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Abstract

Elicitation of answers for sensitive questions is a delicate issue, and even questions of
basic demographics (e.g., age, race, sex) can be offensive to some people. In sample sur-
veys with sensitive questions, randomized response techniques have a huge advantage in
estimating population quantities (e.g., proportion of people cheating on their tax returns)
because they can reduce the bias caused by non-response or untruthful response (mea-
surement error). Using hierarchical Bayesian models, we implement multiple sensitive
questions into the simple unrelated question design for small areas (or clusters).

Most of the work on the unrelated question design rely on large sample sizes to get ad-
missible estimates and there are limited discussions about applications on data from small
areas. Bayesian methods work well because they allow pooling of data from desperate
(limited data) areas and they can utilize prior information. In addition, few discussions
have been made exploring the benefits of a combined design involving multiple items
(e.g., two sensitive questions) under the Bayesian paradigm. Therefore, in our study,
given binary response data from two or more sensitive questions from many small areas,
we use a hierarchical Dirichlet-multinomial model to estimate the sensitive proportions.
A blocked Gibbs sampler is used to sample the joint posterior density and the posterior
distributions of finite population proportions can be obtained. We apply our method to
college cheating data, obtained from our students at WPI with permission from IRB.
We also use a simulation study to validate our method, and we investigate the effects
on posterior inference of increasing the number of areas (clusters) and the correlation
between the sensitive items.

When there is a large number of areas, our procedure is computationally intensive.
Also, the Dirichlet distribution gives negative correlated probabilities and this is inflexible.
Therefore, to make our procedure more useful, we propose a generalized mixed effects

model which will set free the constraint of the Dirichlet parameters that must add up



to unity. Then based on the new parameter setting, we are able to either use a full
Gibbs sampler or an integrated nested normal approximation to make posterior inference
about the finite population proportions of students cheating in different courses. This
alternative method allows for much faster computing and many more areas (courses).
This model has much fewer parameters, and therefore, there are gains in precision when
the finite population proportions are estimated. It also permits incorporating covariates,
when available, in a straightforward manner.

Finally, we propose that our randomized response procedure can be used to provide
masked public-used data, that is an important activity for many government agencies,
where although other procedures are used, the randomized response procedure was never

attempted for privacy protection of released data.
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Chapter 1

Introduction

In this chapter, we give an overview of the randomized response techniques together with
some extensions of their Bayesian solutions, and some extensions for multiple sensitive
items. In addition, we introduce the college cheating data that we will be using through

out the dissertation. Finally a dissertation plan is presented.

1.1 Overview of the Randomized Response Technique

In survey sampling, a curious and problematic issue to consider is the collection of in-
formation about sensitive questions like habitual tax evasion, drunken driving, gambling,
consuming drugs, etc. However, for these sensitive and stigmatizing items, a respon-
dent has great tendency to refuse to answer, or answer untruthfully because of privacy
protection. Accordingly, Warner (1965) gave a standard procedure for estimating the
proportion of people bearing the sensitive character A, on adopting a suitable random-
ization device. In Warner’s design, each individual is required to play a random game,
like flipping a coin, with the probability of getting heads, denoted as p. With the whole
procedure unobserved by the interviewer, the respondent chooses one of two questions
to answer according to the result of heads or tails. That is, with probability p, the re-

spondent will report the true response of the sensitive question A, and he/she will report



the answer of the opposite question A® with the probability 1 — p. This randomized
response technique is also called the mirrored question design since the true response to
the sensitive question is masked by an opposite one.

In this way the respondents should be more comfortable to answer the question be-
cause the investigator can never know which question the respondents are answering.
When randomized response techniques are used, a respondent’s individual answer is not
of interest, rather inference for the population is wanted. Because the respondent does
not provide a direct answer to the sensitive question, his/her identity is protected while
the true answer to the sensitive question is elicited.

To illustrate this important randomized response technique, we consider for the fol-
lowing questions,

Question 1: T cheated on my income tax return last year, is it true? (A)

Question 2: I did not cheat on my income tax return last year, is it true? (AY)

Circle your response. [Yes, No]
Let 74 represent the true probability of A in the population; p represent the probability of
selecting A; A = pra+ (1 —p)(1 —m4) represent the proportion of the ‘yeses’; y represents
the total number of ‘yeses’ obtained from the sample of n respondents. Figure 1.1 shows

Warner’s mirrored question design.



A 4

Flip a coin

Figure 1.1: Warner’s Design

Under the assumption that these ‘yes’ and ‘no’ reports are made truthfully and are

random, we have

y ~ Binomial{n, prs + (1 — p)(1 — 7a)}.
Therefore, the maximum likelihood estimator of 74 is obtained by the solving

~

A=pia+ (1 =p)(1—7a),

to get

1 “ 1 < y
Ta=——(A\ -1 - A== 1.1.1
TA 2p_1( +p )7p7é 27 n ( )

It is known that 74 is an unbiased estimator of 74; see Warner (1965).

An important extension of the Warner’s mirrored method is the unrelated question
design by Greenberg, et al. (1969). Instead of the opposite question, an unrelated non-
sensitive (innocuous) question is asked. In this design, the true probability of ‘yes’ of the
unrelated characteristic is also unknown. For estimation, two samples are needed. For

the individual from each sample, the following two questions are asked,



Question 1: Have you ever cheated in any WPI final exam? (A)

Question 2: Do you like living in Massachusetts? (U)

Circle your response. [Yes, No|

Let w4 be the true probability of ‘yes’ of A in the population and 7y to be the true
probability of ‘yes” U in the population. Because there are two unknown parameters,
two samples are needed. In the j* sample (j=1, 2), let p; denote the probability of
selecting the sensitive question and A\; = p;m4 + (1 — p;)(1 — 7m4) denote the probability
of ‘yeses’ collected from both questions; y; is the total number of ‘yeses’ obtained out of

n; respondents. The unrelated question design is shown in Figure 1.2.

Y

Flip a coin

Figure 1.2: Unrelated Question Design

Then we have

y; ™ Binomial(nj, pjma + (1 — p;)(1 — w4)), j = 1,2,

10



the conditions for the log likelihood to get a maximum are

;\1 =m7a+ (1 —py)7y,

5\2 = pota + (1 — po)7y.

By solving the set of equations above, one can get the maximum likelihood estimators,

M=) -l -p) oy
Gy = 1 2) — Ao 1)’ N = ﬂ) p1 % po. (1.1.2)
P1— D2 "

Here p; and p, cannot be too close, otherwise the estimation is highly likely to exceed 1.
An optimal choice for the random mechanism probability is p; in (0.1, 0.3) and py = 1—py;
see Greenberg et al. (1969).

A design that is closely related to the unrelated question design is the following.
Because two samples are needed, we can run the unrelated question design on one sample,
and in the other sample only the nonsensitive question is asked. This design is more
efficient than the randomized designs applied to both samples. However, the problem
with this design is that the ‘nonsensitive’ question may be also sensitive to some people.
For example, the question “Were you born in Massachusetts?” may be sensitive to some
respondents. This leads naturally to optional design in which a respondent is given the
option to answer the ‘sensitive’ question if he/she is comfortable to do so (see Gupta,
Gupta and Singh, 2002 and Gupta, Javid and Supriti, 2010 for optional designs for
quantitative data).

Direct questioning exposes a respondent’s privacy which leads to biased estimates.
Any randomized response technique, which adds noise to the response, will be less efficient
than a direct questioning design because of the response burden. One cannot compromise
respondents’ privacy, but one can compromise respondents’ burden and efficiency. Be-
sides, it has been argued that socially desirable answers and refusals are expected when

sensitive questions are asked directly (e.g., see Tourangeau, Rips and Rasinski, 2000 and
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Tourangeau and Yan 2007). Therefore, as supported by many psychologists, sensitive
questions should not be asked directly.

We assume that respondents respond truthfully. It should be obvious that this as-
sumption is more easily attained under indirect questioning than the direct one. In direct
questioning, it is more likely that there will be nonresponse that may be nonignorable,
and we need to develop nonignorable nonresponse models (Nandram and Choi 2002, 2010)
to handle them. So on at least two fronts, indirect questioning is preferred.

There is also an important literature of various randomized response techniques. The
forced response design, introduced by Boruch (1971), is an extension of the mirrored
question design. Fox and Tracy (1986) developed a similar design based on this idea,
but using the results coming from two Bernoulli trials instead. The disguised design
(Kuk, 1990) is conducted the other way around, in terms of the way that the randomized
response (noise) is added. The respondents need to report the results from two Bernoulli
trials based on their answers to the sensitive questions. Blair, Imai, and Zhou (2015)
gave an excellent review paper on these four methods. Other nonrandomised designs like
crosswise and triangular designs (e.g. Tan et al., 2009) can be viewed as extensions of the
unrelated question design, which get rid of the random mechanism. See also Nandram
and Yu (2018a) for a Bayesian extension.

For continuous response, Greenberg et al. (1971) and Eriksson (1973) extended the
unrelated question model of Greenberg et al. (1969) to the case in which the response
is quantitative. Pollock and Bek (1976) described the additive/multiplicative models,
which involve the respondents adding/multiplying the answer to the sensitive question
by a random number from a known distribution. More recently, optional designs for
quantitative data has been discussed in Gupta, Gupta and Singh (2002) and Gupta,
Javid and Supriti (2010). It is worth mentioning here that these optional designs for
quantitative data have been extended to binary data (e.g., see Gupta et al., 2013 for the

unrelated question design).
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1.2 Bayesian Randomized Response Technique (RRT)

There are some concerns for the traditional method of getting the maximum likelihood
estimation of the proportion. First, direct estimates from solving the equation systems
cannot guarantee a reasonable solution between (0,1), and also large sample sizes are
needed to get an admissible estimate (e.g. Lee et al., 2013b). In the unrelated question
design, m4 and 7y can be highly correlated, reducing the correlation by increasing the
sample size will be costly. The design-based estimator may be practically biased in small
samples. More discussion about the individual Bayesian model is available in Nandram
and Yu (2017).

There are not many works within the Bayesian paradigm of randomized response
models. Nonetheless, attempts have been made on the Bayesian analysis of designs
using randomized response techniques. For example, Winkler and Franklin (1979) gave
an approximate Bayesian analysis of Warner’s mirrored design, O’Hagan (1987) derived
Bayesian linear estimators for the unrelated question design, and Oh (1994) used data
augmentation to introduce latent variables to Gibbs sampling of the mirrored design,
the unrelated question design and the two-stage designs with binary and polychotomous
responses. van den Hout and Klugkist (2009) proposed Bayesian inference that takes
into account assumptions with respect to non-compliance under simple random sampling.
Also, Tian, Yuen, Tang and Tan (2009) proposed Bayesian approaches to non-randomized
response models without using random mechanisms. Avetisyan and Fox (2012) used beta-
binomial and multinomial-Dirichlet models for empirical Bayes analysis and to a less
extent Bayesian analysis for a small sample from a single population. They considered
multiple items with multiple categories, but this latter work is not within the small area
context, although each person may be considered a small area, see details about the small
area estimation by Rao and Molina (2015). Most recently, Song and Kim (2017) gave a
Bayesian analysis of two unrelated questions with rare outcomes (i.e., Poisson modeling

rather Binomial modeling). Bayesian methods, with useful prior information, deserve
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more attention because it is easy to obtain proper estimates. In addition, hierarchical
Bayesian models can be used to study data arising from sample surveys with randomized
responses.

In Nandram and Yu (2017, 2018a), binary data are collected from a single small area
using a version of the unrelated-question design, and the sensitive proportion is of interest.
With a random mechanism of probability p; for ' group of size n;, the Bayesian model

is built for each area independently (see Oh, 1994),
yj | w1, mo (S Binomial{n;, p;m + (1 — pj)ma},

where 0 <y; <n;, j=1,...,9 > 2. Note that g does not have to be exactly two. With
a flat conjugate prior

m ™ Beta(1,1) o S Beta(1,1).

Then apply the same model repeatedly on ¢ areas will form the individual area model
(IAM). Obviously, the IAM does not borrow information across the areas. In fact, we
run a sensitivity analysis of the different choices of p;, p, under different sample sizes, to
illustrate the fact that TAM will be very sensitive to the choice of the random mechanism
when sample sizes are small.

The execution of the randomized response technique requires a known random mech-
anism, which is p; and p,. In the previous simulation section, for group j, we use p; as
the probability to answer the sensitive questions and (1 — p;) to answer the nonsensitive
questions. A lot of studies on the different choices of p have been carried out for the

under the non-Bayesian model.
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In Table 1.1, we provide a Bayesian sensitivity study for m = 0.25 both on the different
choices of py, ps and the group sample size ¢ within each group. The sensitivity analysis
shows that when the sample size is reasonable large (¢ = 300,400), the estimation is
not sensitive to most of the choices of p; and ps, except for the combination of (0.3,0.7),
where the estimation is 0.177 and 0.220 respectively. However, if the sample size is not
large enough (especially below 100), certain combination choices of p;, ps will influence
the estimation.

Table 1.1: Sensitivity analysis of m; with respect to choices of p;, ps and /.

P11 P2 25 50 100 200 300 400

0.1 0.7 .040000 021015 083037 202051 .239015 243039
0.1 0.8 .012006 053097 .17loss .2430m 248036 250031
0.1 0.9 .03002 121050 233051 248037 .250.030 .248 006
0.2 0.7 054000 .0llgos 045005 170050 228019 .243 043
0.2 0.8 .027003 015011 110014 231 247035 248033
0.2 0.9 017012 086035 .203.051 247037 249031 .249 g6
0.3 0.7 067000 0250035 025016 08900 177050 220049
0.3 0.8 .053002 013000 056030 174010 235010 245035
0.3 0.9 034011 .05803 .16501s 231035 244031 248 007

15



Table 1.2 provides a Bayesian sensitivity study for mo = 0.75 on the different choices
of p1, p2 and the sample size ¢ within each group. The sensitivity analysis also shows that
when the sample size is reasonable large (¢ = 300,400), the estimation is not sensitive
to the choices of p; and ps. However, if the sample size is not large enough, certain

combination choices of p1, ps will overestimate m, more or less.

Table 1.2: Sensitivity analysis of w5 with respect to choices of p;, ps and /.

P11 D2 25 20 100 200 300 400

0.1 0.7 962013 .936031 .835047 .T670385 .755031 .753 027
0.1 0.8 979012 919037 797052 .795037 .792030 .750.026
0.1 0.9 969020 878049 765052 753037 .791o30 -750.026
0.2 0.7 947002 987008 .950027 .818049 .765042 .755035
0.2 0.8 973003 987011 890044 .766047 .757 038 754033
0.2 0.9 989005 942025 .83Llgs2 .7T08045 753036 -752 31
0.3 0.7 933000 975003 976016 91loso .822050 .781 49
0.3 0.8 945000 990007 95127 835052 .771loag .756.043
0.3 0.9 966000 983012 913035 .802051 .764045 .753039

16



In Table 1.3, we keep 7 fixed at 0.25 and modify ms from 0.1 to 0.9 to see the
estimation effect, under different random mechanisms and sample sizes. We can make a
similar conclusion that large sample will make the estimation for m; not that sensible to
the values of my. For extreme values like 0.1 and 0.9, there is still sensitivity, for example
under the random mechanism (py,p2) = (0.3,0.7), if 79 = 0.1 or 0.9, even the sample of
size 400 large cannot guarantee a very close estimation of 0.25. But it appears that the
sensitivity will wash out for even larger sample size.

Table 1.3: Sensitivity analysis of m; with respect to choices of m5 and ¢ under different
random mechanisms.

T 25 50 100 200 300 400

a. (pl,pg) = (02,08)
0.1 285077 298061 .315010 303010 278033 264099

0.25 287056 238046 245050 250043 247034 251030
0.5 143012 078034 182055 243045 249037 .249030
0.75 .027003 015017 110044 231047 24738 248033
0.9 .005003 .021914 .083035 174041 .201035 216030
b. (p1,p2) = (0.3,0.7)

0.1 335080 283059 294044 .323038 .324035 313033

0.25 358044 258042 248034 205058 248049 248042
0.5 212003 .141099 .075032 165055 .220053 .243 046
0.75 067000 -025003 .025016 .089040 177050 220049
0.9 .022002 .011gps 034017 088034 .147 038 .168 035

When sample sizes are small, IAM is apparently not applicable, thus we come up with
a small area model (SAM) instead in order to combine information across the areas. In

Nandram and Yu (2018b), a hierarchical Bayesian model is used to capture the variation

17



in the observed binomial counts from the clusters within the small areas and to estimate

the sensitive proportions for all areas. The SAM is
Yij | Tit, Tiz w Binomial{n;;, p;ma +(1—py)me}, i =1,...,0, j=1,...,g: > 2, (1.2.1)

ind ind .
mit|lpr, T~ Beta(uyr, (1 — p1)7)  mig|pe, 7 ~ Beta(uar, (1 — po)7), i =1,...,¢,

1
71'(,u17,u277') = m7 0< M,y p2 < 17 7> 0.

The subscription ¢ = 1,..., ¢ is added to indicate the corresponding parameters from the

i'" area. Using Bayes’ theorem, we have the joint posterior density,

(T, To, fi1, f2, T1, T2 | ?J) X

¢ 9i
[T [ TTtpoma + (@ = pi)ma} {pi (1 = m) + (1= i) (1 = )}
i=1 Lj=1
1 ! 1T T (1 — ) T 2R (] — ) (e (1.2.2)
(1+7)? (1+7)? B(pari, (1= pn)m) B(pame, (1 — pi2)72)

i=1
Latent variables z;; and w;; are introduced to deal with the difficulty involving the

additional term in (1.2.1); consequently a blocked Gibbs sampler is constructed for the

augmented joint posterior density,

m(z, W, W1, T2, fh1, 2, T1, T2 | y) x

zij

Nij — Yij Wi U — Wi
. ( J J) {pij (1 = m1) } 0 {(1 = i) (1 — mpp) ¥
)

1 1 H171_1<1 _ ﬂ-il)(l—ul)ﬁ—l 71-51227'2_1(1 _ 7-[-2,2)(1—#2)7’2—1

L4 71)? (1 + 7)? H Z B(pami, (1 — pa)71) B2, (1 — pg)72)

=1

X
(
The basic scheme is to draw the latent variables from the conditional posterior distribution

18



given all the other parameters. Then all the other parameters can be drawn as a whole
block from the conditional joint posterior given the latent variables. Nandram and Yu
(2018b) also demonstrated posterior propriety under noninformative priors for p; and ps.
Theorem
The joint posterior density (1.2.2) is proper for any prior of the form (1, pa, 71, 72)
{1 (1 = )} { o (1 — po) }~*2m(71, 72), where 0 < sy, 9 < £ and 7(1y,72) is proper.
Proof
Let z;. = ;”':1 Zij, Wi = ?":1 Wij, Ng = ?;1 ni; and y; = j’;l Yij, 0 = 1,..., 0.

Then, integrating out m;; and m;5, we get

1 1
(1 + 7'1)2 (1 + 7'2)2

(2, w, p, o 71, To | y) o {pa (1 — )} {pa(1 — po) } %

gi yz Ni5—Yi
H z,j)( sz] J) ( Mg )pfzij‘*‘wij(l _ p“)mrzl'jfwij
i Y
1j=1 ( v ) zij +wig )

1= Zij +wl]

y H { (zio + a1, wi + (1 — pa)7m) B(yi — 25 + pramo, i — yi. — wi. + (1 — p2) 1) }
/ﬁ17'1,(1 —/~L1)71) B(Mﬂz,(l —M2)72) ‘

Under the double product, the first term is a hypergeometric probability and the second
term is a binomial probability, and so these terms are bounded uniformly in z;; and w;;.

Therefore,

1 1
(147)2 (14 7)?

m(2,w, s p2, 71,72 | y) < {pa (L — )} {po(1 — po) }

o H { (zi + i, wi + (1 — pa)m) B(yio — zio + pamo, ni. — yio — wi + (1 — p2)72) }
N1T1,(1 —Ml)ﬁ) B(M272,(1 —M2)72) ‘

Assuming that z;, > 1 and w;. > 1, and y;. > z;. and n;. — y;. > w;., it is easy to show

that

1 1
(1+7)2 (1 +7)

(2, W, i, p2, 71, T2 | ) < S (1= ) Yo {pa (1 — o) 2
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Therefore, any improper prior on 1 and ps of the form, 7(puy, o) o {pr (1—pq) } 5 {p2(1—

t2)} %2, where s1, s9 < ¢, works, and because the z;. and w;. are bounded (finite ranges),

1 1
1+7)2 (1+m)

(11,72 | y) < (

is proper and the joint posterior density is proper.

Nandram and Yu (2018b) performed two examples, one on college cheating and the
other, a simulation study, to show significant reductions in the posterior standard de-
viations of the sensitive proportions under the small-area model as compared to the
corresponding individual-area model (Nandram and Yu 2017, 2018a). The simulation
study also demonstrates that the estimates under the small-area model are closer to the
truth than for the corresponding estimates under the individual-area model. We are also
working on a new design that does not need specifications of the random mechanism p;;.

Our objective is to extend this model to multiple sensitive items.

1.3 RRT for Multiple Sensitive Items

In many instances in reality, multiple sensitive questions are provided all together in a
survey, which leads to various work focusing on estimating the correlations or covariance
matrix between different attributes, see Bellhouse (1995). Edgell et al. (1986) provided
a further statistical efficiency study about the correlation. Kwan et al. (2010) used a
method-of-moments approach to estimate the covariance matrix of sensitive quantitative
attributes. A more recent paper of Chung et al. (2018) made causal inference among
the sensitive attributes. They showed that, based on two loss functions of the covariance
matrix estimators, their Bayesian RRT outperforms Kwan’s (2010). However, there are
limited discussions on how the correlation between the sensitive questions will influence
the estimation accuracy, especially for the small area data.

Randomized response techniques (RRT) currently proposed for the estimation of mul-

tiple sensitive items are based on repeated applications of the randomized response pro-
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cess (e.g., Barksdale, 1971; Clickner and Iglewicz, 1976), where the RRT is implemented
separately for each question pair. Tamhane (1981) has reviewed some of these proposed
repeated randomized response procedures and proposed a new technique called multiple
randomized response trials technique, which is based on the repeated Warner’s tech-
nique and Simmon’s technique earlier proposed by Barksdale (1971). However, Tamhane
(1981) finds that even though the use of repeated applications of RRT provide estimates
of joint proportions, they will be costly and result in lower degree of cooperation even
with only three or four repetitions of RRT. Truthfulness in responding may depend on
which questions were answered on previous trials (see Barksdale, 1971).

Further more, Clickner and Iglewicz (1976), demonstrated that the extension to item-
wise RRT procedures will increase the variance of the estimate of joint probability. Soeken
and Macready (1986) proposed a setwise RRT, which uses a single randomization across
sets of paired questions. They found that the estimated proportions of positive responses
to sensitive items are no more negatively biased under setwise RRT than those obtained
assuming itemwise RRT, though there was no further discussion about the correlation
effect. Actually the setwise RRT and itemwise RRT are two approaches that we will
refereed as the “combined model” and “separate question model” and compare under
the Bayesian scheme later in Chapter 2. However, we use different notifications as com-
bined model and separate question model instead through out the dissertation. Lee et al.
(2013a), have created crossed Warner’s design to get estimates of two sensitive propor-
tions, which is more efficient than applying basic Warner’s design twice on each one. Pal
(2017) also suggest a bootstrap technique in dealing with complex randomized response
surveys with two sensitive characters.

A natural extension of the unrelated question design to the multiple sensitive items is
to ask all at the same time. In this dissertation, with this multi-item unrelated question
design, an attempt is made to assess the correlation effect in estimating the marginal

proportion (proportion of a single sensitive attribute) under the Bayesian paradigm.
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1.4 College Cheating Data

Academic cheating is a serious problem in college. In the cheating proportion study, a
survey with direct questions will obviously tend to underestimate the sensitive proportion.
Some studies show that even when the conventional anonymous survey is conducted, the
under reporting still exists. Scheers and Dayton (1978) compared the cheating proportion
estimation from basic unrelated question design for single question with those from the
anonymous survey, indicating that the anonymous questionnaire is an inadequate data
collection device when a survey involves sensitive issue.

We will use the unrelated question design for multi-item sensitive questions to conduct
a real survey to study the college cheating problem through which we can make inference
about cheating proportions in the final exam and the proportions of the students with the
ambition of getting a high GPA between 3.5 to 4.0. These are the two sensitive features
that of interest, even though asking about students’ ambition to get a high GPA may not
be that sensitive compare to cheating, it could still be sensitive to some students. We
are also interested in the proportion of having both sensitive features (e.g. ‘yes’ in both
questions).

Therefore we proposed the following design for two sensitive questions. First, the sen-
sitive question are set as “Have you ever cheated in any WPI final exam?” and “Are you
very eager to get a GPA between 3.5 and 4.07”. To pair up with the sensitive questions,
two unrelated questions are necessary so that the answers have the same dimension. In
our design, we use “Do you like living in Massachusetts?” and “Do you like snow during
winter?” as the nonsensitive questions.

The data are collected from students of 15 class sections at WPI, including both
undergraduate and graduate courses, with some sections from the same course. For each
section (area), the students are divided into two groups almost evenly. They are given a
die to generate the random number between 1 to 6, the first group of students will answer

the sensitive questions when they get 3, 4, 5, 6; otherwise they should answer the two
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nonsensitive questions. For another group, they will answer the sensitive questions when
1, 2 come out, otherwise they go to the nonsensitive ones. In the last step, they need
to provide their answers in one of the following types (No, No), (No, Yes), (Yes, No),
(Yes, Yes). Since the survey still involves the sensitive topic, the data are collected under
the approval of university Internal Review Board of WPI. The questionnaire is carefully
designed under the help of professor Higgins, making the students feel comfortable to give
out the honest responses. Two types of the questionnaires (Type I and Type II) with a
different random mechanism are sent out to students evenly in each area, attached in the
end of this section.

Table 1.4 provides the counts data from 15 class sections, each section having two
sample groups. For example, in section 1, among the 14 students of first group, no one
gives answer of (No, No), 10 students give (Yes, No), 2 students give (Yes, No) and the
other 2 students give (Yes, Yes). Interest is on estimating various proportions of students
cheating in their final exams and the proportions of the students who are eager to get
high GPA between 3.5 to 4.0. Through out this dissertation, we will use this college

cheating dataset for different models. However, the counts data are very sparse.
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Questionnaire - Type I

Declaration: This is a nonprofit survey designed to supply real data for a PhD dissertation at WPI. It is an
anonymous survey designed to protect your privacy. The researchers cannot know who submits answers
to which questions. The researchers will use the data to advance research on “survey methods”, not on

“student cheating”.

To begin with, please indicate your categories:

O Male.

1 Female.

] Other.

L Prefer not to answer.

Step 1. Throw a die only once and make sure that the result is known to you, not the investigator.

Step 2. Based on the result above,

LI 1 (or a family member) have worked on

an undergraduate degree from WPI.
O I have an undergraduate degree
elsewhere.

If you get 1 or 2, please go to the questions
below (School Questions) and keep your
answers in mind. Do not mark the answers
in this box. Please write your answers in Step
3.

If you get 3, 4, 5, 6, please go to the
guestions below (Life Questions) and keep
your answers in mind. Do not mark the
answers in this box. Please write your
answers in Step 3.

School Questions:

1. Have you ever cheated in any WPI
final exam? Yes or No.

2. Areyou very eager to get a GPA
between 3.5 and 4.0? Yes or No.

Life Questions:

1. Do you like living in Massachusetts?
Yes or No.

2. Do you like snow during winter?
Yes or No.

(Note: The definition of cheating is based on the WPl academic dishonesty policy. DO NOT answer both

school and life questions.)

Step 3. Now mark your answers by checking one of the boxes below. (For example, (No, Yes) means you

answer “No” to the 1 question and “Yes” to the 2™ question.)

O (No, No) O (No, Yes)

O (Yes, No) O (Yes, Yes)
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Questionnaire - Type II

Declaration: This is a nonprofit survey designed to supply real data for a PhD dissertation at WPI. It is an
anonymous survey designed to protect your privacy. The researchers cannot know who submits answers
to which questions. The researchers will use the data to advance research on “survey methods”, not on

“student cheating”.

To begin with, please indicate your categories:

O Male.

1 Female.

] Other.

L Prefer not to answer.

LI 1 (or a family member) have worked on
an undergraduate degree from WPI.

O I have an undergraduate degree
elsewhere.

Step 1. Throw a die only once and make sure that the result is known to you, not the investigator.

Step 2. Based on the result above,

If you get 3, 4, 5, 6, please go to the
guestions below (School Questions) and
keep your answers in mind. Do not mark the
answers in this box. Please write your
answers in Step 3.

If you get 1 or 2, please go to the questions
below (Life Questions) and keep your
answers in mind. Do not mark the answers in
this box. Please write your answers in Step 3.

School Questions:

1. Have you ever cheated in any WPI
final exam? Yes or No.

2. Areyou very eager to get a GPA
between 3.5 and 4.0? Yes or No.

Life Questions:

1. Do you like living in Massachusetts?
Yes or No.

2. Do you like snow during winter?
Yes or No.

(Note: The definition of cheating is based on the WPl academic dishonesty policy. DO NOT answer both

school and life questions.)

Step 3. Now mark your answers by checking one of the boxes below. (For example, (No, Yes) means you

answer “No” to the 1 question and “Yes” to the 2™ question.)

O (No, No) O (No, Yes)

O (Yes, No) O (Yes, Yes)
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Table 1.4: Counts data collected from the questionnaire of 15 class sections from WPI.

Section Group (No, No) (No, Yes) (Yes, No) (Yes, Yes)

1 1 0 10 2 2
2 1 3 4 )
2 1 0 ) 1 0
2 1 2 1 2
3 1 3 5 0 5
2 0 7 1 3
4 1 1 3 0 6
2 1 3 1 4
D 1 0 4 0 0
2 0 3 1 0
6 1 1 ) 1 0
2 2 2 1 2
7 1 0 6 0 2
2 0 2 0 )
8 1 1 6 2 2
2 1 2 2 )
9 1 2 6 0 1
2 3 1 1 4
10 1 2 8 0 1
2 0 4 4 )
11 1 1 0 1 4
2 0 3 2 1
12 1 2 ) 2 3
2 4 2 1 4
13 1 0 4 2 3
2 0 4 0 6
14 1 3 12 2 4
2 3 8 1 9
15 1 4 8 2 8
2 1 12 4 8

1.5 Dissertation Plan

This dissertation serves as a multi-question extension to the work of Nandram and Yu

(2018b). We gain estimation strength by joining multiple sensitive questions and pooling
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small areas. More areas involved is preferred and the correlation effect between the
questions has also been explored. Another contribution is that we propose a parsimonious
generalized mixed effects model to to reduce the variability and improve the computing
efficiency. The plan of the rest of the dissertation is as follows.

In Chapter 2, a hierarchical Bayesian model for the unrelated question design of two
sensitive questions and the computational methodology are presented. In addition, we
present same data analysis on the college cheating data using our Bayesian model and
provide a simulation study for three different models with different number of areas and
correlations.

In Chapter 3, we study the generalized mixed effects model which let us cope with the
intensive computing when large number of areas involved. Meanwhile it also allows us
to use integrated nested normal approximation (INNA). Applying to the college cheating
data, we also present the four-cell proportions estimated from the exact generalized mixed
effects model and its normal approximate model. This leads to improved precision.

Finally, in Chapter 4, concluding remarks and the future work are presented. In
addition, we state how our randomized response procedure can be used to provide masked
data that have the same sensitive (non-sensitive) proportions that the original data would

provide.
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Chapter 2

Unrelated Question Design for

Multi-sensitive Items

In this chapter, we discuss a Bayesian methodology to analyze the binary response data
collected from the combined sensitive questions design for college cheating. Assume
that we have more than one sensitive question from small areas. For each area i, we
sample g; (> 2) groups of people, letting them flip an unfair coin, or playing another
random game chosen by the interviewer. Depending on different results (heads or tails),
the respondents will answer different set of questions either sensitive or non-sensitive.
Let p;; denote the success probability of jth group (cluster) from ith area, so with the
probability p;; the respondents will get the chance to answer the combined sensitive
questions S7&Ss; otherwise they should answer the non-sensitive questions N;&N,. Then
we collect the binary response data of four types: (No, No), (No, Yes), (Yes, No), (Yes,
Yes), for example (No, Yes) refer to the response to the first and second questions. Let
Yij = (Yij1, Yij2, Yij3, Yija) denote the corresponding counts, i = 1...4,j = 1...g;, with
¢ =15 and g; = 2 in the college cheating data. Figure 2.1 shows the unrelated question

design for multiple sensitive items.

28



\ 4

Flip a coin

Pi 1-Pjj

Th11 12 T13 g T4 "RzzJ\ TMp3  Tipg

Yij1 Yij2 Yij3 Yija

Wijq Wij2 Wij3 Wijg

Figure 2.1: Unrelated Question Design

Since the interviewer does not know which branch the response comes from, the
respondents will feel more comfortable to give the true response to the sensitive ques-
tions, which will lead to a more accurate estimation of the sensitive population pro-
portion ;. This will lead to the estimation of the sensitive population proportions
¢i11 = T3 + Tia, the proportion of Si; ¢;19 = w12 + mi1a the proportion of S, with
T = (Ta1, Tite, T3, Ti4) representing the true proportions of four categories coming
from sensitive questions (S1&Ss). If applying the traditional method by solving equa-
tions (Greenberg, et al., 1969), exactly two groups of samples are needed for each area.
Then we may solve the system of eight equations

Yijk

]

subject to the constraints Zizl mijk = 1,5 = 1,2. where n;; = Zizl Yijk. But note

that a proper solution is not guaranteed. Another concern would be, even though college

29



cheating data g; = 2, in reality, more than two groups of samples maybe available (g; > 2),

thus the above method cannot be applied directly.

2.1 Hierarchical Bayesian Model

In order to estimate the population proportion for each area, instead of combining the
equation system which may not guarantee a solution, we propose a three-stage Bayesian
model with latent variables. It is natural to think of the count data from the four types
of responses for each sample group follow a multinomial distribution with the four cell
probabilities given above. Based on that, we developed the hierarchical Bayesian model

to solve the problem.

2.1.1 Joint Posterior Density

Generally, the model consists of three stages. First,
Yij | T, Tz nd Multinomial{n;;, a;;},i=1,...,0,5=1,..., g,
where
Q;5 = (Pijﬁi11+(1—pij)7ﬁ21,pz‘jﬂz‘12+(1—pij)7h22,pijW¢13+(1—pij)7Ti23,pijﬂi14+(1—pij)ﬂi24)

represents the four cell probabilities for each group, with each cell probability coming from
two sources, sensitive and nonsensitive. Secondly, the parameters (7;1, T;2) represent the
inherent probabilities within each area, and they follow independent Dirichlet distribution

given the hyper parameters (i1, pa, 7),

i Dirichlet{y;7} and T S Dirichlet{j,7} .
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Here p11 and py represent probabilities with all areas grouped together. Here 7 can be
treated as a prior sample size that plays a part in weighting the parameters of the Dirichlet
distribution. For simplicity, we assume that there is no difference between m;; and 7,
for sample size, we only use one 7 instead of 71, 7. Notice that 5} and 2 and 7 are

independent, ji; ~ Dirichlet(1,1,1,1) and p ~ Dirichlet(1,1,1,1), so a priori,

1 1 36
(1+7)2[D(1,1,1,1)]2  (1+7)2°

(Ml K2, T T) =

here ps Ha and 7 are all independent.

The joint probability mass function of y is

14 9i

4
TLZ"'
ny | m,m) =[] H ; H pijTivk + (1 = pig)Tiok) 7% | -

i=1 yljl'ylj2 ym?) yz]4

The summation term will cause difficulties in applying the Gibbs sampler, so we introduce
the latent variables w;; = (wij1,Wij2, wijs, (Yija —wija)) denoting those 4-cell counts elicited
from the sensitive questions. For example, w;;; is the number of respondents from the
sensitive item (No, No) among y;;1, see Figure 2.1. So the augmented joint posterior

density function is

V4 gi 4
m(y,w | m,m) =[] [H 11 (y”’“) (pryane)“5# (1 = pig)mion )ik |
k=1

w
i=1 [ j=1 igk

where 0 < wjjr < Yijik-

By incorporating the priors from the other two stages, we get the joint posterior density
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by Bayes’ theorem,

71-(7{:17 71;2; W, [{1’ /{2’ T | g7 C'g)

o< (Y, w | m1, M) (e, Mo | paa, pho, T) 7 (pas pa,y T)
¢ 9i 4 y
| | 11k Wi o
-1l [H [ ( ] )(piﬂ“’“) (1 = pig)mize) )" ]k”
i=1 | j Wijk
i=1 Lj=1 Lk=1

3
ws1T—1 _psam—1 _psam—1 (1=22%_ psk)T—1
Tist  Tisa  Tis3  Tisa
3
L B\ Dl o . (1= S pa)7)

(2.1.1)

2.1.2 Blocked Gibbs sampler

We intend to build a blocked Gibbs sampler to get draws of m; using the following

sampling scheme that has two blocks,

T(w | T, T2y M1y U2, T, ?j) and 7(7[1,712,/{1,/{%7 | cy,g)~

Based on the joint probability density function, we can run the blocked Gibbs sampler
from the conditional distribution. The nice thing is that the latent variables have simple
distributions, which are independent binomial distributions. Also, m;;, 7 follow Dirichlet

distributions.
Step 1. w | m1, o, fia, Ha, T, Y
The latent variable w;j;;, follow binomial distributions independently

Pij Ttk
piTike + (1 — pij)miok ™

Wik | i1, T2, Y ~ Dinoinla {wijn,

1=1,....0, j=1,...,g9;,k =1,2,3,4. Thus, given data and other parameters, we can

draw wj;;, easily from a simple form distribution.

By the multiplication rule,
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(71, T2, s fhoy T | W, y) = Ty, T2 | pas pa, 7w, ) (e, p2, 7 | W, Y)-

By integrating out (w1, m) from m(m, Mo, pa, po, T | w,y), we can apply grid method

based on the conditional joint pdf of (s, yig, 7) below.

Step 2. /{’1’/'32’7- | ('L)?y

l
(2,7 | w,y) o< [ ]

i=1
D(yi1. — wir. + 1217, Yio. — Wia. + [122T, Yiz. — Wiz. + [23T, Yia. — wia. + (1 — Zizl Hok)T)
D(M217'7 22T, (23T, (1 - 22:1 ,u2k)7')

D(wit. + p17, Wig. + poT, Wiz, + p137, wia. + (1 — 22:1 Hik)T)
D(MMT, H12T, (13T, (1 - 22:1 ,Ulk)T)

X

" 36
(1+7)%

This is a complex form involving fractions of Dirichlet functions. Thus we could only
draw p, p12, 7 by grid method. Here we actually use a variable substitution letting
p=1/(1+7)% So we can draw the new parameter p from the (0,1) range, and change

it back later to get draws of 7.

StEP 3. Ty, T2 | K1y H2, T, W, Y

3

ind . .
it | pa,s plo, T, w, y ~ Dirichlet(wiq + pni7, Wi + p127, Wiz + 137, wia + (1 — Z fk)T),
k=1

ind . .
Tio | p, pho, T,w, y ~ Dirichlet(y;1 — win + pa17, Yia — Wig + fooT, Yiz — Wi + fa3T,

3
Yia — wia + (1 — ZM%)T),
=1

where Wik = Y291 Wijk, Yik = 2oy Yijk, K =1,2,3,4.
Once we obtain draws from 7y, o, pi1, p2, 7, we go back to the first step to update w and
continue with this Gibbs sampling scheme until it converges.

We can obtain Rao-Blackwellized estimators of m;; and 72, which provide smaller

mean square error, because the joint distribution conditioned on data y only can be
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expressed as

Yi1 yz;gi
m(mn, i | y) = /// Z Z (i, T | W, pas po, 7, y) (W, i, p, 7 | )
T op2 M wi1=0 wif’izo
Yi1 Yig;
- /// D > mlma @ Ty (T | @, iz, T y) T, s g2, T | )
wi=0  wig;=0

T K2 M

Let w® = (wz(jhlz),j =1,...,9i,k=1,....,4,h =1,..., M, denote a random sample of

size M from the posterior density, 7(w | y), obtained from the Gibbs sampler. So that,

the Rao-Blackwellized density estimator of 7(m1, 72 | y) is

M
— 1
(i w2 | y) = o7 ) m(ma | m®, ", 7 y)
h=1
W(Eﬁ ‘ o,:)(h)ylﬁl(h%y?(h)a T(h)yy)v 1= 1, ,£

Then we can get the Rao-Blackawellized estimator of the sensitive proportion ¢;1; =
mi13 + T4 and @10 = W10 + Mg, ¢ = 1, ..., £ for each area.

Next, we are able to do the prediction in a finite population under simple random
sampling. Assume that each sample unit is drawn from a finite population of size N, let

h

X, denote the total counts of ‘yeses’ from s sensitive question. Therefore,

X | pirs ES: Binomial(N, ¢15),s = 1, 2.

Then, the finite population proportion Py = X,/N,s = 1,2, and inference about the P
can be made in a straightforward manner under the Bayesian model by using the draws.
For generality, we assume a sample of 0.1% from a finite population in the college cheating

data.
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2.2 Application on College Cheating Data

In this section, we will use this unrelated question design to analyze the college cheating
data. Also we provide a comparison of results with those from separate question model
and individual area model.

Table 2.1 and Table 2.2 show a comparison of the combined model and the separate
question model in posterior means (PM), posterior standard deviations (PSD) and cor-
relations (Cor) between ¢1; and ¢15. They indicate the combined model has a smaller
PSD and CV than the individual area model and the separate question model. For the
combined model, we are not surprised finding that the cheating proportion in the final
exam are all less then 0.224, since the majority of students will follow WPI’s policy of
academic honesty. Besides, the proportion of those who are very eager to get high GPA
between 3.5 to 4.0 are almost about 0.8, indicating the importance of grades to most but
not all of the college students. The separate question model has similar results, whereas
the individual model could have aberrant estimates for class sections 3, 4, 11, 13, 15.
Comparing the three different methods, the combined model always has a smaller poste-
rior standard deviation, except for the ¢q; in class section 9 with the separate question
model giving a little bit smaller PSD of 0.094 than 0.095 from the combined model. Ad-
ditionally, we can obtain the correlation estimation between cheating and their ambition
to get a higher GPA, which seems to be negative consistently across 12 classe sections,
with the other three sections have a very small positive correlation not more than 0.082.
As expected, the separate question model gives a correlation close to 0, failing to catch
any correlation between the cheating proportion and their ambition of the higher GPA.
As for the individual area model, the correlation estimations are quite unstable, vibrating
between large positive and negative correlations, and even cannot be calculated due to

the sparsity of some individual sections.
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Table 2.1: Comparison of the Combined model and the Separate question model us-
ing posterior means (PM), posterior standard deviations (PSD), posterior coefficient of
variations (PCV)

Cbll ¢12
PM PSD PCV PM PSD PCV Cor

a. Combined model

1 0172 0.099 0.574 0.835 0.086 0.103 -0.309
2 0163 0.102 0.624 0.820 0.094 0.115 -0.264
3 0175 0.104 0.596 0.808 0.086 0.106 0.029
4 0.215 0.122  0.567 0.810 0.095 0.117 0.082
5 0.152 0.095  0.625 0.839 0.086 0.103 -0.289
6 0.161 0.097 0.601 0.791 0.101 0.128 -0.161
7 0.169 0.106 0.624 0.849 0.084 0.099 -0.105
8 0.187 0.108 0.576 0.792 0.096 0.121 -0.266
9 0.157 0.095 0.602 0.777 0.103 0.132 -0.028

10 0.150 0.092 0.614 0.821 0.086 0.105 -0.115
11 0.224 0.122  0.544 0.789 0.101 0.128 -0.058
12 °0.193 0.110 0.572 0.757 0.107 0.141 0.019
13 0.202 0.114 0.562 0.828 0.095 0.115 -0.215
14 0.157 0.091  0.583 0.805 0.090 0.111 -0.112
15 0.198 0.106  0.537 0.800 0.085 0.106 -0.102

b. Separate question model

1 0139 0.111  0.796 0.849 0.103 0.122 -0.040
2 0.129 0.108 0.838 0.831 0.112 0.135 -0.005
3 0149 0.120 0.807 0.834 0.106 0.127 0.048
4 0206 0.155 0.752 0.856 0.098 0.114 0.047
5 0.119 0.104 0.876 0.850 0.105 0.124 0.011
6 0.120 0.104 0.872 0.806 0.126 0.156 0.019
7 0138 0.112 0.813 0.883 0.082 0.093 0.052
8 0.157 0.123  0.785 0.815 0.115 0.142 0.034
9 0.112 0.094 0.842 0.821 0.118 0.144 -0.014
10 0.109 0.097  0.886 0.834 0.111 0.133 0.035
11 0.237 0.166  0.699 0.799 0.133 0.167 0.026
12 0.155 0.125  0.803 0.786 0.134 0.171 0.015
13 0.190 0.139 0.731 0.843 0.099 0.118 0.026
14 0.126 0.102 0.812 0.825 0.106 0.129 0.017
15 0.172 0.127  0.738 0.809 0.108 0.134 -0.044
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Table 2.2: Comparison of the Combined model and the Individual area model using poste-
rior means (PM), posterior standard deviations (PSD), posterior coefficient of variations

(PCV)

¢11 ¢12
PM PSD PCV ~ PM PSD PCV Cor

a. Combined model

1 0172 0.099 0.574 0.835 0.086 0.103 -0.309
2 0.163 0.102 0.624 0.820 0.094 0.115 -0.264
3 0175 0.104 0.596 0.808 0.086 0.106 0.029
4 0.215 0.122 0.567 0.810 0.095 0.117 0.082
o 0.152 0.095 0.625 0.839 0.086 0.103 -0.289
6 0.161 0.097 0.601 0.791 0.101 0.128 -0.161
7 0.169 0.106 0.624 0.849 0.084 0.099 -0.105
8 0.187 0.108 0.576 0.792 0.096 0.121 -0.266
9 0.157 0.095 0.602 0.777 0.103 0.132 -0.028

10 0.150 0.092 0.614 0.821 0.086 0.105 -0.115
11 0.224 0.122 0.544 0.789 0.101 0.128 -0.058
12 0.193 0.110 0.572 0.757 0.107 0.141 0.019
13 0.202 0.114 0.562 0.828 0.095 0.115 -0.215
14 0.157 0.091 0.583 0.805 0.090 0.111 -0.112
15 0.198 0.106 0.537 0.800 0.085 0.106 -0.102

c. Individual are model

1 0240 0.178 0.741 0.853 0.144 0.169 -0.58
2 0.227 0.228 1.004 0.807 0.207 0.257 -0.619
3* 0452 0.217 0.480 0.772 0.155 0.201 0.208
4* 0.633 0.238 0.376 0.873 0.140 0.160 0.324
5 0.097 0.202 2.083 0.903 0.202 0.223 0.999
6 0.201 0.198 0.982 0.712 0.229 0.321 -0.368
70216 0.226 1.045 1.000  0.000 0.000 NaN
8 0362 0.214 0.592 0.715 0.194 0.271 -0.42
9 0176 0.180 1.023 0.773 0.199 0.257 0.114
10 0.165 0.163 0.988 0.827 0.143 0.173 -0.286
11 0.779 0.217 0.278 0.700 0.242 0.345 0.138
12 0.396 0.205 0.517 0.669 0.202 0.303 0.067
13 0.505 0.276 0.546 0.827 0.151 0.182 -0.318
14 0.222 0.152 0.683 0.774 0.135 0.174 -0.139
15 0.531 0.184 0.346 0.723 0.137 0.189 0.048

x Aberrant areas, note the computational instability in class section 7.
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Figure 2.2 gives the comparison 95% HPD intervals of ¢1;.
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Figure 2.2: 95% HPD interval of ¢1;

Figure 2.3 provides a direct comparison of the coefficient of variation (CV) for ¢1;.
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Figure 2.3: Coefficient of Variation (CV) of ¢1;

Figure 2.4 gives the 95% HPD interval of ¢1s.
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14

Figure 2.5 provides a direct comparison of the coefficient of variation for

combined model also gives a smaller CV for both 7 and .
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2.3 Simulation study

In Section 2.3.1, we preform a simulation study to assess the performance of the combined-
area model compared with individual-area model and separate question model. In Section
2.3.2, we adjust the parameter setting to increase the number of areas and the correlation
within the sensitive and non-sensitive questions to see the possible gains in estimation

accuracy.

2.3.1 Comparison of three models

In this section, we are going to test our combined model using the simulated data. Based
on the 1000 simulated runs, we provide a comparison of our combined model with the
separate question model and the individual area model. The combined model is discussed
in Section 2.2; next we list the individual area model and separate question model for

multi-item RRT here.

Individual Area Model for Multi-item Case

Because the areas are modelled individually, only a flat Dirichlet prior is used for 71, 759,

y’l] | Ti1, T2 iﬁ'/d Multinomial{nija gl]}al = 17 e ,E,] = 17 sy G Z 27

where  a;; = (piyminn + (1 — pij)mior, DijTinz + (1 — pij)Tio2, pijmias + (1 — pij)mios,

PijTita + (1 — pij)mi2a), denoting the four cell probabilities for each group with size n;; =

22:1 Yijk-
7 ™ Dirichlet(1,1,1,1) 7 " Dirichlet(1,1,1,1),i = 1,..., /.
Separate Question Model

The separate question model is the SAM we introduced in Section 1.2 being applied to
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each single sensitive question,

ind . .
yij | i1, T2 ZQ—’ Blnomlal{nij,pijml + (1 — pij)ﬂ-iQ};

1
7T(/L1;/1277) = m

Assuming that the probability of answering ‘yes’ to the first and second sensitive questions
are ¢11 and ¢o; the probability of answering ‘No’ to the first and second nonsensitive ques-
tions are ¢9; and ¢oo. Then we simulated the correlated response data with correlation
p1= 0.5 and po,= 0.5 with respect to the sensitive and nonsensitive questions correspond-
ingly among 10 areas. In other words, with true value set as ¢1; = 0.5, @12 = 0.5, the four
types of response (No, No), (No, Yes),(Yes, No),(Yes, Yes) for the sensitive questions are
generated with the probability m;;. After we construct p; = (11, 12, ps, p14) formulated

as

pin = (I=¢11)(1—012)+7, pi2 = (I—=d11)d12—7, iz = d11(1—012) =7, f1a = P11¢12+7,

where v = p; \/¢11(1 — ¢11)P12(1 — ¢12). Because we have selected ¢1; and ¢15 equal, we
0 < p < 1; see Yu, Bhadra and Nandram, (2017). We can get 7 n Dirichlet (4, 7) where
the above equations give th when we substitute ¢1; = 0.5, ¢p1o = 0.5 and 7 = 100.

Again we can generate the response from correlated nonsensitive questions in the same
way for 79, with the true value set as ¢ = 0.4, oo = 0.4.

Now we want to simulate the sampling process as follows. For each individual from

it area and j group (i = 1,..,0 = 10,5 = 1,..,g; > 2). At first, we generate the number

h

of groups uniformly from 2 to 5. For each individual coming from i** area and ;™ group
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with size n,,= (20, 25, 30, 35, 40), we choose a random mechanism with probability p;;=
(.25,.75, .2, .7, .3) to answer the sensitive questions and (1-p;;) to answer the nonsensitive
questions. Following the simulation process, we are able to collect the combined binary
response data from both sensitive and nonsensitive questions, without knowing which
exact question the respondent answer.

To find the finite population estimation of the probability of answering ‘yes’ to the
sensitive questions, we can fit the three-stage Bayesian models to get the estimates of
individual 7;;’s first, and then get the corresponding finite population estimation after-
wards based on the probability relationship ¢;11 = 713 + 714 and ;10 = 710 + Ti14. We

calculated the relative absolute bias, RAB = (PM —T')/T, and the posterior root mean

squared error, PRMSE = \/(PM — T)% 4+ PSD?, where T denotes the true proportions,
¢11 or ¢12 (known by simulation). To compare the combined model with the individual
area model and separate question model, we present a 95% boxplot of the RAB and
PRMSE of the 1000 simulations from 10 areas.

In Figure 2.6, we can observe that the combined model always has a smaller relative
absolute bias than the separate question model and individual area model. In Figure 2.7,
the combined model still outperforms the other two in the sense of the posterior mean

square error across all the areas.
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Figure 2.6: Boxplot of RAB for combined model, separate question model and individual

area model of 10 areas for 1000 simulations under the combined model
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Figure 2.7: Boxplot of PRMSE for combined model, separate question model and indi-
vidual area model of 10 areas for 1000 simulations under the combined model
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2.3.2 Discussion of the effect of number of locations and corre-

lation

In order to test the model with more areas and compare the effect of the number of loca-
tions, besides RAB and PRMSE, we also computed their average width (Wid) of the 95%
HPD intervals and the coverage (C'), which is the proportion of intervals containing the
true value in the 1000 simulated runs. We simulated the correlated data with correlation
p = 0.5 with respect to the sensitive and nonsensitive questions correspondingly among

10 areas.
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In Table 3.5, we provided the simulation results from different area sizes (¢ = 10, 25).
We observed that for both the combined Bayesian model (cb) and the separate question
model (Sep), the average ralative absolute bias and the root mean squared error get
smaller as the number of areas increase from 10 to 25 for both ¢y, and ¢;5; the average
width of 95% HPD interval for ¢y, is 0.21, shorter than 0.28. Even though we obtained
a smaller coverage of 0.948 when the number of areas equal to 25, it is still very close to
the expected 95%, given a shorter 95% HPD interval. However, the 95% HPD interval
for the individual area model is much wider. Similar conclusions can be drawn for ¢q,.
In the case of ¢ = 10, the FORTRAN codes running at 30 computers in parallel will
take about 12 hours to finish 1000 simulations for combined model and about 6 hours for
the separate question model. The individual area model will finish in 2.9 seconds. The

computing time for 25 areas is 1.5 times longer.

Table 2.3: Relative absolute bias, posterior root mean squared error, coverage of 95%
credible intervals and width of 95% credible interval averaged over the 1000 runs and
different area sizes (¢=10, 25) for combined model (cb), separate question model (sep)
and individual area model (ind) .

¢11 ¢12

¢  Model RAB PRMSE C Wid RAB PRMSE C Wid

10 cb 0.099 0.092 0976 0.280 0.100 0.092  0.975 0.280
Sep  0.106  0.103  0.983 0.322 0.106 0.103  0.983 0.321
Ind 0192 0.170 0945 0494 0.193 0.170 0.945 0.495
25 cb  0.086 0.073 0948 0.210 0.087  0.073 0.944 0.210
Sep  0.087 0.080 0974 0.244 0.088 0.080  0.971 0.245

Ind 0194 0.171  0.942 0.493 0.187 0.164 0.944 0.493
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In Table 2.4, we showed the comparison results of different correlations when the
number of areas is fixed to be 10. First, for the estimation of m; from the combined model
(cb), we observed that the relative absolute bias (RAB) is 0.097 for the highly correlated
data (p = 0.9), which is pretty close to 0.102 of the independent data (p = 0). The
PRMSE is .087, which is also just a little bit smaller than 0.093 for the less correlated
one. The changes according to the correlation under the combined model can also be
seen in Figure 2.5 and Figure 2.6, where we show the boxplot of RAB and PRMSE of
the combined model.

Table 2.4: Relative absolute bias, posterior root mean squared error, coverage of 95%
credible intervals and width of 95% credible interval averaged over the 1000 runs and 10
areas under different levels of correlations (p1, p2) = (0,0), (0.5,0.5), (0.9,0.9).

o1 P12
P1, P2 Model RAB PRMSE C(C Wid RAB PRMSE (C Wid
0,0 cb 0102 0.093 0972 0.283 0.103 0.094 0.973 0.283

(0.153,0.094)  Sep  0.109 0.104 0.981 0.322 0.110 0.104 0.980 0.322
Ind 0.188 0.168 0948 0.490 0.188 0.168  0.951 0.490

0.5, 0.5 cb 0.099 0.092 0976 0.280 0.100 0.092 0.975 0.280
(0.525,0.556)  Sep  0.106  0.103  0.983 0.322 0.106 0.103  0.983 0.321
Ind 0192 0.170 0945 0.494 0.193 0.170  0.945 0.495

0.9, 0.9 cb  0.097 0.087 0.967 0.259 0.097 0.087  0.967 0.259
(0.948,0.892) Sep 0.104 0.101 0982 0.314 0.104 0.101  0.982 0.314

Ind 0203 0.174 0934 0.496 0.204 0.157 0.934 0.496

NOTE: (p1, p2) = (0.153,0.094), (0.525,0.556), (0.948,0.892) are the actual correlations
of the simulated data.

In Table 2.5, we find the correlation effect on bias, posterior mean, posterior standard
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deviation and coefficient of variation also change little as the correlation varies for the
combined model.

Table 2.5: B, PM, PSD, CV averaged over the 1000 runs and 10 areas under different
levels of correlations (p1, p2) = (0,0), (0.5,0.5), (0.9,0.9).

9%11 9512

p1, P2 Model B PM PSD CV B PM PSD CV

0,0 cb 0.002 0.503 0.073 0.147 0.001 0.502 0.073 0.148
(0.153, 0.094)  sep 0.003 0.503 0.083 0.168 0.001 0.502 0.083 0.168
ind -0.007 0.494 0.128 0.279 -0.009 0.492 0.128 0.280

0.5, 0.5 cb 0.000 0.501 0.072 0.146 0.000 0.500 0.072 0.146
(0.525, 0.556)  sep 0.001 0.501 0.083 0.168 0.000 0.501 0.083 0.168
ind -0.003 0.497 0.129 0.281 -0.004 0.496 0.130 0.281

0.9, 0.9 cb 0.001 0.501 0.067 0.135 0.001 0.502 0.067 0.135
(0.948,0.892) sep 0.001 0.502 0.081 0.164 0.001 0.502 0.081 0.164

ind -0.002 0.499 0.130 0.284 -0.001 0.499 0.130 0.284
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Figure 2.8: Boxplot of RAB for 1000 simulations per area of different correlations under

the combined model

RAB comparison under the combined model
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Figure 2.9: Boxplot of PRMSE for 1000 simulations per area of different correlations

under the combined model

PRMSE comparison under the combined model
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Since it is not intuitive that there are just small changes as the correlation increases
(see Table 2.5, Table 2.6 Figure 2.8, Figure 2.9), to further study the correlation effect on
the proportion estimation, we provide a study on the four-cell probability. Table 2.6 gives
the bias (B) and posterior mean (PM) estimation of the four-cell probability of m; and
7o generated under three different correlation levels (0,0.5, 0.75). We use correlation 0.75
instead of 0.9 to avoid the extreme situation that there is no counts of the off-diagonal cell
(No&VYes, Yes&No), seeing that 0.75 is a comparative larger correlation which already

makes the off-diagonal cell probability lower than 0.08.

Table 2.6: B and PM comparison of m; and my under different correlations

Model  p m T

B
cb 0 0.000 -0.001 0.001 0.000 -0.002 0.000 0.000 0.002

0.5 -0.003 0.002 0.002 -0.002 -0.005 0.004 0.003 -0.001
0.75 -0.010 0.010 0.010 -0.010 -0.013 0.011 0.011 -0.009
ind 0 0.006 -0.001 0.001 -0.007 -0.103 0.010 0.010 0.083
0.5 -0.004 0.005 0.005 -0.006 -0.109 0.010 0.010 0.089

0.75 -0.015 0.015 0.015 -0.016 -0.118 0.018 0.018 0.082

cb 0 0251 0.249 0.250 0.250 0.359 0.240 0.240 0.162
0.5 0372 0.127 0.127 0.374 0.475 0.124 0.122 0.279
0.75 0.428 0.072 0.072 0.428 0.528 0.071 0.071 0.330
ind 0 0.257 0.250 0.250 0.243 0.257 0.250 0.250 0.243
0.5 0371 0.130 0.130 0.370 0.371 0.130 0.130 0.370

0.75 0.422 0.078 0.078 0.422 0.422 0.078 0.078 0.422
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Table 2.7 and Table 2.8 give the comparison for posterior standard deviation (PSD),
posterior critical value (PCV), relative absolute bias (RAB) and posterior root mean
square error (PRMSE). As the correlation increases, there tends to be more counts in
the diagonal of the contingency table, which have the counts for (No, No) and (Yes, Yes
). While for the off-diagonal, the counts of (No, Yes) and (Yes, No) are getting smaller.
The changes of the contingency table result in a smaller bias on the diagonal cell. The
PSD for the off-diagonal cell is decreasing because it rarely has counts there; the PSD
for the diagonal shows an increasing trend first and then it decreases as the correlation
change from 0.5 to 0.75. The changes of the PRMSE are consistent with PSD since the
bias changes a little. In comparison, we also provide the estimation results for individual
model.

The second step of the block Gibbs sampler in drawing g, 12, 7 mainly takes time
since the conditional posterior distribution is a complicated function when building the
grids. Moreover, the Dirichlet probability parameter y; and pp have self constraints which
keep changing the range for the grid method, slowing down the convergence. Another
concern about the Multinomial Dirichlet model is that the Dirichlet distribution only
models negative correlated probabilities which is not very flexible. We address these

issues in Chapter 3.
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Table 2.7: PSD and PCV comparison of m; and 75 under different correlations

Model P e T

PSD
cb 0 0.062 0.061 0.061 0.060 0.062 0.056 0.056 0.049

0.5 0.068 0.046 0.046 0.067 0.064 0.042 0.042 0.059
0.75 0.067 0.035 0.035 0.066 0.062 0.032 0.032 0.059
ind 0 0.113 0.108 0.108 0.102 0.113 0.108 0.108 0.102
0.5 0.124 0.078 0.078 0.121 0.124 0.078 0.078 0.121

0.75 0.128 0.059 0.058 0.125 0.128 0.059 0.058 0.125

cb 0 0256 0.251 0.251 0.245 0.175 0.237 0.237 0.315
0.5 0.187 0.382 0.380 0.182 0.137 0.355 0.358 0.214
0.75 0.159 0.503 0.506 0.157 0.119 0.466 0.465 0.181
ind 0 0.515 0.507 0.508 0.495 0.515 0.507 0.508 0.495
0.5 0.379 0.731 0.729 0.370 0379 0.731 0.729 0.370

0.75 0.331 0.899 0.902 0.344 0.331 0.899 0.902 0.344
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Table 2.8: RAB and PRMSE comparison of 1 and 7o under different correlations

Model P e T

RAB
cb 0 0176 0.174 0.177 0.169 0.110 0.148 0.150 0.198

0.5 0.129 0.278 0.273 0.125 0.085 0.228 0.230 0.132
0.75 0.109 0.497 0.499 0.109 0.075 0.389 0.395 0.113
ind 0 0335 0326 0.327 0.307 0.359 0.382 0.382 0.700
0.5 0.252 0.432 0.423 0.248 0.287 0.504 0.507 0.464
0.75 0.249 0.585 0.591 0.249 0.281 0.642 0.647 0.402

PRMSE
cb 0 0.080 0.078 0.078 0.076 0.077 0.069 0.069 0.061

0.5 0.088 0.059 0.059 0.086 0.080 0.052 0.052 0.073
0.75 0.087 0.044 0.044 0.086 0.078 0.039 0.039 0.074
ind 0 0.148 0.142 0.142 0.135 0.184 0.149 0.149 0.156
0.5 0.165 0.099 0.098 0.161 0.199 0.103 0.103 0.185

0.75 0.188 0.076 0.076 0.187 0.222 0.078 0.078 0.205
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Chapter 3

Generalized Mixed Effects Model

and Approximation

In this chapter, we build a generalized mixed effects model in which the parameters take

values on the real line. Recall the underlying distribution for the counts is
Yij | Ti, Tio (S Multinomial{n;;,a;;}, i =1,....¢, j=1,...,6; > 2,
where

ai; = (piyminn+(1—=pij)mior, DijTine+(1—pij ) Tio2, DijTis+(1—pij ) Tios, DijTina+(1—pij)Tioa)

and

o — exp (O1x + 115) b= 1.9.3 s — 1
ilk — y v — 1y, 4,9, /A414 — ,
1+ Ele exp (01 + v1;) 1+ Z?:1 exp (01 + v1;)
o = POt vas) g L
2k — ) — Ly 4y 24 — )
1+ Zle exp (0 + v2;) 1+ Zle exp (0o + va;)
i=1,....0.
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The reparameterization actually permits a one-to-one map through log(lfiﬁ) = Oy +
v,k = 1,2,3, where we see that the logit of m;1; is determined by the cell effect 0y
and the area effect v4; together. Consequently, we can modify the combined model to
a generalized mixed effects model which allow us to sample the parameters from an
approximate normal distribution.

The generalized mixed effects model will allow for an integrated nested normal ap-
proximation (INNA) and improve the computation efficiency in two folds. First, they
form a fast but approximate computing approach. Second, we use the approximations to
feed into the exact method. In the end, we also apply it to the college cheating data to

compare the two models.

3.1 Generalized Mixed Effects Model

The model after the reparameterization is
:gzy | Ql? 627 V14, Vi igz’d Multinomia‘l{nijv @2)(67 y)}7l = 17 s 767 ] = 17 <oy iy
with  a;;(0,v) = (pijminn + (1 — pij)miz1, DigTinz + (1 — pij)Tioa,

PijTis + (1 — pij)mioz, Dijmira + (1 — pij)mioa),

where

Tilk = P (B + 110) k=1,2,3; mu= L
i1k — yh — 1y, 4y 9, 114 — )
1+ Zle exp (01 + v15) 1+ 2?21 exp (61 + v1;)
o — exp (Oar, + 12;) =193 s — 1
2k — ) — Ly Ay 24 — 3
1+ Z?zl exp (O + 17;) 1+ Zle exp (Oo; + va;)
i=1,...,¢0 (3.1.1)

This parameter setting allows for Eizl mie = 1, with the cell probability m;; is only
determined by a main cell effect §; = {611} (k = 1,2, 3) and an area effect v1 = {v1;} (i =

1,...,¢). Notice that 01 and vy; can take any values under the scheme. Similarly, ¢,
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and v are the re-parameterized parameters for m;2. Here we consider the situation of flat

priors on 64, 65, v1, v, momentarily; later we will put informative prior in them. Let
V1 Y2
T1 = , Ty = ,
- 01 - 02
then, conditional on w, we have the following joint posterior density of 71, 72,

77(21,7:2 | (yﬂi‘j) =

m(v1,v2,01,0: | Y, w) o

L[ g
H f—[ H < Ppij exp (Oux + v13) )wiik ( Dij )%’4
i1 L j=1 k=1 I+ Z o exp (bhs + 1v15) 1+ Z§:1 exp (015 + v15)

3

ﬁ _ﬁ H < — Pij) exp (Oar + 12;) )y”’“—w“’“ ( . L —py ))yij4—wij4]

i=1 Lj=1k=1 1+ Z _1 XD (025 + v2;) 1+ Zszl exp (O25 + V2

= hi(11)ha(12),

e T[T (A8 ) (o 2|

j=1k=1 14+ exp (bis + v L+ exp

ha(Ts) = H [ﬁ H ( (1 — pij) exp (Oax + v2;) )yiik_wijk< i 1 —pij ))ym—wm]

j=1k=1 L+ Zs 1 €xP (Oas + 12;) L+ exp (fas + v

We can separate out this likelihood by hi(71)h2(72) since given y,w, the parameter set
01,v1 and 65, v5 are independent.

We need to approximate this likelihood to a multivariate normal density, then putting
conjugate priors to vy, vs, 61, 0s, so that we have the simple forms for posterior densities
for v and §. We exemplify this procedure by approximating h;(71) and hy(72) separately

by considering a generic function h(7) .
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3.2 Approximation

Lemma Let A(7) be a unimodal density function with a vector parameter 7. Then

approximately 7 has a multivariate normal distribution
7 ~ Normal(r* — H'g,—H™"),

where g is the gradient vector of f(7) = log h(7) evaluated at some point 7* near the mode
and H is the Hessian matrix evaluated at 7%. Since the multivariate Taylor expansion of

f(7) at 7 is

so that
h(z) ~exp (f(r")+ (1 —1")g+3(r —T)VH(T — 1))

has a kernel of multivariate normal distribution (e.g., Nandram, Chen, Fu and Manand-
har, 2018). It is costly to fit the exact methods because generally there are numerous
parameters (e.g. INLA). For our study, we set 7* as the quasi-modes, which are calcu-

lated from the EM algorithm.

Approximation Theorem

For the unimodal density,

H H H ( Dij exp 01k + Vlz) )wijk’ ( Dij )wij4
L+ Zt L exp (O + vi;) 1+ Zle exp (01 + v1;) 7

i=1 Lj=1k=1

by approximation Lemma, 71 approximately has a multivariate normal distribution

) =11 ~ Normal(r} — Hi''gr, —HY), 5= (51),
01 - 07

where 77 is the quasi-mode, g1 and H, are the gradient vector and the Hessian matrix of

log hy(71) evaluated at 77.
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The same approximation Lemma applies for 7o, with the density function

H H H ( Dij €XD ng + VQZ) )yijk—wijk< Dij )yi]-4—w1-]-4
1+ Zt L exp (Oor + ) 1+ Z?Zl exp (02t + 14;) 7

i=1 Lj=1k=1
to get the normal approximation for v,

*

) 05

where 73 is the quasi-mode, g, and Hj are the gradient vector and the Hessian matrix of

log ho(12) evaluated at 75.

Construction of Quasi-Modes

Next, we describe how to find quasi-mode 77 and 75. To find the quasi-modes, we consider

£ Gi 3
H { H [H(pzﬂﬁlk ik Zﬂ'llk )i
=1

j=1 Lk=1
3
101 pi (1~ ) ZW ] }
k=1
where
3
0 i
Tilk = e><3p( 1k + 1) k=1,2,3; 7Ti14:1_Z7Ti1k7
1 + Zt:l exp (Qlt + l/h') 1
exp (Oor + 12;) :
T2k = 3p 2 2 ok =1,2,3; mpg =1— Zﬂ-ﬂlm
L4+ >_ exp (0u + vy) —
and
lOg(ﬂ-%—;k) :elk—i-Vli,i = 17...,£,k5: 1,2,3,
1- Zt:l i1t
log(—2% Y Gy bvmi=1,... 0 k=123

(A
3
- Zt:l T2t

We perform the EM algorithm to obtain 7,1,k = 1,2,3,4 separately in each area to
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obtain

T2k
3 ~
1- Zt:l ot

Tilk

), O+ v = log(
1 - Z?:l Tilt

Orr + v1; = log( ), k=1,2,3.

Then, we repeat the EM algorithm for all areas combined into a single one (setting

v = 0,19 = 0), to get

5 ik A Tok
Oy = log(————), O = log(———),k=1,2,3.
1- Z?:l Bt 1- Z?:l 2t
Then
s ) 5. )
Dy = Z(elk + v — 011) /3, o = Z(e% + vy —02)/3, k=1,2,3.
k=1 k=1

We need to check that —H; ' is positive definite at 75 and —H, ! is positive definite at
75, where 737 = (05,6 = 1...,0, Oy k = 1,2,3), 75 = (Da5,i = 1...,0, Oy, k = 1,2,3)
and 77, 75 are the solutions just obtained. If these negative Hessian matrices are not
positive definite, we jitter 77 and 75 until they become positive definite. More details of

obtaining the quasi-modes are provided in the Appendix A.

Integrated Nested Normal Approximation

From the derivation above, the approximate joint posterior density of v1,6; | w is

4! Moy -1
T1 = w ~ Normaly ( ~7 ), —H{ .
- (61) ‘ B {(Hﬂl) ! }

Here (1, and g, are calculated with g1, H; and 77, where 77 is the quasi-mode calculated
from EM algorithm.

Similar approximation can be made for vs, s | y,w and we get

V2 Hy —
Ty = (Qz) |y, w ~ Normal{ <~ 2>,—H2 '

Ho,
Now we need to specify g and H evaluated at 77, 75. Consider the log likelihood
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function

i 3

A= f(r)=logh(r) = Z{ [sz‘jk(elk + vii) — iwijk log(1 + 23: 66“+V”)}]

i=1  j=1 k=1

3 ¢
1 1
+ g 5)\@9%@—# E §>\biV12ia
i=1

Q

with A\gx (K = 1...3) representing the coefficient of the regularization term %)\akﬁfk for
01 and \y; (1 = 1.../) representing the coefficient of the regularization term %)\bil/i» for
v1. This term is introduced to get rid of the multicollinearity in solving the inverse
Hessian matrix. Just like in ridge regression which proceeds by adding a small value to
the diagonal elements of the correlation matrix, here the added term %/\bwf,; (or %)\aké’%k)
actually result in a A (Agx) more variance for the variance of vy; (61x), where \py; (Aak)
takes a very small value. In the actual calculation, a Ay (Agx) is chosen to be a small
value proportional to the variance, we use 0.001 here. These regularization terms work

like the priors of the vy; (01x).

Obtain the Approximate Normal Distribution
Consider 7, first, once we got 77, g and H evaluated at the approximate posterior mode

71 = 7} can also be obtained as

(% 0A 0A

S 90,) |
.« .. — *’ 0 :0*
8V11 8V14 861 K1TrD SR

g1 =
ea g oA
a2, Bu11007
Hy = vi=vt, 01=07 -
81/%Z 010001
A -, 9°A 9°A
oundgy  Oude 00
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The partial derivatives can be expressed in terms of latent variables w;j;;, as

14

T SISV RN

i=1 j=1 113 1 s=1 1+2t 1eXp<91t+Vlz)

0A 1
aTu:_Zwlj4+ZZ 3 s Zzlg,

j=1 s=1 14 > g exp (01 4 v15)

D’°A exp (01 + v1:) (1 + 30, exp (01 + 7))
Z—EZXHEZ bl it |

007y i=1 j=1 s=1 (1+ Zt:1 exp (61 + 115))?
exp (61 + v13) exp (O1h, + 115)
]S 5 1 S k h S 3,
391k391h Zz:: Z [Sz: 7 1+ Z _, exp (01 + v15))? } 7

82_A _ i i N Zf:l exp (01 + v1;) ]

- wl S
v g TS e (O + )

and
W—A__i[iw” exp (01 + Vi) }
1061, i, YA+ exp (Byy + 1))
. gu Dy ¢ : .
We use notation g1 = | ~ and H; = — for computational convenience,
912 G B
where
B ( 0A 0A >T _0A
= vy v/ 2= 90,
2A
A PA A i |
B =— Ao €1 ==( ) Di=-] Ao,
! 592 * b aVnan 37/16361 ! i
0o ... 24
81/%5

where A, = diag(Aa1, Aa2, Aa3) and Ay = diag(Ap1, - - ., A\pe). Here By is a 3 X 3 non-positive
definite square matrix; D; is a ¢** order diagonal matrix which is also non-positive definite.

1

The variance-covariance matrix —H; ~ can then be constructed from the block matrices

above, since D; is a nonsingular matrix and the Schur complement B, — C;D;'C} of D,
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is invertible,
~1
D, (] E, F|

Cl Bl Fl Gl
where
E, = D'+ D;'Cl(B, — C,D;'C))'CyDy Y,

F, = —(B, - O.D;y'C)tCy Dy,

Gl - (Bl - OlDI_IC{)_l.

According to the Lemma, the estimated mean of the multivariate normal distribution is

vy N By F gi Vi + Eign + Figis
P Gy g12 07 + Fign + Gigio

—

* -1 _
T, Hi g1 =

oF

Letting

oy = V1 + Ergin + Figia,

po, = 01 + Figin + Gigae,

then the joint posterior density of v1,0: | y,w is

4 K
' |y~N0rmal{ - ,—Hl_l}.
01 Ho,

By a property of the multivariate normal distribution, the conditional posterior density

of v1 | 6h,y,w and ¢, | y,w are

vi | 01, y,w ~ N, — D7 C1(61 — poy), D7),

01|y, w ~ N(ue,,Gr).
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Similarly for 72, g and H evaluated at the approximate posterior mode 72 = 73 can also
be obtained as

0A 0A O0A ‘
g2=\5— " =5, 02=0;
~ anl (9y2g 89 K2Tla, T2y
92A . 0 92A
o2, Ov210602
H2 = vo=v%, 02=0% -
o3, Ovgy082
92A 92N 92N
Ov21002

07 002

The partial derivatives can be expressed in terms of latent variables w;j; as

g 4
exp (Oop, + v2;)
Yijk — wl]k Yijs — wzgs) , k= 1, 2, 3,

DI SUUEAED 3 0 3 S A e

aA gi 9i 4 1

== ) _(Yija —wija) + Yijs — Wijs) , . i=1...0
Ovs; ; ' ’ ; ; " ST S oy exp (6o + va;)

Z Z [Z )exp (Oar + v2:) (1 + Zi’#k exp (0o + y%))}
- Yijs — Wijs
80%k i=1 j=1 s=1 ’ ! (1+ Zle exp (Ba + 12;))?
4

exp (Oar, + v2;) exp (fan + v2:)
ijs — Wijs ) ]- S k h S 3a
849%39% Zz: Z [Z (4 ss) (1+ Zle exp (Ooy + 194))? ] 7

i 4
A _ zg: [Z(y — i) iy XD (01 + v2s) }
vy j=1 = s=1 ’ P4 exp (0o + 1))
and
4
Z [Z I exp (Oar + ;) ]
5’1/2189% i s i) (14327, exp (0 + vy))?
. g21 D, Cj . .
We use notation g1 = | ~ and Hy = — for computational convenience,
922 Cy By
where

S T
921 = v, D) 922_8Q27
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9’A
vz, 0

0°A
003

By =

AL 02:_( 9?A 0’A )7 D, — —

e A
012100 O0v000, T

92A
0o ... &
where A, = diag(Ae1, Ao, Ae3) and Ag = diag(Ag, - - ., Aae). Here By is a 3 X 3 non-positive

definite square matrix; Dy is a fth order diagonal matrix which is also non-positive

definite. The variance-covariance matrix —H, ' can then be constructed in the same way,

-1

—H,' = D G - B By

02 B2 F2 GQ

where

Ey = Dyt + Dy CY(By — Co Dy CH) "t Co DY,
Fy = —(By — CyD;'CH)tCy Dy,

GQ - (BQ - CgD{lCé)_l.
The mean estimation for 75 is

. . 2 Ey Fi\ [g2 Vs + Eago + Fyg2
Ty~ Hy go = + I ) )

05 Fy Giy) \ g2 05 + Faga1 + Gagao

Let

fy, = V5 + Eagor + Fyg92,
+

po, = 05 + Fagar + Gagao,
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then the joint posterior density of v3,6s | y,w is

Vo

|y ~ Normal{ K ,—HQ_I}.
0> 140,

Therefore, the conditional posterior density of v | 02,y,w and ¢ | y,w are

V2 | QQ)Q?UJ ~ N(HVz - Dglcé(QQ - H92)7D2_1)7

02 | y,w ~ N(po,, Ga2).

So far, we have a closed form of the approximate normal distribution of vy | 61, Y,w and
01| y,w; va | 02,y,w and ¢ | y,w, based on which we build the integrated nested normal

approximation Model (INNA).

3.3 The Integrated Nested Normal Approximation

Model

Now we plan to add priors for v, and v, upon the approximate conditional densities. We

will keep the prior 7(61) = 1, 7(f2) = 1 meanwhile.

3.3.1 Case of Independent v; and v,

First, we consider the situation when v, and v, are independent, with priors

and together with the joint prior

1 1
(14 62)2 (14 63)%

(8, 03)
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then we have the following approximation model for (v, 6;) and (vs, 82) separately, and
the conditional distribution of all the stages are normal distributions, Finally, by the
multiplication rule, we can write out the posterior joint distribution of all the parameters

as

m(v,8,8%,05 | y,w) ocr(v | 0, y,w)m(9 | y,w)m(v | 61, 05)m (67, 67)
oxm (1,01, 6% |y, w)m (2, 02,05 | y,w)
o7 (i1 | 01,y w)m(0r |y, w)m(y | 67)

)7 (02 | ?ja%)ﬁ(lﬁ | 53)

X
N
—~
X

)
)
v
=
&

Observing that v, and v, are independent and also the prior for (6%, 63) are separable so
that we can deal with the parameter set (v1,6;,0?) and (vs,0s,63) independently given
the data y and latent variable w. Hence we study the posterior joint distribution for

(l{l, Ql, 5%) first

77-(7{1,61,5% | yaé’g)

o w(wv1 | G,y w)m(0h | y,w)w (v | 07)7(67)

& We_é['ﬁ_(’f”l_[)l1Ci(Ql_H01))]/D1[’51—(/fu1—D110{(@1—@1))}
1
1 L fen 1 1 s27y—1 1
—5(01—pp, ) Gy " (01—pe,) —1y(820) "1y,
X e 2 sial 1 017 % e 2%1001 Y1y
Gl GRS [(ETHEN

and consequently get the posterior conditional distributions for each parameter. Start

with vy, we have

1 , |
v | 5%7@1,?3709 ~ N{(D: + ﬁl)_l(Dl,[ful — C1(01 — poy)), (D1 + ﬁj) s
i i
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Since v; has a multivariate normal distribution, we can integrate out v, from the joint

posterior density m(v1, 01,67 | y,w) and get the joint posterior density of §; and 62 as

2
ﬂ-(glu 61 | g7ci)>
x 6—%{[Afu1—Dflci((fl—ifel)]'(D1+5ff)_1[lju1—Dflci(él—gel)]ﬂ‘?l—eel)/Gfl(é’l—lfel)}

y |D1|1/2 1
[Du+ FIPIRITRIG 2 (T4 8)2

So that,

t | 6%7:%%} ~
N{(CyDy Y (D 4+ 031) 7' DY CL + G (i, + p1p, C1DY ) (DY + 6 1) 7 D OY A+ 11, Gy

(O (D + 0 )DL+ G
Now by integrating out 6,

87 | y,w o

|D1|1/2 1
D1+ LTSI 2IGL 1 (14 59)

F|CiDT (D + 631) T DOy + G,

Then we can draw 07 using grid method. A Similar approach applies for the parameter
set (vq,0s,03) with data Yy — w instead of w in obtaining the second order derivatives.

Based on the joint posterior distribution for (vs, 62, 03)

7T<y27 627 65 | y7('i))

o (s | 02, y,w)m (02 | y,w)m(va | 65)m(53)

XX W@_é[’ﬁ_(/ﬁ@_DQ105(@2—&192))]/Dz[yQ—(gVQ—DQ16’5(@2—@92))}
2
1 1 -1 1 1 s27y—1 1
= —5(02—p0y) Gy (02— pe,) — 24 (621w
X e 2 =72 ~027 % e 2 X —
|Ga'/? 03111/ (1+43)2
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So that,

1 , I . _
v | 83,02, y,w ~ N{(Dz + ﬁf)_l(D%qu = a0z — pe,)), (D2 + 51) '}
2 2

Similarly, we can integrate out v, from the joint posterior density m(vs,8s,d3 | y,w) and

get the joint posterior density of f5 and 63 as

2
W(Q% 62 | ?Z?@)
oc e~ 3y —D5 C(0a—poy)) (Da+031) " [y =Dy ' C4 (02— 10y +(02—po,) G5 ' (02— 110,)}

y ‘D2‘1/2 1
| Dy + G I['2[6311/2|Ga'/2 (14 63)*

So that,

0> | 537 Y, W
N{(CoDy (D3 4 631) 7' Dy Cy + G 1) (s, + 115, CoDy ) (D3 + 631) ' D3OG + 11, G5 ']

(CoDy (Dy' + 631) 7 Dy M0y + Gy ')
Now by integrating out 6

83 | y,w o

|D2|1/2 1
| D + 5 I|V/2|031[1/2|Ga|2 (1 + 63)

31C2Dy (D + 031) 7' Dy 'Oy + Gy M2,

Then we can draw 5 using grid method.
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3.3.2 Case of Correlated v; and v

Now we assume a general case that vy and v, are correlated with the correlation denoted

as p, which is
V~17V~2 ‘ 5%7537:0 ~ NormaI{Q,M}

0o pO102lpny , . L .
where M = , representing the covariate matrix with correlation

p01021sxe  0510xs
p and [ is a £ x { identity matrix, together with the joint prior of §2, §2

1 1

2 g2
0L ) S e T

v 0
With the combined parameter vector v = - and 0 = - , the joint probability
V2 02
density function
m(v,0,01,05.p | y,w)
(v | 8y, w)m(@ | y,w)m(v | 67,03, p)m (87, 65)
]_ 1 —1v / —1v
—5lv— (=D~ C"(0—po))]) Dlv— (v —D 71 C" (0—p))]
O<|D—1)|1/26 ’
1 1 Tx—1 ]_ 1. /a7—1 ]_ 1
—5(0—po)’ G=H(0—p0) ~lym-1y
X 2\27k TR ————e 2¥ %
G a7 (1+ 037 1+ 33)°
D,y 0 C; 0 Gy O
where D = , C = , G = , and Dy,C},Gy are the
0 DQ 0 Cg 0 GQ

matrix corresponding to the latent variable w in obtaining the Hessian matrix of vy, 6;

Dy, Cy, Gy are those corresponding to y — w in obtaining the Hessian matrix of vz, 0s,
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v Mo
with i, = - and py = =""| . Then,

o o,
v|0,61,05,p,y,w ~ N{(D+M )" (D, — C'(6 — po)), (D + M 1)"'}.

Similarly v has a multivariate normal distribution, we can integrate out v from the joint

posterior density 7 (v, 6,67, 03, p | y,w) and get the joint posterior density of § and 07,3, p

as
(0,01, 05, p | y,w)
o o~ 3m=D71C (0~ p19)) (D+M) ™ i, =D~ C" (0~ p19)]+(8—110)' G~ (0—p10)}
y |D|1/2 1 1
| D+ M7HMEMY2GIY2 (1 +67) (1 +03)%
So that,

067,05, p,y,w~
N{(CD D'+ M)"'D'C"+ G ) M + pyCD ™YD" + M)"'DC" 4 py G

J(CD YD+ M)'DC" G
Now by integrating out 6,

67,83, p | y,w ox

|D|/? 1 1
[D+ MZTRIMPRIGIT (14 07)2 (1 +63)

SICDN (DT 4+ M) DI+ G

Then we can draw 07,05, p using a Gibbs sampler with grid method. When p = 0, it can
be shown that the correlated model degenerates to the model of the independent vy, v5

case.
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3.4 Complete Generalized Mixed Effects Model With-
out Approximations
We now use a proper Cauchy prior on 6, 6,,

1

ot [1+ (2]

¥
Osk

T(Osk) = , s=1,2, k=1,2,3,

where 0%, and o}, are the posterior mean and standard deviation of 6y, calculated from
the Gibbs sampler from the approximation model with correlated vq,r5. The Cauchy
prior is necessary here which helps to avoid the extremely long range dependence in the
Gibbs sampler. Back to the posterior density function of the generalized mixed effects

model, under the correlated prior of v; and vo, which is

W(’Zlv 2276176275%753710 | :ya(i})

<
3

(ng | v1,v2, 61, 02)m(v1, v | 5575370)7(53753)“@17@2)

- H { H [H ( e ))wjk< - (015 + Vu))wm

i1 Lo L 23:1 exp (015 + v 1+ 2321 exp

ﬁ ( (1 — pij) exp (B2k + v2:) >yl’jk_‘””’c< L —pi ))yij‘*_w"j‘*]

el S Zizl exp (05 + 14;) 1+ 23:1 exp (Oas + Vo

1 1 vi o 2pvnvy V3 1 1
X exp(——2 [—2— _2]) X 22 22
2701024/ 1 — p? 2(1 —p?) L o7 0102 % (1+07)% (1 +63)
2 3 1
X H H -
w1 pon o[+ (7 :kSk)2]
l i
<] { lg—I exp >y (01, + vis)wign exp >y (0o + v20) (Yigie — wijn) ]
4 .. 4 .. 70‘)..
pell W [1 + Z§:1 exp (015 + Vli)]Zkzl Wijk [1 + 2321 exp (s + V2i)}2k=1 Yijk—Wijk

1 1 1% 2 V1;V2; V. 1 1
x e IR | P N
2181021/1 — 2 20— )Lz~ 616, ' 82 (1+02)2 (1 + 62)2

2 3 1
X HH 007 o
s=1k=1 WU:k[l + (Z5=2)?

Osk

Thus based on the joint posterior distribution above, we construct the conditional dis-
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tribution of each parameter and execute a complete Gibbs sampler among the full parame-
ter space. We denote the samples drawn from section 3.3.2 as {Qgh), Qgh), 5f(h), 6§(h), pMY}  h =
1,..., M, with avg() and std() representing the process of taking the sample mean and
the sample standard deviation.

Step 1 Start from some initial values of 55(0), (55(0), PO 1 vy W

Step 2 Draw QSO) from 6 | ygo), w® y using grid method, using the intervals
(avg(8") =10 - std(9"), avg(61") + 10 - std(0"));

draw ng) from 6, | ygo),cg(o), y using grid method, using the intervals
(avg(85") — 10+ std(85"), avg(65”) + 10 - std(93")).

Step 3 Draw 7" = 1/(14+8; V), 3" = 1/(1+65"), pV from 7y, 7, p | 817,65, 1", 18", 0@, y

using the grid method with the intervals (0,1), (0,1), (-1,1) correspondingly.

Step 4 Draw w from binomial distribution given ng), Qé0)7 BSO), yéo), Y,

DijTilk
pijTitk + (1 — pij)mio

ind . .
Wijk | Titks Tiok, Yijie ~ Binomial{y;,

i=1,...,0,j=1,...,g.k=1,234

with
0 i 1
Tilk = exgp( te F 1) k=1,2,3; ma = 3 ;
L+ exp (01 + i) 1+ >_ exp (61 + v1i)
0 i 1
Tiok = eXp( %—'_VQ) k=1,2,3; migy =

1+ Zf:1 exp (0o + 1o;) 1+ Z?Zl exp (0o + ng-)'

Step 5 We begin with a simplification step for the prior of v, v5. Given the multivariate
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normal distribution

aw]

14!

T~ Normal{ ,

Vo

0tLoxe  po102loxe }
p6102lpse 05 Lpxe

aw]

by the property of the multivariate normal distribution, the conditional distribution of
the multivariate normal still follows normal distribution, so we draw 14; and vy; simulta-

neously as

v1; ~Normal{0, 52}

Vi | 11 NNormal{ l/h, o/ 1—p2ti=1,.

so that we can draw v4; independently from 15;. The conditional posterior distribution

of vy; 18

lg_[ exp Zi 1 (B + v1i)wijn o1 exp(— vi; )
j=1 L1+ Z _exp (01 + Vlz)]Zk 1k V/ 2107 207

2(1) 9(1)

then we can draw 1/1 ) from the conditional distribution vy | 07 ,y using grid

method with interval
(i — 10 - avg(8{"), v + 10 - avg(()),

where v7 is the quasi-mode, and 5§h) is the square root of 5f(h)

Next vo = {v9;,i = 1,...,¢} is drawn from the conditional posterior distribution
5
f[ €xp Z?]; 1(92k + V2z>(y2jk wz]k) - 1 exp(— (VQi - %Vli)Q)
1 LI+ 32, oxp (B + )| et v 2n (1= )% 2021 —) |
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given 1", 03", 551

(1)5(1) (1)5(1)
<p5<1>2 A =10 80\ ()2, ) 4100041 (02 ).
1 1

Once we get the ygl), we complete one circle of the full Gibbs sampler and get back to

1)

W w®) y, with grid interval for uéi constructed as

the first step to continue.

3.5 Application to College Cheating and Compar-
isons

In this section, we provide a detailed 4-cell estimation results on the college cheating
data.

In summary, the full Gibbs sampler on the generalized mixed effects model provides a
similar posterior mean with the combined Bayesian model. Since the generalized mixed
effects model have less parameters, the posterior standard deviation is smaller for the
first three cells. However, the posterior mean are similar.

Also, all the approximation methods based on the generalized mixed effects model,
with the different degree of the flexibility involved, will provide a reasonable estimation
for the finite population proportion estimation for most areas, except for area 3, 4, 11 and
15, the estimation seems to be larger than Bayesian combined model and the generalized
mixed effects model.

Here we first consider a goodness-of-fit statistic called conditional predictive ordinate
(CPO). Larger values of CPO indicates better fit, see Geisser and Eddy (1979). Then for

each area group (ij), a Monte Carlo approximation of CPO;; is

— 1 M 1 —1 ) o
CPO”:{MZ—UL))} v J=1 e my =2 i=1,...,¢
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where

mon = pgrmag + (L= pig)map k=1, 4 h=1,..., M,

Wfﬁz and ng,z, k=1,...,4; h=1,..., M, are the samples from the block Gibbs sampler

in Chapter 2, with f(n;; | 7;;) denoting the multinomial likelihood function. Correspond-
ingly, from the re-parameterization equation (3.1.1), 7~rg-l) for the generalized mixed effects

model can be obtained by transforming the samples of 64,65, v, v5,
ijhk) = pijkﬁﬂk(Qgh); th)) +(1 - pz’j)ﬂ'i%(ggh)a th))7 h=1,...,M.

In fact, C/PT)Z-]- the harmonic mean of the likelihoods f(n;; | 731(?)), h=1,...,.M. A

summary statistic of the CPO;;, log pseudo marginal likelihood (LPML) is given by

ij>
£ n;
LPML = 33" log(CPO).
i
Also, larger value indicates a better fitting.

With respect to the cheating data, 18 out of the 30 CPOs are larger for the generalized
mixed effects model than the Bayesian combined model in Chapter 2. LPML for the
generalized mixed effects model is -137.6, which is larger than -140.9, indicating that the
generalized mixed effects model fits the college cheating data better.

For the 325 observations from 15 areas, the multinomial-Dirichlet model in Chapter 2
takes about 20 minutes while the approximation methods M1, M2.A, M2.B will all take
less than 1 minute; the full Gibbs sampler on the exact generalized mixed effects model
M2.C also takes about 6 minutes even though the process will experience a long run to
reach the convergence.

When the number of areas increased to 105 by simply concatenating 7 college cheat-
ing data samples into a single one, the computation took more than 1 hour in Chapter
2 while the generalized mixed effects model took less than 3 minutes. The computing

times are calculated based on the FORTRAN codes, and R program took more than an

74



hour, even after improving the efficiency by Rcpp package. In this regard, it will be a

huge difference with more areas involved.

Table 3.1 shows the result from the approximation model with independent v; and vs
(M1). We keep the latent variable fixed at w = w*, which comes from the EM algorithm
in obtaining the quasi-modes. vy, 01,67 and v, s, 55 can be drawn independently. After
drawing v, and 6, are drawn from the posterior conditional distribution which are both
normal, and then §? can be drawn from the grid method. Finally we get 1000 set of
samples of (vy,01,07) and (v2,02,03), where we can get our finite population proportion
estimation. Also, these samples are saved to fed into the full Gibbs sampler in the

complete generalized mixed effects model.
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Table 3.1: Finite population proportion estimation for 7y, 7r; of the college cheating
data using the approximation method with independent vy, vy (M1) in compare with
the combined model.

PM PSD

Area 11 12 13 14 11 12 13 14

a. Combined model

1 0.099 0.729 0.065 0.106 0.063 0.107 0.067 0.082
2 0.120 0.717 0.060 0.103 0.078 0.119 0.063 0.084
3 0149 0.677 0.044 0.131 0.077 0.114 0.045 0.098
4 0.142 0.643 0.049 0.166 0.083 0.128 0.053 0.119
3 0.109 0.739 0.052 0.100 0.070 0.114 0.055 0.081
6  0.149 0.690 0.060 0.102 0.087 0.116 0.062 0.080
7 0105 0.725 0.046 0.124 0.067 0.117 0.051 0.100
8 0.137 0.676 0.072 0.115 0.076 0.120 0.071 0.090
9 0174 0.670 0.050 0.107 0.097 0.119 0.052 0.083

10 0.130 0.720 0.049 0.101 0.074 0.106 0.053 0.082
11 0.139 0.637 0.072 0.152 0.084 0.124 0.074 0.111
12 0.175 0.632 0.068 0.125 0.099 0.120 0.064 0.096
13 0.104 0.694 0.068 0.135 0.071 0.125 0.066 0.101
14 0.145 0.698 0.050 0.107 0.079 0.110 0.050 0.080
15  0.143 0.659 0.057 0.141 0.070 0.116 0.055 0.099

b. Approximation method M1

0.129 0.727 0.087 0.057 0.028 0.056 0.028 0.057
0.125 0.705 0.084 0.087 0.030 0.085 0.029 0.099
0.071 0.402 0.047 0.479 0.024 0.101 0.020 0.129
0.057 0.319 0.038 0.586 0.023 0.109 0.019 0.139
0.122 0.685 0.082 0.111 0.032 0.104 0.029 0.127
0.126 0.707 0.084 0.083 0.031 0.085 0.029 0.100
0.127 0.712 0.085 0.076 0.029 0.068 0.029 0.077
0.126 0.711 0.085 0.079 0.029 0.084 0.028 0.099
9 0126 0.711 0.084 0.079 0.029 0.081 0.029 0.095
10 0.128 0.722 0.086 0.064 0.029 0.069 0.028 0.077
11 0.050 0.278 0.033 0.639 0.028 0.138 0.020 0.177
12 0.114 0.640 0.076 0.170 0.028 0.085 0.025 0.100
13 0.112 0.629 0.075 0.185 0.028 0.087 0.026 0.107
14 0.130 0.736 0.088 0.046 0.027 0.056 0.028 0.055
15 0.079 0444 0.053 0.424 0.021 0.078 0.019 0.098

CO O U i W N+~
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Table 3.2 shows the case when v, and v, are correlated (M2.A). With the latent
variable w still fixed at w*, those 1000 samples of (6%, %) are fed into the model to draw
the correlation parameter p, and in the end we get 1000 sets of samples of (61,65, 6%, 03, p)
to get the proportion estimation. Figure 3.1 shows the posterior density plot of those

samples.

Table 3.2: Finite population proportion estimation for 7y, @y of the college cheating
data using the approximation method with correlated vy, vo (M2.A) in compare with
the combined model.

PM PSD

Area 11 12 13 T14 11 12 13 T14

a. Combined model

0.099 0.729 0.065 0.106 0.063 0.107 0.067 0.082
0.120 0.717 0.060 0.103 0.078 0.119 0.063 0.084
0.149 0.677 0.044 0.131 0.077 0.114 0.045 0.098
0.142 0.643 0.049 0.166 0.083 0.128 0.053 0.119
0.109 0.739 0.052 0.100 0.070 0.114 0.055 0.081
0.149 0.690 0.060 0.102 0.087 0.116 0.062 0.080
0.105 0.725 0.046 0.124 0.067 0.117 0.051 0.100
0.137 0.676 0.072 0.115 0.076 0.120 0.071 0.090
9 0174 0.670 0.050 0.107 0.097 0.119 0.052 0.083
10 0.130 0.720 0.049 0.101 0.074 0.106 0.053 0.082
11 0.139 0.637 0.072 0.152 0.084 0.124 0.074 0.111
12 0.175 0.632 0.068 0.125 0.099 0.120 0.064 0.096
13 0.104 0.694 0.068 0.135 0.071 0.125 0.066 0.101
14 0.145 0.698 0.050 0.107 0.079 0.110 0.050 0.080
15 0.143 0.659 0.057 0.141 0.070 0.116 0.055 0.099

0~ O U WN

b. Approximation method M2.A

0.129 0.729 0.088 0.055 0.026 0.052 0.029 0.051
0.122 0.690 0.083 0.105 0.030 0.099 0.030 0.119
0.066 0.371 0.045 0.518 0.022 0.100 0.020 0.128
0.058 0.330 0.040 0.572 0.023 0.110 0.020 0.142
0.118 0.671 0.081 0.130 0.032 0.109 0.030 0.135
0.122 0.690 0.084 0.105 0.029 0.095 0.029 0.115
0.130 0.734 0.089 0.047 0.027 0.057 0.030 0.057
0.129 0.730 0.088 0.053 0.027 0.061 0.029 0.064
9 0.127 0.718 0.087 0.069 0.028 0.068 0.028 0.074
10 0.128 0.725 0.088 0.060 0.026 0.060 0.028 0.061
11 0.047 0.265 0.032 0.656 0.026 0.136 0.020 0.175
12 0.114 0.643 0.078 0.166 0.026 0.077 0.026 0.089
13 0.116 0.656 0.080 0.148 0.026 0.079 0.028 0.092
14 0.131 0.742 0.090 0.037 0.026 0.046 0.029 0.038
15 0.078 0.441 0.054 0.428 0.019 0.079 0.020 0.099

0 ~J O UL W N~
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Table 3.3 (M2.B) shows the estimation result when the latent variable w are drawn
from the binomial distributions fixed at the quasi-mode of v*. All the approximation
methods so far will provide a reasonable finite population proportion estimation compared

to the combined model in Chapter 2.

Table 3.3: Finite population proportion estimation for 7r, w9 of the college cheating data
using the third approximation method with correlated vq, vy and flexible w (M2.B) in
compare with the combined model.

PM PSD

Area 12 13 T4 11 12 13 T4

a. Combined model

0.099 0.729 0.065 0.106 0.063 0.107 0.067 0.082
0.120 0.717 0.060 0.103 0.078 0.119 0.063 0.084
0.149 0.677 0.044 0.131 0.077 0.114 0.045 0.098
0.142 0.643 0.049 0.166 0.083 0.128 0.053 0.119
0.109 0.739 0.052 0.100 0.070 0.114 0.055 0.081
0.149 0.690 0.060 0.102 0.087 0.116 0.062 0.080
0.105 0.725 0.046 0.124 0.067 0.117 0.051 0.100
0.137 0.676 0.072 0.115 0.076 0.120 0.071 0.090
9 0174 0.670 0.050 0.107 0.097 0.119 0.052 0.083
10 0.130 0.720 0.049 0.101 0.074 0.106 0.053 0.082
11 0.139 0.637 0.072 0.152 0.084 0.124 0.074 0.111
12 0.175 0.632 0.068 0.125 0.099 0.120 0.064 0.096
13 0.104 0.694 0.068 0.135 0.071 0.125 0.066 0.101
14 0.145 0.698 0.050 0.107 0.079 0.110 0.050 0.080
15 0.143 0.659 0.057 0.141 0.070 0.116 0.055 0.099

0~ O Utk W N

b. Approximation method M2.B

0.122 0.693 0.084 0.101 0.029 0.094 0.029 0.113
0.118 0.668 0.081 0.133 0.032 0.125 0.030 0.155
0.079 0.450 0.054 0.416 0.026 0.122 0.023 0.155
0.064 0.364 0.044 0.527 0.027 0.133 0.023 0.172
0.118 0.671 0.082 0.130 0.031 0.116 0.030 0.143
0.116 0.657 0.080 0.148 0.032 0.127 0.030 0.159
0.124 0.701 0.085 0.091 0.030 0.101 0.031 0.123
0.123 0.697 0.085 0.095 0.030 0.103 0.030 0.126
9 0.122 0.691 0.084 0.103 0.030 0.104 0.030 0.127
10 0.123 0.698 0.085 0.094 0.029 0.092 0.029 0.111
11 0.049 0.279 0.034 0.637 0.029 0.152 0.023 0.196
12 0.113 0.635 0.077 0.175 0.029 0.100 0.028 0.125
13 0.115 0.648 0.079 0.158 0.029 0.098 0.028 0.122
14 0.126 0.714 0.087 0.074 0.028 0.087 0.029 0.102
15 0.088 0.500 0.061 0.351 0.025 0.108 0.024 0.136

0~ O Ut = W N
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In the end, Table 3.4 provides the estimation result from the full Gibbs sampler for the
exact posterior function model of the generalized mixed effects model assisted with the
intervals provided by the approximation in M2.A. The finite population mean estimations
for 1 from both models are similar, the standard deviation estimation for 7y, 72 and
73 using the generalized mixed effects model are smaller than the combined model in
Chapter 2. Meanwhile the standard deviation estimation for 714 tend to be larger since 7,
are added up to a fixed value 1. Table 3.5 also gives the corresponding 95% HPD interval
estimation, illustrated by Figure 3.2 to Figure 3.5. In comparison with the combined
model, the generalized mixed effects model gives shorter estimation intervals for 7y,
7o and 3. Especially for 79, the generalized mixed effects model provide informative
smaller interval estimations for section 4, 11 and 13, which are consistent with the counts
data we collected. As a result in Figure 3.5, the intervals are larger for 74 at those
sections. For other sections, even though the generalized mixed effects model are slightly
wider, they are still quite close with the intervals estimation given by the combined model.
We are able to draw the similar conclusion for interval estimations for ¢1; and ¢1s.

We run 25,000 iterations burning the first 5,000 and gap every 20th to get a con-
verged sample of 1,000 with the Geweke test and the effective sample size indicating the
convergence. The computing time is 22.52 seconds compared with the 20 minutes for the
Bayesian combined model. However, without taking advantage of the approximate inter-
vals and the Cauchy prior, the full Gibbs sampler will need 210,000 iterates, with 10000
burn-in and taking every 200th sample to get a satisfactory convergence diagnostics.

In fact, the generalized mixed effects model is more parsimonious with much fewer
parameters, which result in less variability. Meanwhile, it allows more flexible correlation
than the multinomial-Dirichlet model. Besides, it is very convenient for adding covariates
over the exponential part. Most important advantage is that we can achieve the fast

computing through the generalized mixed effects model and its approximation.
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Table 3.4: Finite population proportion estimation for 7rq, 5 of the college cheating data
using a full Gibbs sampler generalized mixed effects model (M2.C) in compare with the
combined model.

PM PSD

Area 11 12 13 14 11 12 13 14

a. Combined model

1 0.099 0.729 0.065 0.106 0.063 0.107 0.067 0.082
2 0.120 0.717 0.060 0.103 0.078 0.119 0.063 0.084
3 0.149 0.677 0.044 0.131 0.077 0.114 0.045 0.098
4 0142 0.643 0.049 0.166 0.083 0.128 0.053 0.119
) 0.109 0.739 0.052 0.100 0.070 0.114 0.055 0.081
6 0.149 0.690 0.060 0.102 0.087 0.116 0.062 0.080
7 0.105 0.725 0.046 0.124 0.067 0.117 0.051 0.100
8 0.137 0.676 0.072 0.115 0.076 0.120 0.071 0.090
9 0.174 0.670 0.050 0.107 0.097 0.119 0.052 0.083
10 0.130 0.720 0.049 0.101 0.074 0.106 0.053 0.082
11 0.139 0.637 0.072 0.152 0.084 0.124 0.074 0.111
12 0.175 0.632 0.068 0.125 0.099 0.120 0.064 0.096
13 0.104 0.694 0.068 0.135 0.071 0.125 0.066 0.101
14 0.145 0.698 0.050 0.107 0.079 0.110 0.050 0.080
15 0.143 0.659 0.057 0.141 0.070 0.116 0.055 0.099

b. Generalized mixed effects model (M2.C)

1 0.128 0.676 0.076 0.120 0.034 0.075 0.025 0.082
2 0.129 0.680 0.077 0.114 0.033 0.077 0.025 0.082
3 0.119 0.626 0.071 0.185 0.033 0.096 0.024 0.113
4 0.094 0.495 0.056 0.356 0.034 0.130 0.023 0.164
b} 0.130 0.685 0.077 0.108 0.034 0.079 0.025 0.085
6 0.129 0.683 0.077 0.111 0.034 0.078 0.025 0.085
7 0119 0.632 0.071 0.177 0.033 0.102 0.025 0.120
8 0.123 0.650 0.073 0.154 0.034 0.089 0.025 0.103
9 0.126 0.667 0.075 0.132 0.034 0.082 0.025 0.091
10 0.129 0.681 0.077 0.113 0.034 0.074 0.025 0.078
11 0.101 0.532 0.060 0.307 0.036 0.139 0.025 0.175
12 0.122 0.640 0.072 0.166 0.034 0.088 0.025 0.105
13 0.112 0.596 0.067 0.225 0.033 0.117 0.024 0.139
14 0.128 0.674 0.076 0.122 0.033 0.074 0.025 0.079
15 0.113 0.598 0.067 0.222 0.032 0.097 0.024 0.115
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Table 3.5: Comparison of 95% HPD intervals of the Bayesian combined model and the

full Gibbs sampling of the generalized mixed effects model.

Section Model T11 T19 13 T4
1 BC (0, 0.219) (0.543, 0.961) (0, 0.196) (0, 0.262)
GME (0.059, 0.189) (0.536, 0.820) (0.033, 0.130) (0.008, 0.285)
2 BC (0, 0.260) (0.469, 0.919) (0, 0.187) (0, 0.260)
GME (0.060, 0.188) (0.526, 0.822) (0.030, 0.126) (0.010, 0.286)
3 BC (0, 0.293) (0.461, 0.895) (0, 0.132) (0, 0.317)
GME (0.051, 0.177) (0.429, 0.774) (0.028, 0.121) (0.013, 0.397)
4 BC (0, 0.295) (0.403, 0.894) (0, 0.153) (0, 0.385)
GME (0.032, 0.158) (0.217, 0.713) (0.016, 0.099) (0.080, 0.693)
5 BC (0, 0.237) (0.502, 0.920) (0, 0.167) (0, 0.259)
GME (0.066, 0.196) (0.535, 0.839) (0.033, 0.131) (0.009, 0.298)
6 BC (0, 0.306) (0.466, 0.924) (0, 0.185) (0, 0.252)
GME (0.063, 0.195) (0.517, 0.816) (0.032, 0.129) (0.007, 0.287)
7 BC (0, 0.235) (0.516, 0.945) (0, 0.149) (0, 0.306)
GME  (0.059, 0.184) (0.422, 0.812) (0.025, 0.123) (0.009, 0.424)
8 BC (0, 0.273) (0.439, 0.906) (0, 0.212) (0, 0.279)
GME (0.062, 0.192) (0.474, 0.817) (0.027, 0.125) (0.007, 0.354)
9 BC (0, 0.344) (0.405, 0.871) (0, 0.153) (0, 0.262)
GME (0.060, 0.190) (0.497, 0.816) (0.032, 0.128) (0.009, 0.320)
10 BC (0, 0.262) (0.515, 0.910) (0, 0.161) (0, 0.251)
GME (0.063, 0.193) (0.544, 0.814) (0.031, 0.128) (0.007, 0.258)
11 BC (0, 0.285) (0.385, 0.864) (0, 0.220) (0, 0.360)
GME (0.038, 0.173) (0.231, 0.751) (0.017, 0.109) (0.029, 0.657)
12 BC (0, 0.350) (0.407, 0.870) (0, 0.191) (0, 0.313)
GME  (0.058, 0.190) (0.459, 0.796) (0.028, 0.121) (0.006, 0.371)
13 BC (0, 0.245) (0.465, 0.944) (0, 0.197) (0, 0.322)
GME  (0.053, 0.185) (0.364, 0.801) (0.022, 0.114) (0.015, 0.499)
14 BC (0, 0.288) (0.466, 0.892) (0, 0.156) (0, 0.254)
GME (0.062, 0.191) (0.529, 0.810) (0.029, 0.125) (0.014, 0.290)
15 BC (0, 0.264) (0.426, 0.865) (0, 0.162) (0, 0.322)
GME (0.052, 0.173) (0.396, 0.768) (0.023, 0.115) (0.022, 0.441)
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Figure 3.2: Comparison of 95% HPD intervals of the Bayesian combined model and the
full Gibbs sampling of the generalized mixed effects model of 7.
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Figure 3.4: Comparison of 95% HPD intervals of the Bayesian combined model and the
full Gibbs sampling of the generalized mixed effects model of 7.
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Figure 3.5: Comparison of 95% HPD intervals of the Bayesian combined model and the
full Gibbs sampling of the generalized mixed effects model of 74.
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Figure 3.6: Comparison of 95% HPD intervals of the Bayesian combined model and the
full Gibbs sampling of the generalized mixed effects model of ¢1;.
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Figure 3.7: Comparison of 95% HPD intervals of the Bayesian combined model and the
full Gibbs sampling of the generalized mixed effects model of ¢15.
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Appendix

3.A Quasi-modes
We intend to get the quasi-modes of §; and vy through the EM algorithm. We consider
the likelihood function,
V4 g 4
m(01, 11,02, v | Yy w) H HH(PijWﬂk)w”'“((l — Pij) Mok ) )/IE TR

i=1 | j=1k=1

where

0 i 1
Tilk — e)(gp( i + ! ) 7k - 17 27 37 T4 = 3 )
1+ exp (6he + viy) 1+ >_ exp (61 + v1)
0 ; 1
T2k = exp( 2k+y2) ,k=1,2,3; Ti24 =

L+ 370 exp (0 + 1) 1+37 exp (B + 1)

It is worth noting that the reparameterization of 7;; and m;; allows for a one-to-one
mapping, so for the simplicity of computation we only need to apply the EM algorithm
to ;1 and 72 and transform back to 1, 05 later. Here we use (61 +v1;),k = 1,2,3, fori =
1,...,¢, to represent mean effect combining all the areas 6, incorporating with the area
effect 14;.

i) Get the MLE of global effect 015 + 11y, 0o, + i, i = 1, ..., ¢.

)

Start with initial value of 715?) and 755»3 , we can draw the latent variables w;;, independently
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from Binomial distribution

PijTitk

Wijk | 315 T2, y i:i'd Blnomlal{ymlm }72 = 1a s 7l7] = 17 <oy iy k= ]-7 27 374

PijTik + (1 — pij)Tiok

Step 1. Update w,
o) Yiik PijTilk
ik T ik + (1 — pij)Tio

Since
T | w ~ Dirichlet(wj1., wio., wis., wia.),

ind . .
Ti2 | W, Yy~ Dirichlet (yi1. — wit., Yio. — Wiz, ¥iz. — Wis., Yia. — Wia.),

where Wik = Zjhzl Wijky Yi-k = Z?Z:l Yijk, k= 17 27 3a 4.

Step 2. Update 7;; and 740,

(0) (0)

O Wik (1) Yik — Wi
Tk = 1 o nd mo = 0"
D wz(k) > ket Yik — %(k;)

Step 3. Back to step 1 to get w k with (m] zlk, 7rl(21,)€) and continue with step 2 to get

7TZ(12,~C and 7r2.22k. Keep updating the parameters until convergence to ;1 and 7o, ¢ =
1...0, k=1,2,3.

Step 4. Transform back to get Hlk/—l—\l/li, ng/ggi, 1=1,..., /.

o T2k
e
1- thl T2t

Tilk

E——=3 92k/+\VQi =lo
1- Z?:l i1t

glk/‘l’\yli = 10

ii) Get the MLEs of global effects 67, and 65, .
For the mean effect, there is no area difference so we combine all the samples with the
same random mechanism p;; into 5 large groups. As a result, the likelihood function with

only the global effect is

5 4
(@00 [y ox [TTTama (1= pi)man)) 7
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where w.j; = Zle Wijks Yojle = Zle Yijk, k=1,2,3,4.
With the likelihood function above, we apply the EM algorithm in the same way. Start
with initial value of 7150) and 7150), we can draw the latent variables w.;;, independently

from Binomial distribution

PiT1k
Tk + (1 — pj)mog

Wik | T1, T2, Y ind Binomial{y.j, Li=1,...,5k=1,2,34.

Step 1. Update w = (w.x), j=1,....5k=1,...,4,

ok T pimie 4+ (1 — pj)mok

Since

ind . .
71 | w ~ Dirichlet(w.1.,w.a., w3, w.4.),
ind . .
T2 | w,y ~ Dirichlet(y.,. —w1,y2 —wa,ys — w3, Y4 —Wa),

where w.j,. = Z?Zl Wik, Yk = Z?Zl Yk, k=1,2,34.

Step 2. Update 7, and 7o,

] W) 1 yik — W)
ng) = — k- o and ’ﬂ'ék) = — v k- Ok
D he1 W Dohe1 Yk — Wy

Step 3. Back to step 1 to get w,(-l) with 7r(1), 7Y and continue with step 2 to get 7Pand
jk 1k > Mok 1k

wéi). Keep updating the parameters until converge to «j, and 73,, k = 1,2, 3.
Step 4. Transform back to get 07, 05.
1. = log Tk 5. = log ok
=108 ——3 2% — 108 — =3 -
1= 30 e D
iii) Get vy, vs.
In consideration of the relationship between the global effect and the area effect, for each

area, we can get the area effect vf; (13;), i = 1,...,¢ by subtracting the mean effect 67,
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L —

(05,.) from the total effect 911@/-1:/11' (021, + v2;),
3 3

Vi =Y (Ou + i — 05,) /3, v =) (o + 1o — 03,) /3.

k=1 k=1
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Chapter 4

Concluding Remarks and Future
Work

4.1 Concluding Remarks

We provided a Bayesian method to estimate the finite population proportions for sensitive
quantities through the unrelated question design when there are more than one sensitive
question.

An application on the college cheating data also show that the combined model out-
performs the individual area model and the separate question model in the terms of
posterior standard deviation, coefficient of variation and correlation. Furthermore, the
simulation study shows that for data from small areas, the Bayesian combined model (cb)
gives a more accurate estimation, in terms of relative absolute bias and posterior root
mean square error, compared to the individual area model (ind) and separate question
model. In addition, we can gain strength by increasing the number of areas.

Although it seems that the variations in correlation rarely make any difference, the
combining effect is significant. It could be the case that even if we are only interested in
one sensitive question, we can include other sensitive questions into the design to get a

better estimate, under the same degree of corporation of the respondents. Of course, the
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same number of unrelated questions should be constructed since the masked responses
should have the same dimension. Even though there might be a concern of extra cost by
asking more questions, the availability of online survey tools will make the collection of
data easier, but this might lead to nonprobalibity samples.

The generalized mixed effects model will provide a consistent finite population pro-
portion estimation to the Bayesian combined model, with smaller posterior standard
deviation for some cells, and fitted better. All kinds of INNA approach based on the
generalized mixed effects model can also provide a similar estimation results for most
of the areas compared to the combined model with at least 10 times faster computing
process.

We have used proper prior for both models. This allows proper posterior densities.
Improper posterior densities will make the MCMC suffer from slowly mixing, so that a
large burn-in and huge thinning are needed. But proper prior do not guarantee a proper
posterior.

Theorem Given 7*(0) = ¢g*(0)m(0), the posterior 7*() is proper if and only if g*(0) <
A < oo provided the prior 7(f) is proper.

Proof

Suppose ¢g*(f) < A < oo, [7(0)g(0)dd < A [ 7(0)dd = A < oo;

Suppose 7(0) is unbounded, then there exists ¢ such that 7*() > ¢, so that [ 7(0)g(8)df >
¢ [7(0)d = c. Thus when ¢ — oo, the posterior density is improper.

In general, the essence of the study is borrowing information across small areas and
multiple questions to make a better inference. In addition, we also proposed a generalized
mixed effects model which is more flexible while allowing improved precision and fast

computing.
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4.2 Data Masking

We discuss how to provide public-used data from confidential data. This is a practical
issue which is of concern for many government agencies, referred as statistical disclosure
limitation.

The confidential data values are replaced with the predicted ones from a statistical
model, to create a synthetic dataset (e.g. Rubin, 1993; Reiter 2003, 2005; Fienberg and
Jin, 2009). Hu, Reiter and Wang (2018) recently present a Dirichlet process mixture
model for nested categorical data, and further for use of generating masked public-used
files for household data especially for confidential variables. The key point of data masking
is that the masked data can be used to draw a similar conclusion as if the original
data were analyzed. Here we propose our randomized response procedure to mimic a
masking procedure, and compare the estimation results with those from Bayesian logistic

regression model.

4.2.1 Data Description

We mimic the body mass index (BMI) and bone mineral density (BMD) data from the
third National Health and Nutrition Examination Survey (NHANES III) to provide an
example. Note the design is not implemented in reality, in fact we have their responses to
the sensitive questions, and also the nonsensitive ones. However we can obtain the binary
response assuming that every individual gives his/her response following the design. As a
result, only part of the responses are taken, which constitute the masked data. Thus, this
example can provide a masking procedure using our Bayesian unrelated question model.

Obesity is one of today’s leading public health problems and it increases the risk of
morbidity due to diseases such as diabetes and hypertension. The survey is a program
of studies run by CDC (Center of Disease Control and Prevention) to assess the health
and nutritional status of adults and children in the United States, and it was conducted

during the period October 1988 through September 1994. This survey contains BMI and
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BMD data together with covariates of age, race and sex, where BMI is measured by an
individual’s weight and height and BMD is measured using Dual X-ray Absoptionetry
(DEXA).

The final data set for this study uses only 6557 samples of the 35 largest counties
with a population at least 500,000. Due to confidentiality reasons, the original sensitive
attributes BMI and BMD are transformed to categorical data based on the criteria defined
by the World Health Organization (WHO). So that there are 4 levels of BMI (=1,2,3,4)
and 3 levels of BMD (=1,2,3), where BMI = (3,4) represents the BMI value greater
than 25 which can be considered as overweight; and BMD = (2,3) means the BMD
value smaller than 0.82 which indicates osteopenia or osteoporosis. In our case, our
interest is the proportion of people from the targeted population who are overweight
or have osteoporosis, and both can be considered as sensitive. Though mechanisms by
which body weight influences bone mineral density are still unknown, many studies have
shown a strong association between bone mineral density and body mass index for large
populations (e.g., Nandram, Kim and Zhou, 2019). Hence we believe that the overweight
and the osteoporosis are two correlated attributes. Of course, we can apply the Bayesian
RRT twice for each attribute, yet we are more interested in whether we can benefit from
utilizing the correlated data.

As compared to our survey design, the two sensitive questions are set to be ‘Are you
overweight?” and ‘Do you have osteoporosis?’. In order to simulate our design, the other
two unrelated non-sensitive questions need to be constructed from the covariates. Thus
race and sex are selected to be the non-sensitive question as ‘Are you white? ’ and ‘Are
you male?’, which are unrelated with the sensitive ones, assuming that there is no sex
effect on the BMD. The combined response for the sensitive questions could only be four
types (No, No), (No, Yes), (Yes, No), (Yes, Yes), same for the unrelated questions.

In the masking procedure, all the samples from each county are divided to 2-5 groups.

h

For each individual from i" county and j* group, we set p;; = (.25, .75, .2,.7, .3) according

to the group size. Then the sensitive responses are selected with probability p;;, as the
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Dij 1-py
i J
{0,0) (0,1) (1,0) (1,1) (0,0) 0,1) (1,0) (1,1)
Individual 1 1 1
Individual 2 1 1
Group 1l |Individual 3 1 1
15t County Individual 54 1 1
Individual 1 1 1
Individual 2 1 1
Group2 |Individual 3 1 1
Individual 54 1 1
Group 1
2nd County Group 2
Group 3
Group 1
35th County | Group 2
Group 3

Figure 4.1: Masking procedure for the NHANES data

nonsensitive attributes are selected with 1 —p;;. In other words, either the response from
the sensitive attributes or those from the nonsensitive attributes can be selected for each
individual. Figure 4.1 illustrates the masking procedure. As a result, the counts data
that we gathered using the randomized procedure can be treated like the data masked
for the original data. Afterwards, we pass in the data into our Bayesian combined model

to get the inference of the finite population proportions.

4.2.2 Bayessian Logistic Regression Estimation

The intuition of utilizing the mimicking data is to evaluate if the Bayesian hierarchical
model designed for multiple sensitive questions provides the reliable proportion estima-
tion. The “true” sensitive proportion that we intend to compare with is obtained from
logistic regression exact method on the full sample, involving more information about age,

race and sex. We consider the following Bayesian logistic model of the binary response
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with covariates age, race and sex. The binary variable y;; is an overweight indicator.

By TV

ind . e*i
i | Vs, ~ B i{—1,
Yis | Y @(0) ot 1{ 1+ eZiiBo) i

v; | By, 62 id Normal(ﬂo,(SQ),

1
W(@,(V)OCm, 52>0,i:1,...,€,j:1,...,ni.

From the joint posterior density of the parameters (v, 3,5% | y)

(v, 3,6% | y) o (Zy|27@0)7(2|5(0)752)W(@7(52)
¢ (IHB(O +vi)yij 1 (v;—Bo)2
T )
ot 1
(1—|—52)

Next we can use a blocked Gibbs sampler based on the conditional distribution 7(v |
8,6%,y) and (8,8 | v,y).

To assist the Gibbs sampler in the logistic regression model, we use Bayesian Fay-
Herriot model to get the grid range constructed by the posterior draws of (f3, 62). Briefly,

the Bayesian Fay-Herriot model is

9i NN(@;@ 52)7

1
) = ———
ﬂ-(ﬁ7 ) (1 + 52)2
where i =1...4, j=1...n;,0; = log(%), 02 = n(;n:&?(ln:;?)ﬂ)’ and z are covari-

ates. Then the following posterior densities can be obtained (see Nandram, Erciulescu

and Cruze, 2019)

0; | 8,0%,6; ™ Normal{\6; + (1 — A\)aiB, (1 — \)&%}i=1,....,¢,
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B 52,6 ~ Normal(@, 2),

1

w(6% | 0) ~ Q((SQ)m

where

l ¢
. 1 1 1 -
2 1/2 /
Q(0%) = |2 / ||1 —(&? D exp{ ~ 5 El —522 e (0; — @Z@)}

Then we can draw 1000 samples of 3 from j | 62,0 which is normal and 6% from (62 | )

using grid method. The grid ranges are constructed as
(avg(B") = 10 - std(8")), avg(6™) + 10 - std(8™)),

(avg(6@M) — 10 - std(6®)), avg(6®M) 410 - std(6)), h=1,..., M.

Let 2z, = % with the standard normal distribution, the joint posterior density of

7(z,3,6% | y) becomes

, ¢ (@ BH02i)yi 1 22
(2, 6,07 [ y) {[ ; H @_ﬂ}
(2,8, y) E E 1 4 %l ozl Ly/2r 62
" 1
(1+62)2

Then we run a block Gibbs sampler between 7(z | 3, (52,g~/) and (83, 62 | z, y) using the
grid method to draw z;, i =1,..., ¢, within a range of (=5,5) and draw (f3, §?) from the
ranges given by the Fay-Herriort model. We use 1,2000 iterates here with burn-in the first
2000 and take every 10th getting 1000 converged samples of (@(h), §2M) and {zl-(h)}, i =

1,...,0, h = 1,...,M. Correspondingly, the samples of {VZ-(h)}, i = 1,...,¢ can be

obtained from yi(h) =M zl-(h) + ﬁéh), h=1,...,M. With all the coefficient estimated, we
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are able to make inference about the binary response y;; and get the proportion estimation

further.

4.2.3 Comparisons

In Table 4.1 we compare the overweight proportion estimates of 35 areas from the logistic
regression exact method and those from the Bayesian hierarchical model. Let y; and
n; denote respectively, the number of ‘yeses’ and sample size within each area for each
question. The direct estimates are calculated directly from dividing n; by ;.

We treat estimates from the logistic regression as a close value to the true proportion
since it is obtained based on all the samples from each area utilizing all the covariates
available. Figure 4.2 provides the 95% HPD intervals of the overweight proportion ¢,
from Bayesian combined model. We find that the logistic regression estimates are all in-
side the 95% HPD interval. These results demonstrate that we are able to get a masked
data through the randomized response technique while maintaining the overweight pro-

portion within certain range.
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Figure 4.2: 95% HPD interval of the overweight proportion ¢; from Bayesian combined
model for 35 counties.
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Table 4.1: Comparison of the logistic regression estimates (L) and the Bayesian estimates

(B) of the overweight proportion ¢;; (BMI) for 35 counties.

Area [1]-[9] L 0564 0.606 0.643 0.642 0.564 0.564 0.604 0.595 0.592
B 0481 0576 0.672 0.635 0.506 0.569 0.607 0.646 0.555
Area [10] -[18] L 0.631 0598 0.576 0.606 0.544 0.573 0.607 0.595 0.576
B 0578 0524 0620 0595 0.518 0.617 0.636 0.606 0.489
Area [19] -[27] L 0.603 0.605 0.578 0.582 0.590 0.597 0.568 0.588 0.616
B 0576 0593 0521 0.640 0.648 0.568 0.580 0.599 0.551
Area [18] -[35] L 0588 0.582 0.617 0.580 0.662 0.625 0.573 0.551
B 0650 0592 0564 0.624 0.670 0.611 0.618 0.476

Table 4.2 and Figure 4.3 show the corresponding result for the osteoporosis proportion

¢12. Even though 3 areas out of 35 areas fail to fall between the 95% HPD interval, the

finite population proportion estimation from the masked data are still close to those

estimates from the Bayesian logistic regression model.
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Figure 4.3: 95% HPD interval of the osteoporosis proportion ¢, from Bayesian combined
model for 35 counties.
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Table 4.2: Comparison of the logistic regression estimates (L) and the Bayesian estimates
(B) of the osteoporosis proportion ¢12 (BMD) for 35 counties.

Area [1]-[9] L 0222 0.8 0.194 0.179 0.225 0201 0.198 0.257 0.272
B 0.187 0.134 0.149 0.127 0.153 0.175 0.150 0.171 0.173
Area [10] -[18] L 0.176 0.189 0.223 0.161 0.248 0.199 0.140 0.204 0.191
B 0.140 0.259 0.220 0.217 0.180 0.154 0.148 0.087 0.287
Area [19]-[27] L 0.146 0217 0213 0.197 0.177 0.153 0.173 0.180 0.204
B 0.187 0.205 0.145 0.323 0.168 0.185 0.158 0.126 0.239
Area [18] -[35] L 0.181 0.230 0.240 0.169 0.238 0.163 0.166 0.268
B 0.161 0258 0274 0.111 0211 0.147 0.154 0.236

Further more, we can generate the response for individual from each area. The re-

sponse variable y;;,7 = 1,...,N;, indicates which group the individual falls in, the fol-

lowing types, “has neither overweight nor osteoporosis issues”, “has osteoporosis but is

not overwieght ”, “overweight but does not have osteoporosis”, “have both issues”.

Yij nd Multinomial{1, 7;},i =1,...,¢,

where N; is the sample size, 7, is the estimated finite population proportion estimation

given by Table 4.3. Consequently, we are able to obtain a synthetic data set from any

given sample size for each area in practice.
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Table 4.3: Finite population proportion estimation for the four-cell probability of the
NHANES III data using a Bayesian combined model.

PM
Area 12 13 14
1 0.382 0.139 0.435 0.044
2 0.333 0.091 0.536 0.041
3 0.226 0.103 0.627 0.044
4 0.268 0.091 0.608 0.033
5 0.363 0.129 0.425 0.082
6 0.329 0.103 0.495 0.073
7 0.306 0.083 0.543 0.068
8 0.244 0.110 0.585 0.061
9 0.335 0.114 0.494 0.058
10 0.310 0.111 0.548 0.031
11 0.328 0.148 0.416 0.108
12 0.248 0.132 0.536 0.083
13 0.289 0.120 0.494 0.097
14 0.346 0.135 0.477 0.042
15 0.291 0.094 0.556 0.060
16 0.302 0.065 0.550 0.083
17 0.331 0.060 0.586 0.023
18 0.291 0.221 0.426 0.063
19 0.323 0.103 0.490 0.085
20 0.283 0.129 0.514 0.074
21 0.387 0.095 0.474 0.044
22 0.191 0.174 0.490 0.146
23 0.275 0.078 0.560 0.087
24 0.322 0.113 0.492 0.073
25 0.304 0.115 0.537 0.043
26 0.331 0.075 0.541 0.054
27 0.271 0.179 0.491 0.059
28 0.233 0.116 0.606 0.045
29 0.212 0.197 0.530 0.062
30 0.293 0.142 0.435 0.130
31 0.304 0.071 0.586 0.039
32 0.245 0.086 0.545 0.123
33 0.337 0.053 0.517 0.093
34 0.267 0.112 0.578 0.042
35 0.393 0.132 0.374 0.101
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4.3 Future Work

We discuss four possible extensions. These are about incorporating covariates in our
combined model, survey weights, numerous items instead of two and polychotomous
(more than two options) responses.

First, covariates are very useful, not only in constructing the non-sensitive questions
like what we did in the survey example, but also can be incorporated into the probability
parameters in a way similar to logistic regression. Furthermore, based on the proportion
estimation results of each area given by either the Dirichlet-Multinomial model in Chapter
2 or the INNA model in Chapter 3, a masked data set with the same size can be generated
through modeling with covariates.

Second, many complex surveys have survey weights. These can be included in our
model using a normalized composite likelihood. This will help to reduce selection bias.

Third, the design can be generalized to the multiple-item case straightforwardly. How-
ever, the computation will be more expensive. As the number of items get larger, the
model will be more complicated and even the blocked Gibbs sampler would experience a
slowly mixing effect, which means more iterates are needed to get the converged draws
in the end.

Fourth, it can also be extended to the polychotomous outcomes. Then the latent
variables will follow multinomial distributions. A similar idea as in the combined model
might be needed to avoid slow mixing in a Gibbs sampler. Of course, computation time
will increase and we will need a way to minimize computational cost. This is also true in
the third extension.

However, further effort still needed to explore whether the correlations will affect the

estimation strength other than changing the contingency table of the counts.

106



Bibliography

1]

Blair, G., Imai, K. and Zhou, Y-Y. (2015), “Design and Analysis of the Randomized
Response Technique,” Journal of the American Statistical Association, Review, 110,

1304-1319.

Bellhouse, D. R. (1995), “Estimation of Correlation in Randomized Response,” Survey
Methodology, 21, 13-19.

Barksdale, W. B. (1971), “New Randomized Response Techniques for Control of Non-
sampling Errors in Surveys,” unpublished Ph.D. thesis, University of North Carolina,

Chapel Hill, Dept. of Biostatistics.

Chung, Ray S. W., Chu, Amanda M. Y. and So, Mike K. P. (1995), “Bayesian Ran-
domized Response Technique with Multiple Sensitive Attributes: The Case of Infor-

mation Systems Resource Misuse,” The Annals of Applied Statistics, 12, 1969-1992.

Clickner, R.P. and Iglewicz, B. (1980), “Warner’s Randomized Response Technique:

The Two Sensitive Questions Case,” South African Statist., 14, 77- 86.

Edgell, S. E., Himmelfarb, S., and Cira, D. J. (1986), “Statistical Efficiency of Using
Two Quantitative Randomized Response Techniques to Estimate Correlation,” Survey

Methodology, 100, 251-256.

Eriksson, S. A. (1973), “A New Model for Randomized Response,” International

Statistical Review, 41, 101-113.

107



[8] Fox, J. A. and Tracy, P. E. (1986), Randomized Response: A Method for Sensitive

Surveys, Sage: London.

9] Fienberg, S. E. and Jin, J. (2009), “Statistical disclosure limitation for data access,”

In Encyclopedia of Database Systems, 27832789, Springer.

[10] Greenberg, B. G., Abul-Ela, A.-L. A.; Simmons, W. R. and Horvitz, D. G. (1969),
“The Unrelated Question Randomized Response Model: Theoretical Framework,”

Journal of the American Statistical Association, 64, 520-539.

[11] Greenberg, B. G., Kuebler, R. R., Abernathy, J. R. and Horvitz, D. G. (1971) “Ap-
plication of the Randomized Response Technique in Obtaining Quantitative Data,”

Journal of the American Statistical Association, 66, 243-250.

[12] Gupta, S., Gupta, B. and Singh, S. (2002), “Estimation of Sensitivity Level of Per-
sonal Interview Survey Questions,” Journal of Statistical Planning and Inference, 100,

239-247.

[13] Gupta, S., Javid, S. and Supriti, S. (2010), “Mean and Sensitivity Estimation in Op-
tional Randomized Response Models,” Journal of Statistical Planning and Inference,

140, 2870-2874.

[14] Geisser, S. and W. Eddy. (1979), “A Predictive Approach to Model Selection.” Jour-

nal of the American Statistical Association, 74, 153160.

[15] Hu, J., Reiter, J. P., and Wang, Q. (2015), “Dirichlet Process Mixture Models for
Modeling and Generating Synthetic Versions of Nested Categorical Data,” Journal of

Statistical Planning and Inference, 13, 183200.

[16] Kwak, S. G., Nandram, B. (2004) and Kim D. H. (2018), “Bayesian Inference on
Contingency Tables with Uncertainty about Independence for Small Areas,” Journal

of Applied Statistics, 45, 2145-2163.

108



[17] Kwan, S. S. K., So, M. K. P. and Tam, K. Y. (2010), “Research Note - Applying the
Randomized Response Technique to Elicit Truthful Responses to Sensitive Questions

in IS research: The Case of Software Piracy Behavior,” Information Systems Research,

21, 941-959.

[18] Lee, C-S., Sedory, S. A. and Singh, S. (2013a), “Estimating at Least Seven Measures
of Qualitative Variables from a Single Sample using Randomized Response Tech-

nique,” Statistics € Probability Letters, 83, 399-4009.

[19] Lee, C-S., Sedory, S. A. and Singh, S. (2013b), “Simulated Minimum Sample Size Re-
quirements in Various Randomized Response Models,” Communications in Statistics

- Sitmulation and Computation, 42, 771-789.

[20] Moors, J. (1971), “Optimization of the Unrelated Question Randomized Response

Model,” Journal of the American Statistical Association, 66, 627-629.

[21] Nandram, B. and Choi, J. W. (2002), “Hierarchical Bayesian Nonresponse Models
for Binary Data from Small Areas with Uncertainty about Ignorability,” Journal of

the American Statistical Association, 97, 381-388.

[22] Nandram, B. and Choi, J. W. (2002), “A Bayesian Analysis of a Proportion under

Nonignorable Nonresponse,” Statistics in Medicine, 21, 1189-1212.

[23] Nandram, B. and Choi, J. W. (2010), “A Bayesian Analysis of Body Mass Index
Data from Small Domains under nonignorable nonresponse and selection,” Journal of

the American Statistical Association, 105, 120-135.

[24] Nandram, B., Kim, D. H. and Zhou, J. (2018), “A Pooled Bayes Test of Independence
for Sparse Contingency Tables from Small Areas,” Journal of Statistical Computation

and Simulation (partially accepted).

109



[25] Nandram, B. and Yu, Y. (2017), “Bayesian Analysis of Sparse Counts Under the
Unrelated Question Design,” JSM Proceeding, Survey Research Methodology Section,

American Statistical Association, Alexandria, VA, pp. 1162-1175.

[26] Nandram B., Chen L., Fu S., Manandhar B. (2018), “Bayesian Logistic Regression
for Small Areas with Numerous Households,” Statistics and Application, 16 (1), 171-

205.

[27] Nandram, B. and Yu, Y. (2018a), “Bayesian Analysis of Sparse Counts Under the

Unrelated Question Design,” (submitted).

[28] Nandram, B. and Yu, Y. (2018b), “Bayesian Analysis of a Sensitive Proportion for

a Small Area,” International Statistical Review, 0, 1-17, doi:10.1111 /insr.12286.

[29] Nandram, B., Erciulescu, A.L. and Cruze N.B. (2019), “Bayesian Benchmarking of

the Fay-Herriot Model Using Random Deletion,” Survey Methodology (in press)

[30] Oh, M. (1994), “Bayesian Analysis of Randomized Response Models: A Gibbs Sam-

pling Approach,” Journal of the Korean Statistical Society, 23, 463-482.

[31] O’Hagan, A. (1987), “Bayes Linear Estimators for Randomized Response Models,”

Journal of the American Statistical Association, 82, 580-585.

[32] Pal, S. (2017), “Bootstrap technique for Randomized Response Surveys,” Statistics

and Applications, 15, 79-92.

[33] Reiter, J. P. (2003), “Inference for partially synthetic, public use microdata sets.
Survey Methodology, 29, 181189.

[34] Reiter, J. P. (2005), “Releasing multiply-imputed, synthetic public use microdata:
An illustration and empirical study. Journal of the Royal Statistical Society, Series

A, 168, 185205.

[35] Rubin, D. B. (1993), “Discussion: Statistical disclosure limitation. Journal of Official

Statistics, 9, 462468.

110



[36] Rao, J.N.K. and Molina, I. (2015), “Small Area Estimation,” Wiley Series in Survey
Methodology

[37] Rue, H., Martino, S. and Chopin, N. (2009), “Approximate Bayesian Inference for
Latent Gaussian Models by using Integrated Nested Laplace Approximations,” Jour-
nal of the Royal Statistical Society, Series B (Statistical Methodology) 71 (2), 319-392.

[38] Soeken, K. L. and Macready, G. B. (1986), “Application of Setwise Randomized
Response Procedures for Surveying Multiple Sensitive Attributes,” Psychological Bul-
letin, 99(2), 289-295.

[39] Song, J. J. and Kim, J-M. (2017), “Bayesian Estimation of Rare Sensitive
Attribute,” Communications in Statistics - Simulation and Computation, doi:

10.1080/03610918.2015.1109655.

[40] Tamhane, A. C. (1981), “Randomized Response Techniques for Multiple Sensitive

Attributes,” Journal of the American Statistical Association, 76, 916-923.

[41] Tian, G.-L., Yuen, K. C., Tang, M.-L. and Tan, M. T. (2009), “Bayesian Non-
randomized Response Models for Surveys with Sensitive Questions,” Statistics and

Its Interface, 2, 13-25.

[42] Tourangeau, R., Rips, L. J. and Rasinski, K. (2000), The Psychology of Survey

Response, Cambridge University Press: Cambridge, England.

[43] Tourangeau, R. and Yan, T. (2007), “Sensitive Questions in Surveys,” Psychological
Bulletin, 133, 859-883.

[44] Warner, S. L. (1965), “Randomized Response: A Survey Technique for Eliminating

Evasive Answer Bias,” Journal of the American Statistical Association, 60, 63-69.

[45] Winkler, R. L., and Franklin, L. A. (1979), “Warner’s Randomized Response Model:

A Bayesian Approach,” Journal of the American Statistical Association, 74, 207-214.

111



[46] Yu, Y., Bhadra, D., Nandram, B. (2017), “Tests of Independence for a Two-by-two

Contingency Table with Random Margins,” International Journal of Statistics and

Probability, 6, 2, 106.

[47] Yu, Y. and Nandram, B. (2018), “Bayesian Analysis of Unrelated Question Design
for Correlated Sensitive Questions from Small Areas,” JSM Proceeding., Section of

Bayesian Statistical Science, American Statistical Association, Alexandria, VA, pp,

2838-2848.

112



