total energy is interpreted as a potential energy for the nuclei. Solution of the 

TISE for many different nuclear arrangements permits the construction of potential 

energy surfaces (PES’s) for the nuclei, which can be utilized to analyze the nuclear 

dynamics. However, analytical solution is not possible and only approximate numerical 

schemes can be employed. The simplest technique for the calculation of the electronic 

orbitals is the Hartree Fock Self-Consistent Field (HFSCF) approach, where the full, 

many-electron wavefunction for the system, ψ, is written as a product of one-electron 

wavefunctions containing adjustable parameters. The number of one-electron orbitals is 

equal to the number of electrons in the system. Corresponding to each electron, Eqs. 
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similar to Eq. (D.1) are written such that V represents the effective one-electron potential 

energy function, and E the one-electron eigenvalue. Being the simplest of the techniques, 

the HFSCF approach generally gives very inaccurate molecular energies due to the lack 

of explicit electron correlation effects. Configuration Interaction (CI) methods account 

for these correlation effects, albeit at additional computation time by making use of the 

unoccupied (virtual) states. Other approaches include the use of Density Functional 

Theory (DFT), which nicely approximates the correlation effects while not being too 

computationally demanding. The methodology is largely similar to the HFSCF approach 

with an additional term, known as the exchange-correlation (XC) energy, added to the 

effective one-electron potential energy function, V while solving the set of one electron 

equations. A host of different XC energy expressions have developed built on a similar 

platform of being explicit functionals of the electron density. The LDA (Local Density 

Approximation) uses an XC functional that depends only on the electron density itself 

and takes the XC energy to be the exact XC energy for a homogeneous electron gas. 

LDA calculations, however, often produce poor estimates of binding energies and 

molecular structures. The GGA (Generalized Gradient Approximation) incorporates 

density gradient terms into the XC functional. State-of-the-art GGA, like PW91, PBE, 

and RPBE are known to give accurate results for trends in binding energies and in lattice 

constants of transition metals. 

 Accurate representation of the core electrons is also vital to obtain accurate results. 

However, the computational effort can be greatly reduced by approximating the behavior 

of these core electrons, based on the assumption that they do not generally play an active 

role in chemical bonding as they are located in the innermost shell of an atom. Frozen 

Core Approximation (FCA) is one such approximation.  

 Apart from the above mentioned approximations, the biggest stumbling block for 

accurate energetic prediction is the catalyst surface representation in heterogeneous 

catalysis. Of course, for electrocatalysis, simulating the effect of electrode potential on 

the energetics presents additional difficulties. Some research groups employ cluster 

calculations that use finite ensembles of metal atoms to model surfaces. These are 

computationally less expensive since they employ atomic or molecular orbital basis sets 

to satisfy the boundary condition of zero electron density at infinite distance from the 
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cluster. The other approach is to utilize slab calculations, with the use periodic boundary 

conditions (and hence require the use of a periodic basis set to match the boundary 

conditions) to model extended surfaces. These models avoid the electronic structure 

artifacts that sometimes trouble cluster calculations. 

 DFT calculations provide an efficient way to calculate the total electronic energy 

(TE) of a system, which may be used for calculation of ∆H. For the case of adsorption of 

a species on a surface, ∆H is approximated by the binding energy (BE) of the species. 

Knowledge of the total energies of the adsorbed configuration, the clean slab representing 

the catalytic surface and the isolated gas phase species can be used to calculate this BE 

as: 

=⋅SIBE
k

 TE(adsorbed configuration) – TE(clean slab) – TE(isolated gas phase species) 

               (D.2) 

 The binding energies are also corrected using zero point energies, and temperature 

corrections, which may be obtained from the vibrational frequencies of the species. Thus, 

        )ZPE(BE ISI

o

(g)I

o

SI kkkk
HH ∆++= ⋅⋅       (D.3) 

where o

(g)Ik
H  is the standard enthalpy of formation in the gas phase, SIBE ⋅k

 is the binding 

energy, and )ZPE( Ik
∆  is the zero point energy correction to binding energy of the 

intermediate species Ik. The enthalpy change and the entropy change are 

          )()(
1

o

(g)T

1

o

SI

o ∑∑
==

⋅ +=∆
n

i

i

l

k

k ik
HHH ρρρ βα       (D.4) 

The recent advances in first principles calculations, has made possible the direct 

calculation of the activation barriers using DFT. The state of the art CI-NEB method 

determines the minimum energy path between the initial and final state of a given 

elementary step by optimizing several discrete intermediate images and is shown to give 

excellent convergence to saddle points, verified by the existence of a single imaginary 

frequency at the transition state. 

 Entropy of the adsorbed species can be approximated as shown in chapter III, i.e. by 

assuming total loss of translational entropy from gas phase to the adsorbed phase. On the 
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other, it may be rigorously calculated from DFT based on the knowledge of the 

vibrational, translational and rotational modes of the adsorbed species. Thus, 

              )()(
1

o

(g)T

1

o

SI

o ∑∑
==

⋅ +=∆
n

i

i

l

k

k ik
SSS ρρρ βα       (D.5) 

 Finally, the surface reactions, the rate constants are calculated using transition state 

theory (TST), while for adsorption/desorption reactions collision theory can be used. TST 

assumes equilibrium between the reactants and the activated complex. Thus, for a surface 

reaction SB SA ⋅+⋅ � SD SC ⋅+⋅ , we have 

     SB SA ⋅+⋅ � 
ρk
r

→⋅SAB SD SC ⋅+⋅ , 

     SD SC ⋅+⋅ � 
ρk
s

→⋅SCD SB SA ⋅+⋅    

The forward rate constant rate constant ρk
r

 is given as 

    








 −
Λ=

Tk

E
k

B

ρ
ρρ

r
rr

exp ; 
ρ

ρ
ρ

k

k
K s

r

=       (D.6) 

ρE
r

 is the activation energy for the forward reaction and ρΛ
r

 is the pre-exponential factor 

given as 

                  








 ∆
=Λ

B

B

k

S

h

Tk
o,‡

exp
ρ

ρ

r
r

       (D.7) 

where, o

SB

o

SA

o

SAB

o,‡

⋅⋅⋅ ∆−∆−∆=∆ SSSSρ

r
 is the standard state entropy change accompanying 

the formation of the transition state. o

SAB⋅∆S for the activated complex is calculated 

following a similar procedure as that for the adsorbed species. 

 Collision theory can be used to obtain rate constants for adsorption processes, which 

give the pre-exponential factor as 

           
Tkm

T

BAπ
θσ

ρ
2

),(0

=Λ
r

        (D.8) 

where, Am  is the molecular weight of the species and ),(0 θσ T  denotes the sticking 

probability. 
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UBI-QEP approach for predicting the activation energies of elementary 

reaction steps: 

The method of UBI-QEP is the improved version of the BOC-MP. Here we provide only 

the relevant equations useful in predicting the activation energies for elementary 

reactions. The details can be found in the publications by Shustorovich and co-workers 

(Shustorovich, E. M., and Sellers, H., Surf. Sci., 31, (1998), 1; Zeigarnik, A. V. et al., 

Surf. Sci., 541, (2003), 76; Shustorovich, E. M., and Zeigarnik, A. V., Russian J. Phys. 

Chem., 80, (2006), 4) 

1) The heats of chemisorption for diatomic molecules are based on the type of 

binding. Atomic heat of adsorption of species A, in an n-fold site (a site making n-

bonds with the adsorbed atom) is 

                        0

1
2A AQ Q

n

 = − 
 

       (D.9) 

where 0 AQ  is the heat of adsorption in the on-top position or, alternatively, the two-

center bond energy. 

2) For the weak bonding ad-molecule typical of adsorption of closed-shell 

molecules, the heat of adsorption of an AB molecule, ,AB nQ , on n-fold site, which 

adsorbed via A atom is given by 

           
2

0
,

0

A
AB n

A
AB

Q
Q

Q
D

n

=
 + 
 

     (D.10) 

 where ABD  is the gas-phase dissociation energy of the A-B bond.  

Weakly bound molecules such as closed shell molecules (i.e., CO, N2) or molecular 

radicals with strongly delocalized unpaired electrons (i.e., O2, NO) tend to have heats of 

chemisorption in the range 10-35 kcal/mol. 

3) For the strong bonding ad-molecules, which typically occurs upon the adsorption 

of molecular radicals, heat of adsorption is given by 
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2

,
A

AB n

A AB

Q
Q

Q D
=

+
     (D.11) 

Strongly bound molecules have heats of chemisorption in the range 35-120 kcal/mol.  

Medium binding gives an average of the two extremes. 

4) The enthalpy changes in the course of adsorption and reaction are accordingly 

given by 

                                   r p b f

r p b f

H Q Q D D∆ = − + −∑ ∑ ∑ ∑  (D.12) 

where Qr and Qp are the heats of chemisorption for the reactants (r) and products 

(p), respectively; Db and Df are the binding energies for the bonds that are broken 

(b) and formed (f), respectively. 

Heats of chemisorption (Q) and total bond energies in a gas phase (D)  

for various species on different catalyst surfaces are well documented in the literature 

(Shustorovich, E. M., and Sellers, H., Surf. Sci., 31, (1998), 1; Hei, M. J. et al., Surf. Sci., 

417, (1998), 82; Lin, Y.-Z. et al., J. Mol. Struc. (Theochem), 587, (2002), 63; Olivera, P. 

P. et al., Surf. Sci, 327, (1995), 330; Sellers, H., and Shustorovich, E. M., Surf. Sci., 504, 

(2002), 167). 

 In the case of the disproportionation reaction, A·S + BC·S � AB·S + C·S, the 

direction of the reaction is defined such that the condition that DBC > DAB is satisfied.  If 

it is not, the direction of the reaction should be reversed for the analysis. The activation 

energy of the reaction in the forward direction, corresponding to the appropriate form of 

the reaction, may be determined using  

                                                 
1

2

AB C

AB C

Q Q
E H

Q Q

 
= ∆ + + 

r
 (D.13) 

Similarly, for an AB·S � A·S + B·S, we have 

                                                  
1

2

A B

A B

Q Q
E H

Q Q

 
= ∆ + + 

r
       (D.14) 
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The activation energy of the reverse direction may then be determined from the 

relationship between the reaction enthalpy and the reaction’s forward activation barrier 

                                       H E E∆ = −
r s

     (D.15) 

Let us calculate the activation energy on Ni(111) for the following elementary reaction, 

CHO·S + S � CH·S + O·S, as an example. 

CHO S 49.9 kcal/molQ ⋅ = , CHO S 274kcal/molD ⋅ =  

CH S 116kcal/molQ ⋅ = , CH S 81kcal/molD ⋅ =  

O S 115kcal/molQ ⋅ = , O S 0kcal/molD ⋅ =  

Using above in Eq. (D.12), we have 11.9 kcal/molr p b f

r p b f

H Q Q D D∆ = − + − =∑ ∑ ∑ ∑ . 

Using these in Eq. (D.13), we have,  

  
1 1 (116)(115)

11.9 34.82 kcal/mol
2 2 116 115

AB C

AB C

Q Q
E H

Q Q

   = ∆ + = + =   + +  

r
 

Using the above in Eq. (D.15), we have 

                                               22.92 kcal/molE E H= −∆ =
s r
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