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Abstract

A Hodgkin-Huxley style system of ODEs was developed to model the ion

channel activity of A. punctulata sperm flagellum during exposure to resact

during chemotaxis. Empirical data was used in conjunction with parameter

estimation methods in an attempt for the model to reproduce realistic Volt-

age potentials and ion concentrations. The change in calcium concentration

is of particular interest, as it is essential in the waveform of the flagellum

during chemotaxis.
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1 Introduction

1.1 Sperm

In the process of sexual reproduction a male gamete must come into contact

with a female gamete. Typically, male gametes are motile whilst the female ga-

metes are not. Male gametes which are motile are referred to as spermatozoon, or

simply sperm, and complimentary female gametes are often referred to as eggs.

Sperm are composed of a head, which is responsible for carrying the genetic ma-

Figure 1: Diagram of sperm, the tail and end piece are known as the flagellum,
and are responsible for the movement of the sperm cell. [22].

terial needed for fertilization, a mid piece, and a tail or flagellum responsible for

propelling the sperm. A diagram of a sperm is shown in Fig.1.

The sperm which we are interested in, are that of Arbacia punctulata, com-

monly known as the purple-spined sea urchin. A. punctulata sperm are heavily

studied, with a lot of experimental data [10]. As they are similar to human sperm,

research and models based on A. punctulata may be useful in further understand-

ing human sperm [20].

1.2 Chemotaxis

Chemotaxis is the movement of an organism based on chemical concentra-

tions in the environment. For A. punctulata sperm, Resact, a protein released by
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the egg, is a chemoattractant [9, 10]. This means that the sperm wants to travel

along the increasing Resact gradient, which would lead to the source, the egg. Re-

sact binds to receptors on the flagellum and stimulates a signal pathway which

excites the sperm and causes it to travel in the direction of increasing Resact. In

Figure 2: Schematic of sperm chemotaxis, the sperm make sharp turns in accor-
dance with the Resact gradient while following a circular path towards the egg.
[13].

Fig.2 it can be seen that the changing Resact concentration causes an intracellular

calcium (Ca2+) burst via the signaling pathway along the flagellum. The dynam-

ics of Ca2+ oscillations in sea urchin sperm are well documented, see [23, 24, 25].

These Ca2+ bursts reorient the sperm in the direction of the egg. It is by this same

mechanism that human sperm reorient [21, 19]. The change in intracellular cal-

cium levels cause asymmetrical beat patterns which affect the curvature of the

sperms path, allowing for reorientation, as seen in Fig. 3. In Fig. 3A, Ca2+ fluo-

rescence and path curvature are shown, in Fig. 3B the black arrow shows where

Resact is introduced and the actual path of the sperm. The blue dots on the path

in Fig. 3B correspond to the blue dots on the graph of Fig. 3A in order to show
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the relation between Ca2+ and the path of the sperm.

(A) (B)

Figure 3: Experiments: calcium and path curvature of swimming. As the calcium
levels rise and oscillate, the path curvature follows in a out of phase oscillation.
Resact is introduced at time zero in (A), and at the black arrow in (B). The blue
dots correlate to show the relation between calcium and curvature of the sperm
path. [2].
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1.3 Cell Membrane

Figure 4: Schematic of channels in Resact mediated chemotaxis pathway. Not
included is an exchanger channel to regulate intracellular ion concentrations. [10]

The signaling pathway, shown in Fig.4, is responsible for influx of ca2+ and

a change in flagellum waveform during chemotaxis. The pathway begins when

Resact binds to the gyanylyl cyclase (GC) receptor. This in turn causes the synthe-

sis of cyclic guanosine monophyosphate (cGMP).The production of cGMP then

causes the potassium (K+)-selective nucleotide-gated (KCNG) channels to open

[10]. Once these channels are open, K+ ions flood out the flagellum and cause a

hyperpolorization of the cell, meaning the positive charge from the efflux of K+

ions causes the membrane potential to drop from approximately -42mV to -80mV

[17].

The hyperpolarization-actived cyclic nucleotide gated channels (HCN) imme-

diately open and begin to allow sodium (Na+) into the cell [15]. This begins the

depolarization process, as positive Na+ ions flow into the cell, causing the mem-

brane potential to increase.

The depolarization of the cell causes both the high and low voltage calcium

channels (HCA, LVA) to open and allow an influx of ca2+, this causes the voltage
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of the membrane to fully depolarize, often rising above the resting potential of

-42mV to reach a peak and then slowly refract back to the resting membrane

potential [10]. The behavior of the voltage during the signaling process is shown

Figure 5: Membrane Voltage During Resact Stimulation, the opening and closing
of the ion channels hyperpolarizing and then depolarizing the cell. Channels are
labeled in accordance with the part of the voltage curve they are responsible for.
[10].

in Fig. 5. Where the stimulation is Resact given to start the signal pathway.

Not pictured in Fig. 4 is an exchanger ion channel, which helps to remove

excess intracellular ions in exchange for others. This helps the balance the in-

tracellular ion concentration. Our model uses a NCKX exchanger, which intakes

four Na+ ions while it expels one Ca2+ and one K+ ion. The exchanger ion cur-

rents depend linearly on the Ca2+ and K+ intracellular concentrations. So the

more internal Ca2+ and K+, the more the exchanger works to evacuate those ions

[1] .
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2 Hodgkin- Huxley Background

2.1 Nerve Action Potential

Alan Lloyd Hodgkin and Andrew Huxley received the 1963 Nobel Prize for

their work in modeling the action potential of the squid giant axon. Nerve action

potentials are propagated by the coordinated opening and closing of ion channels

along the cell membrane of the axon, due to charge from separation of axons [6].

2.2 Hodgkin-Huxley Type Model

Hodgkin and Huxley treated the cell membrane of the axon as a simple cir-

cuit, as the behavior of the biological components, in regards to their electrical

properties, behaved as such. The circuit equivalent to a nerve cell is shown in

Fig.6.

Figure 6: Circuit equivalent of nerve axon. The cell membrane is represented by
the capacitor Cm, and the three ion channels, sodium (Na), potassium (K), and
the leak channel (l). [12].

The ion channels behave as resistors, and the lipid bilayer of the cell mem-

brane separates ion concentrations, and therefore acts as a capacitor. In order to
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observe how voltage changes with time, one must first determine all of the cur-

rents. Using standard equations for a circuit, and defining the movement of ions

from inside the cell to outside as positive current, we have that the membrane

capacitance Cm is

Cm =
Q

Vm

where Q is charge and Vm is the membrane voltage. Current through a capacitor

is given by

Ic =
dQ

dt
= Cm

dVm
dt

.

Now, for each of the ion channels, letting the subscript i denote the i-th channel,

assuming the ion channels follow Ohms Law, V = IR, we have that

Ii =
1

Ri

Vi.

As ion flow is determined by electrical current and the concentration differences

across the membrane, we must account for the Nernst potential Ei, which is is

the potential that opposes net diffusion of a particular ion through the cell mem-

brane. The Nernst Potential is based on a particular ions concentration on either

side of the membrane.

Ii =
1

Ri

(Vi − Ei) .

Now, as these channels switch on an off we add a gating variable n which is a

value ranging from 0 to 1, we also repalce
1

Ri

with gi wich is the maximal con-

ductance (inverse of resistance) for that particular ion channel. Therefore our

final equation for the i-th ion channel is:

Ii = gin
pi
i (Vi − Ei) ,
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where pi is a power often represeting the number of gates in a channel and the

behavior of n is governed by the ODE

dni

dt
= αni(1 − ni) − βni(ni),

which is described in Fig 7. Now, from Kirchhoff’s current law, the sum of our

Figure 7: Behavior of gating variable, αn is the transition rate from closed to open,
βn is the transition rate from open to closed [11].

currents must be zero

Ic +
∑
i

Ii = 0

Ic = −
∑
i

II

Cm
dVm
dt

= −
∑
i

Ii

Therfore, the change in potential across the membrane is then given by the system

dVm
dt

= − 1

Cm

∑
i

Ii

Ii = gin
pi
i (Vi − Ei)

dni

dt
= αni(1 − ni) − βni(ni)
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2.3 Steady State of Gating Variables

The steady state of the gating variables is not only part of the explicit solution

for the gating variable equation, but it can also be used to simplify a model which

has channels that reach a steady state quickly. This makes an ODE describing the

gating behavior unnecessary. Starting with our ODE for n:

dn

dt
= αn(1 − n) − βn(n)

At steady state, we have

0 = αn(1 − n∞) − βn(n∞)

0 = αn − αnn∞ − βnn∞

0 = αn + (−αn − βn)n∞

n∞ =
αn

αn + βn

Now, back to our original ODE for n, one will find that solving the ODE by sepa-

ration of variables will lead to the solution

n = n∞ − (n∞ − n0)e
− t
τ

where

τ =
1

αn + βn
.

Later in our paper, we will assume some channels reach steady state quickly,

and therefore we will replace the gating variable with a function similar to the

above solution for n. This can be see in equations (8) and (9).
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3 The Model

Our model uses a Hodgkin-Huxley system of ODEs to model the ion chan-

nels along the flagellum and intracellular ion concentrations. Initial intracellular

ion concentrations, needed for our ODEs and for the estimation of steady state

parameters, are from [1]. In order to model the KCNG hyperpolarization directly

from Resact, interpolated cGMP data from exposure to Resact was taken from

[4, 10]. Lastly, in order to estimate parameters for the active state where the model

was subjected to Resact, interpolated voltage and calcium data from [17], seen in

in Fig.8 were used. The following system of ODEs was solved in MATLAB by

Figure 8: Voltage (Black) and Calcium (Red) Data in response to varying Resact
Concentrations. This data was used to estimate parameters for our model when
not in a steady state [17].

ode15s.
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3.1 Ion Channels

For our model, we have chosen to model the KCNG, HCN, HVA, NCKX ex-

changer, and a leak channel. Clearly we did not include an LVA channel, this was

for simplicity, and was following in the form of the model from [1] where both

channels were lumped into one. However, DNA fragments of both HVA and LVA

channels have been found in A. punctulata [10].

For our exchanger we chose an NCKX exchanger, as they have been found

and localized to A. punctulata flagellum. However NCX exchangers may also

play a role in the signal pathway. NCX exchangers have been found in rat sperm

flagella, though their existence has not been documented in sea urchin sperm

[18]. So to keep the model simple, we will only include a NCKX channel.

It is also worth noting the PCMA channel acts as a pump to remove Ca2+. It

has been shown in [8] to be localized in flagella in S. purpuratus, but not A. punc-

tulata. However, both S. purpuratus and A. punctulata had NCKX exchangers,

so we reason that for a general sea urchin sperm model NCKX is the dominant

Ca2+ extrusion mechanism.

3.2 ODE System

The following equations are the proposed model to govern membrane poten-

tial and intracellular ion concentrations.

dVm
dt

=
−1

Cm

∗ (IKCNG + IHCN + IHV A + ILeak + IKnckx + ICanckx + INanckx) (1)

d[Ca2+]

dt
=

−1

2f
∗ (IHV A + ICanckx) (2)

d[Na+]

dt
=

−1

f
∗ (IHCN + INanckx) (3)
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d[K+]

dt
=

−1

f
∗ (IKCNG + IKnckx) (4)

dm

dt
= minf −m (5)

where minf is:

minf =
1

1 + exp
(

V−VKCNG
sKCNG

) ∗
(

[cGMP ]

K + [cGMP ]

)
(6)

The first differential equation, equation (1) is a standard Hodgkin-Huxley Model,

where the change in voltage over time is equal to the sum of the ion currents (Ii)

from each channel, divided by the capacitance (Cm).

Equations (2)-(4) model the ion flux through the membrane, or their change

in concentration in micromolar (µM). Their ion current contributions divided by

a product of the cell volume and Faraday constant yield an ion concentration.

The last differential equation (5) is the gating variable for the KCNG chan-

nel. While realistically all of the ion channel equations should have an ODE to

represent their gating variables, we assume most reach steady state very quickly.

However, the gating for the KCNG channel is directly related to cGMP concentra-

tions and we have real cGMP data. We have chosen to let the standard Hodgkin-

Huxley gating variable ODE for a gating variable depend on cGMP concentra-

tions and K, in equation (6), where K is a half maximal cGMP concentration.

3.3 Current Equations

Details for the currents from equation (1) are now given for each ion channel.

IKCNG = ḡKCNG ∗m1 ∗ (Vm − EKCNG) (7)
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IHCN = ḡHCN ∗ (Vm − EHCN) ∗ 1

1 + exp
(

V−VHCN
sHCN

) (8)

IHV A = ḡHV A ∗ (Vm − EHV A) ∗ 1

1 + exp
(

V−VHVA
sHVA

) (9)

ILeak = ḡLeak ∗ (Vm − ELeak) (10)

ICanckx = 2 ∗ f ∗ ef ∗ [Ca] ∗ [K] (11)

INanckx = −4 ∗ f ∗ ef ∗ [Ca] ∗ [K] (12)

IKnckx = f ∗ ef ∗ [Ca] ∗ [K] (13)

Equations (7)-(9) are for the current for the KCNG, HCN, and HVA channels,

respectively. These are Hodgkin Huxley equations for ion channels,equations

(8) and (9) are multiplied by a steady state gating variable term. Equation (10)

accounts for the leakage of ions from the membrane, a standard Hodgkin-Huxley

practice. Equations (11)-(13) are to describe the NCKX exchanger. The NCKX

exchanger uptakes four Na+ ions while it expels one Ca2+ and one K+ ion. It was

assumed that Na+, Ca2+ and K+ depend linearly on Ca2+ and K+ concentrations

[1]. These equations multiply the [Ca2+] and [K+] concentrations by f to convert

them to a current, this current is then multiplied by the flow rate ef and by the

number of valence ions passing through the channel.

It is important to note that the Nerst Potential (Ei) component of equations (7)-

(10) is dependent on intracellular and extracellular ion concentrations. Letting

the subscript i denote the ion/ ion channel.

Ei =
RT

zF
∗
{

ion ini

ion outi

}

These varying Nerst potentials are easily calculated as we have ODEs to calculate
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intracellular concentrations and extracellular concentrations can be assumed to

be constant. However, in preliminary development of the model, the variance of

the Ei’s was insignificant given the inner and outer ion conditions given from [1].

As varying Nerst potentials just resulted in noisy currents with little variation,

they were left as constant values.

3.4 Parameters

Table 1: Parameter Values for the model.

Parameters Value (Lit Value)

EKCNG (Reversal potential for KCNG, mV) -80 (-80 in [5])
EHCN (Reversal potential for HCN, mV) -45 (-30 in [7])
EHVA (Reversal potential for HVA, mV) 19.036397, Estimated (22-29 in [16])
ELeak (Reversal potential for Leak, mV) -13.771565, Estimated (-50 [3])
gKCNG (max conductance for KCNG, nS) 0.11 (0.04-0.129 in [5])
gHCN (max conductance for HCN, nS) 0.036, Estimated (0.031, 0.043 in [14])
gHVA (max conductance for HVA, nS) 6.8533×10−4, Estimated (0.007 [1])
gLeak (max conductance for Leak, nS) 3×10−4, Estimated (100 in [3])
VKCNG (gating variable for KCNG, mV) -60 (-25 in [4])
VHCN (gating variable for HCN, mV) -55 (-45 to -65 in [4])
VHVA (gating variable for HVA, mV) -16.045268, Estimated (-13 in [1, 16])
sKCNG (step width for KCNG, mV) 10, Estimated
sHCN (step width for HCN, mV) -15 (-15 in [4])
sHVA (step width for HVA, mV) -8.8 (8-13 in [16])
ef (rate of flow through NCKX, µM/ms need to check!) 6.1248×10−8, Estimated
Cm (membrane capacitance, pF) 2.8 (Calculated in §4.3)
vol (volume of sperm flagellum, L) 1.413716×10−13

SA (surface area of sperm flagellum, cm2 2.82× 10−6

f (vol×Faraday constant, ms PA µM−1) 13.640302
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4 Units and Calculated Constants

Preffered Units

• Voltage: mV (millivolts)

• Time: ms (milliseconds)

• Concentration: µM (micromolar)

• Current: pA (picoamps)

• Cunductance: nS (nanosiemens)

4.1 Cell Volume and Surface Area

For a simple approximation, the cell is assumed to be a cylinder with a radius

of 1 micron and a length of 45 microns, the end caps of the cylinder are ignored.

Cell volume in m3 using r2 ∗ π ∗ h:

(1 × 10−6 m)2 ∗ π ∗ (45 × 10−6 m) = 1.41 × 10−16 m3

Converting to liters:

1.41 × 10−16��m3 ∗ 1 × 103 L

�
�m3

= 1.41 × 10−13 L
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Surface area in cm2 using 2 ∗ π ∗ r ∗ h:

2 ∗ π ∗ (1 × 10−4 cm) ∗ (45 × 10−4 cm) = 2.82 × 10−6 cm2

4.2 Calculating cGMP per cell

Our cGMP data was taken from[10], and it was given in total cGMP in pmoles

for 108 cells. For our code, we want cGMP in terms of µM per cell.

Total cGMPpmol ∗ 1 µmol
1 × 106 pmol

∗ 1 Total
108cells

∗ 1

vol L
=

cGMP µmol
cell L

=
cGMPµM

cell

4.3 Cell Capacitance

For most cell lipid bilayers,
1µF

cm2
is a standard rate of capacitance.

Surface Area is 2.82 × 10−6 cm2 Which results in:

1 × 10−6 F
�
��cm2

∗ 2.82 × 10−6���cm2 = 2.8 × 10−12 F = 2.8 pF

4.4 Determining Ion Flux through Channels from the Faraday

Constant and Cell Volume

Our Hodgkin Huxley ODEs will provide us with ion current in picoamps, and

we know our cell volume. We can use the Faraday constant to determine the flux,

as the units for F are
C

mole
=
A ∗ s
mole

.

ion flux =
1

F ∗ cell volume
∗ ion current
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In terms of units
mole

vol ∗ s
=

mole
A ∗ s ∗ vol

∗ A

Therefore our ion flux ODE is in the form:

d ion conc.
dt

=
1

f
∗ Ion current

where f is a product of the Faraday constant and cell volume, and we will want

the units to be:
µM

ms
=

1

f
pA

therefore
1

f
must be

µM

ms
=

µM

ms*pA
∗ pA

Therefore f must be in
ms*pA
µM

=
ms*pA* L
µmole

in order to convert the units observe,

starting with:

F * cell volume

A ∗ s
mole

∗ L

��A ∗ �s

����mole
∗ L ∗ 1����mole

1 × 106 µmol
∗ 1 × 1012 pA

��A
∗ 1 × 103 ms

�s
=

ms*pA* L
µmole

=
ms*pA
µM

and we have that our conversion is:

f = F* cell volume*
1

1e6
∗ 1e12 ∗ 1e3

This f can therefore be used to easily convert between concentration and current.
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5 Parameter Estimation

The fmincon function in MATLAB was used for parameter estimation, this is

a constrained nonlinear optimization technique. Constrained minimization is the

problem of finding a vector x that is a local minimum to a scalar function J(x),

subject to the constraints allowable on x. As we know, on an order of magnitude,

realistic values for our unknown parameters. We will let our parameters be the

vector x and subject realistic constraints (upper and lower bounds on possible

values for each variable). The trick is developing, and weighting, a cost function

J(x) which will result in a vector of parameters x minimizing the cost. Our cost

will be from ideal data, therefore when x has minimal cost, that means they best

fit the data.

The code works by repeatedly evaluating a cost function until x is minimized.

In our case the cost function would be the difference between the ODE system

evaluated with x parameters and real data

J(x) = (ode15s(x) −RealData)2.

Once the cost function is minimized the fmincon fucntion will output the optimal

ODE parameter vector x. In order to fit our unknown parameters, we were first

interested in the the steady state case.

5.1 Steady State Case

In a steady state, with no Resact, the resting potential of the A. punctulata

sperm is known to be -42mV [10]. The resting concentrations of intracellular ions

were estimated from [1].
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Steady State Voltage (VSS)=-42 mV

Steady State Ca2+ (CaSS)=0.2 nM

Steady State Na+ (NaSS)=30mM

Steady State K+ (KSS)=110mM

The first attempt at an error function J was to scale the voltage and ion con-

centrations and to just add their error. Our model used M data points.

J =
∑(

1

maxV
(V − V SS)2 +

1

max[Ca2+]

(
[Ca2+] − CaSS

)2
+

1

max[Na+]

(
[Na+] −NaSS

)2
+

1

max[K+]

(
[K+] −KSS

)2)
/ (4 ∗M)

(14)

The fmincon function did converge, though there was significant error,9 is the re-

sult of the parameter estimation. Observe how the voltage goes to zero. Through

Figure 9: Steady state parameter estimation, currents. Membrane voltage is on
the top left, NCKX currents are on the top right. All other ion channels are on the
bottom. The large HCN current causes the to voltage crash to zero.
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Figure 10: steady state parameter estimation, concentrations. Ca2+ has a large
spike then crashes back down.

lots of trial and error, the optimal cost function was found to be

J =

∑(
(V − V SS)2 + 100, 000 ([Ca2+] − CaSS)

2
)

2 ∗M

Observe that the calcium had to be weighted heavily, and the other ion concen-

trations were not important. This cost function produced ideal steady state pa-

rameters, as all the currents and concentrations were realistic.

5.2 Testing the Steady State Parameters in the Presence of Resact

With optimal steady state values from the first parameter estimation, the model

was tested by introducing cGMP data from Resact, this essentially turned on the

KCNG channel. The model was stabilized for 1000ms before the Resact was in-

troduced. The system hyperpolarized, yet failed to depolarize. Looking at the

currents it is clear the NCKX exchanger increases productivity in response to
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Figure 11: Optimal steady state parameter estimation, currents. Membrane volt-
age is on the top left, NCKX currents are on the top right. All other ion channels
are on the bottom. Voltage is steady at an ideal level, with realistic stable currents
from ion channels.

the hyperpolarization, causing Na+ and K+ to stabalize. Ca2+ increases, but not

enough to cause depolarization. This indicates that the model may need a LVA

Ca2+ channel. This behavior is seen clearly in Fig.13 and 14.

5.3 Active Case (Resact Present) Parameter Estimation

For the active case, where Resact is present, we had voltage and Ca2+ data

from [17] at 25pM, which was their greatest concentration. For cGMP we had data

from [10] at 0.25nM which was their smallest concentration, in pM the Resact for

cGMP was 250pM, ten times greater than the Resact concentration for our voltage

and calcium data. Though our best match up of data was off by a factor of 10 in

regards to Resact concentration, this was a decent place to start. As the cGMP
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Figure 12: Optimal steady state parameter estimation, concentrations. All the ion
concentrations match the target steady state concentrations and stabilize

data was only used to kick start the minf ODE, equation (5). The parameters

from the steady state were used as an initial guess.

In order to persevere the steady state characteristics, the model was allowed

to stabilize for 1000ms before the Resact was introduced. Once the Resact was

introduced, voltage data (VData) and Ca2+ data (CaData) were interpolated from

Fig. 8 [17] and used in equation (6).

Our error function was simply:

For time zero to 1000ms

J =
∑(

(V − V SS)2−(
[Ca2+] − CaSS

)2
)
)
/ (2 ∗M)

(15)
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Figure 13: Active (with cGMP) optimized steady state parameters, currents.
Membrane voltage is on the top left, NCKX currents are on the top right. All
other ion channels are on the bottom. The system hyperpolarizes, yet fails to
depolarize.

Figure 14: Active (with cGMP) optimized steady state parameters, concentra-
tion. The calcium concentration increases during hyperpolarization, yet the sys-
tem fails to depolarize. Sodium and potassium currents remain constant, as the
NCKX exchanger begins to increase. This indicates that another calcium channel
(LVA) may be necessary in the model.

29



For time 1000ms to the end of the real Data

J =
∑(

(V − V Data)2−(
[Ca2+] − CaData

)2
)
)
/ (2 ∗M)

(16)

Many other weight functions were attempted, along with different permutations

Figure 15: Parameter Estimation using Real data for Calcium and Voltage in
25pM of Resact and cGMP data from .25nM of Resact. The voltage hyperpo-
larization is effectively captured, though the cell never depolarizes. The shift in
calcium is also captured, though the exact behavior of the curve is poorly repli-
cated.

of parameters to be estimated, none of the error functions would found to con-

verge a small error.
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6 Discussion

This model does an effective job in replicating the resting state of the sperm

cell (when there is no Resact). However, the heavy weighting on the behavior

of the Ca2+ indicates this model was not ideal. Perhaps separating the calcium

channel into an HVA and LVA channel would provide this model with enough

flexibility to depolarize properly.
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