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Abstract
CoViD-19 has rapidly spread around the world, and throughout the United States. The first
case in the US was reported on January 19, in Washington State. It has already killed over
500,000 people in the US alone. Due to its rapid spread, it is difficult to research its epi-
demiology. New information comes to light at a speed that cannot be matched. Despite the
thousands of papers written on its epidemiology and treatment, society is still struggling to
control CoViD-19’s spread.

In order to contribute to the research, we have chosen to use Tang et al.’s Mathematical
Model on CoViD-19 spread, created using Markov Chain Monte Carlo Simulation. In prov-
ing the system of equations, we determined the Basic Reproduction Number formula. With
this knowledge, we choose which parameters to research, based upon their importance in this
calculation.

Although Tang et al. provided parameter values based on Wuhan, this information re-
quired examination. For some parameters, our research matched up with the values found by
Tang et al. We conducted this research through two avenues: online research, for parameters
with consistency between states; and, data analysis. This required us to use statistics from
Massachusetts, Texas, and Iowa, which we cleaned and smoothed.

After we prepared the data, we performed Linear Regression Analysis and Constrained
Non-Linear Optimization for Parameter Tuning. Our focus was on four of the parameters:
c, β, q, and θ. In our data analysis, we developed alternative parameter sets, and determined
which parameters have the most impact on the model. These new parameter sets were tested
in the Basic Reproduction Number formula twice, once with Tang et al.’s original parameters,
and once with the updated values. This tested their accuracy and gave insight into what R0

might be for CoViD-19.
We hope that this information is helpful for future analysis of CoViD-19, especially in

determining a more accurate Basic Reproduction Number. Doing so will help understand
Herd Immunity, which, with the development of the Moderna, Pfizer, and Johnson & Johnson
vaccines, is becoming especially important.
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1 Introduction
CoViD-19 is a deadly virus that has already infected more than 120 million people worldwide
[1]. The first positive case of CoViD-19 was confirmed on December 31, 2019, where a cluster of
people in Wuhan, China started exhibiting symptoms of pneumonia. In January, 2020, Chinese
biologists and officials announced the genetic sequence of the virus [2]. The sequence was very
similar to the sequence of the Severe Acute Respiratory Syndrome (SARS) virus that mainly
impacted Southern China, Vietnam, and Hong Kong in 2003. As a result, the new virus was
given the name SARS-CoV-2. The virus was later renamed CoViD-19, an abbreviation of
Coronavirus Disease 2019.

CoViD-19 quickly spread across the world, and has now infected 216 countries and territories
[1]. The first cases in the United States were confirmed in February, 2020. Cases started
spreading, and the World Health Organization (WHO) declared a pandemic on March 11, 2020
[3].

The term coronavirus is derived from the shape of the virus. Their external spikes create an
appearance of a crown, which translates to “corona” in Latin [4]. The shape of coronaviruses
can be seen in Figure 1:

Figure 1: A picture of a coronavirus taken from [5]

Coronavirus can vary in severity. They can either be the cause of a common cold or cause
more serious diseases like CoViD-19 or SARS [6]. The symptoms of CoViD-19 vary widely from
person to person [7]. According to the Centers for Disease Control and Prevention (CDC),
symptoms can include, but are not limited to, the following:

• Flu-like symptoms, such as running a temperature, a sore throat, nausea, vomiting, con-
gestion, a runny nose or having chills;

• Respiratory difficulties, such as coughing, difficulty breathing, or gasping for air;

• Exhaustion, both physical and muscular;

• Loss of the senses of taste and smell; and,

• Diarrhea.
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However, despite all these symptoms that can clue in doctors to the presence of CoViD-19,
it has proven difficult to diagnose. Some people, while carriers of the virus, do not show any
symptoms [8]. This makes tracking the virus difficult, and allows it to spread from person to
person more efficiently, since asymptomatic people tend to continue to interact with others.
As a result, testing for CoViD-19 is an integral step in controlling the spread of the disease,
including for those who are asymptomatic.

There are two main types of tests people take to confirm if they have the virus: antigen
and Polymerase Chain Reaction (PCR). Antigen tests look for antigens, or specific proteins, on
the virus [9]. Antigen tests are cheaper and results can be verified within an hour, but antigen
tests are prone to false negatives. PCR tests check for the RNA of the virus and duplicate it
to amplify and confirm results. PCR tests are much more accurate than antigen tests, but the
Polymerase Chain Reaction process can take hours or days to complete.

For the beginning of the CoViD-19 pandemic, the United States relied exclusively on human
intervention to prevent the spread of CoViD-19. The current CDC guidelines recommend people
wear masks whenever in public to prevent droplets potentially containing the virus to be spread
throughout the air, keep a distance of at least six feet between people if possible, limiting public
gatherings and avoiding crowded indoor areas, and keeping up personal hygiene such as washing
hands and avoiding touching their face.

At the beginning of the pandemic, scientists and health experts were unaware of the fact
that asymptomatic carriers were capable of spreading the virus to others. There was no strong
emphasis on mask wearing at the time. Once this fact was discovered, the CDC updated their
recommendations to include mask wearing in public.

Coronavirus has spread throughout the United States in waves. The first waves impacted
major coastal cities, including New York City, Portland, Seattle, Boston, and Washington D.C.
This is likely due to these cities being major places of international travel, which helped CoViD-
19 spread across different countries, as well as the much larger population density of the cities.
Afterward, cases started spiking in southern states and midwestern states.

The United States federal government has taken a largely hands-off approach to fighting
CoViD-19. They have largely given responsibilities to the state governments to put up their
own measures. Responses between states varied differently. Some states, like New York and
Massachusetts, enforced stricter laws and mandates in order to fight the spread. On the other
hand, some states were much less restrictive and did not enforce a statewide mask mandate
when in public [10].

On October 22, the Food and Drug Administration (FDA) officially approved using Remde-
sivir intravenously for fighting CoViD-19, the first drug approved for such use. While human
intervention should be used and promoted, Remdesivir has shown to lower the virus count in
laboratory studies and animals [11].

In order to track the spread of CoViD-19, public health officials started implementing contact
tracing. Contact tracing involves tracking the close contacts of people who either are probable
or confirmed cases of CoViD-19. These people who are close contacts are considered "probable"
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cases. CDC defines a close contact as "someone who was within 6 feet of an infected person
for a cumulative total of 15 minutes or more over a 24-hour period starting from 2 days before
illness onset (or, for asymptomatic patients, 2 days prior to test specimen collection) until the
time the patient is isolated." The diagram below describes how contract tracing is performed:

Figure 2: A chart on how contact tracing is conducted from [12]

People who are in close contact with a positive case are expected to self-quarantine for 14
days, even if a test comes back negative. CoViD-19 does not show symptoms immediately in
those who become infected; there is a latency period between where people contract the virus
and people become infectious. The median incubation period, time from contact to show of
symptoms, for CoViD-19 is 5 days, but can vary from 1 day to 12 days [14]. This supports
using 14 days as a safe length of self-quarantine.

People who do test positive are expected to self-quarantine for 14 days. The quarantine
length of 14 days comes from the period in which someone is symptomatic. Most people who
test positive are contagious for about 10 days [9]. After this period, if a person is no longer
showing symptoms, they are very likely no longer contagious. Experts recommend the length
of 14 days to confirm that a person is safe to leave quarantine.

Due to the high infection rate and the severity of some of the symptoms, it is important
to add to our understanding of CoViD-19 as quickly as possible. We hope to develop further
research on the spread of CoViD-19 from asymptomatic individuals based upon the level of
mask mandate that is enforced.

The organization of this MQP is as follows:

• Introducing and Analyzing the Tang et al. Markov Chain Monte Carlo Simulation Model

• Selecting States for Analysis
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• Processing Data

• Calculating the Results of Linear Regression Analysis and Constrained Non-Linear Op-
timization for Parameter Tuning, and Applying Said Results to the Basic Reproduction
Number Formula

• Discussing the Methods Used, Examining the Results Obtained, and Recommending Fu-
ture Research
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2 Mathematical Model
The transmission diagram below is taken from Tang et al.’s Paper.

S E

A

I

R

Sq Eq H

Media, Contact
tracing

Treatm
ent

Q
uarantine Isolation

Figure 3: Transmission diagram for SARS-CoV-2.

In Figure (3),

• S - people susceptible to the disease.

• E - people exposed to someone with the disease.

• I - people who are infected and are symptomatic.

• A - people who are infected but are asymptomatic.

• Sq - people susceptible that have self-quarantined.

• Eq - people exposed that have self-quarantined .

• H - people that are hospitalized.

• R - people that have recovered from the disease.

• D - deaths due to the disease.

In order to model the pandemic, we use a version of the SEIRAH compartmental model.
This model tracks the number of people who fall into each compartment and the changes in the
amount of people in each compartment over time. The compartments are S,E, I, A, Sq, Eq, H,R,D.
We assume homogeneous mixing so we can only need to consider ordinary differential equations.
Based on the above transmission diagram, one can write down the model equations:
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Our model is as follows:

dS

dt
= −(βc+ cq(1− β))S(I + θA) + λSq

dE

dt
= βc(1− q)S(I + θA)− σE

dI

dt
= σρE − (δI + α + γI)I

dA

dt
= σ(1− ρ)E − γAA

dSq
dt

= cq(1− β)S(I + θA)− λSq
dEq
dt

= βcqS(I + θA)− δqEq
dH

dt
= δII + δqEq − (α + γH)H

dR

dt
= γII + γAA+ γHH

dD

dt
= αI + αH
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The original set of values for the parameters is as follows:

Parameter Est. Mean Std Meaning
c 14.78 0.904 Contact rate
β 2.1× 10−8 1.19× 10−9 Probability of transmission upon contact
q 1.89× 10−7 6.37× 10−8 Quarantine fraction of exposed class
σ 1/7 - Transition rate from exposed class to infected class
λ 1/14 - Rate of release of quarantined uninfected
ρ 0.87 4.923× 10−2 Probability of having symptoms
δI 0.13 2.132× 10−2 Transition rate symptomatic to quarantine

infected
δq 0.13 5.203× 10−2 Transition rate of quarantined exposed to quarantine

infected
θ Unknown Unknown Reduced transmission of asymptomatic class

of this standard deviation
γI 0.330 5.214× 10−2 Recovery rate of symptomatic infected
γA 0.140 3.462× 10−2 Recovery rate of asymptomatic infected class
γH 0.116 3.873× 10−2 Recovery rate of quarantine infected
α 1.782× 10−5 6.833× 10−6 Covid-19 induced death rate

Table 1: Original Parameter Values and Meanings. Taken from Table 1 of [13]. Unit of
time is days.

We began the model with the values for the parameters from Table 1 from [13]. We then
decided to find updated values for the parameters. A study of CoViD-19 cases in Singapore
found that the mean latency period, or period lasting from when a person is infected to when
they become contagious, is 5.5 days [14]. The transition rate from exposed to infected is the
reciprocal of the latency period. A team of researchers from Bond University in Australia did a
large meta-analysis of studies of CoViD-19 cases. In this study, 663 people tested positive and
111 people (16.7%) were asymptomatic; 552 people (83.3%) developed symptoms. The same
study also found that the relative risk of transmission from asymptomatic people is 42% lower
than from symptomatic people. These results are reflected in the following table.
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Parameter Est. Mean Std Meaning
c 14.78 0.904 Contact rate [13]
β 2.1× 10−8 1.19× 10−9 Probability of transmission upon contact [13]
q 1.89× 10−7 6.37× 10−8 Quarantine fraction of exposed class [13]
σ 1/5.5 0.13 Transition rate from exposed to infected [14]
λ 1/14 - Rate of release of quarantined uninfected
ρ 0.83 0.015 Probability of having symptoms [15]
δI 0.13 2.132× 10−2 Transition rate symptomatic to quarantine

infected [13]
δq 0.13 5.203× 10−2 Transition rate of quarantined exposed to quarantine

infected [13]
θ 0.58 0.21 Reduced transmission of asymptomatic [15]
γI 1/10 - Recovery rate of symptomatic infected [9]
γA 1/6 - Recovery rate of asymptomatic infected
γH 1/11 - Recovery rate of quarantine infected [17]
α 0.0221 - Covid-19 induced death rate [1]

Table 2: Updated Parameter Values and Meanings. Unit of time is days.
Updated parameters are in bold.

Symptomatic people are contagious for an average of approximately 10 days [9], and asymp-
tomatic people are contagious for an average of 6 days. A study of in Belgium found the mean
hospital stay due to CoViD-19 is 11.0 days [17]. Recovery rates are the reciprocal of these
periods of time. The death rate from CoViD-19 is found by taking the fraction of total cases
and total deaths [1].

For the parameters γI , γA, and γH , we assumed that the distributions of the length of time in
which a person is contagious (or hospitalized in the case of γH) are normal with means of 10, 6,
and 11 days respectively, due to the sufficiently large sample size. As a result, the parameters
themselves each follow a reciprocal normal distribution. The reciprocal normal distribution
does not have a mean, and as a consequence, does not have a standard deviation. The values in
the table are instead the median values, since the reciprocal normal distribution is symmetric
about the median.
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3 Analysis of the Model
To have confidence in the model used, some basic proofs must be completed to show that
the system of equations used is appropriate. This includes proofs that: show that the overall
population is constant; a proof of the steady-states of the system of equations; and a proof of
the Basic Reproduction Number of the system of equations.

Lemma 3.1. Let N := S +E + I +A+ Sq +Eq +H +R+D, then Ṅ = 0, which implies that
N(t) = N0 := N(0) for t > 0. This means the population size remains unchanged for all time.
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Proof.

Ṅ = −(βc+ cq(1− β))S(w) + λSq + βc(1− q)S(w)− σE + σρE − δI + α + γI)I

+ σ(1− ρ)E − γAA+ cq(1− β)S(w)− λSq + βcqS(w)− δqEq + δII + δqEq

− (α + γH)H + γI + γAA+ γHH + αI + αH

= −����βcSw − cqSw + cqβSw + λSq +����βcSw − βcqSw − σE + σρE − δII − αI − γII
+ σE − σρE − γAA+ cqSw − cqβSw − λSq + βcqSw − δqEq + δII + δqEq − αH − γHH
+ γII + γAA+ γHH + αI + αH

= −���cqSw + cqβSw + λSq − βcqSw − σE + σρE − δII − αI − γII + σE − σρE
− γAA+���cqSw − cqβSw − λSq + βcqSw − δqEq + δII + δqEq − αH − γHH
+ γII + γAA+ γHH + αI + αH

= ����cqβSw + λSq − βcqSw − σE + σρE − δII − αI − γII + σE − σρE − γAA−����cqβSw

− λSq + βcqSw − δqEq + δII + δqEq − αH − γHH + γII + γAA+ γHH + αI + αH

=
�
��λSq − βcqSw − σE + σρE − δII − αI − γII + σE − σρE − γAA−�

��λSq + βcqSw

− δqEq + δII + δqEq − αH − γHH + γII + γAA+ γHH + αI + αH

= −����βcqSw − σE + σρE − δII − αI − γII + σE − σρE − γAA+����βcqSw − δqEq
+ δII + δqEq − αH − γHH + γII + γAA+ γHH + αI + αH

= −��σE + σρE − δII − αI − γII +��σE − σρE − γAA− δqEq + δII + δqEq

− αH − γHH + γII + γAA+ γHH + αI + αH

= �
��σρE − δII − αI − γII −�

��σρE − γAA− δqEq
+ δII + δqEq − αH − γHH + γII + γAA+ γHH + αI + αH

= −��δII − αI − γII − γAA− δqEq +�
�δII + δqEq − αH − γHH + γII + γAA+ γHH + αI + αH

= −��αI − γII − γAA− δqEq + δqEq − αH − γHH + γII + γAA+ γHH +��αI + αH

= −��γII − γAA− δqEq + δqEq − αH − γHH +�
�γII + γAA+ γHH + αH

= −���γAA− δqEq + δqEq − αH − γHH +���γAA+ γHH + αH

= −���δqEq +�
��δqEq − αH − γHH + γHH + αH

= −���αH − γHH + γHH +���αH

= −���γHH +���γHH

= 0 .

The proof of the lemma is complete.

Lemma 3.2. The only steady-state of the model is (S, 0, 0, 0, 0, 0, 0, R,D), where S +R+D =
N0. Thus, in the long-run, part of the susceptible population remain uninfected (susceptible),
while the rest of the population become infected and at the end either recovered or died.
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Proof. Steady states satisfy the equations:

− (βc+ cq(1− β))S(I + θA) + λSq = 0

βc(1− q)S(I + θA)− σE = 0

σρE − (δI + α + γI)I = 0 (3.1)
σ(1− ρ)E − γAA = 0

cq(1− β)S(I + θA)− λSq = 0 (3.2)
βcqS(I + θA)− δqEq = 0

δII + δqEq − (α + γH)H = 0 (3.3)
γII + γAA+ γHH = 0 (3.4)
αI + αH = 0 .

Since S,E, I, A, Sq, Eq, H,R,D ≥ 0 and the parameters c, β, q, σ, λ, ρ, δI , δq, θ, γI , γA, γH , α > 0.
From equation ( 3.4), I, A,H = 0 and from ( 3.3), Eq = 0. Additionally, from ( 3.1), E = 0
and from ( 3.2), Sq = 0. S,R,D cannot be shown to be 0 in all steady states. If R,D = 0, The
CoViD-19 free steady state is found, and S = N0; that is (N0, 0, 0, 0, 0, 0, 0, 0, 0). Otherwise,
the steady state is (N, 0, 0, 0, 0, 0, 0, R,D). Since N = S + E + I +A+ Sq + Eq +H +R+D,
we have N0 = S +R +D The proof of the lemma is complete.

Lemma 3.3. The basic reproduction number , R0, of this model is given by (2.10) of the [13].

Proof. The next-generation method is used to determine the basic reproduction number. Details
of this method is given in Appendix A.

Equations Ė, İ, Ȧ, Ȧ, and Ḣ are the only relevant elements of Ṅ for the basic reproduction
number. After expansion, the relevant equations are as follows:

Ė = βc(1− q)SI + βc(1− q)SθA− σE
İ = σρE − (δI + α + γI)I

Ȧ = σ(1− ρ)E − γAA
Ėq = βcqSI + βcqSθA− δqEq
Ḣ = δII + δqEq − (α + γH)H

These equations can be rewritten:

Ė = F1 − V1
İ = F2 − V2
Ȧ = F3 − V3
Ėq = F4 − V4
Ḣ = F5 − V5,
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where

F1 = βc(1− q)S(I + θA)

F2 = 0

F3 = 0

F4 = βcqS(I + θA)

F5 = δII + δqEq

and

V1 = σE

V2 = −σρE + (δI + α + γI)I

V3 = −(σ − σρ)E + γAA

V4 = δqEq

V5 = (α + γH)H .

Thus, the Jacobian Matrices for F = (F1, F2, F3, F4, F5) with respect to (E, I, A,Eq, H) is

F =


0 βcS − βcqS βcSθ − βcqSθ 0 0
0 0 0 0 0
0 0 0 0 0
0 βcqS βcqSθ 0 0
0 δI 0 δq 0


Similarly, the Jacobian matrix of V = (V1, V2, V3, V4, V5) with respect to the same variables is

V =


σ 0 0 0 0
−σρ δI + α + γI 0 0 0
σρ− σ 0 γ 0 0

0 0 0 δq 0
0 0 0 0 α + γH


Therefore,

V−1 =


1
σ

0 0 0 0
ρ

δI+α+γI

1
δI+α+γI

0 0 0
1−ρ
γA

0 1
γA

0 0

0 0 0 1
δq

0

0 0 0 0 1
α+γH
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The next generation matrix is defined as

K = FV−1 =


Sβcθ(q−1)(ρ−1)

γA
− Sβcρ(q−1)

δI+α+γI

−Sβc(q−1)
δI+α+γI

−Sβcθ(q−1)
γA

0 0

0 0 0 0 0
0 0 0 0 0

Sβcqρ
δI+α+γI

− Sβcqθ(ρ−1)
γA

Sβcq
δI+α+γI

Sβcqθ
γA

0 0
δIρ

δI+α+γI

δI
δI+α+γI

0 1 0


The basic reproduction number, R0, is the eigenvalue of K furthest from the origin. The

characteristic equation is det(ξI − K) = 0, where I represents the identity matrix. The eigen-
values are: ξ = [0, 0, 0, ξ4], where ξ4 equals

ξ4 =
Sαβcθ + SβcδIθ + SβcγAρ+ SβcγIθ − Sαβcqθ − Sαβcρθ − SβcδIqθ − SβcγAqρ

δIγA + αγA + γAγI

+
−SβcδIρθ − SβcγIqθ − SβcγIρθ + Sαβcqρθ + SβcδIqρθ + SβcγIqρθ

δIγA + αγA + γAγI

Upon simplification,

R0 = − SβcγAρ− SβcγAqρ
(δIγA + αγA + γAγI

+
θ(Sαβc+ SβcδI + SβcγI − Sαβcq − Sαβcρ− SβcδIq − SβcδIρ

δIγA + αγA + γAγI

+
−SβcγIq − SβcγIρ+ Sαβcqρ+ SβcδIqρ+ SβcγIqρ

δIγA + αγA + γAγI

R0 = − SβcγAρ− SβcγAqρ
(δIγA + αγA + γAγI

+
Sβcθ(q − 1)(ρ− 1)

γA

R0 = −Sβcρ(q − 1)

δI + α + γI
+
Sβcθ(q − 1)(ρ− 1)

γA

R0 =
Sβcρ(1− q)
δI + α + γI

+
Sβcθ(1− q)(1− ρ)

γA

R0 = S

[
βcρ(1− q)
δI + α + γI

+
βcθ(1− q)(1− ρ)

γA

]
.

The proof of the lemma is complete.

17



4 Covid-19 in Massachusetts, Texas and Iowa
We downloaded our data from The COVID Tracking project, which collected data from all
fifty states on cases, hospitalizations, tests, test results, deaths, recoveries, and how many
people were put in intensive care units. We wanted to choose three states that took different
approaches to fighting the spread of the virus and got affected at different times. We also
wanted states with a lot of mixing between people within the state because it best fits our
model. We considered using metropolitan areas instead of states because metropolitan areas
are the most interconnected. The metropolitan areas were split up into counties. However, we
had difficulty finding all of the data we needed from counties, so we decided to use states.

We chose Massachusetts, Iowa, and Texas as a result of where their people are located.
We wanted to avoid people travelling in and out of state on a constant basis. Since New
York City’s metropolitan statistical area (MSA) includes parts of northern New Jersey and
eastern Pennsylvania, and New York City’s combined statistical area (CSA) also includes parts
of southwestern Connecticut, we decided to not use New York [19]. We also did not use New
Jersey or Pennsylvania because Philadelphia’s MSA includes parts of New Jersey, Delaware and
Maryland [20].

When we attempted to find accurate 2020 Census data, it was not available. Instead, we
utilized predictions of 2019 populations in each state and metropolitan area, based on previous
census records.

4.1 Massachusetts

Massachusetts is a small, densely populated state in New England. The virus hit Massachusetts
especially hard in the early stages of the pandemic. Massachusetts has a large percentage of
their population living in these three metropolitan areas:

• Boston-Cambridge-Newton (population: 4,873,019 [21])

• Worcester (population: 947,404 [21])

• Springfield (population: 697,382 [21])

A significantly smaller percentage of these metropolitan areas include people from other states
than New York City and Philadelphia. This means that fewer people will be traveling in and out
of the state everyday, and allows us to have more accurate data with fewer outside influences;
however, it is important to note that the Boston-Cambridge-Newton population includes parts
of New Hampshire, and the Worcester population includes parts of Connecticut, and that a
portion of Massachusetts’s population living in the Providence, Rhode Island metropolitan
area. These metropolitan areas make up 94.56368% [22] of Massachusetts’s overall population
(6,892,503), but this is inaccurate due to the aforementioned issues.

The first case of the virus in Massachusetts was identified on March 2, [23]. Governor
Charlie Baker announced a state of emergency for Massachusetts on March 10 [24]. Baker
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issued a stay-at-home order starting March 23. This was to last until April 7, but was extended
to May 4 on March 31 [25]. The stay-at-home order was then extended to May 18 on April 28.
Starting on May 18, Massachusetts started a phase-by-phase approach to reopening businesses
across the state.

At 9:30 on May 1, Baker issued an order that mandated wearing face masks when social dis-
tancing was not possible, and required masks in retail settings and in all public transportation.
This took effect on May 6 and stayed in effect until it was revised by a later order on November
2. The November 2 order mandated wearing face masks in all public places, even if social
distancing is possible, and allows for businesses and schools to require proof for exemption of
wearing a mask. The revised order took effect November 6.

On July 24, Governor Baker issued an order introducing a travel form that all adults and
unaccompanied minors must fill out prior to entering unless they fall into one of the following
exceptions:

• Coming from a lower risk state. This list changes based on rolling averages of positive test
rates and cases per capita. As of November 18, only Maine, New Hampshire, Vermont,
and Hawaii are considered low-risk states.

• Transitory travel. This means people traveling into Massachusetts so they can travel to
another state. Examples include traveling along Interstate 95 from Rhode Island to New
Hampshire, and someone from New Hampshire traveling to Boston’s Logan Airport to
catch a flight.

• Commuting for work or school. People must be traveling to a fixed location at least once
a week and this only applies to work or school.

• Patients receiving or seeking medical treatment. Those who are required to accompany
the patient are exempt from the travel form as well.

• People in the military.

• Workers providing critical infrastructure services.

Visitors and residents who do not meet at least one of the exemptions above must either self-
quarantine for 14 days or produce a negative test result that was administered within 72 hours
of entering the state [26]. Those who fail to comply are required to pay a fine of $500 per day.

4.2 Texas

Texas is a large state in southern United States with a large population. Texas was chosen for
similar reasons as Massachusetts. We wanted a state that did not take as many measures as
Massachusetts to fight CoViD-19 but did enact some rules and regulations. Texas has a large
portion of its population in its metropolitan areas:
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• Dallas-Fort Worth-Arlington (population: 7,573,136 [21])

• Houston-The Woodlands-Sugarland (population: 7,066,141 [21])

• San Antonio-New Braunfels (population: 2,550,960 [21])

• Austin-Round Rock-Georgetown (population: 2,227,083 [21])

• McAllen-Edinburg-Mission (population: 868,707 [21])

• El Paso (population: 844,124 [21])

These six metropolitan areas do not spread into any other state and make up about 72.872940%
[22] of Texas’s population (28,995,881).

Texas first declared a disaster proclamation on March 13 [27]. On March 31, governor Greg
Abbott issued what is effectively a stay-at-home order that would take effect on April 2 and
last until April 30 [28]. Abbott signed executive orders on April 27 to start reopening; Texas
then started a fast reopening plan on April 30.

Governor Abbott issued an order that mandates people wear masks in most public places
that took effect on June 3 [29]. On June 26, Abbott signed an executive order that lowered
the capacity of food services [30]. Bars were shut down from 50% capacity effective that day,
and restaurant capacity was lowered from 75% to 50% effective June 29. Abbott then issued
a statewide executive order stating masks must be worn indoors and when maintaining social
distancing is infeasible on July 2. People under the age of 10 and those in counties with fewer
than 20 active cases are exempt.

On November 11, Texas became the first state to surpass one million cases [31]. However,
Abbott has stated he opposes enforcing another lockdown [32].

4.3 Iowa

Iowa is a landlocked, less densely populated state in the Midwest. We wanted a state that took
few to no actions in combating the virus. Iowa is one of two states that have not enforced
statewide mask mandates for any measure by early November [33], the other state being South
Dakota [34]. We chose Iowa over South Dakota for our third state because Iowa has about
quadruple the population than South Dakota. Both states have a comparable proportion of
people in metropolitan areas. Iowa’s major metropolitan area, Des Moines-West Des Moines,
has a population of about 699,292 [21], 22.1641% [22] of Iowa’s population (3,155,070). There
is a little bit of mixing with Nebraska in the Omaha-Council Bluffs MSA and with Illinois in
the Davenport-Moline-Rock Island MSA, but we decided the portion of the population in this
category was small enough to where we can use Iowa.

Governor Kim Reynolds first issued a disaster proclamation on March 9 [35]. This disaster
proclamation has been renewed continually throughout the pandemic. Interestingly, in the
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April 27 disaster proclamation renewal, Reynolds loosened social distancing measures in 77 of
Iowa’s 99 counties that took effect on May 1 [36].

Iowa was one of five states to not issue any sort of stay-at-home order through April [37].
However, certain cities in the state have issued city-wide mask mandates. On July 21, Iowa
City put out a mask mandate that took effect immediately and lasted until September 15, [38].
On September 14, Iowa City Mayor Bruce Teague extended the mask mandate until November
13 [39]. Des Moines enforced their own mask mandate on August 26, effective immediately
[40]. Waukee, a suburb of Des Moines located 15 miles to the west, issued their own mask
mandate on September 15, which took effect on September 18 [41]. This mask mandate applied
to anyone three years old or older and did not have any exceptions. Governor Reynolds put
out the first statewide mask mandate for Iowa on November 16, which took effect the next day
[42].
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5 Cleaning and Smoothing of Downloaded Data
COVID Tracking did a great job aggregating raw data from across the United States and
centralizing all of the information on their site. Throughout the course of this project, they
continuously updated their definitions and made changes to the data in an effort to make it
more accessible and more uniform. At the time of writing, we pulled the data from https:
//covidtracking.com/data. However, not all states reported their data uniformly, and there
were features in the data to suggest that certain data was gathered once a week or following
another pattern. Since our goal was to use this data to inform our model, a handful of prepara-
tions needed to be made. The starting date for the data collection was April 30, since by then
most sources were reporting data for not just CoViD-19 deaths and cases, but hospitalizations
as well. The end date of November 30 was chosen both because more data was not available
yet and because the trends were likely to change in response to vaccines and the significant
differences in social behavior precipitated by the holiday season.

Since the model seeks to simulate data for each day, the data needed to be cleaned and
smoothed into a comparable set. This means that mitigating the impact of errors in reporting
and patterns is needed to attain a format more accurate to the true daily trends. The cleaning
involved understanding the origin of outliers and removing or modifying them as needed. In
the case of holes or missing values in the data, a regression was fit to the data using a subset
of the previous 7 days as predictors for the last day and then the missing day was predicted
using this regression. That is:

Dk = β1Dk−1 + β2Dk−2 + β3Dk−3 + β4Dk−4 + β5Dk−5 + β6Dk−6 + β7Dk−7 + β0 + ε

Where Dk is a day, Dk−1 is the day before Dk, Dk−2 is the day before ck−1, etc. For each state
and each column, a specific subset of previous days was selected to predict Dk using a backwards
step-wise approach. This was done in response to the varying nature of the data sources, as
information such as hospital cases are collected differently than CoViD-19 test results. These
regressions were used solely for filling in "holes"- missing values not immediately preceded
or followed by more missing values. We used Python for the cleaning and smoothing of the
data, including the Statsmodels package for regressions and Pandas for the data frames. After
backwards-stepwise model selection for the auto-regressions, the holes were filled in with the
following code:
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Figure 4: Python Code for Autoregressions

To smooth the data, a moving average of 7 was used. The smoothing needed to be a moving
average of around 7 or more to handle the noise as well as the cyclical nature of patterns
present in the data which occasionally led to consistent changes in the data (such as an uptick
in hospitalizations on Mondays after a dip on Sundays). The smooth value sk of a point Dk
was computed as:

sk = Average (Dk−3,Dk−2,Dk−1,Dk,Dk+1,Dk+2,Dk+3) .

Once the holes were removed, the tail ends of the data were prepared and the rest of the data
was easily smoothed according to the above equation using some code:

Figure 5: Python Code for 7-Day Average Smoothing

Below are graphs of the data from the three states: Massachusetts, Texas and Iowa, before
and after the smoothing process of taking the moving 7-day average.
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Figure 6: Massachusetts Data Smoothing
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Figure 7: Texas Data Smoothing
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Figure 8: Iowa Data Smoothing
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6 Results
After the data was prepared, two analyses of the model were performed. This was done to gain
a better understanding of four model parameters: the contact rate c, chance of transmission
upon contact β, the fraction of the exposed class in quarantine q, and the ratio of the infectious-
ness from the asymptomatic class to the infectiousness of the symptomatic class θ. First we
approached the parameters with Linear Regression Analysis and then Constrained Non-Linear
Optimization for Parameter Tuning. Each was important for different reasons.

Linear Regression Analysis shows the strength of the model which parameters have the
greatest impact on the results. This is important for determining which combination of param-
eters best fits the model without adding excessive predictors. Determining parameters can help
inform how to slow the spread of CoViD-19, as targeting some of these parameters in real life
involves public action and legislation. This would also be useful for future research, including
other approaches to parameter tuning, where these parameters can be targeted and adjusted
to according to various criteria. This analysis was conducted using a MATLAB program to
generate a Latin Hypercube Sample, and R to perform the linear regression.

Constrained Non-Linear Optimization for Parameter Tuning adjusts values for the target
parameters to better fit the data we gathered. By observing different sets of parameters,
researchers can have a better idea of how adjusting one parameter might have an impact on the
others, as well as the overall model accuracy. Having improved estimates of these parameters
can further our understanding of CoViD-19’s transmission, the efficacy of public policies, and
differences in symptomatic and asymptomatic transmission. Again, this was determined using
MATLAB.

The results for both analysis methods are explained in greater detail, below.

6.1 Linear Regression Analysis

In order to figure out how to best combat CoViD-19, we wanted to determine which parameters
were the most impactful and which parameters had little to no impact on the results. We
generated a Latin Hypercube Sample 2000 times for the four parameters we were testing, as
well as the state variables S, I, A, and H. We then ran a linear regression, modeling the state
variables using the predictors c, β, q, θ, and all second-order cross terms.

The linear regression is presented by a table of estimated coefficients, the standard error, the
normalized t-statistic value, and the probability of exceeding the absolute value of t, also called
a p-value. The t-statistic follows a distribution very close to the standard normal distribution,
but has more variance to take into account the size of the sample. Along with the tables, the
linear regression gives us the degrees of freedom, the coefficient of determination R2, F -statistic,
and the p-value associated with the F -statistic. The coefficient of determination, bounded by
zero and one, is a measure of how much of the variance in the data is explained by the model.
R2 equal to 0.500 means that 50% of the variance in the data is captured by the model in the
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regression. The adjusted R2, denoted by R̄2, takes into account the degrees of freedom in the
model, as adding predictors to the model will always increase R2 but not always increase R̄2.
The F -statistic gives an idea of how well the model fits the data. A higher F -statistic indicates
the model is a good fit for the data.

We looked at the individual p-values to determine which predictors impacted the data the
most. The predictors that have the strongest impact have the lowest p-values and are considered
significant. The null hypothesis was that a predictor is considered insignificant to the model
and could have a coefficient of zero. If the p-value is below a certain threshold, then the null
hypothesis is rejected and the predictor is considered significant. We used a p-value threshold
of 0.05 to determine if predictors were considered significant.

Figure 9: Regression on S. Figure 10: Regression on I.
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Figure 11: Regression on A. Figure 12: Regression on H.

Our regression resulted in R̄2 values of 0.9968 or greater, meaning almost all of the variance
in the data is captured by the model in the linear regression. As a result, the model is an
excellent fit for the data.

Our regression on S, I, A, and H shows most of the predictors are significant in some way.
Regression on I, A, and H resulted in the same variables being considered significant. The
predictor θ2 is not significant for any of the four state variables in the regression. θ and cθ were
only significant on S. θ had a p-value of 0.0371, indicating that it is not as significant to our
model as most of the other predictors, though cθ had a p-value of 8.52× 10−10 when regressing
on S.

On the other hand, c, q, and β were all very significant in impacting S, I, A, and H.
Every second order cross term involving these three parameters were all significant in each
regression, with the exception of cq having a p-value of 0.3524 in the regression on S. From
this, we can conclude that quarantine and mask wearing habits will have a significant impact
on the pandemic.

6.2 Constrained Non-Linear Optimization for Parameter Tuning

As part of this investigation, we used the data gathered to tune parameters which were likely to
vary with the culture and environment, or not enumerated in the literature. When comparing
our model to the collected data, it becomes unclear what the relationship between features
of the collected data and most of the compartments in our model may be. In the case of
the infected class, it is not immediately obvious whether this should follow the new positive
CoViD-19 tests, some transformation of that data, or if a calculated column from multiple
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compartments in the model might be a better fit. Out of the different compartments in our
model, only H, or the number of individuals currently hospitalized, is directly represented in
the collected data from different states. Thus, we tuned the four parameters to minimize the
mean-squared error between the model and the hospitalization data for Massachusetts. We
chose Massachusetts because we were more confident in the integrity of their hospitalization
data, and because their hospital system was not overwhelmed between the months represented
in the simulated data.

The bounds for the parameters were set using their 95% confidence intervals established
through Table 2, or through common sense since c, β, and q must be greater than 0, and
β must be less than 1. We relaxed the bounds for β because it was likely to change with
environment and strain of virus. Similarly, the bounds for q were relaxed because the previous
estimate seemed too restrictive for the stage in the pandemic which we analyzed, because people
were more informed and therefore willing to quarantine. The problem is as follows:

minimize
c,β,q,θ

MSE =
1

215

215∑
k=1

(Hk −Hk)
2

subject to 0 < c < 17

0 < β < 1

0 ≤ q < 0.12

0.168 ≤ θ ≤ 0.992

Where Hk is the number of hospitalized patients predicted by the model on day k and Hk

is the corresponding number of hospitalized patients in Massachusetts according to the data.
The model reevaluates each time there is a change in the parameter values. With MATLAB’s
fmincon function, local minima were found according to the interior point method. The initial
MSE (Mean Squared Error) before tuning was extremely high 1.186× 1011.

c β q θ MSE
Original Values 14.78 2.1× 10−8 1.89× 10−7 0.58 1.186× 1011

First Minimum 2.84 3.15× 10−7 1.51× 10−3 0.991 3.188× 105

Second Minimum 4.83 5.68× 10−6 2.88× 10−2 0.168 3.177× 105

Third Minimum 16.72 8.42× 10−8 4.21× 10−4 0.726 3.181× 105

Table 3: Tuned Parameter Values. In no particular order, these minima represent possible
combinations of values for these parameters in the state of Massachusetts.

Based on these results, it is most apparent that the tuning favors increasing the value of
the quarantine class by a significant margin, well outside of the 95% confidence interval for the
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Wuhan data. However, this idea requires further development, and is beyond the scope of this
analysis.

There exists the possibility that perhaps the value of c is much lower than 14.78 in Mas-
sachusetts, though this reasonably means β might also be greater than the initial estimates.
If c and β follow these pattern, then the value of the quarantine class, q, is likely higher than
the value in Wuhan during the time when the initial data was gathered. The values for θ vary
wildly from minimum to minimum, which is supported in the research since the 95% confidence
interval is so large. This could point to many things, including differences across strains of
CoViD-19, but it is difficult to be certain. Without further research and more concrete esti-
mates of these parameters, it is difficult to draw more conclusions without simply speculating.
Out of the minima obtained, it is important to note that the first minimum was found at the
maximum value for θ, making it less favorable.

Below are two graphs showing the difference in comparing the original model to the data
using the parameters from Wuhan to the tuned parameters values for the second minimum in
Table 3.

Figure 13: Simulated versus actual MA hospitalization data with Wuhan parameters. Graph
corresponds to the original values of c, q, β, and θ.
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Figure 14: Simulated versus actual MA hospitalization data with Tuned parameters. Graph
corresponds to the original values of c, q, β, and θ.

6.3 Analyzing the Basic Reproduction Number

Having determined three alternative sets of parameters, the next step was to try these values
in the Basic Reproduction Number formula, as found in Chapter 3, Lemma 3.

The values were tested twice: once with the original parameters, as found by Tang et al.,
and again using the updated parameters. ρ, γI , γA, and α were updated, but δI was the same
for both models. The S in the Basic Reproduction Number formula is representative of the
initial population in question. Because the parameter tuning analyzed Massachusetts, their
population, as discussed in Section 4.1, was used.

The formula for herd immunity,

HI = 1− 1

R0

,

Can be applied to each set of parameters to determine how much of the population needs
to have recovered from, or have been vaccinated against, CoViD-19.
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The results can be found in the following table:

c β q θ OrigBRN NewBRN OrigHI NewHI
Tang 14.78 2.1× 10−8 1.89× 10−7 0.58 5.20 8.42 80.76% 88.12%

1st Min 2.84 3.15× 10−7 1.51× 10−3 0.991 17.31 26.81 94.22% 96.27%
2nd Min 4.83 5.68× 10−6 2.88× 10−2 0.168 375.97 645.60 99.73% 99.85%
3rd Min 16.72 8.42× 10−8 4.21× 10−4 0.726 24.88 39.62 95.98% 97.48%

Table 4: Basic Reproduction Number Calculations.

This shows that the parameters were better approximated by Tang et al. using Markov
Chain Monte Carlo Simulation than by Constrained Non-Linear Optimization for Parameter
Tuning. The researched parameters also seem to be less accurate than Tang et al.’s values. An
R value cannot be expected to be of the size found using the Tuned Parameters, or using the
updated values of ρ, γI , γA, and α. As it is, 5.20 is surprisingly large.

This Basic Reproduction Number means that every person who contracts CoViD-19, more
than five other people get infected. The maximum R0 value, created using the First Minimum
set and the Updated parameters, would mean that about 646 people are infected by a single
individual with CoViD-19.

A range for Herd Immunity can be found above: HI = [80.76, 99.85]. Thus, it can be
determined that somewhere between 80.8% and 99.85% of the population must have recovered
from CoViD-19 or have the vaccine in order to control the spread of CoViD-19.

It should be clear that a common cause of the unreasonable values found here is β, given
that the value of Tang et al. was of order of magnitude −8, and that two of values found using
Parameter Tuning were at least ten times larger.
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7 Discussion
CoViD-19 urgently requires research. Without a standardized response, supported by scientific
articles, it has proven to be difficult to contain the virus. Nowhere is this more clear than in
the more than 500,000 Americans who have died as a result of CoViD-19; a number that is
always increasing. Providing scientific research that unequivocally proves whether or not mask
mandates and lockdown protocol reduces the spread of CoViD-19 is necessary to prevent the
pandemic from becoming worse, lasting longer, or both.

This study utilized Tang et al.’s Mathematical Model. This was created using a Markov
Chain Monte Carlo simulation, based on data from the Wuhan Region. Its data was limited
in important ways, necessitating research without the restrictions faced by Tang et al. The
first problem was in scope. As Wuhan was the epicenter at the time, and there was neither a
standardized response nor a body of research on how to reduce spread and how to treat patients.
By focusing on data from at least three months after the advent of the novel coronavirus, and
analyzing data from states with varying responses, this same criticism was avoided in this
paper. The other major issue was that of time - Tang et al. were only able to research patterns
for a month before publishing their study. To resolve this limitation, six months of data was
analyzed.

In using Tang et al.’s Model, this study utilized an SEIASqEqHRD Model. This accounts
for those in quarantine, both uninfected and exposed, asymptomatic infected individuals, hospi-
talized patients, and those who died. The quarantine subclasses Sq and Eq clearly are divisions
of S and E, respectively, creating an SEIAHRD Model. This in turn can be simplified, with
E, A, and H as subclasses of I. Thus, the Model is reduced to a SIRD format. Again, this
can be simplified: D is a subclass of R. It is clear that the model use is an expansion of the
basic SIR model. These expansions provided more insight into the epidemiology of CoViD-19
than a basic model could have.

The SEIASqEqHRD Model utilized in this research includes 13 parameters, each of which
helps map the changes between groups. Each one can explained as follows:

• c represents either the average number of people that one interacts with during the course
of a day, or the average number of infectious people that one interacts with during a day.

• β is either the chance of getting CoViD-19 from any singular person in c, or the chance
of getting CoViD-19 from an infectious individual, respective to what c represents.

• q is the likelihood that someone who is exposed will start quarantining on any given day

• σ is the probability that someone who was exposed will become infected on any given day

• λ is the release of uninfected individuals from quarantine. This length of quarantine has
since decreased, but during the study, 14 days was standard

• ρ is the likelihood that someone who has CoViD-19 will display symptoms
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• δI represents the transfer between the Infected Class and the Hospitalized Class

• δq similarly indicates the transfer from the Exposed Quarantine Class and the Hospitalized
Class

• θ is the reduced efficacy of transmission of the Asymptomatic Class

• γI is the rate of transition from the Infected Class to the Recovered Class

• γA is the rate of transition from the Asymptomatic Class to the Recovered Class

• γH is the rate of transition from the Hospitalized Class to the Recovered Class

• α is the rate of death caused by CoViD-19

It is worth noting that there are two possible interpretations of both c and β. The first
versions of each go together, as does the second set. Either way, the results are still the
same. What the parameters represent does not impact their value, or their use in the Basic
Reproduction Number formula.

In addition to carefully choosing the Model, the data was similarly carefully chosen. By
choosing three states that do not share as much of their metropolitan areas with other states,
the data examined has less external variation. With this caveat in mind, states were selected
with differing levels of mask mandates, different ratios of metropolitan population, and from
different areas of the United States.

The data inevitably had to be cut off at a certain point. The decision was made to do
so at the beginning of November. This served a few purposes: firstly, it eliminated the need
to create a vaccinated class. Secondly, it prevented the data from being skewed. The holiday
season resulted in the spread of CoViD-19, in a way that was inconsistent with the time that
was analyzed. Finally, with the advent of co-mutations, it would have become impossible to
properly track all necessary data given the resources available during this research.

This information has flaws due to the bureaucracy that all information suffers from at the
beginning of documentation. Some information was irrelevant to this study, and was removed
during the cleaning process. Additionally, it was clear that some days had less or no CoViD-19
test results reported, and additionally that more tests were conducted on some days of the
week than others. To make the data more useful, smoothing, which utilized seven-day moving
averages, was applied.

This study was not just limited by the data used. Without an understanding of Markov
Chain Monte Carlo Simulations, the same accuracy of data as Tang et al.’s paper could not
be expected. Therefore, Linear Regression Analysis and Constrained Non-Linear Optimization
were applied to determine each parameter’s significance and to tune the parameters.

The Linear Regression Analysis focused on the S, I, A, and H equations. In this research,
it was determined that θ is the least significant parameter. Thus, future research should focus
on c, q, and β.
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Constrained Non-Linear Optimization provided an opportunity to examine the parameters
used. This provided new possible values for c, β, q, and θ, by running a program based on
MATLAB’s fmincon function. This created three new potential values for each parameter.
These will require testing in future research, and a Markov Chain Monte Carlo Simulation will
likely provide more accurate values if utilized.

Using these new parameter sets and the Basic Reproduction Number formula, estimations
of R0 value can be made. In doing so, it becomes clear that the new parameters result in values
that are unreasonably high. This can be primarily attributed to the β value, which is at least
one orders of magnitude larger than those found by Tang et al. in two of the Tuned Parameter
sets. It will take future research to verify that the original values are correct, but at the very
least, the β values found should be heavily examined.

Although this research should not be viewed as an end-all, be-all, it should be part of the
larger conversation regarding CoViD-19 protocol. As information changes and develops, so too
does the response to CoViD-19, both in the United States, and abroad. Study of the novel
coronavirus should similarly evolve with these developments.

Some notable events that will be important for future studies include changes in mask
mandates. With many states moving away from punishing those who choose not to wear masks,
the spread of CoViD-19 will be very important to note. In the states that this study analyzed,
changes occurred. Iowa put in place and removed a mask mandate in between the period where
data was gathered and our results were published [44]. Additionally, Texas repealed their mask
mandate [45]. This is representative of the events occurring throughout the United States - 15
states were without mask mandates by March 3, 2021, not including Texas [46].

It should be noted that these changes are occurring, at least in part, because of the advent of
vaccines for CoViD-19. With Moderna, Pfizer, and Johnson & Johnson providing doses across
the United States, and to an extent, abroad, the landscape regarding CoViD-19 is changing
dramatically [47]. Future studies may wish to create a Mathematical Model, in which an
additional subclass is added to the Removed Class, for those who have been vaccinated. The
results of this hypothetical study would help determine the necessity of mask mandates in a
society where vaccines are common.

The final major change is the development of mutated CoViD-19 strains [48]. Although this
should not come as a surprise, it does add an additional wrinkle to future studies. The vaccines
available have been proven to have reduced efficiency against at least one strain each [49]. This
will make vaccinations harder to have complete confidence in, and necessitates future study.

The research in this paper lays out an effective starting point for all this research. With
confidence in the parameters for the above mathematical model, and knowledge on which ones
are most important to understand, future researchers might be able to focus their research to
a greater precision. It is the hope of the authors that this is the case.
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8 Appendices

8.1 Appendix A: The Basic Reproduction Number

The model used in this report is an expansion of the SIR model, which is given by

Ṡ = −βSI
N

İ =
βSI

N
− γI

Ṙ = γI .

This simpler model only has compartments for Susceptible, Infected, and Removed.
Common expansions of this model include: the SIRD model, where Removed is separated

into Recovered and Deceased; the SEIR model, where Infected is subcategorized as Exposed
and Infectious; and, the SIRC model, where Removed has the subclass of Carrier.

The SIRD model is given by:

Ṡ = −βIS
N

İ =
βIS

N
− γI − µI

Ṙ = γI

Ḋ = µI .

The SEIR model is the following:

Ṡ = λN − µS − βIS

N

Ė =
βIS

N
− (µ+ α)E

İ = αE − (γ + µ)I

Ṙ = γI − µR .

The model used in this paper combines the elements of all of these models. By using
an SEIASqEqHRD model, the carrier class is effectively replaced by asymptomatic carri-
ers. It is important to note that these asymptomatic carriers are not a subgroup of the
Removed compartment; rather, it is an element of the Infected compartment. In essence:
S and Sq are the Susceptible, E, I, A,Eq, and H are Infected, and R and D are Removed.
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For all compartmental models, there exist steady states. These exist where there is no
transfer between classes; ie. when

Ṡ, İ , Ṙ = 0 (for an SIR model)

.
For the SIR model, the steady states exist at

(S, 0, R)

.
It follows that the steady states for the SIRD model are of the form

(S, 0, R,D),

and that of the SEIR model are of the form

(S, 0, 0, 0)

For these steady states, S,R, and D are all variable, but must add up to N . Therefore, there
exists a steady state wherein

S = N

This is known as the disease-free steady state, where no one has ever been infected.
In addition to providing information to determine steady states, the equations can help

determine the Basic Reproduction Number, R0, of a disease. This is determined by the number
of exposures to those in the Susceptible class that an Infected individual has before they become
Removed.

As more categories are added, a matrix can be formed of the exposures an individual has
between classes (F), and another can be made of the removal from the infectious classes (V). To
determine the Basic Reproduction Number the exposure matrix can be divided by the removal
matrix, K = FV−1, and the eigenvalue with the largest modulus is the Basic Reproduction
Number. The Basic Reproduction Model is represented by R0.

By this definition, F is β, β, and αβ, for SIR, SIRD, and SEIR models, respectively.
Similarly, V is γ, µ+ γ, and (µ+ α)(µ+ γ).

Thus, for the SIR model, the Basic Reproduction Number is

R0 =
β

γ
,

For the SIRD model, the Basic Reproduction Number is

R0 =
β

µ+ γ
,
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And for the SEIR model, the Basic Reproduction Number is

R0 =
α

µ+ α

β

µ+ γ
.

The Basic Reproduction Number is important in epidemiology, as it helps determine how
rapidly a virus spreads. If the Ro value is less than or equal to one, then the virus will only
infect one person on average for every person infected, and the virus will be in an endemic state.
This means that the growth is linear or logarithmic, as opposed to the exponential growth that
occurs under R0 values greater than one, also known as a pandemic state.

This leads to the idea of herd immunity. If
[
100× (1− 1

R0

)

]
% of the population has been

vaccinated or has otherwise gained immunity from a virus, then the spread will not occur at
pandemic levels.

Thus, from the equations that provide a model, the steady states, Basic Reproduction Value,
and herd immunity percentage can all be determined.
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8.2 Appendix B: MATLAB Code for Parameter Tuning

Figure 15: MATLAB Code for Constrained Non-Linear Optimization for Parameter Tuning.
Not shown here: parameter values and the equation of the ODE model.
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8.3 Appendix C: R Code for Linear Regression

Figure 16: R Code for Linear Regression Analysis.
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