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Abstract

K-differenced vector random field, which belongs to the family of elliptically contoured
vector random fields, has been preliminarily investigated in the literature. As a non-
Gaussian vector random field, it has some good properties even better than the Guassian
vector random field. In this paper, we have introduced a more genernal form of the K-
differenced vector random field, whose density function is still constructed by the modified
Bessel functions. Some properities of the K-differenced vector random field have been
studied in this paper and some important stochastic orders have also been discussed.
Through studying the stochastic orderings of the generating variable, we have understood
how the parameters in density function of the generating variable influence the peakedness
order of the K-differenced vector random field.

Keywords: convex order, elliptically contoured random field, modified Bessel function,
peakedness order, usual stochastic order.

1 Introduction

Gaussian random fields are frequently used in modeling spatial dependence. In this paper,
we would go beyond this and introduce a new non-Gaussian random field in the realm of
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elliptically contoured vector random fields. Such an m-variate random field is defined by
Z(z) =UY(x) + p(z), zeD, (1)

where D represents a temporal, spatial, or spatio-temporal index domain and p(z) is a
deterministic function with the range in R™. Moreover, {Y (z),z € D} is an m-variate
Gaussian random field with mean 0 and covariance matrix function C(zy,z2), and is
independent of a positive random variable U with density function
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In ), 0 <A< 1,c¢is a constant such that [° fy(u)du = 1, and v, (k = 0,...,0)
are positive constants. We also write the density function fy(u) as fy(u|\, v, ..., 1) to
emphasize the dependence on the parameters. What is appealing about the proposed
random fields is that its finite-dimensional distributions have thin tails, even thinner than
those of a Gaussian random field, and it has more parameters that affect its peakedness,
besides the covariance matrix function.

The proposed vector random fields {Z(x),x € D} encompass the K-differenced vector
random field established in |Alsultan and Ma/ (2019) as a particular case, i.e., when ¢ = 1.
The density and characteristic functions of the K-differenced random variable have first
been derived, from which a natural extension to K-differenced vector random vector has
been conducted. As a result, the density function of the random vector is a form of the
difference of two modified Bessel functions and the characteristic function could become
the characteristic function of the double exponential random field as an extreme case. In
this paper, we have extended the density and characteristic functions of the K-differenced
random vector to the general case, i.e, £ > 2, and we have found that the the density
function is still the form of sum or difference of some modified Bessel functions.

Closely related to the proposed random fields is the elliptical random vector defined
by Z(z) for a fixed z € D. Some important definitions and facts about the stochastic
orderings of random vectors are summarized in Pan et al. (2016 and it also gives some
necessary and sufficient conditions for several important stochastic orders of elliptical
random vectors . In this paper, we have provided the same conclusions for the usual
stochastic ordering and the convex ordering with different ways of proof. Also, we have
studied the usual stochastic ordering for the generating variable and how the generating
variable influence the peakedness ordering of the elliptical random vector.



Considering the st, the cx, the icx, the uo and the dex orderings, some necessary and
sufficient conditions are discussed for the random vectors X and Y following the skew-
normal(SN) distribution in |Jamali et al.| (2020]). |Amiri et al.| (2020) discussed the sufficient
and necessary conditions for the st, the ¢x and the icx ordering of random vectors X and
Y following the multivariate scale mixtures of the skew-normal(SMSN) distribution. Fur-
ther, linear stochastic orderings were discussed for the SMSN distributions in |Amiri et al.
(2020) and some equivalent conditions between the linear stochastic orderings and the
integral stochastic orderings are also discussed. In sense of these results, we can charac-
terize some integral stochastic orderings of most of the well-known elliptical distributions
through their mean vectors and covariance matrices.

The rest of the paper is organized as follows. Section[2] provides background knowledge
of the density function and the elliptical vector random fields. The convex ordering,
the usual stochastic ordering, and the peakedness ordering of the elliptical random vector
are investigated in Section [3] and those of the elliptically random fields are discussed in
Section [4] We conclude in Section [5} All the proofs are deferred to an Appendix.

Before closing this section, we introduce the notation and conventions that would be
adopted throughout this paper. Denote by I, an m x m identity matrix. We use |A]| to
denote the determinant of a matrix A. The modified Bessel functions of the second type
is defined by K, (z) = 27 (x/2)" [;° exp(—u — u™'2?)u~' " dz, for z > 0 (Watson, [1995).

2 Basic Distributional Properties

In this section, we will present some basic distributional properties of the newly introduced
density and the multivariate distribution associated with the random field.

Lemma 1. Consider the density function defined in (2) with ¢ > 1. A closed-form
expression for cy is given by
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Boming: Is S a set? The expression S C {1,--- , ¢} makes S appear to be a set. Please
double check the notation you adopted.
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When ¢ = 1, an application of Lemma 1| yields that ¢y =
and €0 = —In(vp)+In(v1)
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for A = 0. Thus, the density function (2)) becomes
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if A = 0. This is the density function studied in Alsultan and Ma (2019), so here we are
considering a more general case.

Moreover, it follows directly from Lemma (1| that when ¢ = 2,
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An appealing and important feature of the random variable U is that it has finite
moments of any order, which is stated in the next lemma.

Lemma 2. Consider the random variable U with the density function in .
(1) If j > 2X/L, we have
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(2) If j =2/ and 0 < X\ < 1, then
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Because 0 < A < 1, Lemma [2] (1) provides the moments EUY, j =1,2,..., for £ > 2.
The case ¢ = 1 has been discussed in Alsultan and Ma (2019). When ¢ = 2, it follows
from Lemma [2 that
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In parallel with the proposed random field, we define the following elliptical random
vector

Z=UY + p, (4)

where g € R™ is a constant, and Y is an m-variate Gaussian random vector with mean
0 and covariance matrix ¥ (i.e., Y ~ N,,(0,%)) and is independent of U. The moments
of Z, its density function, as well as its characteristic function are explored in the next
three lemmas, which also characterizes the distributional features of Z(x) for x € D.

Lemma 3. Suppose that m = 1. Write the distribution of Y as N(0,0%). We have
EZ = p and

EZ/ = 3 ()W 2k~ DI*EU™), j>2

1<k<j/2



where B(U?) is given by Lemmal|d Moreover,

; 0, if 7 is odd,
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As an application of Lemma [3| we obtain VarZ = ¢?EU?, E(Z — p)® = 0, and

Eglza;%)4 = 3(15%4)2 > 3 due to Jensen’s inequality. Therefore, the density curve of Z

however, is not consistent with Figure 1 which indicates the tails to be thinner. In
addition, Alsultan and Maj (2019) also comments that the random fields have thinner
tails than the Gaussian ones.

Lemma 4. The density function of Z in s given by
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where ¢ =273 1 ™2¢y and ¢ is defined in Lemma .

The density function of Z is essentially a linear combination of the modified Bessel
functions of the second type. In particular, when ¢ = 1, it becomes the difference of
two Bessel functions and thus, |Alsultan and Maj (2019) refers it as K-differenced density
function.



Lemma 5. The characteristic function of Z in 15 given by, for w € R™,
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for X\ =0, where ¢q is given in Lemma[l]

To have a better idea of the density curve (or density surface), we next present some
special cases in which ¥,, = I,, and pu = 0. Given these configurations, Z = UY with
Y ~ N,(0,1,,). When m = 1, Z is univariate, simply denoted by Z, and its density
function for ¢ = 2 becomes

fz(2) :Q%W_1/2co|z|_% {(QVO)%K% (V4w |z|)
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where cg is given in . We depict in Figure (a) the density function (b)) with A =0, vy =
v = 15, and 1y € {20,50,100}. When vy increases, the density function becomes more
peaked and the tails get thinner. Boming: please check tails of the distributions...since
with positive excess kurtosis, the tails should be heavier than the normal...it appears to
be thinner. In addition, Alsultan and Ma| (2019)) also comments that the random fields
have thinner tails than Gaussian ones. Note that the variance of Z with A = 0 is given
by
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due to Lemmas 2] and [3| The dotted line in both Figure [Ifa) and (b) is the density curve
of a Normal distribution with mean 0 and variance Var(Z) evaluated at v, = v, = 15 and
vy = 20. We also examine the scenario that increases A and keeps the other parameters
fixed, which is shown in Figure [1{b). It exhibits similar patterns to Figure 2.1 of [Alsultan
and Ma (2019) for £ = 1, i.e., a bigger A yields a more peaked density curve. However,
the speed of decreasing of the Normal distribution is faster than Z at the beginning, but
in the end it will be exceeded by Z, which is showed in Figure [Ifc). And we also can see
that Z has heavier tail than the Normal distribution.

When m = 2, then Z is bivariate and the density function with ¢ = 2, deduced from
Lemma 4], has the following form

fz(z) :2¥7T_1CO(Z,Z)_¥ {(21/0)¥K% (V4vyz'z)
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which is visualized in Figure [1| (b) for A = 0, v; = v, = 15, and vy € {20,100}. We also
draw in Figure [1] (d) the density surface of a bivariate Gaussian distribution with mean
0 and covariance matrix given by
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As shown in Figure |1, the random vector Z is less dispersed than the (multivariate)
normal distribution, and the structural parameters of Z also affect its tail behaviors.
This feature will be formally stated in Section [3| in terms of peakedness, which offers a
more comprehensive measure of dispersion.

3 Stochastic Orders

In this section, we are interested in comparing the multivariate distributions in terms of
peakedness order and convex order, which would help us to understand how the parame-
ters pertaining to U would affect the peakedness of the distribution of Z and the random
field {Z(z),z € D} in ().

To start with, we would like to recall the definitions of peakedness and some relevant
stochastic orders. The peakedness of a random variable Z about a point a is defined by



P,(z) = P(|Z —a| < z) for z > 0 if Z is symmetric about a (see Birnbaum (1948)).
Birnbaum defined in Birnbaum (1948)) a random variable Z; as more peaked about a;
than another random variable Z5 about another point as if

P(|Zy —a| < 2) 2 P(|Z2 — a2| < 2), (6)

for every z > 0. When a; = a; = 0, we say Z; is more peaked than Z,, and denoted

p
by Z; = Z,. This notion was generalized to random vectors by [Sherman et al. (1955),
which states that an m-variate random vector Z; is more peaked than another m-variate

random vector Zs, or Zy § Z,, if both have densities and
P(Z, € A) > P(Z, € A),

holds for any A € 47, where o7, denotes the class of compact, convex, and symmetric
p
(about the origin) sets in R™. |Olkin and Tong (1998)) points out that Z; > Zs holds if

and only if CZ; tp (C'Zs5 holds for all £ x m matrices C, k < m.

The concept of peakedness ordering is closely related to the usual stochastic ordering
and the convex ordering. Let Z; and Z, be the two m-variate random vectors such
that P(Z, € U) < P(Zy € U) for all upper sets U C R™. Then Z; is said to be
smaller than Z, in the usual stochastic order, denoted by Z; =<4 Z,. Note that @
indicates that P(|Z; — ai| > 2z) < P(|Zy — as| > z) for any z > 0, from which we have
|Z1 — a1] 2 |Z2 — as|. A necessary and sufficient condition for Z; < Zs is that

Eg(Z,) < Eg(Z,) (7)

holds for all increasing functions g for which the expectations exist (see Shaked and
Shanthikumar| (2007))). If (7)) holds for any convex function g for which the expectations
exist, Z is said to be smaller than Z, in the convex order, denoted by Z; =<.. Z-.
Moreover, if holds for any increasing convex function g for which the expectations
exist, we would say Z; is smaller than Zs in the increasing convex order, denoted by
7y =iep Lo, Apparently, Z, <., Zo implies Zy =;.; Zs. In fact, Z, <., Z> if and only if
Zy =icx Zo and E(Zy) = E(Z,), see Mosler and Scarsini| (1991)).

The (increasing) convex ordering of multivariate normal distributions has been studied
by |Scarsini| (1998)) and Muller| (2001). To be precise, let Y1 ~ N, (g, %1) and Yo ~
Ny (g, 39). Then

1. Yy =& Yo if and only if py; < p, and 3y = 3.
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2. Y1 2 Yo if and only if p; = py and ¥y — ¥q is non-negative definite.

In Lemma [0 we present the peakedness ordering of multivariate normal distributions,
which is similar in spirit to Theorem 1 and Corollary 2.1 of [Wang and Ma/ (2018)).

Lemma 6. Let Y ~ N, (py,%1) and Yo ~ Np(po,22). Then Y1 — py ip Yo — u, if
and only if Yo — 31 is non-negative definite.

Now, we turn our attention to the random vector Z = UY + p.
Boming: could you please prove the following result... it is relevant to Figure [I]

Theorem 1. Suppose that Y ~ N,,(0,%), and U has density function (2) and is inde-
pendent of Y. Then UY tp VEU?)Y.

The theorem below establishes the sufficient conditions for the peakedness order of Z
in general.

Theorem 2. Suppose that Y, ~ N,,(0,%1) and Yo ~ Np(0,%s), and Zy = Uy Yy +
Wi, k = 1,2, where Uy has density function taking the form of with parameters
Ny Voo, Vs - - - » Ve, and Uy is independent of Yy for k, k' € {1,2}. Then Z; — p, tp
Zo — po, if Uy =2 Uy and Xo — X1 is non-negative definite.

Two special scenarios are explored in the next two theorems. The former establishes
a necessary condition that mirrors Theorem 4 of |Wang and Maj (2018)), while the latter
provides necessary and sufficient conditions for the convex ordering and the stochastic
ordering in addition to the peakedness ordering as a result of the Gaussian random field.

Theorem 3. Consider the same conditions as in Theorem [4 and suppose Y1 =g Y.
p
Then Zy — py = Zo — py only if EUL" < EUS" forn > 0.

Theorem 4. Consider the same conditions as in Theorem [ and suppose Uy =4 Us.
Then

1. Zy 2z Zs if and only if py = py and 3o — X4 is non-negative definite.

p
2. 7y — py = Lo — py if and only if Yo — ¥4 is non-negative definite.

3. 2y 2st Lo if and only if py < py and Yo = X

10



Theorem (4] essentially complements the results of [Scarsini (1998) and Miiller| (2001]))
for a more general family of multivariate elliptical distributions.

In order to have a sense of how the structural parameters in U would impact the
peakedness order of Z and the random field {Z(z),z € D} by and large, we present in
the next lemma the sufficient and/or necessary conditions for the stochastic ordering of
U under different configurations of its parameters.

Lemma 7. Suppose that Uy, k = 1,2, are random wvariables having density function of
the form with parameters \g, Vo g, Vig, - - - V-

1. When vj1 = vja, j = 0,1,...,0, and 0 < X\, < 1, then Uy =24 Us if and only if
AL > Ao

2. When A\ = Ao, vj1 = vjo and vy, > v, for 3 =1,...,4, then Uy =4 Uy only if
Vo1 = Vo2

3. Fortl = 1, when )\1 = /\2,1/171 =12, then U1 jst UQ Zf o1 Z Vp2.

4. For € =2, when \y = A\y,vj1 = vj2 and vy, > vjy for j = 1,2, then Uy <4 Uy if
Vo1 = Vo2

By virtue of Theorems |2| - 3| and Lemma |7}, we obtain the sufficient and necessary
conditions for the peakedness order of Z which offer a theoretical justification of the
observations in Figure [1L These results would also lay the foundation for the peakedness
order of the random field {Z(z),z € D}, which would be addressed in Section [4]

Theorem 5. Consider the same conditions as in Theorem[3 and let Y| =4 Y.

p
1. When vjy = vje, j =0,1,...,¢, and 0 < N\ < 1, then Zy — p; = Zy — py if and
only if Ay > As.

P
2. Forl =1,2, whenvj; =vjs and vy > vjy forj=1,--- L, thenZy—p, = Zo—p,

if and only if h1 > V2.

4 A New Non-Gaussian Elliptically Contoured Ran-
dom Field

With all the preparations, we now turn to the proposed elliptically contoured random field
in this section. First of all, we present in Lemma |§] its finite-dimensional characteristic
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function for the mn-variate random vector (Z'(x1),Z'(x2), ..., Z'(x,))" for any n > 1 and
T, €D (kzl,,n)

Lemma 8. The characteristic function of the mn-variate random vector (Z'(x1), Z' (z3), ..., Z'(x,))’
forn>1andz, €D (k=1,...,n) is

" -2 PN Ww!C(xy, 1) w; :
Eexp (l Z Z’(x)wk> _% exp ( Z H/ «Tk ) . (Zz_l Z]—l “;z (33 x])w] + &/0)
k=1
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A
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for0 < A< 1, and

n i b wiC(zy, xj)w;
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for A =10, where wpy € R™ fork=1,....n

Letting £ = 1, Lemma 8| yields the finite-dimensional characteristic functions discussed
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in Alsultan and Ma (2019). When ¢ = 2, we have
E exp <z Z Z’(a:)wk)
k=1
A
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for 0 < A< 1, and
E exp (Zzn: Z/(ﬂf)wkz>
:— exp ( ZN Tp)w > {—ln (Z?:l Zy:l‘;Z(C(xi’xj)wj + 2V0)
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2 2
ST wIC (s, ) w,
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2

for A =0, where wy e R for k=1,...,n

Because the finite-dimensional distributions of {Z(z), x € D} are symmetric about the
center (see also |[Huang and Cambanis (1979), [Ma, (2009), [Ma| (2011)), |Yao, (2003)), among
others), we next explore the peakedness ordering of {Z(x),x € D} about p(x).

We would first revisit the definition of peakedness for vector random fields. Suppose
that {Z;(z),z € D} and {Zs(z),z € D} are two m-variate random fields whose finite-
dimensional distributions are symmetric about p;(x) and us(x), respectively. We say that
{Zi(z),z € D} is more peaked about p(z) than {Zy(z),z € D} about ps(z), or simply

13



{Z1(2) = i (2),x € D} = {Za(x) — pa(x), x € D}, if

P((Z1 (1) = pr (1), -, Z1(2n) — pi(2n)) € An) (8)
> P((Zy(1) = pa(w), - -5 Za(wn) — pi(n))" € An),

holds for every n € N, any x;, € D (k =1,...,n), and any A, € 4,, where N is the set
of positive integers, and .o, denotes the class of compact, convex, and symmetric (about
the origin) sets in R". Consider the proposed elliptically contoured random fields. Let

Zk<x) = UkYk(x) + /J’k(x)’ k= 17 2’ (9)

where {Yi(z),z € D} is an m-variate Gaussian random field with mean 0 and co-
variance matrix function Cg(z1,x2), and Uy has density function (2)) with parameters
Ay Voks Vi s - - - » Vo and is independent of Yy (z) for k, k' € {1,2}. By Theorem 3 of
Wang and Mal (2018), if U; <4 Uy and Cy(z1,x9) — Cq(x1, 22) is the covariance function
of a Gaussian random field on D, then {Z;(z) — p,(z),z € D} tp {Zs(x) — py(z), x € D}.
It further follows from Theorem [3| that when Ci(z1,z5) = Cao(xy, ) for all z1, 25 € D,
{Z1(z)— py(x), 2z € D} ip {Zy(x) — py(x),x € D} only if EU,™ < EU," for n > 0 (see also
Theorem 4 of Wang and Mal (2018)). In light of Lemma [7} Theorem [6] below highlights
how the parameters in U affect the peakedness order of {Z(z),z € D}.

Theorem 6. Consider the two elliptically contoured random fields defined in @D and
suppose that Cy(xy1,z5) = Co(x1,x2) for all x1,x9 € D.

1. When v;; = vjs, j=0,1,...,0, and 0 < X\, < 1, then {Zy(x) — py(z),z € D} ip
{Zs(z) — py(x),z € D} if and only if Ay > Xo.

2. For { = 1,2, when vj1 = vjs and vy > v for j = 1,--- {, then {Zi(x) —
P
pi(z),x € D} = {Zs(x) — py(x),x € D} if and only if vo1 > vo2.

The results in Theorem M could also be extended to the random fields. Consider
the two elliptically contoured random fields defined in @ and suppose that U; =4 Us.
Similar to Theorem 5 of Wang and Ma/ (2018), {Z,(z),z € D} <. {Zs(x),x € D} if and
only if p,(z) = py(z), v € D, and Cq(z1, x2) — Cl(l'l,flfg) is the covariance function of a

Gaussian random field on D; {Z;(z) — py(z),z € D} = {ZQ( ) — po(z),z € D} if and
only if Co(z1,x2) — Cq(x1,22) is the covariance function of a Gaussian random field on
D.
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5 Conclusion

Boming: could you please write a conclusion? I put the Introduction you wrote earlier
here. Please modify them and make it more concise. Conclusion should be stated in the
past tense. It summarizes what we did in this paper.

In this paper, a new class of elliptically contoured random fields are introduced. Its
density function is a form of the sum of a series of modified Bessel functions, so we call
it the K-differenced random field. Further, we prove that its any finite moment exists
and has a close form of expression. Comparing with the Guassian distribution, we find
that the K-differenced random field is more peaked and has heavier tail. Considering the
usual stochastic order, the convex order and the peakedness order, some necessary and
sufficient conditions are obtained. It is shown that the peakedness order and the usual
stochastic order are correspondent for the K-differenced random fields. In addition, we
find that the peakedness order of the K-differenced random field is decided by the usual
stochastic order of the given random vector U and we also provide the sufficient and/or
necessary conditions for the stochastic ordering of U under different configurations of its
parameters. Then by the results, we could have a sense of how the structural parameters
in U would impact the peakedness order of the K-differenced random vector Z.
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A  Proof of Lemma [1

Note that
1 o0 ¢ )
C_O = / u2)\/£+1 {H ( vou? _ vpu )} du.

k=1

Replacing u? with v, we get

2 > 1 —VU —V l/’U I/ 1% 14 - £ Vv

k1<ko

By (2.1) in |Alsultan and Ma (2019)), for 0 < X < 1,

9 T(1-7) (*(fVo)% + Yk Wk (= D) = S5y Wy + vy + (= 2)m0) T — -+ (1) Vk)%)
o N/l ’
and for A =0,

2

¢ ¢
— = —In(lry) + Zl (Ve + (0 = 1Dwy) Z In (g, + vk, + (€ —2)19) + -+ + (_1>£+1 ln(z Vk).
k=1

C
0 k1<ko k=1

Hence, the results follow.

B Proof of Lemma [2

Note that

¢
o
) . 2 2
EU’ :/ cou ! 22/t | | (e vour _ pTHRY ) du,
0
k=1

where ¢ is defined in Lemma [1}

(1 )When] > 2\ /¢, by formula (15) of Bateman| (1954), page 313, i.c., [;° u™™" e~ " dy
= h~ta=*/"T(s/h) for s,a,h > 0, we get

i TG = 3) o) — S e+ (o) R S Oy g (= 20) TR o (1 (D )
PO=2) —(00) T+ Shoy 0+ (= 1) © =, Oy vy + (= 200) T o (C)IH(SE L ) 7
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for 0 < A < 1, and

B = p(dy L0 H = T 0 (€= Do) 3k iy (v (€ 20) E et (D ()

2" In(fvy) + Yp_y In (v + (€ — L)vo) — S s ey 10 Uy + vy + (€= 2)w) + -+ (1) (5, )

for A = 0.
(2) When j = 2)\/¢, by (2.1) in Alsultan and Ma (2019), we get

— — (o) + Xp—y In(vg + (€= Do) = Xp < (kg + Uiy + (€= 2)w0) + -+ + (1) In(Sf_, vi)
- A A A A7
—(r0) T + T (v + (€= Dr0) T = S5 oy Wy + vy + (€= 2)10) 7 4o+ ()T ) T

for 0 < A< 1.

(3) When 0 < j < 2)\/¢, by (2.1) in Alsultan and Mal (2019), we get

. A J A j A Jj A j
EUJ = T(1—3+2) —(@0)7 7% + 555 (v + (€= Do) T3 = 50y, (g 2y +(E=2)00) 072 4 4 (ZD) P (F ) T
=T x_J Py X Py X
273 —(v0) T + ey (e + (£ = Dv0) T = T4 gy Wy + vk + (L= 2)00) T 4+ 4 (D) IH(T g i)
for 0 < A < 1.

C Proof of Lemma [3

Note that , ,
EZ’ = E(UZ() + H)J

=¥ (Z <zf><vzo>w—i)

= > ()EUHEZ ).

=1

<

For EZ}, we have EZ) = 0 if ¢ is odd, and EZ{ = 23%F(%) = o'(i — 1)1 if i is even.
Consequently, EZ = p and

B(Z)= Y (§)EU)e™ 2k - 1)1~ j>2

1<k<j/2
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Similarly, for j > 1,
B(Z - ) = B(UE) = {

D Proof of Lemma 4

By definition,

fz(2)

m

821 cee 8zm
om

- <
azl...gzm/o P(uZy+ p < z) fu(u) du

/000 u™" fz,(

o 1
:(27r)_m|2\_1/2/ u” "™ exp (—
0

2u?

P(Z < z)

z—p
u

) fu(u) du

:27(m+2)/27rfm/2‘2‘71/2 /OO ,U(ferl)/Q exp

=c|z| 12 { (<z —# 0

_ 2)\/L4+m

)

XNz —p)
EV()

_2)\/Z+m
~ Z ((z — 'S (z - u>> T
— v + (0 — 1y
+ Ze: ( (z—p)S -\
b <Fer Vi, + Vi, + (6 — 2)1/0
72)\/i+m
1) ((z p)'S (2~ )
Zi:l Vk

(o — =z - u)) o) d

(

0, if j is odd,
ol(j — DNE(U?), if jis even.

(10)

1

Wy u)) fu (VD) dv

Koyen (V22— p)T 1z~ w)ing)

Kagon (V2o = )5z~ )+ (- D))

) ’ Kw# <\/2(z — )Y Yz — ) (v, + vy + (0 — 2)V0)>

Koxjesm (J
2
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2)\/2 m

where ¢ = 2 7~™2¢,, and the last equality follows from formula 3.471 of |Jeffrey and
Zwillinger| (2007)), i.e

0 1 e T\ /2
u e M du =2 <—> Ky (2v/zv),
0 v

and the property of Bessel function, which is Ky = K_j.

E Proof of Lemma [5
By definition,
Eexp(iZ'w) = exp(ip'w)E exp(iU(Zy))

= exp(ip'w) /OO E exp(iuZow) fu(u) du
0
o) 2
= exp(iu’w)/o exp(—%w’Zw)fU(u) du

0o )4
G . vy —vu e VKV
= Eexp(zu w)/o exp(—éw Yw) UA/KH {l | R )} dv.

k=1

When 0 < A < 1, by (2.1) in |Alsultan and Ma| (2019) we have

r(1-2 'y TG (WY
Eexp(iZ'w) :% exp(ip'w) {— <w 5 “ +€V0> + Z (w Y
k=1

A
/E 7
—Z( w+vk1+vk2+(€—2>uo)

k1<ks

S[>

(0 - 1)1/0)

w'Yw ‘ :
41
+o (-1) <T+§ vk) ,

k=1

and when \ = 0,

/Z £ /Z
E exp(iZ'w) :%exp(iu'w) (—m(“’ 5 2 b))+ Y (¥ ; Y v (=)
k=1

W'y E
Yl iy vy + (= 2)0) 4+ () (L Z)

k1<ko
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for w € R™.

F Proof of Lemma

By Theorem 1 of [Wang and Mal (2018) we get the result directly.

G Proof of Theorem(ll

We first consider the case when m = 1.
By the definition, we should prove that

PUY (2)| >y —yo) < P(VE(U?)Y () >y — yo),

or

o Y—%Y Y—Y
A PUY @)1 > P o dn < POV ) > S vz

The last inequality is the same as

[ (G- Pr@n = 50 ) du < - POV > Y=t

for y > yo, then we just need to show

1 Y=o
<l _ ply(z)] > =% s — P(Y(z)] > E(UQ))
0 Y— % Y—%
Note that
3= P(Y(2)| > 5 1
lim v L —
y—=yot Y — Yo ur/2nVar(Y (z)
and . -
o 2 PIV@l> J555) 1
im = )
y—=yot Y= Yo VEU?)/2rVar(Y (z)
Hence we just need to show
<1 1
—fu(u)du > —(——.
/0 o de= e
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Consider the case when U becomes Weibull random variable, i.e. A = 0, { = 1 and vy, — 1y,
we have E(U?) = - and [[* § fo(u)du = [ du = /Ty > —=—, the proof is complete.

NGO
H Proof of Theorem [2

Denote by Fy, (u) the cumulative distribution function of Uy. Since Uy and Y} are inde-
pendent, we have, for any A € 7, where .7, denotes the class of compact, convex, and
symmetric (about the origin) sets in R™,

0

P
Since Y5 — Y7 is non-negative definite, it follows from Lemma @ that ©Y; > uY, for any
u > 0, so that

P(Zy— p, € A) > / " PluY, € A)dFy, (u)
> / " PluYs € A)dFy, (1)

:P(ZQ_/J/QEA),
where the second inequality is due to the fact that U; <, Us. The proof is complete.

I Proof of Theorem [3

p p
Since Zy — py = Zo — py, we have e;-UlYl - e;Ung due to Proposition 2.5 of |Olkin
and Tong| (1998), where e; = (0,...,1,...,0)" are standard basis of R™, j = 1,...,m.
Thus, U1]€}Y 1| =g Us|€; Y| Hence E(Ui|ejY1])" < E(Us|e)Ys|)" for n > 0. Because

Uy is independent of Y, and Y; =4 Y2, we have EUT < EUJ.
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J Proof of Theorem (4

1. We first prove the sufficiency. For any convex function g,
Eg(Z:) =Eg(UrY1 + py)

_ / Eg(uY, + py) dFy, (u)
0

_ / Eg(uY + ) dFys (1)
0

< / Eg(uYs + ) dFys ()
0
:Eg(ZQ)a

where Fy;, (u) is the cumulative distribution function of Uy, and the inequality follows
from the fact that vY; + py =< wYo + po. Hence, Z; <., Zs.

Next we prove the necessity. Note that Z; <., Zs. The inequality Eg(Z;) < Eg(Z,)
holds for any convex function g. First, taking g(Z) = Z yields pu; < py, and
then taking ¢g(Z) = —Z yields puy > py. Hence, we have pu, = u,. Let g(Z) =
(a'(Z — p,))? for any a # 0 € R™, which is a convex function. It follows that
E(U})E(a'Y1)? < E(U2)E(a'Y,)? Since U; =4 Us, we have E(a'Y;)? < E(a'Y,)?
and thus a'(Xs — X1)a > 0, ie., Xo — X1 > 0.

2. The “if” part follows directly from Theorem [2. To prove the “only if” part, define
two random variables X = a'(Zy — p,,) fora# 0 € R™, k =1,2. Since Z; — p, >_?
Zs — p,, by Proposition 2.5 of |Olkin and Tong (1998)), X; tp X5, which implies
that | X1|™ <« |X2|". Hence, we have E(U2)E|a'Y |? < E(U3)E|a’Ys|? and thus
Ela’Y|? < E|a"Y;|? because of the fact U; = U,. As a consequence, X9 — 3 > 0.
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3. We first prove the sufficiency. For any increasing function g,
Eg(Z1) =Eg(U1 Y1 + py)

= [ EowY + ) dFin (w)
0

— [ Bo(uYa+ ) dFe )
0

< / Eg(uYs + py) dFy, (u)
0
:EQ(ZQ>7

where Fyy, (u) is the cumulative distribution function of Uy, and the inequality follows
from the fact that uYs + py <5t vY2 + py. Hence, Zy <y Zo.

We next prove the necessity. Since Z; =g Zo, Fg(Z1) < Fg(Zs) for all increasing
function g. With ¢(Z) = Z, we have p; < p,.

By Theorem 6.B.16(c) of |Shaked and Shanthikumar| (2007), we also have €;Z; <
e,Zy where e; = (0,...,1,...,0)" are standard basis of R™, j = 1,...,m. Recall

that, as in (10),
e 1
fegan(2) = ) o 2 [Tt e (——<z—uk,j>2) fo(u) du

2.2
0 2uto?y, 4

where 0% ;; = ejYxe;, pr; = €jpy, and fy(u) is the density function of U defined

in (2). Because eg-Zl <t e;ZQ,

/ (foza(2) = fagz (2))d= <0, (11)
/ (fuza2) = fagz (2))d= > 0, (12)

for all z. We will show that 0217]-]' = 0227”-. If 0217]7- < 0'227]‘]‘, then

<7 Mg 2T H2540

lim (

e ST 02,5j

) 1 1 - , 1 1 , .
R e R 1 e S RN
Fomoo | 0155 0245 OLj5 024 0145 024 OLji  024j
=00.
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Thus, for any large M > 0, we can always find a zyp = —(aM + b), where a,b > 0,

such that (Z=£R20)2 — (22E2009)2 §g greater than 2M? for any z < 2p. Then we have
01,55 02,55

L35 | eep L<Z ~ Hdiye L(z S FEALY QU L M2 L
U2,jj 2U2 Ul,jj 2U2 0-2’]‘]‘ - O‘Q’jj U2
Next, we want to show that
20 oo Z;—” Xp {J‘f—;} -1
/ / (2mu)~? = fv(u) dudz
1
o0 J0 |021,35]"/% exp (2u2021,jj (z— Ml,j)Q)

is positive, if 0?1 j; < 023;;. To prove this, re-express the integral as 77 — Ty, where

T = / / (2mu)~! — -
—c0 JO |0’217jj|1/2 exXp <2u20121’jj (z — :Ul,j)2>

and

91,55

fu(u) dudz > 0

91,55

o {)

20 () P w2

= [ [ e ] fu(u) dudz > 0
Too VUM |U217jj|1/2 oxp <2U2¢721,jj (z - 'ul’j)2>

with uy, = M (log(og;/01,;))"*/?. By Fubini’s theorem we can rewrite 7y and T

as
UM 20 1 1 1 M2
= 0. ¢ T 5 9.9 \F— )2 dZ( ex {}—1) u) du
! /0 /—oo \/ﬂ|0’1’jj’u P < 211,20'217]']'( Ml’]) ) \/ﬂ p u2 fU( )
and
oo fzo 1 1 1 e
T = —_—exp| ————(2 — -2> dz <1— ex {}) u) du.
Note that for W ~ N(0, 1), its tail has a lower bound and an upper bound

1 1) e /2 1e2°/2
4= <P{W<z}l<—=
( ) V22r W =a} T 27

91,55

02,55

91,54

02,54
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for all z < 0. Replace % by 2/, and choose proper a,b such that uy; < —2'.

Then we have

uM 2 12
_1 (o145 M U U, 3 z
T, 2/0 (27) ( ;jj exp{?}—1> (—;+(;) )exp{—2u2}fU(u)du
and
00 . Ul,jj M2 U 2/2
T, < /uM (27) (1 — a exp {?}) — OXD {_2u2 fu(u)du

o0 L u 212
S/ (2m) — eXP 5 fu(u) du.

Choose 0 < My < uy, such that

(2o 35} )

M() . U 2/2
T >/0 (27) — eXD {_2u2 } fu(u)du

+/A;M(27r)1 ( —3

91,5j

02,5j

Then we have

Let

Define a new random variable U with density function h(u) = (2mS) ™' exp {—%} fu(u).
Note that the mean of U is greater than the median. To see this, first consider a
simple case: £ = 1, A = 0, and vy — v; = 2. Then fy(u) = 4duexp(—2u?). We

have E(U) = 22 II((;(__QZZ/,)). Note that K(—22") — K3(—22') — 0 as M — oo. So

E(0) ;

limps oo \/ﬁ = 1, which indicates E(U) < My as M — oo. For general
lo1,5l

cases, using a similar argument, one could show that E(U) is smaller than M, when
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M is sufficiently large. Hence, there exists a € > 0 such that

MO 12
/ (2m) ! ulexp{—z }fU(u)du2 §+e
0 —Zz 2

2u?

00 2
[ ew{-so
0 2
< / (271')—1 _UZ/ exp {_QZUQ } fu(u) du

and

We get Ty — Tp > (£ + €) — (5 — €) = 2e > 0, which contradicts (LI). So we must
have 02y j; > 0% ;. However, if 0?1 ,; > 0?3 j;, using a similar argument, we have

0?1, < 0% ;. As aresult, 0% j; = 0% holds for all j =1,...,m.

Next we consider the covariance. Note that the variance of e/Zj + e;-Zk is a;mf +
0%.ji° + 20145, and by Theorem 6.B.16(c) of [Shaked and Shanthikumar| (2007), we
have e[Z, + e}Z, 2y €Zy + €,Zy. Using a similar argument, we can show that
o2+ 0217]-]' +201,; = 022,% + 0227]-]' + 2055, which implies 04 ;; = 09; for all < and
7. Hence Y1 = 2.

Proof of Lemma [7

. We first prove the "only if” part. By @ and Lemma , it is necessary that EU;? <
EU,? for all vj, j < L. By Taylor’s theorem,

lim EU;? _ fooo u_)‘k/z‘i'fe_fvoudu B F(l Ll — )\k/€> - 0_ )\k/f

vj—vp,J=1,..,0 fooo u— 1= /e —troudy, N fl/ol—‘(f — )\k/g) N gVO ’

for 0 < A\p < 1. We must have Zz\/é/g < 672/?)/5 and thus, A\ > As.

We next show the “if” part. As v, = v for j =0,1,...,¢, the ratio of two density

functions
foa(W) _ oz a(,-r0) (13)

Ju, (U) Co1
is increasing in u > 0, which implies that U; is smaller than U, in the likelihood
ratio order, and thus U; =< U, (see Theorems 1.C.1 and 1.B.1 of Shaked and
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Shanthikumar| (2007))).

hoqu is increasing in w, which is

¢ -V u —viu
2. We just need to show that the ratio [] € 0,2% e~ Yj
j=1

vg,2—Vj < v0,1—V5
1—exp((ro,2—vj)u) — l—exp((ro,1—vj)u)
v = Vo — V; > 0. Then vy > vy > 0. So we need to show —% is increasing in
) J 1—e

v > 0. Since 4 v = Huwe—c™ > () 3lways holds for v > 0, the result follows.
dv 1—e (1—ewv)

equivalent to the fact that

holds for every j. Let

3. By @ and Lemma , it is necessary that EU,? < EU,2. Consider vi1 =2 =1and
A = 0. Then EU? = % Since F-EU? = % < 0, EU? is a decreasing
function of vy. Hence 151 > 1p2.

4. By and Lemma it is necessary that EU? < EUQQ. For ¢ = 2, consider
1
3G

2o+
vi1 = vjz =1 and A = 0. Then we have EU? = w. Since In(*2—- (o) ) =
J» 7> ln((l/(zl+l) ) 41/0

Y0

In(§(vo + Vio +2)) is increasing in vy > 1 and Z- (ﬁ - u02+1> = %;:Sgﬁ;ﬁ;o) <0,

EU? is a decreasing function of vg. So v > voa.

L. Proof of Lemma

By definition,

Eexp <z Z Z’(x)wk>

k=1

=exp | ¢ Z ' (zr)wi | Eexp <z Z UZ()(xk)wk)

k=1 =
=exp iZu'(mk)wk / Eexp( ZUZ' (2w )fU(u) du

k=1

~ > u
=exXp ZZH’(%)wk /0 exp <—? ;;ch(l’u%)%) Jo(u) du,
o (13 e )




for w, € R, 2, €D, k =1,...,n, where the last equality follows by replacing u? with v.
When 0 < A < 1, by (2.1) of |Alsultan and Ma| (2019)) we have

- (11— TS WIC(w, 1) w; i
Eexp (zZZ’(m)wk> _% exp < ZN xk ) . (Zz_l Z]—l 22 ( J) J +€V0>
k=1

¢ PN WwIC(3y, 1w, ‘
Z (Z’L—l Z]—l 2Z (:E x]) J + Vk + (g . 1)”0

+
k=1

[

Vi n n l4
o o wiC Tiy Tj)Wj
— E : <ZZ—1 Zﬁ—l 5 ( Dl + Vky t+ Vg +(5—2)V0>
<

w!C(x;,x ¢ ‘
( )Z—i—l (Zz 12 =1 5 ( J) j :Vk>
When A = 0,

n " b wiC(zy, xj)w;
E exp (iZZ'(m)wk> =— exp( Zp, T )w > {—ln (ZZl ZFI Zl ( ) —i—EVO)

¢
- — wiC(z, xj)w;

k=1

> i 123 | wiC(zi, 7)) w;
- 3w (EER

+ Vi, + Vio + (£ — 2>V0>

1<k

’ l
+ 4 (= 1)z+1 (Zz 12] 120(%’%)‘0 +Zl/k>}

forw, € R,z €D, k=1,...,n, where ¢ is given in[I]

M Proof of Theorem

1. For the “only if” part, because {Z;(x) — p,(z), x € D} § {Zy(z) — py(z),z € D},
by Theorem 4 in Wang and Ma| (2018) we have E(U;)? < FE(U,)? holds for any
positive j. Recall the proof of the first conclusion of [7| then we get \; > \o. For the
“if” part, because A; > g, then by [7] we have U; <4 Us. Thus, by Corollary 3.2 in
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‘Wang and Ma| (2018)), the result follows.

2. Similarly, the result directly follows from Corollary 3.2 and Theorem 4 in Wang and

and Lemma El
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