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Abstract

The purpose of this paper is to construct sets, measures and energy forms of certain
mixed nested fractals which are spatially homogeneous but not strictly self-similar.
We start with the constructions of regular nested fractals, such as Sierpinski gaskets
in R" and Koch curves in R?, by employing the iterated map system. Then we
show that under the open set condition, the unique invariant (self-similar) measure
consists with the normalized Hausdorff measure ristricted on the invariant set. The
energy forms construced on regular Sierpinski gaskets and Koch curves is also proved
to be a closed form. Next, we use the similar idea, by extending the iterated maps
system into a general case, to construct the mixture sets, as well as measures and
energy forms. It can be seen that the elements so constructed will not have any

strict self-similarity, but them indeed satisfy some weak self-similar properties.
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Chapter 1

Introduction

A fractal is by definition a set for which the Hausdorff dimension strictly exceeds
the topological dimension, i.e., a set with non-integral Hausdorff dimension, given
by Benoit Mandelbrot in his book [17]. Such sets, when they have the additional
property of being strictly self-similar, have been used to to model various physical
phenomena. Meanwhile, in [16], Lindstrom was able to describe a family of fractals,
called by him nested fractals, to be a good mathematical model for what physicists
call finitely ramified fractals, which are self-similar bodies that can be disconnected
by a finite number of cuts. For example, the Sierpinski gasket and the Koch curve
are two particular nested fractals that will be mainly dicussed in this paper. For
very regular self-simillar fractals, it is possible to construct the unique invariant set
K and invariant Hausdorff measure p on K based on the contraction principle in
complete metric spaces. Those notions have been studied in a general framework
by Hutchinson [11]. Moreover, the Dirichlet form for the regular Sierpinski gasket
has been introduced in Fukushima-Shima [9] as a basis to formulate the spectral
analysis for the gasket.

However, in the mathematical physics literature, the main interest is not in regu-



lar fractals, but in irregular objects which are believed to exhibit “fractal” properties.
We call this kind of structures by “irregular fratals” or “fractal mixtures”. Sets of
this type, and their diffusions, have been studied recently by Barlow-Hambly [1].
The main focus of this thesis will be on constructing the sets, measures and energy
forms that are not strictly self-similar. Results obtained in this paper are used to
prepare for the future study and research. We will not consider the case of non
nested fractals, such as the Sierpinski carpet, because it asks for employing quite
different techniques. The paper is organized as follows: In the next chapter, I will
begin by recalling the contraction principle in a metric space. After introducing
contractive maps and the completeness of Hausdorff metric space of compact sets,
the proof of the existence and uniqueness of invariant sets is given, based on which
certain fractal sets will be constructed in following chapters. I use Chapter 3 to de-
scribe the properties of contractive similitudes in Euclidean space, as well as those of
invariant sets. In addition, it is necessary to talk about the Hausdorff dimension of
such invariant sets under given contractive similitudes satisfying the open set condi-
tion. In order to help with understanding, basic concepts of Hausdorff measure are
also given. Chapter 4 is devoted to developing theories of invariant measures, which
are proved by the contraction principle. Some properties of such measure will be
shown. In particular, the invariant measure consists with the Hausdorff measure un-
der the open set condition. Examples in fractals, such as the Koch curve, Sierpinski
gasket and carpet, are shown including pictures in Chapter 5. Then, in Chapter 6,
the reader is first introduced to the iterated map system. Energy forms on certain
regular fractals are constructed later. Furthermore, we can show that such energy
form is bilinear, closed, and also satisfies the Markov property. That is to say this
energy form is a Dirichlet form. It doesn’t enter the scene of any fractal mixtures

until Chapter 7. I extend the iterated map system to a general case which depends



on a given positive integer sequence. Once the new system has been explained, we
will use the similar idea that was developed in the previous chapters to construct
the sets, measures and energy forms on irregular Sierpinski gaskets. Finally, we will
list some future works in the last chapter.

Complete proofs of the main results will be presented. For some of the more
difficult results, only the easiest non-trivial case of the proof (such as the case of
two dimensions) is included here, with a reference to the complete proof in a more

advanced text.



Chapter 2

Contractions

2.1 Contraction Principle

Let (X,d) be a complete metric space. We say lim, . x, = z for z,z, € X, if
d(zp,z) — 0in R as n — oo.

A map f: X — X is said to be a contraction, if there exists 0 < r < 1 such that

d(f(x), f(y)) < rd(z,y)

for every x,y € X. The smallest one of such constant r is given by

o AU
Ty d(ajv y)

9

and is called the Lipschitz constant of f, denoted by Lip(f).
Notice a contraction map is continuous. For notational purposes we define f"(z),
x € X for n > 0 inductively by f(z) =z and f"™(x) = f(f"(2)).

One important result is known as Banach’s contraction principle followed.

Theorem 2.1.1. Let (X, d) be a complete metric space and f : X — X be a con-

4



traction. Then f has a unique fized point p € X such that f(p) = p. Furthermore,

for any x € X we have

lim f"(z) =p

n—oo

with

n

d(f™(x),p) < ——d(, f(2)).

— 11—

Proof. We first show uniqueness. Suppose there exist x,y € X with f(z) = =z,

f(y) =y. Then
rd(z,y) < d(x,y) = d(f(z), f(y)) < rd(z,y).

Therefore d(z,y) = 0, which implies x = y.

To show existence, we first show that {f"(x)} is a Cauchy sequence. Since

d(f" (), f(2)) < rd(f* (@), f1(@) < - <l f(2),

thus for every € > 0, we can find an N € R large enough such that forallm >n > N,

we have

d(f™(x), f™(x)) <d(f"(x), [ (@) + d( " (@), 772 (@)
o d(f (@), ()
<rd(x, f(x)) + -+ 1" Hd(z, f(x))

<r"d(z, f(z))(L4+r+r*4---)

d(w, f(x)) < —

r
1—7r

d(z, f(z)) <e.

1—7r

This shows that { f"(z)} is a Cauchy sequence. Since X is complete, there exists



a p € X such that lim,_., f"(x) = p. Moreover the continuity of f yields

p=lim f"*(z) = lim f(f"(2)) = f(lim ["(2)) = f(p).

n—oo n—oo n—oo

Thus p is a fixed point of f. Finally we have

,r,TL

lim d(f"(x), f™(x)) = d(f"(x), p) < ——d(x, f()).

m—o0 “1-r

2.2 Metric Space of Compact Sets

Let (X,d) be a complete metric space. If x € X, K C X, then define the distance

between x and K by
d(z,K) =inf{d(z,y) :y € K}. (2.1)
For € > 0, define the e-neighbourhood of K by
K.={re X :d(z, K)<e}. (2.2)

Let B be the class of non-empty closed bounded subsets of X, C be the class of

non-empty compact subsets of X.

Definition 2.2.1. Hausdorff metric 6 on C is defined by
d(A, B) = sup{d(z, B),d(y,A) :z € A,y € B}. (2.3)

Theorem 2.2.1. (C,9) is a complete metric space under Hausdorff metric.

6



The proof of this theorem is not trivil, for details, see reference [2] or [14].

We list some elementary properties to be used in the following sections. Let
f:X—=X,and f;: X - X fori=1,...,N. Denote A; = f;(A) for A C X. Then
forACc X,BC X

(i) o(f(A), f(B)) < Lip(f)3(A, B),

-----

2.3 Invariant Sets

Let (X, d) be a complete metric space. 1; : X — X fori=1,..., N are contraction
maps with

d(i(x), ¥i(y)) < rid(z,y)

where 0 <7; < 1fori=1,..., N. We assume that r; = Lip(¢;).

Define a set-to-set map ¥ by
N
U(A) = Jwi(4), AcX (2.4)
i=1

where 1;(A) = {1;(a) : a € A}. Denote n-time iterated map Wo---o W by ¥".

Notice that each 1); is considered as a set-to-set map, and W is also a set-to-set
map imaging the subset A C X into the subset ¥(A) C X. We now study the map
U on the space (C,0). We first show some properties of the set ¥(B) and the map
B +—— V¥(B) when B € C.

Lemma 2.3.1. VU is a contraction map on C in the Hausdorff metric.



Proof. By the properties listed in Section 2.2, we have

0 (U(A),¥(B)) =9 (U vi(A), U %(B))

=1

< max 6 (¢;(A),¥;(B)) < max, {r:}6(A, B).

T I<i<N
Let 7 = maxj<;<n {ri}. Then 0 <7 <1 and ¢ (V(A),¥(B)) <rdi(A, B). O
Lemma 2.3.2. Let B€ C. Then V(B) € C.

Proof. Since we have proven V¥ is a contration map on (C, d), that ¥ is a continuous
map. Moreover, a continuous image of a compact set is compact. Review that C is

a class of non-empty compact subsets of X. Therefore, ¥(B) € C when B € C. [

Similar to the definition of a fized point in Section 2.1, we give a definition of an

imvariant set under a set-to-set contraction map.

Definition 2.3.1. The set K C X s invariant with respect to ¥, if

K = (K) = Jvi(K). (2.5)

Furthermore, a theorem showing the existence and uniqueness of an invariant

set is given.

Theorem 2.3.1. There is a unique non-empty compact set K € C which is invari-
ant with respect to W. Moreover, for an arbitrary non-empty compact set A € C,

UP(A) — K as p — oo in the Hausdorff metric.

Proof. Since (C, ) is a complete space in Hausdorff metric, from Lemma 2.3.1 we
know W : C — C is contraction. Then by the contraction principle, there exists a
unique fixed point K € C such that U(K) = J¥, :(K) = K, i.e. K is invariant

with respect to V. In addition, for any A € C, we have lim,, .., V?(A4) = K. O



2.4 Properties of Invariant Sets

Continue the notations in Section 2.3. Denote 9, ;, = ¢; 0---01; , and by s;, .,
the fixed points of 1), . ;,. For arbitrary A C X, denote 1;,, ;,(A) = A,

Notice that WP(A) = {J;, ; Ai, i, where for every set of indeces 41,...,i, €
{1,...,N}. If Ais bounded, then diam(A;,, ;,) < riy - -+ - ry,diam(A) — 0 as

p — 0Q.

By 41,...,%,, we mean the infinite sequence #1,...,%p, 01, ..., %p ... 01, .., 0. ..

Property 2.4.1. Let K be the compact invariant set of V. Then

N
1' Kil..‘ip - Uip+1:1 Kil...ip,ip+1'

1.y 15 a singleton whose member

2. KD K D DKj.i D, and (2, K;

s denoted as ki, ; ... K is the union of these singletons.

8 Vg (Kiy i) = Kjijgin.ip...

4. k:le_”;p = Si,..i,,and in particular s;, ;, € K.

Also ki, ..,... = limy,_.o0 84,5, and in particular, this limit exists.

pee-

5. K s the closure of the set of fized points of ;. ;,.

6. The coordinate map 7 : C(N) — K given by m(a) = ky is a continuous map

onto K.

7. If A is a non-empty bounded set, then d(A;,. .,k ..i,.) — 0 uniformly as

p — 0.

Proof. 1. Since



then

K: U Kil...,’ip-

1eip

Similarly,

N
Kiy.iy = Viriy (K) =i, | | 3,00 (K)

ipt1=1
N N
= U vuinn(K) = U Kivigiir-
ip+1=1 tp+1=1

2. From 1, we have K D K;; D --- D Kj, ;, D ---. Since diam(k;, . ;) — 0 as

p — 00, that ﬂ;il K, .4, 1s a singelton, whose unique member is denoted by

yereylpee”

Kiy....ip.... Since K = Uil...,ip K, ...i,, that K is the union of k;,

3. Since ¥, ., (Kiy,..i,) = Kjy,. jgir,...i,» then we have

o0
Uiroondo By ) = Ugriy [ Kivrooi
p=1

oo
- ﬂ Kjlr--vjqilv--wip = k:jlv"'ajqilv---vip""
p=1

4. By the above 9, i (k is the unique fixed

foiy) = ki, it follows k;

point s;, i, of ¥y i, which implies both s;, k . € K4, Since

coripy R g

lim diam(K;,,.. ;) =0,

p—00

thus limy_ si, i

= ki

P P’

5. From 2 and 4, we get 5 immediately.

6. Suppose o =< aj...q;... >€ C(N) and € > 0. Then 7(a) = kq,...q,..,and

so there is a ¢ such that Ko, o, C {z € K : d(x,¢(a)) < €}. Since Kq,. o, is

10



the image of the open set {3 : §; = «;, if i < ¢}, it follows 7 is continuous.

7. Suppose A C X is non-empty bounded set. Then

d(Aih---,ip? ki1,---,ip---) :d(wil,---dp (A)a wily---ﬂ‘p (kip+1---))

<rip e d(A k)

<ri -1y, sup{d(a,b) :a € A,be K}
<constant <1ré1%>1<\7 ri)p

—0

as p — 00.

2.5 Similitudes in Metric Space

Let (X, d) be a complete metric space.

Definition 2.5.1. A map f : X — X is called a similitude if d(f(x), f(y)) =
rd(xz,y), Ve,y € X and some fized r € R. Moreover, f : X — X is said to be a

contractive similitude if r € (0,1).

Notice that from the definition we know that a contractive similitude f is also a
contraction map with Lip(f) = r. Therefore, there exists a fixed point p in X such
that f(p) = p.

The notion of similitudes (contractive similitudes) can be given in any arbitrary
metric space. However, we are interested in a particular case where the metric space
is R” with Euclidean distance d. Relative properties of invariant sets in Euclidean

space will be given in the following chapter.

11



Chapter 3

Similarities

3.1 Similitudes in Euclidean Space

Let (X, d) be a complete metric space. In this section, we only consider the case
that X = R" and the Euclidean distance d.
Denote

fr : R® — R"™ be the homothety pu,.(z) = rz,r >0,
7, : R™ — R" be the translation 7,(z) = = — b.

Proposition 3.1.1. f : R* — R” s a similitude iff f = p,. o1 0 O for some

homothety ., translation 1, and orthonormal transformation O.

Proof. (<) is obvious.
(=) Let f be a similitude with Lip(f) = r. Set g(z) = r~(f(x) — f(0)), then

f(x) = proT_,-150)0g. Need to prove g is orthonormal transformation, i.e. preserve

12



the inner product and linear. Since

(9(2), 9(y) =(r~"(f(x) = £(0)), 7 (f(y) — £(0)))
=r(f(x) = f(0). f(y) — £(0))
2%2 1 (@) = FOIP +11f @) = FO = 11f () = F )]

T (o, 00 + (5, 0) e, )]
L (.07 + (d(0,0)) — (Al )]
Z% [l + 1yl = Iz = ylI?]

it follows g preserves inner products.
Let {e; : 1 <i < N} be an orthonormal basis for R". Then {g(e;) : 1 <i < N}

is also an orthonormal basis. Hence

N N
g(@) = (g(x),9(e))gle) = Y _(x,e)g(e).
i=1 i=1
It follows g is linear. Therefore g is an orthonormal transformation. O]

Remark 3.1.1. If¢; : R" — R" fori =1,..., N are contractive similitudes with
Lipschitz constants ;. Then for A C R™, V(A) = Uf\il V;(A) is a contractive
similitude in (C,0), where C is the class of non-empty compact subsets of R™ and 6

is the Hausdorff metric on C. Moreover, there exists a unique compact invariant set

K € C such that V(K) = K.

Now we are interested in the dimension of the invariant set K of U. Before

showing the Euclidean properties of K, we give some notions of Hausdorff dimension

13



and Hausdorf measures in the following sections.

3.2 Hausdorff Measures

Now we introduce certain “lower dimensional” measures on R", which allow us to
measure certain “very small” subsets of R”. These are the Hausdorff measures #*,
defined in terms of the diameters of various efficient coverings. The idea is that A is
an “k-dimensional subset” of R" if 0 < J#*(A) < oo, even if A is very complicated

geometrically, such as in the case of fractals.

Definition 3.2.1. Let ACR",0<k < 00,0 <€ <o0. Set

HF(A) = inf {Z a(k)27"(diamC;)* : A C U C;, diam(C; < e} (3.1)
i=1

=1

where

k/2

a(k) = m7

with D(t) = [ e "2 dx, (0 <t < 00) be the gamma function.

Define
HM(A) = lim SF(A) = sup A5 (A). (3.2)

We call % the k-dimensional Hausdorff measure on R™, for A C R".

Remark 3.2.1. 5% will not always be finite on bounded sets. In fact, we have

H*(A) € [0, 00].

By the definition of Hausdorff measure, we can easily prove that: If f : R" —
R™ is Lipschiz, i.e., Lip(f) < oo, then J%(f(A)) < (Lip(f))ks%(A). If fis a
similitude, then fu 2% := 5% o f=1 = (Lip(f))*H#".

14



Let ™ be the n-dimensional Lebesgue measure on R™. Observe that

ZL"(B(x,r)) = a(n)r”

for all balls B(z,r) C R™. We will see later that if k is an integer, % agrees with
ordinary “k-dimensional surface area” on nice sets.

We now show some results of the Hausdorff measure without proof. Although
these results will not be used in this paper, they play an important role in the
research of Hausdorff measures. Moreover, they will be helpful for us to understand

the relative theory of Hausdorff measures.

o 7% is a Borel regular measure (0 < k < 00).

e n-dimensional Lebesgue measure and n-dimensional Hausdorff measure agree

on R", ie. " = %" on R".

e Let f: R" — R™ be Lipschitz and one-to-one, n < m. Then for each .Z"-

measurable subset A C R",

where J(f) is the Jacobian of f.

For more details and proof, see reference [4].

Example 3.2.1 (Surface area of a graph). Assume g : R" — R is Lipschitz and
define f : R™ — R by
f(z) = (z, ().

15



For each open set U C R"™, define the graph of g over U by
G = G(g,U) = {(z,9(x)) : v € U} C R,

Then
H(G) = “surface area” of G :/ J(f)dx
U

3.3 Hausdorff Dimension

Before defining the Hausdorff dimension of a subset of R", we first show a lemma

to help with understanding the following concepts.

Lemma 3.3.1. Let ACR" and 0 < k <t < 0.
(i) If #*(A) < oo, then ' (A) =0,
(ii) If (A) > 0, then S%(A) = +oo.

Proof. Suppose s#%(A) < oo and € > 0. Then there exist sets {C;};2, such that

diamC; < e, A C |2, C; and

Za “(diamCy)" < AF(A) +1 < AF(A) + 1.

Then

o0

) < Z a(t)27 (diamC;)"

:ﬂ
a(k
o

=

203" a(k)27* (diamC)* (diamC;)' ™
=1

)
t) —t _t—
_a—k)2k R (AR (A) +1).

Send € — 0 to conclude J*(A) = 0. We proved assertion (i). Assertion (ii)

16



follows from (i) at once. O

Definition 3.3.1. The Hausdorff dimension of a subset A C R" is defined to be
dy = dy(A) =inf {0 <k <oco: #*A)=0}. (3.3)

Notice that, by Lemma 3.3.1, #*(A) = 0 for all t > d» and J#*(A) = +o0o for

all t < dp.

3.4 Euclidean Properties of Invariant Sets

Continue the notations in Section 2.4 and 3.1. Let (X,d) be R" with Euclidean
metric. Denote by K the unique compact invariant set of ¥. For convenience, we
set dypy = dp(K).

Let v(t) = S_N , 7t. Then v(0) = N and y(t) \, 0 as t — oo. Hence there is a

unique d» € R such that SN 7% = 1.

i=1"1

Definition 3.4.1. dy is said to be the similarity dimension of {{1,...,¥n}, if

N 4
Yo i =1

Now our main objective is to prove that the similarity dimension d¢ equals to

the Hausdorff dimension d of K under certain condition.

Proposition 3.4.1. Let K be the unique compact invariant set of ¥, then we have

H7 (K) < 400 and so dyp < dy.

Proof. By Property 2.4.1 1, we know K = Ui1 K and

..... ip 1.-Tp

3 (diamK, )" = Y e ri? (diamK)* = (diamK)* .

17



Since

P
diamK;, . ;. < (max {n}) diamK — 0

1<i<N

as p — 0o. By the definition of Hausdorff measure, we have
7 (K) < a(dy)27% (diamK)™ < oo.

It follows that d»r < d .

]

We next prove d» > d». Before showing that, we define an important concep-

tion called open set condition.

Definition 3.4.2 (Open Set Condition). {¢1,...,1¥n} satisfies the open set condi-

tion (o0.s.c.) if there exists a non-empty open set O such that
(i) ULi0co,
(i) $ONY0 =0 ifi # .

Definition 3.4.3. The lower (upper) k-dimensional density of A C X at points

x € X is defined respectively by

.. (AN B(xa,1))
k _ )
0} (A, x) = 7101_I)r(1)1nf (k)
_ HE(AN B(z,r))
*k _ )
0" (A, z) = l%sup (b

Likewise, for a measure p on X, we define

K (B, )
0*(#71:) — l%lan

p(B(z, 7))

*xk S
9 (:u7 :E) - 71411% Sup Oz(k)?‘k
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Thus we get 0F(A, z) = 0¥(#%| A, 1).

The upper density turns out to be more important than the lower density. The
main results we will use are

(i) 0% (u,z) > \\Vo € A= H#F(A) < X 1u(A),

(i) 0% (u,x) < \,Vo € A= HF(A) > 27" A" u(A).

for p € M. M is the set of Borel regular measures having bounded support and
finite mass, i.e. M(u) = p(X) < co. For a reference see [6].

If 0 < p(A) < oo and 0 < 6**(u, z) < oo, then we have 0 < #%(K) < cc.

Lemma 3.4.1. Suppose 0 < ¢; < ¢a < 00 and 0 < p < oo. Let {U;} be a family
of disjoint open sets in R™. Suppose each U; contains a ball of radius pc; and is

contained in a ball of pcy. Then at most (1+ 2¢2)"c;™ of the U; meet B(0, p).

Proof. Suppose Uy, ...,U, meet B(0,p). Then each of Uy,...,U, is a subset of
B(0, (1 4 2¢2)p). Summing the volumes of the k corresponding disjoint spheres of
radius pci, we have

kanp™ct < an (14 2¢9)"p",
and hence k < (1 + 2¢9)"c; ™. O

Now we show an important theorem which gives us the value of the Hausdorff

dimension of K.

Theorem 3.4.1. Suppose {11, ..., YN} satisfies the o.s.c., then 0 < % (K) < oo.

In particular dpy = do.

Proof. Let p be the invariant measure of 7 in Section 4.2. Denote O the open set
asserted to exist by the o.s.c.. First prove that there exists constants ki, ko such
that

O<li1§6’f5"(,u,k)SQ*dy(u,k)§ﬁ2<oo
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for all k € K.

Note that
ﬂ(Kn ,,,,, 74;0) > (%V(K))A%yu(u ,,,,, lp(Ku ,,,,, lp)
d d 1 d d d d
= 7"11-7 ..... szy/L(’l/}zl ..... ip i1, ip) — Tily . rzpy/’[/(K> — rilﬁp ..... Tipy-

Let k = k;,,..,.. and consider the ball B(k,p). Choose the least p such that
Ki,..i, C B(k,p). Then we have r;, - ----r; (diamK) > pry (recall ry < -+ < ry).
Thus

d d
pB(k, p) S (K i) S iy Ti, i

aldy)pts = al(dy)pt> —  al(dy)pts Z a(dy)(diamK)ds
Hence 0% (u, k) > % o~ (dy)(diamK) =% for k € K.

Suppose O contains a ball of radius ¢; and is contained in a ball of radius c,.
For each sequence ji...j,... select the least ¢ such that rip < 7y -----1r; < p.
Let I be the set of < j;...j, > thus selected. Thus {Ojlqu < J1...Jq >€ I} is
a collection of disjoint open sets. Moreover, each such O, ; contains a ball of
radius 7, - -+ - rj.c; and hence of radius 71¢1p, and is contained in a ball of radius
rj, - -+ - 7j,c2 and hence of radius pcy. It follows from Lemma 3.4.1 that at most
(1 + 2¢2)"(r1c1)™™ of the Oy, ;, meet B(k,p). Hence at most (1 + 2¢o)"(r1c1)™™ of
the K, ;, meet B(k,p). Then

Bk p) _ (L+2e)" — p™ (14 2¢5)"

aldg)p?> = ridt aldg)p?s  alds)ric)

It follows 0% (u, k) < (1 4 2¢2)™(a(d o )rct) 1.
If we let k1 = 7 o (dy) (diamK) =% kg = (1 + 2¢5)"(a(dy)ric?) ™1, then we
have

0 <k <0 (p, 1) <0 (1, k) < kg < 00.
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Now use the results of k-dimentional density of u at point &k, we have

0 < #%(K) < oo

which implies do» = d . O

Corollary 3.4.1. Suppose {1, ...,¢n} satisfies the o.s.c.. If r; = r = L for

«

i=1,...,N, then dy(K) = X

log o

Now we know the Hausdorff dimension of the invariant set with respect to
{11, ...,9N} under the open set condition. Does there exist a measure so-called
an “invariant measure” with respect to {¢1,...,%¥n}? What are the similarity
properties of this measure? In the following chapter, we will show the existence
of this special invariant measure which equals the normalized Hausdorff measure

A% restricted on K.
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Chapter 4

Invariant Measures

In this chapter, similar to the theory of the invariant set, we will show relative def-
initions and properties of the invariant measure with respect to a set of contractive
similitudes in a complete metric space. The main tool we are using is the contrac-
tion principle which has already been shown in Section 2.1. Before giving out the
definition of invariant measures, we first aim to show the completeness of the metric

space of Borel regular measures.

4.1 Metric Space of Borel Regular Measures

Let (X, d) be a complete metric space.

Definition 4.1.1. A measure p on X is said to be Borel regular iff all Borel sets are

measurable and for each A C X there exists a Borel set B D A with (A) = p(B).

We define the support of u to be the closed set

sptu = X\U {A: Aopen,u(A) =0}.

For AC X,E C X, ulA(F) =u(ANE).
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Define mass of p by M(u) = u(X). M is the set of Borel regular measures
having bounded support and finite mass.
Set

M ={peM:M(u) =1},
BC(X)={¢: X — R: ¢ is continuous and bounded on bounded subset} .

For € M, ¢ € BC(X), define pu(¢) = [ ¢dp. Then we say p, — p as n — 0o
iff i, (¢) — p(o) for all ¢ € BC(X).

We introduce a metric L on M? to enable a following theorem to hold.

Definition 4.1.2. For p,v € M, the L metric is defined by

Lij,v) = sup {|u(é) — 1(6)| : ¢ : X — R, Lipé < 1}. (4.1)

Notice that ¢ € BC in the definition. We can check L is a metric by verifying
L(p,v) < 400, the only part that is not straightforward. Suppose sptu U sptv C
B(a,r) ={x € X : d(z,a) < r}, then for Lipp <1

1(@) = v(9)| = (¢ — ¢(a) + ¢(a)) — v(¢ — ¢(a) + ¢(a))]

= |pu(¢ = d(a)) = v(d — d(a))| < p(r) + v(r) = 2r < +oo.
Theorem 4.1.1. M! is a complete space under the L metric.

Proof. Let E be a bounded subset of X. {u1,pa, ..., tin, ...} is a sequence of ele-
ments in M?! with sptu, C E for every n such that L(u,, ttm) — 0 as n,m — oo.

We will construct a measure u € M! such that L(p,, ) — 0 as n — oo.
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Let ¢ € BC(X) and ¢ is not a constant on E. Then for every € < 0, we have

| [ b= [ odal =1 [ e~ [ o] <

Therefore [ ¢du, converges to some f(¢) € R as n — oo. Notice that if ¢ = ¢ on
E with ¢ a constant, then f(¢) = c¢. f(¢) is a linear functional of ¢ € BC. Since
| [ ddun] < ||¢]|s for every n, that |f(¢)] < [|¢||e for every ¢ € BC(X). By Riesz’s

theorem, there exists a p on X, such that

for every ¢ € BC(X). Moreover,

| [ o~ [ ol —0

as n — oo. Since [ ¢du, = 0 whenever ¢ # 0 on X/E for every n, that sptu C E,

which means spty is bounded. By choosing ¢ = 1 on F, we have

1(X) =/¢du= lim /¢dun = lim / bdp, = lim g, (X) = 1.
n— o0 n—oo Jp n—oo

Thus u € M and L(ptn, 1) — 0 as n — oo. O

4.2 Invariant Measures

Let (X, d) be a complete metric space. {11, ...,¥x} is aset of contractive similitudes
in X with Lip(y;) =r; fori=1...N.
Let m = {my,...,my} be a family of positive constants with m; € (0,1) for

t=1,..., N such that ZiNzlmizl.
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If f: X — X is continuous and sends bounded sets to bounded sets, in particular

[ is a contraction map, then for every u € M!, we have fypu = po f~' € M. We

also define fupu(¢p) = pu(¢o f) for ¢ € BC(X).
For € M!, define T (u) = Efil Mgt = Zf\il myp o', Then we can see
that 7 = (7;my,...,my) is a map of space M! into itself. Denote n-time iterated

map 7 o---07 by T".

Definition 4.2.1. u is an invariant measure of T, if

N
=D mipoy; . (4.2)
i=1
Notice that for every ¢ € BC(X), if u is an invariant measure of 7, then u(¢) =
f pdp = sz\il m; f ¢ o Yidp.

Lemma 4.2.1. For any m = {m4,...,my}, T : M' — M is a contraction map

in the L metric.

Proof. To establish the contraction of 7, suppose Lipp < 1 and r = maxj<;<n {r:}.
Then for u,v € M*,

2

T(M) (¢) = Z z¢l#:“ Z Z¢Z#V

i=1

(mi(p(d o ;) —v(p o))

Mzu

1

.
Il

mir(p(r~'g o) —v(r'¢ o))

'MZ

N
Il
—

iTL(:u’a V) = TL(/va V)

'MZ

s
I
—

So L(T (u), 7T (v)) < rL(u,v) with r < 1. O
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Theorem 4.2.1. For every m = {mq,...,my}, there exists a unique u € M?' such

that T (1) = p. For any v € M, TP(v) — p as p — oo in the L metric.

Proof. Since (M', L) is a complete metric space. From Lemma 4.2.1, we know
T : M — M!is contraction. Therefore, by the conraction principle in Section 2.1,
there exists a unique fixed point € M! such that 7 () = p, which means p is
an invariant measure of 7 for a certain m = {my,...,my}. Furthermore, for any
ve M TP(v) — puas p— oo in the L metric, which means L (77(v), ) — 0 in R

as p — 00. O

Now our objective is to prove that by choosing a special m = {my,...,my}, the

invariant measure p of 7 equals a Hausdorff measure.

4.3 Invariant Measures as Hausdoff Measures

Continue notations in Section 4.2. K denotes the invariant set of ¥

Recall now SN, 7% = 1. Let m; = v, then 3.~ m; = 1 and m; € (0,1) for
1=1,...,N.

Now we present an important theorem of invariant measures under the o.s.c..

Notice that we can apply the properties in Section 3.4.

Theorem 4.3.1. Suppose {11,..., "N} satisfies the o.s.c.. If we choose m =
{my,...,my} by setting m; = r*

o = (A7 (K)ot | K.

, then the unique invariant measure of T 1is

Proof. Denote O the open set asserted to exist by the o.s.c.. By Property 2.4.1 7,
we have K; C O;. Since O; N O; = () if i # j, that K; N K; = 0 for i # j. Therefore
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A7 (K; N K;) =0 for i # j and so
N N
HNK =Y A=y A (K,
i=1 i=1
Notice that for £ C X,

(A% [ (K)(B) = (i(K) N E) = A ($i(K N (E)))
=ri” A (K Ny H(E)) = {7 (A | K) (4 ()
=1{” Yiy (A | K)(E)

Hence
N

H K = er‘y%#(%dy LK),

i=1
Let po = (% (K))"'s% | K, it follows that po = SO0, 7 1iu(po), and
M(po) = 1. Therefore o = 7 (po). By uniquesness, we have i is the invariant

measure of 7. O]
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Chapter 5

Examples in Fractals

In this chapter, we will show three particular fractal examples, which are the Koch
curve, the Sierpinski gasket and the Sierpinski carpet. Recall some notations:

Let (RP,d) be the D-dimensional Euclidean space with Euclidean distance d,
where D > 1 is an integer.

Y; : RP — RP for i = 1,..., N are contractive similitudes with Lip(¢;) = =
where o > 1.

For any A C R?, define W(A) := [JY, 4:(A). For more details of iteration of

maps, see Section 6.1.

5.1 The Koch Curve

Consider D = 2, N = 4. For arbitrary a € (2,4], the Koch curve in R? is defined in
the following manner:

Let 2o, z; € R? and I be the unit segement joining zo and z;. Let I; fori =1,...,4
be the segments of length 1/3 joining: 2o to z2; 23 to 23; 23 t0 24; 24 to 21, respectively.

See Fig. 5.1.
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Figure 5.1: Koch graph

For instance, if zop = (0,0) and z; = (1,0), then

2= (1/3,0), z5=(1/2,v3/6), 2z =(2/3,0).

Consider 4 contractive similitudes {11, 19, 3,14} in R?:

() = 2. Ua(z) = e + é
@)= 2o g SOy 2

where 0 = cos™! (% — 1) and z € C. They map [ onto I; preserving orientation. We

can easily see that Lip(y;) = é fori=1,...,4.

We put I' = {29, 21} and Vp =T,

V,=U"T), n>0.

Then the Koch curve K is the compact set

K:d@m)_
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In the case that zy = (0,0), 2 = (1,0) and 23 = (1/2,1/3/6), let O be the open
triangle with vertices zg, z; and z3. Then we can check that {11, 19, 13,14} satisfies

the o.s.c. such that

Uwi(O) coO

and

Therefore, we can apply Corollary 3.4.1 to get the Hausdorff dimension of the Koch

log N
loga *

curve is dy(K) =
In the following, we will show the constructions of the Koch curve under different

values of .

(i) @ =201, N =4. dy(K) = g%5 ~ 1.98.

Figure 5.2: Koch iterations a = 2.01
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(i) a =3, N = 4. dy(K) = 25 ~ 1.26.

EVANY o
5 8

Figure 5.3: Koch iterations o = 3

(i) o = 3.9, N = 4. dy(K) = 1275 ~ 1.02,

mw

Figure 5.4: Koch iterations a = 3.9
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5.2 The Sierpinski Gasket

Consider D > 2, =2 and N = D + 1. Let z1,...,2v € R” and |z, — ;| = 1 for

i # 7. {¢1,...,¥n} is a family of contractive similitudes
1 .
Yi(z)=zi+—(2—2), i=1,...,N
!

with Lip(i;) = .
Weput I' = {z,...,25} and Vo =T,

V,=U"T), n>0.

Then the Sierpiriski gasket of R” is

K =cd (povn)

Note that each V,, is obtained from V,,_; by adding the midpoints to every pair of
vertices belonging to the same triangle 1;(,—1)(I") of size 2=~ in V,_,. Moreover,
' C ¥(I'). So the sequence Vp, Vi,...,V,, ... is monotone increasing. See Fig.5.5.

Since when D = 2, = 2 and N = 3, thus I' = {21, 29, 23}. Let O be the open
triangle with vertices z1, z3 and z3. Then we can check that {11, 15,13} satisfies the
o.s.c.. Hence, by applying Corollary 3.4.1, we have d»(K) = % ~ 1.59.

Now we can perform a similar construction. Let D =2, a =3 and N = 6. The
6 contractive similitudes carry the unit triangle of vertices I' into each one of the 6
“upward facing” triangles obtained by deleting the 3 “downward facing” triangles.
See Fig.5.6. Constructing the increasing sequence Vg, Vi, ..., V,,... as in the dyadic
case leads to K = ¢l (.2, V). Such a K is also a Sierpiniski gasket in R?, D = 2.

By choosing the same open set O as in dyadic case, the Hausdorff dimension of the
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Figure 5.6: Sierpinski gasket o = 3

In fact, we can construct a whole family of Sierpinski curves for integers oo > 2
in R?, by choosing N = a(a + 1)/2 contractive similitudes which map the unit
triangle into N “upward facing” triangles of side a~!. Similar constructions can be

proceeded in R” for D > 2.
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5.3 The Sierpinski Carpet

Consider D =2, N =8 and a = 3. Let I' = {21, 29, 23, 24} be a set of 4 vertices of a
square in RP. {41, ..., 15} is a family of contractive similitudes with Lip(¢);) = *
which carry the square of vertices I' into each one of the N smaller subsquares ob-

tainded by deleting the central subsquare. Note that V, Vi,...,V,, ... is monotone

increasing. See Fig. 5.7.

Figure 5.7: Sierpinski carpet

We put Vy =T and
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Then we obtain the Sierpinski carpet

K:d@vn).

Let O be the open square of vertices z1, 2, 23, 24. We can check that {1, ..., g}
satisfies the o.s.c.. Hence, by Corrollary 3.4.1, we get the Hausdorff dimension of
the Sierpiriski carpet is dy(K) = % ~ 1.89.

Similar constructions can be carried out in R, D > 2.
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Chapter 6

Energy Forms on Self-similar

Fractals

In this chapter, our objective is to construct an energy form E[u] on some fractals
K, such as the Koch curve and the Sierpinski gasket, which will take the place of

the classical Dirichlet integral

Elu] = /K Vuldz

without making use of the notion of Vu.

We will only show the construction of energy forms on so-called nested fractals
(cf. [16]), which is also called the by the physicists finitely ramified fractals: that
is, it can be disconnected by removing finitely many points. The proofs in this
chapter relied very heavily on the fact that the Sierpinski gasket and Koch curve
are nested fractals. By contrast, the Sierpinski carpet is not a nested fractal. Thus

it is required to employ quietly different techniques.
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6.1 Iteration of Maps

Before constructing the energy form, we first give some general notations that will

be used.
Let v = {t1,...,¢¥n}, N >1 be a family of N maps ¢; : R? — R, By ¥

we denote the set-to-set mapping
N
V(E) =Jwi(E), ECR”, (6.1)
i=1

and by ¢, for n € N, the composed set-to-set mapping in RP

with ¢y = Id.

Let I" be a non-empty compact subset of R” such that
r'cy). (6.3)
Then define the invariant fractal as

K =cl (U mm) . (6.4)

Now Set

W= {1,..., N}

to be the set of all sequences of integers w = (wq,ws,...) with 1 < w; < N.

W, =&",{1,...,N}
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to be the set of all finite sequences of integers w|n = (wy, wy, . .

N,1<1<n. Forwe W and n € N, we set

ww|n:ww1o"'owwn

The subsets

Kw|n = ww|n(K)

of K are called n-compleres and the sets

Fw|n = ww|n<r)

are called n-cells.

For £ C RP, we have

en(E) = U Yujn (E).-

’LUGWTL

Therefore, if we set Vo = I' and

Vn = @n(%)u n Z 17

K=cd (gvn>

For n > 1, we have the decompositions of V,, into n-cells

then

Vn - U Fw|n

wlneWn,
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and of K into n-complexes

K= |J Kun

wneWp,
Remark 6.1.1. If ' is chosen to be a subset of the set of all fixed points of the
maps ;, then the sets V,, = ¢,(I'),n > 0 form a monotone increasing sequence of

subsets of RP.

Now we give the definition of essential fized points. Let {z1, ..., zy} be the set of
fixed points of ©» = {4¢q,...,Un}. If p € {z1,...,2x}, there exists ¢ € {z1,...,2n},
q # p, and ¥;(p) = ¥;(q), i # j, then p is called an essential fized point of 1.
Essential fixed points are important because they tell us how the different parts of

the fractal are put together; inessential fixed points serve no such purpose.

6.2 Energy Forms on Sierpinski Gasket

We consider the “dyadic” Sierpinski gasket K in RP,D > 2, with o = 2 and
N = D + 1. Recall notations in Section 5.2:

v = {1,..., ¥y} is a family of similitudes of K. Let I' = {2g,...,2p} be the
set of vertices of an equilateral unit simplex in R”, where I is a subset of the set of

all fixed points of maps ¢;, for + = 1...N. Then
Vo=TcVvi=vyID)cCc---CcV,=v"D)C---
ve =V, K = (V™).
n=0

For arbitrary u : V*° — R, we define

Bolu] = 5 S Iul) — ()P (65

§mel
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and

Bufu] = p ) Boluovi, (6.6)

where p is a renormalization factor of the energy form to be determined later. Then

we have

Eslu] =p Z By [u o 1]

N N
:P2 Z Z Eﬁ[u O Py, © 1/’w2]

wi=1wo=1

=p* Y Eoluo iy,

w[2€Ws

so for n > 1

Ealu) =" 3 Boluo ), (6.7)

w|neEWn

or more explicitly,

Bl =0 Y 5 [ulthun(€) — ulthupa(m) (63)

U)|n€Wn S,WGF

Now come back to p > 0, which is chosen according to the Gauss variational

principle stated as

in  Ey|u] = Eplul. 6.9
y (T‘%l_nvo) 1 [u] o[u] (6.9)
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For instance, when D = 2, we denote the values of u on I' by
u(zg) = A, u(z1) = B, u(zg) = C,
and on V; — Vg by

z0 + 21 z1+ 2o 2o + 2
u =c, u =a, u =b.
2 2 2

Lemma 6.2.1. Let A, B,C be real constants. Then

min(|A — ¢|* + |c — b|* + |b — A|?

a,b
—|—|C—B|2+|B—CL|2+|CL—C|2
+1b—al* +|a — C|* +|C — b]?)
3 2 2 2
:g{|A—B| +|B-CP+1|C—A}.

The minimizing a,b,c are

~ A+2B+2C - 2A+B+2C _ 2A42B+C
t=— b=——7-—"-— =— (6.10)
5 5 5
By Lemma 6.2.1, we have
5
p=3

It can be seen that, in order to calculate p, it is sufficient to apply this princi-
ple only between Ej[u] and Fj[u], which requies solving a quadratic minimization

problem. In the general case D > 1, by solving a linear systerm of equations, the
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value of p determined by the Gauss variational principle is

_N+2 D+3
N  D+1

p (6.11)

For details, see Rammal [24], Fukushima-Shima [9]. In fact, there is another way to
determine the value of p, which is based on decimation(ct. [20]).
Note that only the restrictions u = u|V,, of u to V,, enters the expression E,[u]

and

BolulVo] < EvJulVi] < -+ < Ep[ulVi] < - - . (6.12)

We now define the form

Elu] = sup E,[u|V,] (6.13)
n>0
on the domain
Dy = {u :V® = R:sup E,u|V,] < —I—oo} (6.14)
n>0

Note that the equality of 6.12 holds everywhere if « is the function obtained by
starting with u|Vy = {A, B,C} and extending @ from V; to Vi, by defining u(p) at

each dyadic p € Vi — V| to be the “average values”

{A+2B+2C 2A + B +2C 2A+2B+C}
5 ’ 5 ’ 5 '

Do the same extension from V,,_; to V,, by defining u at each new dyadic point,
which belongs to the same triangle with vertices I',,—1, to be the “average values”

of @ at T'yj,—1(cf. [28]). We say that such a @ on V*° is the harmonic extension of
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u|Vp, which keeps energy stationary. Hence, DY # (), as it contains the harmonic
extension of u|Vj.
The following estimate shows that each u € D% admits a unique continuous

extension to K = cl(V*).

Lemma 6.2.2. There exists a constant ¢ such that for every u : V= — R and for

arbitrary p and q in V>, the following estimate holds:

[u(p) = ula)] < ¢, fsup EyfulVa]lp - q|Pue (6.15)

where

Llogp _ 1log((D+3)/(D+1)
2logar 2 log 2 '

ﬁEucl = (616)

We will use the following properties of the Sierpinski gasket to prove the lemma.

For the proof of these properties, see reference [21].

Property 6.2.1. (1) There exists a v > 0 such that K, N Kjjm = 0 implies
dist(Kijm, Kjjm) > ya™™ for every m, (2) If ilm # j|lm, then K;p, N Kjjm = Ly N
L.
Proof. (Lemma 6.2.2)

Let p,g € V> C K. Since K = U“meWm Kijm, thus p € K;p,, and ¢ € K}y, for

some i|m, jlm € W,,.

Assume that |p — ¢| < < 1. Then Im > 0 such that

”)/Ot_(m+1) < |p _ q’ < ﬁya_m (617)

So dist(Kijm, Kjjm) < |[p—q| < ya~™, which implies K|, N K}, # () by property

(1). Then, by property (2), we have I',, N T, # 0. Thus Ja € T, N T, such
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that

a = Vijm(§) = Vjim(n) (6.18)

where £, n el

Consider n > m. There exists the smallest n > m such that p,q € V,,. Then
p = Yin(€) and ¢ = 1, (77) where £, 77 € T.

Now we need to construct a chain of points connecting p to ¢ “from two sides”.

Start with

b= ¢i\n(€) = Qﬁz‘l...z‘mimﬂ...z‘n (f) =:Tp

Let

Tro1 = Vin-1(8) = Viy.imimsrin_1 (&)

Tp—k = ¢z|n7k (5)

where 0 < k£ < n —m. Now we have points x,,x,_1, ..., . Then insert point a by
defining z,,—1 := a = Y;jm(§).

Doing the same starting with y,, = q. Let yp,_ = ¥jjn—i(7) where 0 <k <n—m.
Insert ¥m—1 = a = P;im(n).

We have constructed a chain:

P=Tn, Tn-1y-sTm; Tm—1 = A= Ym—-1,Ym, s Yn = q.

with a property that two consecutive points in the chain belong to the same cell.

Check for k = 0. Let ¢ be the fixed point of 1, , 50 1 = ¥4, i, i (€). If

io = in, then z, = x,_1. If ig # i,, then ¥y, (§) = 1;,(€) for some 5 ecI'. So

Tp = 1/1211”(5) = ¢z‘1...in,1z’0 (5) Therefore z,, ,-1 € Fz‘l...in,lio-
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Now we start to estimate |u(p) —u(q)|. By the chain constructed above, we have

lu(p) = u(q)]* < i 2" |u(@n—k) = w(@nr-1)]* + [u(Yn-r) = u(ya-r-1)]*]

Since & = 14, (€) with ¢, _, (§) = 14, (€), that

u(@n—k) = w@n—r—1)* = |u (Yip—r-1, (§)) = u (Yipn—r-1%4 () |*

= \U (wiln—k—lwio (f)) —u (wﬂn—k—ﬂ/fio (E)) ’2

< Z |u <¢i\n—k(§)> —u (Yin-r(§)) I?

iln—k

= {% e (n€) ~ u (n0) '2}

iln—k

Multiply both sides by p"* to obtain
P (@) = (1) < Epoglul.

Clearly, the same result holds for terms with y. So we get

[u(p) = ulq)[ <2272 o B i)
k=0

< 2nfm+2pann [U] Z pk
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Since p!=™ = al=m0gar) et § = 21;%, and by equation 6.17, we have

9 4a?
7 (p—1)

IN

u(p) — u(q)] 2" By [u]lp — g

Finally we have
[u(p) = u(a)] < ¢, Jsup Eu[ullp - ql’.
O

From the estimate in Lemma 6.2.2, we know that u is uniformly continuous on

V. As K = cl(V>), we have the following corollary.

Corollary 6.2.1. Every function u € D can be uniquely extended to a continuous

function on K.

We continue to denote the extension by v and define the energy form

Elu] = lim E,[u] (6.19)
on the domain
Dg = {u € C(K) :sup E, [u]V,] < ~|—oo} : (6.20)
n>0

Moreover, for every u € Dpg, the estimate in Lemma 6.2.2 will hold, by which

we find that Dy C C%Pru(K).

Lemma 6.2.3. Dg is complete under the norm

lullpe = (lullZ2 ) + Elul)'? (6.21)
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Proof. Choose a Cauchy sequence {u,} in Dg such that

1/2
||un_um||DE: ||un_um||%2K +E[un_um] —0
(Kp)

for n,m — oo. Then we have

||un — Um”%?(K,u) —0

Elu, — uy] — 0.

Thus we have ||u,||r2(k ) < C1 and Efu,] < Cy, because Cauchy sequences are
bounded.
First we show that w,(z) is uniformly bounded on K.

For any x,y € K, we have

[un(2)| < Jun(2) = un(y)] + [un(y)]

< ev/Elun)|z =y + |un(v)]
< cCodiam(K)P + |un(y)|

< cCy + |un(y)|

where ¢, Cy are constant. As u(K) = [, du = 1, integrating on both sides in ju(dy)

gives

()] < cCy + /K i ()| dpe)
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By Schwarz inequality,

|t (2)] < cCo 4 pu(K)V? (/K |“n(y)|2d,u(y))l/2

< cCy + C}?

where (] is constant.
Additionally, it can be proved that the functions u,(z) are equicontinuous, since

for any z,y € K, we have
[un () — un(y)| < e/ Eluy]|z — y|ﬁ < cngiam(K)ﬂ < (.

Hence, {u,(z)} is uniformly bounded and equicontinuous on K. By Ascoli-Arzeld

theorem, there exists a subsequence {u,, } of {u,} and u € C(K) such that
[Jtny, = ulloo — 0
for k — oo. It follows that u € L*(K, i) as C(K) C L*(K, ), and
l|tn — ul|p2k ) — 0 (6.22)

for n — oo.
Now we want to prove that v € Dg, and Flu,, —u] — 0 as n — 0.

Since Ey[u, — u] is a finite sum, that for a fixed n, we have

Eilu, —u] = lim Eglu, — uy,]) < Hm Elu, — ).

m—0o0 m—0o0
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Let kK — o0, then

Elu, —u] < lim Elu, — ty]

m—0o0

limsup Flu, —u] < lim Elu, —u,] =0

n—00 n,M—00

which implies

lim Flu, —u] =0.

n—o0

Therefore, we proved that there is a u € Dg such that
) 1/2
=l = ([fttn = wlagaes + Elun =) =0

for n — oo, i.e., the completeness of Dp. O
Lemma 6.2.4. Dy is dense in C(K).

For the proof, see reference [22].

Now we define the space H'(K) to be the completion of Dg in the norm
lullerr = ([ullZ2 ) + Elul)'’?

and extend F[u] to the completed space H'(K).

We obtain the bilinear form E(u,v) with domain H'(K) by

B(u,v) = 5 {Elu+ o] — Blu] — B[]} = 7 {Elu+ o] — Blu— o]} w0 € H'(K)

i.e., replace the quadratic term [w(¢yn(§)) — w(¥wn(n))|?

(U(Puin(€)) = w(Puin () (0 (Pun(€)) — (wm(n))) in the definition of E,[u] and

by the bilinear term

E(u,v) = sup E,(u|V,,v|V,) = lim E,(u|V,,v|V,). (6.23)

n>0
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so that E(u,v) is a closed, symmetric bilinear form with dense domain H'(K) in
L*(K, p).

The space Hj(K) is the space of all functions v € H'(K) such that u|l' = 0. By
the representation theory of closed symmetric billinear forms (see F.2), there exists

a self-adjoint operator A, defined with domain DA dense in Hj(K), such that

E(u,v) = —/K(Au)vd,u (6.24)

for every u € Dp and v € H}(K).

6.3 Energy Forms on Koch Curve

We first show a lemma in the following elementary minimization problems, which

will play an important role in the construction of energy form on Koch curve.

Lemma 6.3.1. Let A, B be real constants. Then
1
: 2 2 2 _nIRL S R
g%rcl{]A al’ +la — > + e — b + |[b— B]*} 4]A BJ*.

The minimizing a,b,c are given by

BA+B  ;_ A+3B A+ B
4 4 2

ol
I

a =

Let D=2, =3,N=4. {t1,...,14} is a family of contractive similitudes. In
complex notation, z = x1 + ixs:
Yi(z) =

z
37
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Ua(e) = ST S i ) =

3 +

(@)

=
Wl w
Wl o

Let zo = (0,0), 2 = (1,0). Put I" = {29, 21} and
V,=v"T), n>0.
with Vo =T and V™ = UZO:O V,,. Then the Koch curve is the compact set
K =cl (V™).
For arbitrary u : V°° — R, we define

Boful = 5 7 Ju(®) — u(o)P,

gmel’

and forn > 1

EnJul =p" ) Eoluo tupl,

w|neWn,

where p > 0 is chosen according to the Gauss variational principle:
min  Fy|u| = Eylul.
Wy Erle] = Eolul
If we denote the values of uw on Vj =T" by
u(zg) = A, u(z) = B

and the values of v on V; — V}) by

u(z9) = a, u(z3) = ¢, u(zq) =0,
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then by Lemma 6.3.1, we find that

Therefore the variational principle uniquely determines the value
p =4
Similar to the construction on Sierpinski gaskets, we define the form

E[u] = sup E,[u|V,]

n>0
on the domain
Dy = {u : V= R:sup B, [u|V,] < —1—00}
n>0

where D% # (). We can also get a similar estimate as been shown in Lemma 6.2.2.

Lemma 6.3.2. There exists a constant ¢ such that for every u : V= — R and for

arbitrary p and q in V°, the following estimate holds:

lu(p) —u(q)| < c [sup En[ulVa]lp — ql”

_llogp 1log4

where

b= 2loga 2log3’

Now extend the energy form E[u] onto the domain

Dp = {u € O(K) : Eu] = sup En[u|V,] < +oo} .

n>0

Furthermore, define the space H'(K) to be the completion of Dg in the norm
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||u|| 1 and extend Elu] to the completed space H'(K).
Then we obtain a closed symmetric bilinear form FE(u,v) with dense domain
HY(K)in L*(K, 11). By the representation theory, there exists a self-adjoint operator

A, defined with domain D dense in H}(K), such that
E(u,v) = —/ (Au)vdp
K

for every u € Da and v € H}(K).

Remark 6.3.1. Notice a special case that, when we choose o = 4, the Koch curve
becomes a segment, such as the interval [0,1]. The relative energy form becomes a

“dyadic” energy.
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Chapter 7

Fractal Mixtures

In this chapter, unlike those described so far, we will investigate more general models
which can be seen as mixtures of self-similar fractals. They are constructed by
the general iterated maps system. Furthermore, after showing some asymptotic
properties, we will look at how to construct the volume measures and energy forms

on certain fractal mixtures, such as irregular Sierpinski gaskets.

7.1 General Iteration of Maps

Let A be a finite set of integers a > 2. For a € A, let

@ = Lol u)

be a family of N, > 2 contractive similitudes in R”. Denote ¥ as a set-to-set

mapping in R such that

Na,
v(E) =\ (B), ECRP
=1
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Let = = AN be the set of sequence £ = (£;,&,...) in A. For n € N, denote gosf)

as a set-to-set mapping in R such that

©) — gl o ... o @l

n

with go(()f) = Id.
Let T' be a nonempty compact subset of RP, I' € W(@(T), then the fractal K

associated with £ is defined by

K© — ¢ (U c,og)(r))
n=0

Define the left shift operator § on Z: 0§ = (&,&s,...) for £ = (&,&,...). The

family {gpq(f)}g has the property
€=

em
o) = o9 0 oY)

forn>m > 1.
Note that the set K@ is not in general invariant, but the family {K(é)}ges does

satisfy the property
K® =@ (K"9), ¢e=zneN

For £ € =, let

A ey {1, ..., Ne}

be the set of all sequences of integers w = (wq, ws,...) with 1 <w; < Ng,
W?EO = ®?:1 {17 R NEi}
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be the set of all finite sequences of integers w|n = (wy, ws, . ..

For w € W® and n € N, we set

The sets
K(ﬁ) _ 1/}5‘)71 (K(enﬁ))

win

are called n-complezes, and the sets
F1(5|)n - ¢£f|)n(r)

are called n-cells.

Then for £ C RP,
PE) = | ¢ (B).

w|neWn,

Therefore, if we set Vo = I' and

then
K© = ¢l (U Vn@) .
n=0

For n > 1, we have the decompositions of V¥ into n-cells

vio= U g,

w\nEWS)
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and of K© into n-complexes

KO = K©

win”

w|n€WT(L§)

Example 7.1.1 (Irregular Sierpinski gasket). Consider D = 2 and A = {2,3}.
Then we have N, = 3 if a = 2, while N, = 6 if a = 3. For a fized finite sequence
€ =1(2,3,2,3), we have

AN
D,
o P Fal
‘AYAYA AVAYA‘&Y&YL it
N

For & = (3,2,3,2), we have
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From the example above, we can see that the set K€ obviously depends on the

specific sequence £.

7.2 Construction of Irregular Sierpinski Gaskets

In this section, we simply show how to construct the set of irregular Sierpinski
gaskets (i.e. mixtures of Sierpinski gaskets) based on the general iteration of maps.
Let I' = {20, 21, 22} be the set of an equilateral unit simplex in R”. Let A be a
finite set of integers a > 2.
For example, when D =2, ' = {(0,0), (1,0),(1/2, \/3/2)} and A =2, 3.

For a € A, we set a, = a. Consider contractive similitudes

p@ = Lo, e

where

PO(2) = b + o) (@—b"), zeR”

forv=1,..., N,, which carry the simplex into each one of the N, “upward facing”

smaller simplices obtained by decomposing the simplex into a? equilateral simplices

of side a;!. In fact, for every a € A, T is the set of the essential fixed points of the

family /(». Also note that every family (%), a € A, satisfies the open set condition.
For £ € == AV, let V¥ =T, then

Vb(f) =T C ‘/'1(5) — (pgf)(l") C .- C V(f) — SDS)(F) C---
Denote V) = (i v©. Finally we get the irregular Sierpiriski gasket K as

K© — ¢ (V(i)) ]
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7.3 Asymptotic Properties

Consider the mixtures of Sierpinski gasket. Given a family of contractive similitudes

Y@ = { % ... aj} in RP, there exists a constant o, € (1,00) such that

(@) — ()| = ozl —yl, w,y€RP,

for every ¢ = 1,..., N, Assume that they satisfy the so-called open set condition.
Then for a € A there exists a unique compact invariant set K, = ¥®(K,), and an

invariant Hausdorff measure
Na
= N (@),
i=1
and an invariant energy form

Zpa UOI/J( UO¢(a))7 uw'UGDEa'

The constants

Qay Nay pa, a € A,

are the basic scaling factors for length, volume, and energy on the fractal K,.

For a fixed sequence £ € Z = AN, the mixtures of Sierpiriski gasket K© is now
constructed by the maps U@ associated with (¥, a € A, as described in the first
section.

We set al®(0) = N©(0) = p©(0) = 1 and for n > 1,

Hagz, N®(n HN&, PO (n) = Hp&; (7.1)
i=1
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moreover,

_ 1log(N©)(n)p©) (n))

A

5© 7.2
(n) 2 log a(®)(n) (7.2)
and
log N©(n)
©(n) = . 7.3
) = A N (@ () =
The parameter 6 (n) is the one that restores the “Einstein ralation”

NOMR)p©(n) = a®(n)®m. (7.4)

Remark 7.3.1. Two quantities above: 6 (n) and v\9(n), will play the role of an
effective index of the ramification existing in our fractal at the nth length scale and

the intrinsic homogeneous dimension of K€ respectively.

Definition 7.3.1. For £ € = and n > 1, we define the frequency of each a € A in

§ by

1 n
h{¥ (n) = - Y Liemay. (7.5)
h=1

In addition, hgg)(n) also gives the frequency with which the family ¥\ occurs up to

step n of the iteration.

Assume that for { € Z, there exists constants p, > 0,a € A, with ) _, p,, such

that

h¥(n) — p, asn — oo for each a € A, (7.6)
1K (n) — pa| < E, n>1a€A, (7.7)
n
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where ¢ is a constant.

We set

al®) — H abe, N© — H NP, p(f) — sz;a

a€A a€A a€A

By the assumption of asymptotic condition above, we have

(a® (n))l/n -1 QM) o)

acA

( N@)(n))l/" -1 N, N©,

a€A
(0 (n))l/n -1 P 5O,
acA

as n — 00. Moreover, set

5 — 1 2aPalog(Napa)
2 > ,Paloga,

L > uPalogay,
Za Pa log(Napa)

Then as n — oo

() =6, vOMn) -

7.4 Construction of Measures

(7.8)

We will freely use the notations given in the previous sections. Following Chapter

4, we proceed by describing the volume measure u¢ on K©. Although ;&) here is

not strictly invariant, we are able to show some similar properties, like those given
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in section 4.2.
Consider the complete metric space (M, L), the definition of which is first given

in section 4.1. Let & = (£1,&,...) € 2= AN, For u € M!, we set

i |
T () =Y —no (N for j > 1 (7.11)
i=1 &
TO() = TE) o TE o... o TE () (7.12)

for n > 1, with 76(5)(u) = p. By Lemma 4.2.1, we have
LT (), T (v)) < N 'L(p,v),  pv e M, (7.13)

which implies 7 is a contraction map on M!. Hence, ,];l(g) is also a contraction

map. Now we denote

TO (1) = lim 7O () (7.14)

for p € M*.

Theorem 7.4.1. Fiz £ € Z, for any u € M', there exists a unique measure p(€) €

M such that T© () = p'®.
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Proof. We first show that {’171(5) (,u)} is a Cauchy sequence for a fixed £. Since

L(TEO (1), T.E (1) < NS LT (), T (1)

_ _ 92 92
< NGUNG'L(TES (1), TE L (1)

IA

IN

(NOn) L") (), T ()

_ on
= (NO(n)) " L, T ().
Suppose m > n. Then we have

LT (), T ) SUTE (), T8 (0) + KT ), T2a(m)
o LT (0, T ()

<(NO@) 7 Ln T () + (VO (n+ 1) L, T ()

e (NO (= 1) L, T O ()

Let

Therefore, {’Z}L@) (u)} is Cauchy. On the other hand, we know the space (M!, L) is
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complete. Thus there exists a unique u® € M? such that
p que u

lim 7% () = ',

n—oo

ie.,

T (1) = o,
[

For all w € W, n > 0, the measure ¢ is defined to be the unique Radon

measure on K© such that

M(&)(Kfjl) = N©O (). (7.15)
Obviously, we have
pO(K®) = NO@©) ™ =1, (7.16)

Furthermore, it is not difficult to see that the family of measures {,u(g)} ces

satisfies the relation

pOEED ) = > NO@) @Oyl (K5)), (7.17)

w|neWny,
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for n > 1. In fact, for n = 0, we have

Z N(&)(n)—lﬂ(ﬁ"i)w—ll (K©)) = Z N© ()~ p 0" (K 0"9)y

wlneWn, wlneW,

— Z N(f)(n)_l

w|neWn,
- N©® (n)N(é)(n)_l

— 1= M(g)(K(O)-
For n > 0, let n = ng be fixed, then we have

> NOm) O W (KI) = N (o) O i, (K1)

w|neW,
= N(S)<n0>flu(9"0£)(K;Li"os))
= N®(ng)™?

— WK,
By the properties shown above, we can also write

fapl = 3 NOG) [ Fo ), (7.18)

9774
K w|neWn, KO0

for every function f € L'(K©, p©).

7.5 Energy Forms on Irregular Sierpinski Gaskets

In presenting the construction of the energy form E®©), we proceed in the same way
based on the Gauss principle, as in Section 6.2 (See also [8]).

Continue the notations in Section 7.2 and 7.3. To simplify the notation, we omit
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reference to £ in quantities depending on &.
Take a function u : V& — R. Recall that we should write u|Vp, u|Vj ... for the
restriction of u to Vg, Vi .... However, we simply write u in all cases for convenience.
Now we proceed the similar process in the case of regular Sierpinski gasket.

Define

Eo(uu) =5 3 Julx) — uly) (719)

z,yel’

Set

Eq(u,u) = p(n) Y Eo(uo Py, 0 typ). (7.20)

wlneWn,

Then we can write

En(u,u) = p(n) Y % Y Nu(@uga(@) = ul@upn () (7.21)

’LUI’VLEWn LU,yEF

The choice of p(n) above ensures that £, satisfies the Gauss principle

min  E,(u,u) = E,_1(u,u).
(Vo —Vin_1) ( ) n 1( )

Recall the process in the case of regular Sierpinski gaskets. We only need to apply the
principle between Ey[u] and Ej[u] to find p, which is then used in each construction
step from E,_1[u] to E,[u]. Now we use the same idea. Note that p, only depends
on a € A. Therefore, we can apply different pg, in each step from E,_;[u] to E,[ul.
Hence we have

E()(U,U) < El(U,U) <--- < En(u7u)
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Now define the form

E(u,u) = sup E,(u,u) (7.22)
n>0
with domain
Dg) = {u VE S R:sup E,(u,u) < —1—00} : (7.23)
n>0

Similar to Lemma 6.2.2, the following estimate allows extending each u & D%)

to K = cl (V®).

Lemma 7.5.1. There exists a constant ¢ such that for every u : V& — R and for

arbitrary p and q in VE, the following estimate holds:

lu(p) — u(q)] < c fsup En[ulVallp — ql” (7.24)

where 3 = Z%gg% with p = mingea {p.} and o = maxea {as}.

Notice that if there is only one p, which means we go back to the regular
Sierpinski gasket case, then the estimate above will reduce to the one shown in
Section 6.2.

We will use the following properties of the irregular Sierpinski gasket.

Property 7.5.1. (1) There exists a v > 0 such that K, N Kjjm = 0 implies
dist(Kijm, Kjjm) > ya~t(m) for every m, (2) If ilm # jlm, then Kjn, N Kjjm =

Fi\m N Fj‘m.

Proof. (Lemma 7.5.1) Let p,q € V& c K. Since K = |J Kojm, thus p €

w|meWn,

K and ¢ € Ky, for some ilm, jlm € W,,.
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Assume that |p — ¢| < < 1. Denote @ = maxge 4 . Then Im > 0 such that
v~ Y < et (m 4+ 1) < |p—q| < va7 (m) (7.25)

So dist(Kijm, Kjjm) < |p—q| < ya~'(m), which implies Kjj,, N Kjjm # 0 by property
(1). Then, by property (2), we have Iy, N T, # 0. Thus Ja € Ty, N T, such

that

a = ¢z|m(x> = 77Z}j|m(y) (7'26)

where z,y € I.

Consider n > m. There exists the smallest n > m such that p,q € V,,. Then

P = Vi (Z) and ¢ = ¥}, (y) where 7,5 € I'.
Now we need to construct a chain of points connecting p to ¢ “from two sides”.

Start with

p =i () = 1/)(61 "0 1/’55:” 1?,(31? -0 %n (5) =:x,

Let

Tp—1 = wz|n—1(f) w(& -0 wz(fm wffr:"l:i’l © 0 w’b(fn11)( )
= Yini(T) = P\ 00y H(7)

where 0 < k < n —m. Now we have points x,,, ,_1, ..., Z;,. Then insert point a by

defining x,,,—1 := a = ;m(x). For convenience, we denote

Ui ooyt o g o 0 9 = i
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Doing the same starting with y, = ¢. Let yn_ = ¥jjn—x(y) where 0 < k < n —m.

Insert Ym—1 = a = V;im(y).

We have constructed a chain:

P=Tn, Tn-1y-sTm; Tm—1 = A& = Ym—1,Ym, s Yn = q.

with a property that two consecutive points in the chain belong to the same cell.
Check for £ = 0. Let  be the fixed point of zﬁ@”) , SO Tp1 = Wiy i _vio(T). If
19 = in, then z, = x,_1. If iy # i,, then wi(f”)(‘) w(g” (z) for some z € I'. So

Ty = ¢len(g) = ¢Z‘1---in71i0 (5) Therefore TnyTp—1 € Fil---in71i0'

Now we start to estimate |u(p) —u(q)|. By the chain constructed above, we have

lu(p) Z A mH |U (Tp—k) — W(Tp_p— 1)|2+ |u(Yn—t) — w(Yn_k— 1)|2],
k=0

Since T = " (z) with ¢, (7) = ¢ (7), that
|u(«rn k) _u<xn k— 1)| = |u (wzln k— 1?/1% k( )) _u(¢z\n k— 12/} (&~ k( )) |2

= |u <1/)z|n k-1 (o k)( )) —u (¢i|n—k—1¢§§n7k)(f)> ?

<3 u (k@) = v (Yii(2)) [

in—k

< Z {% Z | (Vitn—k(2")) — u (Vipn—k () |2}

iln—k

Multiply both sides by p(n — k) to obtain

p(n— B)lu(@as) — wltn 1) < Buoilul.
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Clearly, the same result holds for terms with y. So we get

n—m

[ulp) = u(g)? <2723 p7H(n — k) Enlu).
k=0

Now let

= min p,.
P aeAPa

Then we have

Since p!'=™ = al=mgar [et 3 = ;foggpa, and by equation 7.25, we have

9 4a*?

< —5——=2"""Eu[u]lp — ¢’
RIS

[u(p) — u(q)|

Finally we have

lu(p) — u(q)| < ¢ sup E,[u]lp — q|”.

[l
3]

Corollary 7.5.1. Every function w € Dy’ can be uniquely extended to a continuous

function on K.

We continue to denote the extension by u and define the energy form

Elu] = lim E,[u] (7.27)

n—oo
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on the domain

Dg = {u € C(K) :sup E,[u|V,] < +oo} . (7.28)

n>0

Moreover, for every u € Dg, the estimate in Lemma 7.5.1 will hold, by which

we find that Dy C C%(K).
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Chapter 8

Future Work

Following the investigations described in this thesis, a number of future works could

be taken up:

e We have constructed the irregular Sierpinski gasket by general iteration of
contractive similitudes. Then we want to reverse this process through the
deconstruction by some proper metric, which will lead to relative inequlity
theory, such as Poincaré inequalities, capacity inequalities and Harnack in-

equalities.

e Spectral analysis on certain fractal mixtures. For instance, describe the eigen-
values of the Laplacian on the irregular Sierpinski gasket, which will be pro-
ceeded by constructing the discrete Laplacian on pre-gasket and studying the
limit of their eigenvalues. Moreover, discuss the relationship between the

Laplacian and the self-adjoint operator associated with the energy form.

e Optimal control problem on fractal mixtures. One direction of this research is
to find the optimal sequence &, based on which the cost function will obtain its

extreme value over mixed fractal-type domains. Another interesting direction
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is said to be optimal fractal-type domains in an environment, in which some

financial principles will also be employed.
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Appendix A

Metric Spaces

Definition A.0.1 (Metric Space). A metric space is a pair (X,d), where X is a
set and d : X x X — RTU{0} is a metric (distance function) on X such that for

all z,y,z € X we have:
1. d(z,y) =0 iff t =y.
2. d(z,y) =d(y,x).
3. d(z,y) < d(x,z)+d(z,y).
Definition A.0.2 (Convergence of a sequence). A sequence (x,) in a metric space

(X, d) is said to be convergent if there is an x € X such that

lim d(z,,z) = 0.

n—oo
i.e., for every € > 0, there exists an N € Z* such that
d(x,z,) <€

for alln > N.
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Definition A.0.3 (Cauchy sequence). A sequence (x,,) in a metric space (X,d) is

said to be Cauchy if for every e > 0, there exists an N € Z* such that

(T, T,) < €

for every m,n > N.

Definition A.0.4 (Completeness). A metric space X = (X, d) is said to be complete

if every Cauchy sequence in X converges.

Notice that every convergent sequence is Cauchy.

Definition A.0.5 (Isometric spaces). Let X = (X,d) and X = (X,d) be metric
spaces. Then:
(i) A mapping f: X — X s said to be isometric or an isometry if f preserves

distances, that is, for all x,y € X, we have

d(z,y) = d(f(2), (y))-
(ii) The space X is said to be isometric with the space X if there exists a
bijective isometry of X onto X. The spaces X and X are called isometric spaces.

Theorem A.0.1 (Completion). For a metric space X = (X,d), there ezists a
complete metric space X = (X, cZ) which has a subspace that is isometric with X and

is dense in X. This space X s unique up to isometry, and s called the completion

of X.

For more information, see reference [13].
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Appendix B

Compactness

Definition B.0.6 (Compact). A metriz space X is said to be compact if every open

covering of X has a finite subcollection which also covers X.

Definition B.0.7 (Sequentially compact). A space X is said to be sequentially

compact if every sequence from X contains a convergent subsequence.

Definition B.0.8 (Bolzano-Weierstrass property). A space X is said to have the
Bolzano-Weierstrass property if every infinite sequence in X has at least on cluster

point.

Theorem B.0.2 (Borel-Lebesgue). Let X be a metric space. Then the following
are equivalent:

(i) X is compact.

(i) X has the Bolzano-Weierstrass property.

(iii) X is sequentially compact.

Theorem B.0.3 (Heine-Borel Theorem). Every closed and bounded subset of real

numbers is compact.
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Proposition B.0.1. A closed subset of a compact space is compact. A compact

subset of a metric space is closed and bounded.
Proposition B.0.2. The continuous image of a compact set is compact.

Remark B.0.1. Notice that if a metric space (X,d) is not R", a bounded closed
subset of X may be not compact. One example is L* space. {sin(nz)} is a set of
functions with n € N and © € [—m,w]. Then {sin(nx)} is bounded closed subset
of L?, but it is not compact. Since ||sin(nz) — sin(mz)||, = 271 for n # m, that
nothing other than constant sequence from {sin(nz)} will be Cauchy and convergent.

Hence, not compact.

For more information, see reference [13], [26].
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Appendix C

Borel Measures

Definition C.0.9 (Hausdorff space). X is a Hausdorff space if the follwing is true:
If p,q € X and p # q, then p has a neighborhood U and q has a neighborhood V
such that UNV = 0.

Definition C.0.10 (Locally compact). X is locally compact if every point in X has

a neighborhood whose closure is compact.

Theorem C.0.4 (Riesz representation theorem). Let X be a locally compact Haus-
dorff space, and let A be a positive linear functional on C.(X). Then there exists a
o-algebra M in X which contains all Borel sets in X, and a unique positive measure

i oon M which represents A in the sense that

1. Af = [, fdu for every f € Co(X),
2. n(K) < oo for every compact set K C X,

3. For every E € M, we have
p(E) =inf{u(V): ECV,V open}.
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4. The relation

u(E) =sup{p(K): K C E,K compact}
holds for every open set E, and for every E € M with u(E) < oo.

5. fE€EMACE, and u(E) =0, then A € M.

Definition C.0.11 (Borel measure). A measure p defined on the o-algebra of all

Borel sets in a locally compact Hausdorff space X s called a Borel measure on X.

Definition C.0.12 (Regular). A Borel set E C X is outer reqular or inner reqular,

respectively, if E has property 3 and 4 of Theorem C.0.4. If every Borel set in X is

both outer and inner reqular, p is called reqular.

For more informations, see reference [27].
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Appendix D

Hilbert Space

D.1 Properties of Hilbert Space

Hilbert Space H has the following five properties:
1. H is linear
2. Scalar Products (u,v),Vu,v,w € Hya € R

o (au,v) = a(u,v)
o (utvw)=(u,w)+ (v,w)
o (u,v) = (v,u)

o (u,u)>0ifu#0

o (u,u)'?=1ul|
3. H is infinite dimensional
4. H is complete

5. H is separable
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D.2 Convergence in Hilbert Space

Definition D.2.1 (Strong Convergence). the sequence {u,} C H converges to u if
lim ||u, —ul| =0

Definition D.2.2 (Weak Convergence). If given {u,}, these exists a fized element

u s.t. (up,v) — (u,v),Yv € H, then {u,} is weakly convergent.

Definition D.2.3 (Weak Cauchy). A sequence {u,} of elements of H with the

property that Vp € H, the sequence of real numbers {(p,u,)} is a Cauchy sequence.

Definition D.2.4 (Weak Compact). A subset A of H s.t. every infinite sequence

of elements of A contains a sub-sequence that is weakly convergent to an element in

A.
Theorem D.2.1. Strong Convergence implies Weak Convergence

Theorem D.2.2. In finite dimensional spaces, there is no distinction between strong

and weak convergence.

D.3 Completely Continuous Operators

Definition D.3.1. An operator F in H is call continuous if Fu, — u, whenever

Uy — U

Definition D.3.2. The operator I is completely continuous if every weakly conver-

gent sequence s transformed into a strongly convergent sequence.

D.4 Eigenvalues

Let F' be any self-adjoint, positive-definite, completely continuous operator.
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Definition D.4.1. A real number X\, for which the equation Fu — Au = 0 has a

nontrivial solution u, is called an eigenvalue of F' with corresponding eigenvector .

Theorem D.4.1. [F F is a self-adjoint, positive-definite, completely continuous
operator with domain H, then the set of all eigenvalues \; of F', arranged in non-

increasing order, is an infinite sequence of positive numbers converging to zero,

MZA 22X 20— 0

For more informations, see reference [10], [13].
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Appendix E

Sobolev Space

E.1 Weak Derivatives

Definition E.1.1 (Weak Derivatives). Suppose u,v € L}, (U), and o = (v, ..., )

is a multiindex. We say that v is the a'"-weak partial derivative of u, written
D%u = v,

provided

/UuDagbdx: (—1)“|/Uv¢>dx

for all test functions ¢ € C°(U), where |a| = oy + ag + -+ + .

Lemma E.1.1 (Uniqueness of weak derivatives). A weak o'"-partial derivative of

u, if it exists, is uniquely defined up to a set a measure zero.
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E.2 Sobolev Space W»

Definition E.2.1. The Sobolev space
whe(U)
consists of all locally summable functions u : U — R such that for each multiindex

a < k, D% exists in the weak sense and belongs to LP(U).

Definition E.2.2. If u € W*P(U), we define its norm to be

N 1/p
(Siajen o IDulPdz) ™ (1 < p < o0)

HUHWW(U) :
Z\a|gk esssupy |[Du|  (p = 00).

Theorem E.2.1. For each k = 1,2,... and 1 < p < oo, the Sobolev space W*»(U)

18 a Banach space.

Remark E.2.1. If p = 2, we usually write

H*U)=W"*(U) (k=0,1,..).

E.3 Sobolev Space H'(()

Definition E.3.1. Let Q be a nonempty, open subset of R™. HY(Q) consists of
functions f € L*(Q) such that there exists a sequence {f,} C CY(Q) with {Vf,}
Cauchy in L*(Q), and f, converging to f in L?(Q).

Lemma E.3.1. If f € H'(Q)), then f has a weak derivative V € L*(2).

84



Lemma E.3.2. H'(Q) is a Hilbert space when equipped with the inner product

(Fa)miey = [ fodo+ [ Vi Vod.
Q Q
Let I := (a,b) C R and consider an important theorem of H!(I) which does not
always hold for general domain 2 C R™.

Theorem E.3.1. H'(I) C C(I), i.e., for every f € H(I), there exists g € C(I)

with f =g a.e..

For more, see reference [3],[23].
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Appendix F

Dirichlet Forms

F.1 Self-adjoint Operator

Definition F.1.1 (Hilbert adjoint operator). Let T : Hy — Hj be a bounded linear
operator, where Hy and Hy are Hilbert spaces. Then T* : Hy — Hy is an adjoint

operator of T if for every x € Hy and y € Ho

(Tx,y) = (2, T"y).

Theorem F.1.1. T* of T exists, is unique, and is a bounded linear operator with

norm |[T*[| = [|T1[.

Definition F.1.2 (Self-adjoint operator). A bounded linear operator T : H — H

on a Hilbert space H is said to be self-adjoint if T* =T

F.2 Closed Forms

Let H be a Hilbert space with inner product (-, ).
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Definition F.2.1 (Symmetric form). A non-negative definite symmetric billinear

form densely defined on H is called a symmetric form on H.

Definition F.2.2 (Closed form). A symmetric form f is closed in H if its domain

D[f] is complete under the inner product f(u,v) + (u,v) for u,v € H.

Theorem F.2.1. A symmetric form f is closed if and only if there exists a non-

negative self-adjoint operator A in the closure D|[f] in H, with domain D[A] C
D[VA] = D[f] such that f(u,v) = (v Au,vAv) for every u,v € D[f]. Moreover,
f(u,v) = (Au,v) for every u € D[A],v € D[f].

F.3 Markovian Forms

Let X be a locally compact separable Hausdorff space, and m be a positive Radon

measure on X such that supp[m] = X.

Definition F.3.1. A form f on L*(X,m) is called Markovian if it satisfies the
following conditions

(i)For each € > 0, there exists a n. : R — [—¢,1 + €|, with n.(t) =t fort € [0, 1]
and 0 < (') —ne(t) <t —t for every t' < t.

(ii)f u € DIf], then n. 0w € D{f] and f(n. ou,nc o) < f(u,u).

Proposition F.3.1. A closed form f on L?(X,m) is Markovian if and only if the
following condition is satisfied:

If u € D[f], v = (0Vu)Al, then v € D[f] and f(v,v) < f(u,u) where
(0Vu) Al =inf {sup{u,0},1}.
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F.4 Dirichlet Forms

Definition F.4.1. A Dirichlet form is by definition a symmetric form on L*(X,m)

which is not only Markovian but also closed.

Theorem F.4.1 (Beurling-Deny representation formular). Any regular Dirichlet

form f on L*(X,m) can be expressed for u,v € D[f] N Cy(X) as

Flu) = o)+ [

XxX—d

(u(x) —u(y))(v(x) —v(y))J (dz, dy) +/ u(x)o(z)k(dz).

X

Here f¢ is a symmetric form with domain D[f¢] = D[f] N Co(X) and satisfies

the following condition:

fé(u,v) =0

forw € D[f¢] and v € ¥(u), where
V(u) = {v € D[f] : v is constant on a neighborhood of supplu]} .

For more informations, see reference [7], [18].
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