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Abstract

Recent advances in microelectromechanical systems (MEMS) technology have led to
development of a multitude of new sensors and their corresponding applications. Great many of
these sensors (e.g., microgyroscopes, accelerometers, biological, chemical, etc.) rely on
vibrations of either sensing elements or elastic suspensions that resonate. Regardless of their
applications, sensors are always designed to provide the most sensitive responses to the signals
they are developed to detect and/or monitor. One way to describe this sensitivity is to use the
Quality factor (Q-factor). Most recent experimental evidence indicates that as physical sizes of
sensors decrease (especially because of advances in fabrication by surface micromachining) the
corresponding Q-factors increase. This report develops a preliminary model of Q-factors of
MEMS resonators using Analytical, Computational, and Experimental Solutions (ACES)
methodology to investigate the effects of various damping mechanisms on the Q-factor of micro
mechanical resonators. We have focused on the contributions of air damping, thermoelastic
damping (TED), and surface damping to the Q-factor. Laser Doppler Vibrometry (LDV) and
Michelson Interferometry were used to characterize the damping of tipless atomic force
microscopy (AFM) probes through ring down tests. Tests were performed at various levels of
vacuum with different beam geometries and coatings. COMSOL was used to model the TED as
well as resonance characteristics of the beams and the computational results were compared to
analytical and experimental results. It was found that as surface area to volume ratio increases
beyond approximately 1 pm™, surface damping becomes the dominant damping mechanism.
Additionally air damping was significant at a vacuum level greater than approximately 0.1 pbar.

It was also found that the surface damping was much greater with an about 28 nm Au-Pd coated



as compared to about 30 nm Al coated and uncoated beams. Finally, the dissipation term in the

analytical approximation of surface damping was calculated for the above coatings.
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Project summary
The goal of this Major Qualifying Project (MQP) was to investigate the effects of
material properties and sensor geometry on the Quality factor (Q-factor) of resonating
microscale and nanoscale sensors in order to optimize their sensitivity. The Q-factor is a way to
describe the sensitivity of these resonators. The Q-factor is adversely affected by various

damping mechanisms including TED, air damping, anchor damping, and surface damping.

In order to accomplish this task, analytical solutions for calculating TED based on the
works of Zener (Zener, 1937) and Lifshitz (Lifshitz and Roukes, 1999) for a simple
commercially available Single Crystal Silicon prismatic cantilevered beam were used to
calculate the Q-factor. A finite element solution was also generated using COMSOL
Multiphysics (2011) and compared with the analytical solution. Additionally experiments were
conducted using a Michelson Interferometer and a Laser Doppler Vibrometer (LDV) to attain the
resonant frequency and overall damping ratio, respectively. These data were compared with the
analytical and computational results. Once the analytical and computational methods were
validated, the results were used to investigate the effects of material properties and geometries in

the hopes of improving the Q-factor of current resonators.

It was found that as size of the sensor decreases to the microscale, surface damping
becomes a significant factor on the Q-factor, and for this reason it deserves attention. The
analytical, numerical, and experimental results agreed with the calculated uncertainty so as to
validate our analysis. Based on the experimental, analytical, and numerical analysis we have
developed we have obtained a relationship for the optimum geometry so as to maximize Q-

factor. We have identified the key material properties to focus on in order to maximize Q-factor.

11



Additionally, the effects of surface damping were clearly shown and the importance of
minimizing the surface damping as the sensor reaches the nanoscale has been demonstrated.
These results can be used in the fabrication of current and future resonating sensor designs. This
will lead to the increased sensitivity of these devices. In addition, our results have the potential to
benefit many sectors including but not limited to communication, medical, defense, and

acrospace.
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I. Introduction
First proposed by Richard Feinman in his 1959 presentation at California Institute of
Technology, some 50 years later micro scale and nano scale fabrication has progressed to the
point that it is used in objects we rely on every day, including automotive safety systems, and
various consumer products such as active stability control in camcorders (Feynman, 1992). This
progress has been spurred on by the advances in stereo lithography made by the integrated circuit
industry. The progression of micro scale and nano scale devices is continuing to increase with

applications in the automotive, medical, entertainment, acrospace, and defense industries.

I.1. Micromechanical resonators

1.1.1. Principles of operation
A particularly important class of MEMS is the micromechanical resonant sensor. The
more traditional sensor is based on the effect the measurand has on the capacitance or resistance
of the sensor. In the case of the resonant sensor, the resonator is excited at its natural frequency;
the measurand shifts the natural frequency of the resonator either by changing its mass or
stiffness. A general rule of thumb is that resonating devices can achieve 10 times greater

measurement accuracy as compared to capacitive or resistive methods (Gad-el-Hak, 2002).

Micromechanical resonators are produced in various shapes, including beams,
diaphragms, “butterfly” structures, and “H” structures. Figure 1 shows some examples of
micromechanical resonators (Elwenspoek and Wiegerink, 2001). The dimensions of these
structures are on the micrometer scale and now reaching the nanometer scale. Each shape can
have several types of vibration, including longitudinal, transverse, torsional, and lateral. Each

resonator has infinite degrees of freedom and thus an infinite number of resonant modes,

13



however each sensor is usually designed so that one type of vibration and resonant mode will

dominate (Elwenspoek and Wiegerink, 2001).

s g 4-’ axial force

~
axial force / N

simple flexural beam torsional resonator
axial force
';/’A = (/’:‘;"‘ S
— )\/ /
double-ended triple beam
tuning fork

s
e

axial force
H-shaped resonator

Figure 1. Various structures used in resonant microsensors (Elwenspoek and Wiegerink, 2001).

There are several techniques for exciting resonators into resonance and detecting the shift
in the resonance frequency. Electrostatic excitation and capacitive detection can be used where
the resonator acts as one plate of a capacitor and the substrate acts as the other plate. The charged
capacitor creates a current if the capacitance fluctuates, which occurs based on the displacement
of the resonator. This is a relatively simple method, however, the resonator must be close to the
substrate in order to act as a capacitor, when this occurs squeeze film damping can happen and

negatively impact the performance of the sensor. Additionally, the capacitance of this type of



sensor is usually small and thus leads to a small detection signal (Elwenspoek and Wiegerink,

2001).

Piezoelectric excitation and detection can also be employed. Piezoelectric materials
experience a strain when a voltage is applied. In order to exploit this phenomenon, a thin
piezoelectric film, such as PZT, is sandwiched between two electrodes and a voltage is applied.
This voltage causes a change in the dimensions of the piezoelectric film which forces bridges or
membranes into bending. A major benefit to this type of actuation is that frequencies realized by
piezoelectrically actuated resonators can be in the GHz range (Lange et al., 2002). However,
because two different materials are sandwiched together, temperature can have a large affect on
the sensors performance since the two materials will have different coefficients of thermal
expansion. The composite structure can also cause unwanted damping of vibrations (Elwenspoek

and Wiegerink, 2001).

Electrothermal excitation and piezoresistive detection has been used in resonant sensors.
A heat source causes a thermal gradient across the resonator. This thermal gradient leads to
bending in the resonator. A typical electrothermally actuated resonator is pictured in Fig. 2, the
heat source is located between d; and d, (Lange et al., 2002). To detect the vibration the change
in resistance due to strain is measured. Some materials such as Silicon change resistivity when a
stress is applied, this is known as piezoresistivity. This type of actuation is limited to less than 1
MHz (Lange et al., 2002). Additionally, this thermal actuation can lead to high thermal stresses
and thermal management becomes more important in sensors actuated this way (Elwenspoek and

Wiegerink, 2001).
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Figure 2. Cross-section of a thermally actuated composite cantilever beam (Lange et al., 2002).

Similar to electrothermal excitation, optothermal excitation relies on creating a thermal
gradient in the resonator and thus inducing bending. The heat is generated by the absorption of
light. Optical detection is employed and relies on the variation of light transmitted through a gap
in a wave guide. Optionally, integrated interferometry can be employed using the surface of the
beam and the end of a glass fiber as mirrors (Elwenspoek and Wiegerink, 2001). The benefit of
this method of actuation and detection is the fact that it avoids electrical voltages at the sensor

which can be important for sensors that operate in explosive regions or in high electric fields.

Magnetic excitation and detection has been used for micromechanical resonators. The
resonator is placed in a permanent magnetic field and a harmonic electric current will flow
through a bridge type beam resonator and result in a Lorentz force. This force will cause the
beam to vibrate and magnetic induction is used to detect this force. In most applications an “H”
structure is used where one beam is used for excitation and the other for detection (Elwenspoek
and Wiegerink, 2001). This is illustrated in Fig. 3, B is the magnetic field, 1 is the current and Fp
is the induced Lorentz force (Lange et al., 2002). This method uses less power than the

electrothermal method and with a large enough magnetic field, excitation can be extended to
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frequencies above 1 MHz. The disadvantage is the additional complexity since a permanent

magnet must be integrated into the package (Lange et al., 2002).

Figure 3. Schematic of a electromagnetically actuated beam.

A final method worth mentioning is that of Dielectric excitation and detection. Similar to
piezoelectric excitation, a thin dielectric film is sandwiched between two electrodes. As a voltage
is applied across the electrodes an electrostatic force is created and causes a lateral deformation
of the film which induces bending of the resonator. The detection is based on the change of
capacitance if the dielectric is deformed. The signals are small, however and require materials

with high dielectric constants (Elwenspoek and Wiegerink, 2001).

1.1.2. Applications
A successful application of the resonant micromechanical sensor is the pressure sensor.
This sensor consists of a membrane onto which is sputtered a thin piezoelectric film. A voltage
causes a lateral strain in the membrane which induces bending. The membrane is exposed to the
medium to be measured and a change in pressure will shift the resonant frequency of the sensor.

This frequency shift can be used to calculate the pressure of the medium. The downside of this
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design is that resonant frequency is not only dependent on the pressure but also the mass of the
gas in the vicinity of the membrane so the measurement becomes dependent on the type of gas
being measured. Additionally because the membrane is in direct contact with the gas, corrosion,
chemical absorption, and dust buildup can cause a drift in the readout over time (Elwenspoek and
Wiegerink, 2001). A modified version of this sensor in which the membrane does not vibrate
employs a resonating beam attached to the bottom surface of the membrane or inside the
membrane. An example with the resonators inside the membrane is illustrated in Fig. 4 (Gad-el-
Hak, 2002). As the membrane deflects, strain is induced onto the beam, shifting the resonant
frequency. This design separates the resonator from the atmosphere, thus eliminating some of the

drawbacks of the above design in which the membrane vibrates (Korvink and Paul, 2006).

Embsacded Aesonaiing Prassune
Beams Ciapihr agin

L

Apped
Frassure

Figure 4. Schematic of a resonating beam pressure sensor (Gad-el-Hak, 2002).

An interesting sensor takes advantage of the stresses induced from the thermal expansion
of a constrained beam. The resonant mass-flow sensor utilizes this phenomenon by relying on
gas flow to control the temperature of a heated beam-type resonator. Heat flow out of the beam

will depend on the velocity of the gas, and since thermal expansion of the beam will induce
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mechanical stress, a resonance frequency, which is a function of flow, is obtained. An example

of the resonant mass-flow sensor is illustrated in Fig. 5 (Elwenspoek and Wiegerink, 2001).

resonant sensor
and heat

flow
Figure 5. Schematic of a resonant mass flow sensor (Elwenspoek and Wiegerink, 2001).

Another application of the resonant micromechanical sensor is to measure gas
concentration. The resonant vapor sensor employs a cantilever resonating beam coated with a
polymer surface layer. The polymer is used as a sensitive layer that the gas molecules diffuse
into and out of until equilibrium is obtained. The absorption of the gas molecules increases the
mass of the beam and thus produces a shift in the resonant frequency. Mass resolution of better
than 0.4 pg has been obtained. An example of a resonant gas sensor is depicted in Fig. 6 (Lange

etal., 2002).

(a) (b) circuitry cantilever

actuators and polymeric
piezoresistors coating
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cantilever
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Figure 6. Schematic (a) and micrograph (b) of a thermally acuated, piezoresistive detected
resonant gas sensor (Lange et al., 2002).
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Resonant micromechanical sensors have also found a home in acceleration
measurements. In the resonant accelerometer, a proof mass is suspended by four resonating
beams. Acceleration in either direction would cause differential stresses in the corresponding
pair of resonators. The difference in resonant frequency becomes a measure of acceleration. A
typical resonant accelerometer design is depicted in Fig. 7 (Elwenspoek and Wiegerink, 2001).
Resonant micromechanical sensor technology has brought the cost of accelerometers down to
where they are used in automotive applications, such as air bag deployment, stability control, and
electronic suspension control, as well as in biomedical applications and consumer products like

camcorders for active stabilization (Elwenspoek and Wiegerink, 2001).

resonators

Figure 7. Schematic of a resonant accelerometer (Elwenspoek and Wiegerink, 2001).

Similar to the design of the resonant accelerometer, the resonant yaw rate sensor or
gyroscope measures angular rate by exploiting the Coriolis effect. A proof mass is driven into
oscillation in one axis. Rotation of the reference frame will displace the mass into a second axis;
this reaction causes a shift in the resonant frequency of the beams (Gad-el-Hak, 2002). A
Draper/Honeywell MEMS gyroscope is pictured in Fig. 8 (Weinburg and Kouropenis, 2006).
8(a) is a photomicrograph, in 8(b) and 8(c), silver represents metal, blue represents Silicon

attached to glass, and white indicates suspended Silicon. Electrical contact pads are Right Motor
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drive (RM), Right Sense electrode (RS), Motor Pick Off (MPO), Left Sense electrode (LS), Left

Motor drive (LM), and Sense Pick Off (SPO).
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Figure 8. Schematic of a Draper/Honeywell MEMS gyroscope.

The micromechanical resonant sensor also has applications in the medical field as a way
to detect pathogens, including cancer detection. Lee et al. (2004) demonstrated the successful
design of a resonant micromechanical sensor to detect prostate-specific antigen (PSA), the
marker or indicator of prostate cancer. The resonator consisted of a layered Ta/Pt/PZT/Pt/S10,
on SiNy beam with an Au coating. The Au coating was treated with antibodies and immobilized

via calixcrown self-assembled monolayers. PSA is attracted to the antibody and increases the
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mass of the beam, shifting the resonant frequency. For a 50 um x 150 pm x 2.26 um beam the

authors demonstrated a frequency shift of 273 Hz for 1 ng/ml of PSA (Lee et al., 2004).
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Figure 9. Frequency shift as a function of PSA antigen concentration for two sizes of cantilever

(Lee et al., 2004).

1.1.3. Manufacturing techniques and materials

MEMS industry evolved from integrated circuit (IC) industry, so MEMS manufacturing
techniques are very similar to those used in IC fabrication. MEMS and IC devices are generally
fabricated on a single crystal silicon wafer. To make this wafer, a single crystal silicon bulk is
made from a single crystal silicon seed and drawn into rod shape. This rod is sawed into circular
slices and polished to form wafers. Many identical MEMS devices can be made on one wafer
and are then separated into single device called die for packaging into MEMS chips (Liu, 2011).

The schematic of the process is in Fig.10.
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Figure 10. Process flow for MEMS production (Liu, 2011).

Some micro fabrication processes that are most commonly used in MEMS are described

as followed.

1.1.3.1 Thin film deposition
Functional materials can be incorporated on a wafer through an additive deposition

process. This deposition process can involve a direct transfer of material from a source to the
wafer in an atom-by-atom, or layer-by-layer fashion, as shown in Fig.11(Liu, 2011). The source

material can be transferred by evaporation or by sputtering. The achieved thickness is
proportional to the process power and duration (Liu, 2011).

Evaporation involves the heating of the source material to a high temperature to generate
a vapor that condenses on the substrate to form a film. Many elements and compounds can be
evaporated, including Al, Si, Ti, Au, and Al,Os3. The evaporation process is performed in a
vacuum chamber with pressure typically below 10 Pa to avoid contaminating the film (Maluf

and Williams, 2004).
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Figure 11. Schematic of the additive deposition process (Liu, 2011).

In sputtering deposition, the source material is called a target and is physically
bombarded with a flux of inert gas ions in a vacuum chamber at a pressure of 0.1-10Pa. The
vacuum is to avoid the interruption with the air molecules. The atoms or molecules from the
target are ejected and deposited onto the wafer. Nearly any inorganic material can be sputtered.
Sputtering is a favored method in MEMS for deposition at low temperatures (<150°C) for thin
metal films such as aluminum, titanium, chromium, tungsten, Al/Si and Ti/W alloys, amorphous

silicon, and piezoelectric ceramics (Maluf and Williams, 2004).

Another common method in deposition is Chemical-Vapor Deposition (CVD). In this
process, a chemical reaction is initiated near the heated surface of the wafer in a controlled
atmosphere, resulting in a deposition of the reacted species on the wafer. In contrast to
sputtering, CVD is a high temperature process (>300°C). Common thin films deposited by CVD

included polysilicon, silicon oxides and nitrides (Maluf and Williams, 2004).

1.1.3.2 Photolithography

The purpose of photolithography is to produce fine features on the wafer surface. The
process involves depositing a layer of photoresist material, which is a photo-sensitive chemical,

on the wafer surface, then exposing this layer to light through a mask which contains the pattern
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to be made on the photoresist. This process is illustrated in Fig.12 ((Maluf and Williams, 2004).
The patterned photoresist layer then can be used in deposition or etching processes to create the
desired features. The layer of photoresist is then removed and what is left is the desired feature

on the wafer surface.
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Figure 12. Schematic of the photolithography process (Maluf and Williams, 2004).

1.1.3.3 Etching

Etching techniques can be divided into two techniques: wet etching and dry etching. Wet
etching is a technique to remove material by wet chemical reaction. The selectivity of the etching
against photoresist material, substrate material, and deposited material is a crucial issue in
MEMS design and fabrication. In reality, the etching chemical can affect any material that it
contacts. An etching process with two windows A and B is illustrated in Fig. 13 (Liu, 2011).
Ideally, the etch rate on the thin film deposition should be much higher than the etch rate on the
photoresist mask. The etch rate in different window sizes can also be different. However, at the
end of the etching process, the thin film in each window should be completely removed and the
mask’s thickness is reduced in a small amount. Moreover, although the vertical etching is of

interest, the etching can also remove material in lateral direction. The extent of the lateral etch
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during the process time is called undercut. The undercut obviously affects the precision of the

desired feature (Liu, 2011).
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Figure 13. Schematic of the wet etching process (Liu, 2011).

Dry etching, or plasma etching, gets its name because it does not involve wet chemical.
In plasma etching, gas species are broken up by the electric field into active gaseous radicals that
are electrically charged and can react with the wafer chemically. Moreover, because of the
electric field, the charge radicals are also accelerated to high speed and interact with the wafer
physically. Thus both the chemical and physical removal processes can happen at the same time.
In general, the physical etching is more directional and hence anisotropic, whereas the chemical

etching is more isotropic and material selective (Liu, 2011).

1.1.3.4 Doping

Another common process in micro fabrication is doping, which is a process of planting
dopant atoms into the host semiconductor lattice in order to change the electrical and also
mechanical characteristics of the material. The dopant atoms can further diffuse from a high-
concentration to low-concentration regions under thermal activation; the process is called
thermal diffusion. The concentration of the doped material at a location depends on the time of
the doping process, the distance from the surface, and the temperature at which the doping is

implemented. The doping process for a selected region is illustrated in Fig. 14 (Liu, 2011).
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Figure 14. Schematic of the doping process (Liu, 2011).

Unfortunately, the doping process can only be performed on the top surfaces of the wafer,
and the high temperature encountered in consequent steps in the fabrication process can cause a
redistribution of the dopant atoms and change the electrical characteristics of the material (Liu,

2011).

1.2. Flexural beam theory
The configuration of the micro resonator in this project is a cantilever. Therefore, this
section reviews the classical analysis of a flexural cantilever which derives the mode shapes and
the modal frequencies of the beam. Damping is ignored in this analysis. Fig. 15 is a schematic of

a flexural beam on which a distributed load f{x, ¢) is applied.

- —————

X

Figure 15. Flexural beam under distributed load.

Newton second law in vertical direction for a small element dx of the beam yields the

governing differential equation of the motion of the beam in vertical direction
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where p is the mass density of the beam, 4 is the cross sectional area, E is the Young’s modulus
of the material of the beam, and / is the area moment of inertia along z axis (going out of the
page in Fig. 15). To solve Eq. 1, we assume that the displacement function of the beam y(x, ¢#) is
separable in space and time, which is

y(x,t) =Y (x)e'. (2)
Y(x) is the amplitude of the vibration at different location on the beam, w is the angular
frequency at which the beam is vibrating. Substituting Eq. 2 into Eq. 1 and assuming that there is

no applied force, we obtain

4

Y)Y (x)=0 3)
dx
with
A
fog? P 4)
p EI
The solution of Eq. 3 has the form
Y(x)=C, sin fx+C, cos fx+ C, sinh fx + C, cosh frx, (5)

where Y(x) is the mode shape of the vibrating beam. The constants C;, C,, C3, and C, are solved
by using the boundary conditions of the beam. For a fixed-free cantilever beam there are four
boundary conditions applied: at the fixed end, the displacement and slope of the beam are zero,

and at the free end, the moment and shear force are zero

x,t
At x=0 y(x1)=0 and 8}’((3 ):0 (6a)
X
At x=L 2 3
x 0 y(azc, H_og © y(f,t) _0 (6 b)
ox and ox

Using the boundary conditions given by Eqs 6a and 6b we can solve for the modal shape
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function of a cantilever beam and the natural frequency for each mode. Theoretically for a
continuous system like the cantilever beam there is an infinite number of modes and thus infinite
number of natural frequencies, with the first, or fundamental, mode at the lowest frequency.
However, because higher modes require much higher energy to excite and are harder to detect,
we are interested only in the first several modes. Their natural frequencies are as follows (Rao,
2004)

B’ |EI

_ AL i1
i\ pad ) )
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2

Table 1. Constants for resonant frequencies at the first 6 modes (Rao, 2004).

Bl Bz B3 B4 BS B6

1.875 | 4.694 | 7.855 | 10.996 | 14.137 | 17.279

where f; are constants that are numerically solved, L is the length of the beam, p is the mass
density of the beam, 4 is the cross sectional area, E is the Young modulus of the material of the

beam, and / is the area moment of inertia along z axis.

At a given excitation frequency, vibration of the beam is a superposition of all the modes.
When the excitation frequency is close to the natural frequency of a particular mode, resonance
will occur and the displacement of that particular mode will be dominant. Thus, once the natural
frequency for each mode is known, we can excite the beam at those frequencies to observe the

beam’s displacement at each mode.

1.3. Q-factor
In resonance, one expression for Quality factor (Q-factor) is the ratio of the resonant

frequency to the frequency bandwidth of half-maximum amplitude. It can be understood by first
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introducing the expression for the steady-state response amplitude for a forced oscillation

(Gorman, 2002)
(8)

_ Fo
xo((l)) - m[(woz_w2)2+4(w5)2]1/2 >

where Fo is the amplitude of the applied force, m is the mass, w, is the natural angular

frequency, w is the angular frequency of the applied force, and § = (w,, where { is the damping

ratio. The plot of the response amplitude is shown in Fig. 16.
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Figure 16. Amplitude response vs. applied frequency.

It can be shown from Eq. 8 that the length of the half-maximum amplitude bandwidth is
26 (Gorman, 2002). The Quality factor can be described as a ratio of the resonant frequency to

the half-maximum amplitude bandwidth (Gorman, 2002)
)

_(1)0_(1)0_1

Q= Aw 285 20°
The expression in Eq. 9 shows that the higher the Q-factor, the higher is the peak
amplitude, and the narrower is the bandwidth, which means the more sensitive is the vibrating

body to that resonant frequency. Also from Eq. 9, because the overall damping ratio is just the

sum of the damping ratio of each type of damping, we have
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Equation 10 shows that the overall Q-factor will be smaller than each Q-factor caused by
each damping mechanism. Thus, the damping mechanism that has the smallest Q will have the

most significant impact on the overall Q.

Q-factor can also be calculated in different ways, leading to alternate expressions for the
Q-factor. Another definition of the Q-factor is the ratio of the total amount of stored energy to
lost energy, which is the work done to maintain oscillation, in one radian (Gorman, 2002). The
energy lost in one radian can be found by the integral over one cycle of oscillation and then

divide that amount by 2.

1 (11)
AWypsr = E¢0d8 5

where ¢ and ¢ are stress and strain. The energy stored can be found by the integral from zero to

maximum strain

12)
/2 (
AI/Vstored = fon ode .

Thus the Q-factor is

/2
Q — AWstored — J.0 ode (13)
AWiost %giads '

Another expression for the Q-factor is in terms of the complex natural frequency of the
oscillation (Gorman, 2002). The general equation of motion for a vibrating body, assuming zero
applied force

mX+bx+kx=0, (14)
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where m, b, k are equivalent mass, equivalent damping constant, and equivalent spring constant.

For oscillation with x = Xe"*, where y is the complex natural frequency, Eq.14 gives

my? + by +k = 0. (15)
Solve for the complex frequency
b | . |k

Hence, now the Q-factor can be written in terms of the complex frequency as

_ 1lm®| _ 12mwo _ 1
" 2Re()| 2 b 2 (17

Q

The expressions of Q in Eqs 9, 13, and 17 are all equivalent. The individual contributions

to Q-factor are discussed below.

1.3.1. Thermoelastic damping

Unfortunately, damping is an unavoidable mechanism. Zener was the first one who
proved the existence of internal friction in solids and calculated the damping (Zener, 1937 and
1938). There are many sources of damping, for example, electronics damping, air damping,
anchor damping, residual gas damping, etc. Among all these damping, thermal elastic damping
(TED) has been identified as the most important loss in micro-resonators (Duwel et al. 2002).
TED occurs in any thermal-elastic solid that is subjected to cyclic stress, which causes strain
field as long as the thermal expansion coefficient is non-zero, and consequently the temperature
field based on the law of thermodynamics. As a temperature gradient exists, heat conduction
occurs. This is an irreversible flow of heat because of the coupling of the stress-strain
relationship to heat flow in material. This gives rise to the increase in entropy and consequently
to the dissipation of vibration energy (Hao et al. 2009). It has been shown that when the period of
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cyclic stress decreases, the rate of mechanical energy loss increases and thus TED increases

(Pryputniewicz, 2006).

Thermal elastic damping was first discussed and calculated by Zener based on the

extension of Hooke’s law. The thermalelastic damping for a flexural mode beam resonator is

-1 _Ea®’Ty wrt
Qrep = Cy 1+(wr)2’ (18)
with
Cyt?
=80, (19)

where E is Young’s modulus, « is the linear coefficient of thermal expansion, Ty, is the original
temperature, w is the resonance frequency, C,, is the specific heat per meter cubic volume, t is

the thickness of the beam element and k is the thermal conductivity.

From the Eq.18, we can see that there is a damping peak at w = % ; when w > % or w K
% , the damping is the minimum.

Later a more accurate equation for TED of a thin beam was derived by Lifshitz and
Roukes (Lifshitz and Roukes, 2000) based on the Euler-Bernoulli beam theory. Lifshitz’s

equation is more sophisticated in that it takes into account the fact that the resonance frequency

has a small dependence on the Q factor (Chandorkar et al. 2009). The equation for TED is

_1 _ Ea’Ty[6 6 sinh(&)+sin(§)
0= c, L&z g3 cosh($)+cos($)]’ (20)

with
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where E, a, T, w, C,, h and k are the same parameters as described previously.

In comparison with Lifshitz’s equation, Zener’s equation overestimates TED by 2% at

low frequencies for & <m/v/2 and underestimates by a maximum of 20% as & — oo (Prabhakar
and Vengallatore, 2008). Both Zener’s and Lifshitz’s relations, Eqs 18 and 20 respectively, are
only applicable for beams with rectangular cross-sections, with length to thickness ratio greater
than 40, and where only one thermal mode is coupled to the mechanical mode. The maximum
error in Zener’s and Lifshitz’s relations can exceed 80% for doubly clamped beams with length
to thickness ratio less than 10 (Prabhakar and Vengallatore, 2008). For beams with more
complex geometries, for example, with openings or slots, multi-thermal modes are coupled to the
mechanical mode (Candler et al. 2006). Prabhakar derived a formula to predict TED for short
beams with aspect ratio less than 10. Prabhakar also derived the equation for TED in hollow and
slotted microresonators by dividing the beam into a number of convenient sub-regions, summing
up the work lost in each sub-region as the total work lost. By definition, the magnitude of TED is
(Prabhakar and Vengallatore, 2009).

n AW
QTTL}D = LM (22)

2n Z}l:l W ’
where 7 is the number of sub-regions; AW; is the work lost per cycle due to TED in sub-region j,

W is the peak strain energy stored within region j during a cycle of vibration.

1.3.2. Anchor Damping
When a cantilever beam vibrates, elastic waves can dissipate into the mounting medium

through attachment points. This is known as anchor damping and can have a significant effect
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based on the dimensions of the beam. Assuming a fixed-free prismatic cantilever beam, the
damping ratio due to energy dissipation through fixed attachment point can be calculated by

(Hosaka et al, 1994)

3

t
fanchor = 0.23 X 130 (23)

where, t is the thickness and L is the length of the cantilever, respectively. From this relationship

the Q-factor related to anchor damping can be calculated as

£3
Qanchor = 2.17 X —. (24)

1.3.3. Air damping
An additional source of damping is produced fro the interaction of the micro cantilever and
the surrounding medium. This form of damping is termed air damping or gas damping and can
be quite large depending on the pressure of the medium. Air damping can be broken down into

three regions, depending on the pressure of the medium (Yang et al, 2004):

1) Viscous damping region, where the air or gas medium acts as a viscous fluid.
2) Molecular region, where the interaction of individual molecules with the surface of the
beam is responsible for damping.

3) Intrinsic region, where air damping is negligible.

The values for which these regions begin and end depend on several factors such as beam
dimensions and type of fluid. The authors found that for sub-micron sized beams the viscous
region began to dominate at a pressure level of 6 mbar and the molecular region began at 10~

mbar, for pressure levels below 107 mbar, damping was negligible (Yang et al, 2004).
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1.3.4. Surface damping
As the dimensions of the cantilever approaches the nanoscale, surface damping becomes
dominate. Surface damping is a surface effect and thus becomes quite large as the ratio of
surface area to volume increases. Surface damping is caused by absorbates or flaws on the
surface of the cantilever. The surface layer will not store vibrational energy, however it does
dissipate the energy leading to damping (Yasumara et al, 2000). The Q-factor related to surface

damping is given by (Yang et al, 2004)

Q _ wt E
surface = >53w+t) Egg

(25)

where w is the width of the cantilever, 7 is the thickness of the cantilever, E is the elastic modulus
of the cantilever, § is the thickness of the absorbate layer or coating, and E 44is the dissipation

value of the Young’s modulus of the surface layer.

The authors found that in sub-micron cantilever beams surface damping dominated and
the Q-factor was largely a function of surface damping, particularly as the ratio of the surface

area to volume increased (Yang et al, 2004).

1.3.5. Material Properties and Q-factor

Micro-cantilevers are typically made of silicon, silicon nitride, or silicon oxide (Vashist,
2007). From both Zener’s and Lifshitz’s relations, Eqs.18 and 20 respectively, we can see that
material mechanical properties have direct effects in the Q-factor. Previous work has been done
in varying the concentration of boron in boron-doped SiGe epitaxial materials in calculating the
Q-factor of MEMS gyros. The presence of Ge in Si would bring great advantages in device
machining and material processing. However, Ge would reduce the thermal conductivity due to
phonon scattering (Duwel et al. 2002). The result shows that boron-diffused silicon, where the
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boron concentration is approximately 10! molecules per cubic centimeter has the highest Q
factor, followed by the SiB epi. A detailed comparison of materials mechanical properties and Q-

factor can be found in Table 2.

Table 2. Material and device parameters used in TED calculations.

The notation “Int” refers to a linear interpolation between the silicon and germanium values,
based on the alloy composition (Duwel et al. 2002).

Quantity ~ |Symbol| Units | SiBepi | SiGeB2% | SiGeB23% | SiGeB30% | B-diff | SiValue | Ge Value
Thermal Coefficient of 257E-06 | 265606 | 333E06 | 355E06 | 259E-06 | 2.59E-06 | 580E-06
Expansion o 1/°C

reference Si value Int Int Int [21] [171,[18] [18]
Modus | E | N | 169Ee11| 168411 | 154E411 | 149E411 | 1.69Ee11 | 1B9ETT | 108E11
reference ol | Sivalue Int | Int nt Sivalue [18] [18]
Density p kg’ | 233E+03 | 230E+03 | 3.00E:+03 | 324E+08 | 233403 | 2335403 | 5.35E+03
reference Si value Int Int Int Si value 17 (18]
SpecificHeat  |Cu=CJp| J(kkg) | 7.00Ew02 | 705E+02 | 623E402 | 595E402 | 7.00E+02 | 7.13E+02 | 3.20E+02
eence | | | Svaw | . | m | it | Svae | [0

Thermal Conductivity K | J(K's'm) 80 10.67 5.71 552 80.00 | 1.5EEX02 | 5861
reference [2216] | [22.16] [22,16] [22,16] [2216] | [8L20] | (18]
TmeConstant | v | s | goorosl  7e0E07| 14008 154E-08]  7.44E-08) '
Beam Widih b M | 660E-06| 69006  648E-06)  6.60E-06] 6.00E-06)

Resorert Froquency. | kwon | B2 qees | B8r | 0ser 10785 | 12361

Thermoelastic Q value | Qup 6.70E+05 | 7.48E+04 4.07E+04 3.30E+04 | 8.29E+05

To obtain the desired material properties on Q-factor, both Zener’s and Lifshitz’s
relations, Eqs.18 and 20 respectively, show that different material properties have different effect
in the Q-factor. It is important to know which properties affect Q-factor the most, and thus focus
on optimizing those specific properties. A plot showing how the Q-factor changes as each
material property changes is prepared in MathCad as shown in Fig. 17. From the plot, we can tell
that the coefficient of thermal expansion @ and Young’s modulus E have negative effects in the
Q-factor, while the density p and thermal conductivity k£ have positive effects in the Q-factor.
The effect of specific heat c, is not noticeable. Among all these investigated material properties,

coefficient of thermal expansion a has the greatest effect, followed by the thermal conductivity &
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and Young’s modulus E. So materials with low coefficient of thermal expansion and Young’s

modulus but high thermal conductivity are desirable.

The decision for material selection must be made carefully while taking into
consideration compatibility with silicon technology, desirable electromechanical properties, and
low values of residual stresses (Srikar, 2003). We are going to follow Ashby’s approach in
material selection for the micro-cantilever beam (Ashby, 1999). The first step of this approach is
to acquire ranges of values for many classes of materials. From Fig. 17, we know that we need
the class of materials with very low to zero coefficient of thermal expansion. So ceramics is the
best class of materials. Once the class of the material is chosen, we will narrow the choices down
to a few materials and will need to know the values of their material properties in greater
precision. At this point, material properties like Young’s modulus, density, specific heat,
Poisson’s ratio and coefficient of thermal expansion can be obtained from bulk materials.
Because the physical origins of these properties lie at the atomic scale, these properties thus can
be expected to be the same as those of bulk materials. However, other properties like thermal
conductivity and yield strength are affected by length scales and processing parameters.
Therefore, experimental data are needed for these properties (Srikar, 2003). In the class of
ceramics, we continue to look for specific materials with low coefficient of thermal expansion,

low Young’s modulus, and high thermal conductivity.
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Figure 17. A log-log plot for Q-factor vs. material properties generated from MathCad.
“n” is the number used to multiply by the nominal value. Each material property ranges from
0.1*(nominal value) to 3*(nominal value).

1.3.6. Geometry and Q-factor
Research has been done to investigate novel geometry that is intended to disrupt the heat
flow in order to alter the Q-factor. It has been proposed to make slots through the width of the
beam to disrupt the heat flow along the thickness (Candler et al., 2006). They also investigated in
the impact of the slots location on the TED-related Q-factor. Prabhakar and Vengallatore (2009)
also presented an analytical framework to compute TED in general micro resonator containing

discontinuities in form of slots.

In Candler’s work, they designed beams with slots of various sizes at different locations,

created simulations for their slotted beams and compared them with the experimental results and
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Zener’s theory. Their beams are clamped-clamped. Beams without slots were also studied to
determine the locations of slots that have the greatest impact. Figure 18 is the simulation of the
beam without slots with temperature profile which is in black and white gradient (Candler et al.,

2006).

Figure 18. Temperature profile of a slotted beam; note the increased temperature gradient near
the end and center of the beam (Candler et al., 2006).

It has been reasoned that due to higher strain gradient near the anchors and the middle of
the beam, the temperature gradient at those locations are higher than that at different locations of
the beam. The temperature gradient causes the heat flow, which is the energy loss mechanism of
TED. Thus, the slots at those locations should have the greatest impact. This intuition is
confirmed by their results. Figure 19 is an illustration of the actual slots that are made in their

beams (Candler et al., 2006).

Beam Length

1
1
Direction :
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Figure 19. Schematic of the slotted beam (Candler et al., 2006).
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Figures 20 and 21 are the results for slots which have length 1/10 and 1/6 of the beam
length. The slot width is 1 micron while the beam thickness is 12 micron and the beam length is

400 micron (Candler et al., 2006).
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Figure 20. Results for no slots, slot length = 1/6 beam length, slot length = 1/10 beam length, and
Zener's analytical solution (Candler et al., 2006).
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Figure 21. Experimental results of beams with 4 slots, the same thickness, and varying length
compared to simulation and analytical results (Candler et al., 2006).
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Candler et al.(2006) have come up with several meaningful conclusions:

e Most importantly, in slotted beam the mechanical mode can couple to more than one
thermal mode. This is reasonable, because with the slotted beam, in addition to the
temperature gradient in the direction of the thickness of the beam, temperature gradient in
other directions can become significant. Thus, simplified Zener’s Eq.18 as in Eq. 1

which includes only one thermal mode no longer satisfactorily predicts the Q-factor for
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slotted beams, as shown in Fig. 20, as the experimental results do not match the Zener’s
results. However, simplified Zener’s Eq.18 is still a fair approximation for clamped-
clamped unslotted beam, as shown also in Fig. 20.

e There is a frequency shift of the minimum Q between the slotted beam and unslotted
beam, which is shown in Fig. 20. This shift is caused by the shifting from coupling with
the initial thermal mode to the coupling with higher frequency thermal mode of the
slotted beam. Thus multiple thermal modes are affecting the Q-factor.

e The minimum Q-factor of the slotted beam is different from that of the unslotted ones.
Candler et al. (2006) explained that because the slots weaken the coupling between the
mechanical mode with the initial thermal mode, while the increased coupling with higher
frequency mode is not enough to compensate for the reduction in coupling with the initial
thermal mode. Therefore, minimum Q-factor is increased with the addition of slots, as
shown in Fig. 20.

e Finally, the Q-factor for the slotted beam is worse than the slotted beam in some
frequency regimes, which is also shown in Figs 20 and 21. While the minimum Q-factor
in the slotted beam increases, it is not higher than that of the unslotted beam at all
frequencies, especially at higher frequencies. The reason, as explained by Candler et
al.(2006), is that the slotted beam is partially coupled with higher frequency thermal

modes.

Il. Facilities
In order to carry out these objectives, a combination of analytical, computational, and
experimental instruments were used in combination with a detailed uncertainty analysis as

follows.
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I1.1. Michelson Interferometer
A schematic of the Michelson Interferometer that was used to measure the frequencies of

the beam vibration is shown in Fig. 22.

CCh
Cametra

Computer
Lens
n L
o ]
} LED
hirror

Ohject [1—

PZT Function generator

Figure 22. Schematic of a Michelson Interferometer.

In Fig. 22, light from the LED, whose intensity can be controlled by the amount of
supplied current, is divided into two perpendicular beams by a beam splitter: the reference beam
which goes to a mirror, and the object beam which illuminates the micro cantilever. The beam is
shaken by a piezoelectric transducer (PZT). The voltage amplitude and vibration frequency
applied to the PZT are controlled by a function generator. The reference beam, which is reflected
by the mirror, and the object beam, which is reflected by the object, are then combined again at
the beam splitter and interfere with each other. The interference is recorded as a time average

holography by a CCD (Charge-Coupled Device) camera and sent to a computer.
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To characterize the interference, we need to take into account that light is an
electromagnetic wave. Based on literature, let Fo(x, y, z) be the value of the light field that is

reflected by the cantilever beam at rest (Pryputniewicz, 1985)

FO(x' Y, Z) = Ao(x, Y, Z)eXp(i¢0(x, Y, Z)) (26)

The displacement of the cantilever beam is a function of time, and for a cosinusoidal

excitation, the displacement of the cantilever beam can be expressed as

Li(x,y,2,t) = Ly(x,y, z)cos(wt). (27)

This displacement causes a temporal change in the phase of the light field reflected by the
object. This shift in phase, Q«(X, y, z, t) can be calculated by the dot product between the

sensitivity vector K(x, y, z) and the displacement vector L

A(xy,zt) = K&y, 2)L(xy,21), (28)
where
K(x,y,z) = K,(x,y,2) — K1(x,y,2), (29)
with Ki(x, y, z) and Ku(x, y, z) being the illumination and observation propagation vectors
representation. They are unit vectors in space and in our Michelson interferometer are in the
directions of the beams which come to and reflect from the micro cantilever surface. Thus the

magnitude of this sensitivity vector is maximum in this case.

The new light field reflected from the cantilever beam, after the change in phase is

applied, is

Fv(x' Y, Z) = AO(x' Y, Z)exp(iq,')o(x, Y, Z) + iQt(XJ Y,z t)) (30)
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Meanwhile, the value of the light field of the reference beam which is reflected from the mirror
is
Fr(x,y,2) = Ay (x,y, 2)exp(ip,(x, ¥, 2)). (1)
The mirror is adjusted and then kept fixed so that the lens is in focus on both the mirror
and the cantilever beam before exciting the beam. Thus the reference beam is fixed and is a
representation of the light field of the beam reflected from the cantilever beam at rest. Thus the
resulting light field now has the following form, with the phase of the beam at rest is cancelled

by the reference beam

F(x,y,z) = Ag(x,y,2)exp(iQ:(x,y,7,1)). (32)
The camera does not record the instantaneous value of this interference field but rather
the average value over the exposure time T, which is given by

exp(iQ(x,y,z t))dt. (33)

. Ao(x'}’,z) T
Fovg(x,y,2) = Tlggon
0

Taking into account that the time-dependent part of the phase change Q«(x, y, z, t) is a

sinusoidal function, the above integral is equivalent to
Favg(x' Y, Z) = AO(XJ Y, Z)]O [‘Qt(x; Y, Z)] (34)

With J, being the zero order Bessel function of the first kind. Because the camera records
the intensity of the light field, which is proportional to the square of the value of the light field,

the observed intensity in the image is

Im(x:J’»Z) = IO(nyrZ)]OZ['Qt(XJyrZ)]- (35)

The plot of the zero order Bessel function of the first kind is shown in Fig. 23.

45



1.0 J,(x)
Jy(x) ====

0.8 \ J(x) ===
0.6

0.4 T 1
/ \ P 2
A . W =
0.2 l / \ = /\I, \\"-.\ e~

" 1} 7 v Ll W A
If 7 \\ ] Il S \ N A
17 \ iR T \ XN *
0.0 - |- A / v /

0 5 10 15 20

Figure 23. Zero, first, and second order Bessel functions of the first kind.

From Fig. 23, it is clear that the pattern to be observed in the camera image is a fringe
pattern. Also, according to Eqs 28 and 35, the intensity is brightest at the locations where the
displacement is zero. Thus the brightest area on the image represents the nodes of the vibrating
cantilever beam. Therefore, the mode of vibration is identified by counting the number of
brightest spots on the image of the cantilever beam. In addition, it is shown that an area of the
cantilever beam reaches maximum displacement when the number of fringes over that area is
maximum, because more peaks of the Bessel function will be included as the displacement
increases. Thus, in order to find the correct resonant frequencies, we need to look for the

frequency that gives the most fringes at a given vibration mode.

11.2. Laser Doppler Vibrometer
A Polytec OFV-502 Laser Doppler Vibrometer (LDV) was used to measure the velocity

of resonators as a function of time. A LDV is used to measure vibration displacement or velocity
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of a fixed point. It is based on the Doppler-effect, measuring the frequency shift of back-
scattered light from the vibrating surface. The frequency shift due to the Doppler effect is given
by

fo=2x%x-, (36)

>

where v is the velocity of the moving object and A is the laser wavelength (Polytec, 2011). By
measuring the Doppler shift, the velocity and displacement of the object can be calculated using

the wavelength of the laser.

The optical arrangement of a heterodyne vibrometer is shown in Fig. 24 (Johansmann et
al., 2005). The laser beam is divided into two beams by a Polarizing Beam Splitter (PBS), one
being the measurement beam and the other a reference beam. A Quarter Wave Plate (QWP)
rotates the polarization of the back-reflected light 90 degrees, then a second PBS guides it to the
detector. The reference beam goes through an acousto-optic modulator, or Brag Cell (BC)
inducing a frequency shift onto the reference beam. Finally the two beams are combined and two
photo detectors (PD) to receive twice the signal power and remove the DC component. If the
object is stationary, the PD will see only the BC reference frequency w. When the object is in
motion, the PD will detect an increase in frequency when the object moves away from the beam
and a decrease in frequency when the object moves towards the beam. This method allows not
only velocity but direction to be determined (Johansmann et al., 2005). Polytec vibrometers are

capable of attaining a resolution of 2 nm (Polytec, 2011).
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Figure 24. Schematic of a heterodyne vibrometer (Johansmann et al., 2005).

I1.3. MathCad
Mathcad 15.0 was used for analytical solutions. MathCad is a software package which
enables engineers to easily perform, document and share calculation and design results. MathCad
allows variables and equations to be input and solved in an easy manner. This allows for the
convenient changing of parameters without the hassle of resolving equations. Additionally

results can be displayed graphically (PTC, 2011).

11.4. COMSOL
COMSOL 3.5a was used for designing beams with different geometries, calculating Q-
factor, obtaining temperature and stress distributions etc. COMSOL is a Finite Element Analysis
(FEA) software package for modeling various physics and engineering problems including

coupled phenomena such as thermoelasticity (COMSOL Multiphysics, 2011).

I11. Methodology
Since the Q-factor is comprised of several different contributors, each of these must be

considered in analyzing the Q-factor of a resonant sensor. Q-factor is comprised of anchor
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damping, air damping, TED, and surface damping. In general, anchor losses are small as
compared to other loss mechanisms in the resonator. Air damping is relatively small since these
micro-cantilever resonators are operated in vacuum. TED is a volumetric phenomenon and is
most prominent when the dimensions of the cantilever are in microscale. As the size of the
cantilever approaches the nanoscale, TED becomes less dominant. Surface damping is a surface
effect and becomes dominant as the ratio of surface area to volume becomes large. As the

cantilever approaches the nanoscale, surface damping begins to dominate.

For these reasons it is important to focus on the surface damping effect as the current
trend is to build smaller and smaller sensors. Many sensors require a coating to function and
these coatings can have a substantial negative impact of the surfaced damping of the resonators.
In addition to the effect of surface damping on bare resonators, the effect of coating material and

thickness is investigated.

In order to investigate the impact of surface damping on the Q-factor of uncoated and
coated beams an Analytical, Computational, and Experimental Solutions methodology was
carried out. Through a combination of analytical and computational analysis, combined with

experimental results, the effect of surface damping on the Q-factor was investigated.

I11.1. Sample Selection
In order to facilitate the experimental testing it was determined the best samples would be
Atomic Force Microscopy (AFM) probes. These are cantilever beams manufactured in differing
geometries. Tipless AFM probes were chosen to simplify the analytical and computational
computations. It was determined through analytical analysis that depending on the geometry,

differing damping mechanisms can dominate the Q-factor. Silicon was chosen for the material
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due to its widespread use in the MEMS industry. By keeping the material properties constant, the

effect of surface damping could better be investigated.

Individual damping values for uncoated, tipless Silicon AFM probes available from
Applied Nanostructures were calculated using the manufacturer supplied nominal dimensional
values. In addition material properties of Silicon were obtained from Granta’s CES EduPack
2011 software, the dimensions and material properties of the available AFM probes are listed in

Table 3 (Granta, 2011).

Table 3. Dimensions of potential samples.

[1] thickness [p] |width [p] |length [p]
SHOCOM 1 43 225
SICOM 2.5 40 4510
FORT 3 a0 225
ACT 4.5 33 125
A 8.3 40 225
ACST 2.5 23 150

Table 4. Properties of single-crystal silicon.

Single-crystal Silicon

Property Units Value

Youngs modulus Gpa 165
Density ka/m® 2330

Coefficient of therm al expansion 107%™ 2.6
poisson' ratio 0.27

Heat capacity 1kg*K 690

Therm al conductivity W 160

Equation 20 was used to calculate TED with the values from Table 4. It was found that as
the surface area to volume ratio became small, TED began to dominate the damping. The Ted is

plotted as a function of thickness for the probes available from Applied Nanostructures in Fig.26.
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Note as the thickness increases, the Q-factor decreases, indicating an increase in damping as the
thickness increases. This makes sense since TED is a volumetric phenomenon and thus increases

as the ratio of surface area to volume decreases.
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Figure 25. Q-factor due to TED plotted as a function of thickness.

Equation 24 was used to calculate anchor losses with the values from Table 3. It was
found that, similar to TED, as the surface area to volume ratio became small, the anchor losses
became quite large. The Q-factor associated with anchor damping is shown in Fig. 27, plotted as
a function of thickness. Note as the thickness increases, the Q-factor decreases, indicated an
increase in damping due to anchor losses as the thickness increases. This makes sense since for a

larger cross-sectional area the anchor makes up a larger portion of the cantilever.
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Figure 26. Q-factor due to anchor loss plotted as a function of thickness.

Equation 25 was used to calculate surface losses with the values from Table 3 along with
the value of 0Epg reported by Hao et al. (2003). It was found that as the surface area to volume
ratio became large, surface damping became dominant. The Q-factor associated with surface
damping is shown in Fig. 28, plotted as a function of thickness. Note as the thickness decreases,
the Q-factor decreases, indicated an increase in damping due to surface losses as the thickness
decreases. This makes sense since surface damping is a surface phenomenon and thus increases

as the ratio of surface area to volume increases.
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Figure 27. Q-factor due to surface damping plotted as a function of thickness.

Using Eq. 10 the expected Q-factor for each probe can be calculated. The Q-factor is
plotted as a function of thickness in Fig. 29. Note the value of Q-factor for the thickest and
thinnest beams is smallest, while the maximum value is at a thickness of around 3 microns. For
this reason, the FORT and SICON probes were chosen for analysis. Additionally, the SHOCON
probe was chosen because of the large amount of surface damping present in this probe. The
ACL probe was also chosen due to the large TED and anchor damping predicted to be exhibited

from this probe.

53



S1COM FORT
+ bl
10
ACST
[ ]
o gx10*
& Qotal
CID’ (YT}
oot
SHOCOMN
»
AT
¢ ACL
210t
0 2:107° 4107 el 20" 1x1077
th
thickness [m]

Figure 28. Q-factor plotted as a function of thickness.

In addition to the uncoated probes, coated probes were required for analysis. Aluminum
is a common coating for AFM probes and is available in different thicknesses. Beams coated on
both sides and only on one side were chosen for this study and are listed in Table 5. In addition
to the Aluminum coated beams, it was decided to coat the uncoated beams with an AuPd
mixture. It was decided to focus on the effect the increased mass had on the Q-factor of the
beams. The properties of the AuPd mixture and Aluminum are listed in Table 6 and were
obtained from Granta’s CES EduPack 2011 (Granta, 2011). Note the modulus is similar, but the

much greater density of the AuPd mixture.
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Table 5. Dimensions of Al coated beams.

Aluminum coated Silicon probes
thickness [p] width [p] length [p] | coating thickness [nm] | # of sides coated
2 a0 430 a 1
2 a0 450 a 2
2 a0 430 10 1
2 a0 430 20 1
2 a0 450 a0 2
Table 6. Material properties of Al, Au, PD, and AuPd mixture.
Property Units Al Au Pd AuPd mixture
Young's modulus Gpa 71 73.5 121 87
Density kg,fr‘r'l3 2700 13300 12.05 15442
Cosfficiert of thermal expansion 107%" 73.5 14 11.5 13.5
poisson' ratio 0.24 0.42 0.29 0.41
Heat capacity 1ikg*K 935 130 245 153
Thermal conductivity W k. 244 312 73.5 264.3

111.2. Analytical solution
The analytical solutions for TED were carried out using the both the relation proposed by
Zener and the relation proposed by Lifshitz, Eqs 18 and 20, respectively. The dimensional values
will be measured and the material properties of Silicon listed in Table 4 will be used. Due to the
small size of the beam it is not feasible to measure the thickness of every beam. However, the

thickness can be calculated with the relation

(37)
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where p is the density, f;, is nth the resonant frequency, L is the length of the beam, Eis the
elastic modulus, and £3,, is the nth modal proportionality constant for a fixed-free cantilever beam

(note this corresponds to the resonant frequency used).

In order to insure all resonators were tested at a frequency far away from their
characteristic damping frequency, the characteristic damping frequency was calculated for each

beam. The characteristic damping frequency is defined as follows

k

Fy = 290,07 (38)

where k is the thermal conductivity, p is the density, C, is the heat capacity, and t is the thickness
of the cantilever (Pryputniewicz, 2007). TED as a function of relative frequency, actuation
frequency divided by characteristic damping frequency, is shown below in Fig. 30. TED is
maximum at the characteristic damping frequency and all tests should be performed far away

from this frequency in order to avoid biased results.
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Figure 29. Q-factor as a function of relative frequency (Pryputniewicz, 2006).
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The results of the calculations for characteristic damping frequency along with relative
frequency for the chosen samples assuming actuation in the first bending mode are listed in
Table 7. Note all values except the ACL sample lie within the 0.0001 to 0.01 range. This

suggests that TED for the ACL sample will be quite large.

Table 7. Characteristic damping frequencies and relative frequencies of selected samples.

sample | F,[MHz] | F[Hz] F/F,
Coated 34.49 13621 o.0o0o4
SICCM 99,91 10813 0000z
SHOCCIOM 153.5 24910 00002
FORT 22,92 75268 n.ooz3
AL 3,49 1632110 0.04a5

Anchor Damping will be calculated using Eq. 24 along with the measured dimensions of
the beam. All tests will be conducted in a vacuum level of at least 10 mbar, so air damping can
be ignored. Surface damping can be calculated with Eq. 25, assuming & and Eg4s are known. In
our case, for the uncoated beams neither 6 nor E4s are known. For these beams we can use the
experimentally obtained value of Q-factor along with the calculated value of TED and anchor
damping to calculate Qguace and OEgs utilizing Eqs.10 and 25, respectively. In the case of the

coated beams, 0 is known, so E4s can be calculated.

111.3. Computational solution
The analytical equations to calculate the TED-related Q-factor proposed by Zener and
Lifshitz are derived using a simple rectangular beam model. Although the beam samples used in
this project can be approximated as a simple rectangular beam, it is still preferable to develop a
finite element model to analyze the real geometry of the beam as well as to facilitate future

analysis with various geometries.
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In finite element model, the Q-factor can be calculated by using the expression of Q as a

ratio of the real part and the imaginary part of the complex frequency

_ 1|Re(w)|
Q= 2 [Im(w)|” (39)
The complex frequency can be found by solving for the eigenvalues of the multiple
degrees of freedom system (the finite element cantilever beam). In terms of the eigenvalue
y = iw the Q-factor in Eq. 39 can be rewritten as
1 |Im(y)|
=—-_—. 40
¢ 2 |Re(y)l (40)

According to Gorman (2002), to establish the eigenvalue problem, the coupled
thermoelastic and heat transfer differential equations need to be obtained. Gorman has derived
the coupled equations from stress-strain equation for isotropic materials and Fourier’s law for

heat conduction.

111.3.1. The coupled thermoelastic and heat transfer equations

The constitutive stress-strain relationship for an isotropic thermoelastic solid is (Gorman,

2002)

aAT
01j = Cijia€in = 75 0> (41)

where g is the stress tensor, C;jy is the 6x6 stiffness matrix, & is the strain tensor, « is the
thermal expansion coefficient, AT is the temperature variation from the initial temperature, v is
the Poisson ratio, and &;; is the Kronecker delta. By definition, §;; = 1 when i=j, and §;; = 0

when i#]. The repeated suffix notations k and 1 denote the summation over all values of k and 1.

Eq. 41 is for a infinitesimally small stress cube, and can be expanded into simplified matrix form
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o] [A+2u A A 0 0 0fe¢g a
o, A A+2u A 0 0 Ofe, a
o5 | _ A A A+2u 0 0 0| ¢& (A4 2u)AT a (42)
o, 0 0 0 u 0 0fe, 0
o 0 0 0 0 u 0] e 0
o] | O 0 0 0 0 ue&| 1 0]

where the first three entries of the stress and strain vectors are normal components, and the last

three are shear components, and A and p are Lamé coefficients

E v E
A= 1+v (1—21/) and p = 2(1+v) (43)

By substituting the force balance equation and the strain-displacement relationship into Eq. 42,

we obtain the first of the two coupled equations (Gorman, 2002)

2g aE

U v — v(Y.-o
Pz uveua — (A + u)V(V u)+(1_2v)

VT =0, (44)

where U is the displacement vector of a small stress cube in the cantilever beam

U = (uy,uy,uy), (45)
S 92%u, N 9%u, N azux'azuy N 0%uy N 62uy’62uZ N 9%u, N 0%u, ’ 46)
d0x?  0dy?  0z? 0x?> 0y? 0z? 0x? 0y? 0z?
V(V- 1) = grad(div ), (47)
= dT AT aT

The second of the two coupled equations is derived from the heat conduction equation at

a point (X, y, z) in the cantilever beam. Fourier’s law gives

T% = kV2T. (49)
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For an isotropic linear thermoelastic solid, the entropy per unit volume is given by (Comsol,
2011)

S = pCplnTL + a(oy + 0, +03) . (50)
0

Substituting Eq. 49 into Eq. 48 and linearize the resulting equation, and then convert
stress into displacement using strain-displacement relationship, we obtain the second coupled

equation (Gorman, 2002)

kV?T = pC, 2 - 20§ (2) = o,

Poat (1-2v) at (51)
Thus we obtained two coupled equations, and they are rewritten as followed
azl_i 2= ol — aoE g
pom— MV~ (A + wWv(V-u) + VT =0 (52)
2 _ B_T _ aETy & . 6_1_1’ _
kVET = pCy at (1—2v)v (6t) =0. (53)

Equation 51 is a vector equation and is equivalent to three scalar equations corresponding
to three components of each vector. By assuming that the temperature function and the
displacement function can be separable in terms of position and time, we can bring the
eigenvalue vy into the coupled equations

u(x,y,zt) =ulxyzetand T(x,y,zt) = T(x,y,z)e". (54)

The eigenvalue can be solved for by using commercial finite element analysis software.

111.3.2. Using COMSOL Multiphysics to solve for the resonant frequencies and Q-factor
The problem of calculating the TED-related Q-factor is common, COMSOL has a built in
function for calculating the Q-factor using the theory mentioned above. The beam model is

created by using the Damped Eigenfrequency application mode coupled with the Heat Transfer

60



application mode in COMSOL. Figure 25 shows the boundary conditions used in our beam and

the material properties in Table 4 were used in the model.

Fi§| Thermal insulation for all faces Free

3 #

Figure 30. Boundary conditions of beam model.

111.4. Experimental solution
The experimental setup used to investigate the beams is shown below in Fig. 31
(Klempner et al., 2009). The sample is mounted to a 1 inch diameter Al disk with a
cyanoacrylate adhesive. It is placed inside the vacuum chamber and is mounted to a steel disk
attached to five piezoelectric actuators driven by a TTi TGA1442 40 MHz Arbitrary Waveform

Generator. The setup can utilize interchangeable interferometer modules or the LDV.
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Figure 31. Schematic of measurement setup: (1) Interchangeable Interferometer modules, (2)
Vacuum chamber, (3) Vacuum pump ( Klempner et al., 2009).

The dimensions of the beams provided to us by the manufacturer are only nominal value,
and the tolerances associated with them, especially the thickness, make our analytical results less
accurate. Therefore, we decided to measure the dimensions of the beam ourselves instead of
using the provided nominal values. Using a microscope and micro-positioner system, we are able

to measure the dimensions of the beam as shown in Fig. 32.
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Figure 32. Schematic of cantilever beam.

We position the beam as parallel to the screen cursor as possible and displace the beam to
measure its length and widths. The positioner is able to displace the beam with 0.5um accuracy,
so we assume a 1um accuracy in our dimensions measurement (we need to catch 2 edges to get a
dimensions), providing that the beam’s dimensions are even. The undercut shows up as the inner
width and outer width of the beam, so we use the average of the two for the width in our
calculation. Figure 33 shows the setup used for obtaining dimensions. A cantilever beam can be
seen on the monitor in the middle, on the right is the didital readout from the Nikon

Measurescope MM-11which is on the left.
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Figure 33. The measurement setup used for determining dimensions of the cantilevers.
111.4.1. Interferometry
We need to measure the resonant frequency as accurate as possible to improve the
uncertainty in our thickness calculation as well as Q-factor calculation. We can achieve a high
accuracy of the resonant frequency with the Michelson Interferometry system. As discussed in
section II.1, the beam’s amplitude of vibration is maximum when the number of fringes is
maximum. However, as the excitation frequency approaches the resonant frequency, the
amplitude of the beam can be so high that the beam can be broken, which did happen to us in
some cases. Thus we need to continue to decrease the excitation voltage amplitude, while at the
same time adjusting a smaller fraction of a kHz in the function generator to get the highest
number of fringes again. Using this technique we can obtain resonance to an accuracy of one
tenth of a Hertz (the limit of the function generator) with the excitation voltage as small as 5SmV.

This technique is illustrated in Fig. 34.
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Figure 34. From left to right: maximum fringes obtained at one digit of excitation frequency,
reduce excitation amplitude, move to next digit, reduce amplitude again.

111.4.2. Laser Doppler Vibrometry
To calculate the Q-factor of our samples, a LDV was utilized to perform ringdown tests.
The LDV is mounted in place of the interferomic module shown in Fig. 31. The test consists of
vibrating the probe with our piezoelectric shaker actuated by the waveform generator. The laser
of the LDV is positioned onto the beam. The LDV outputs a Voltage as a function of time

proportional to velocity.

It was decided the best location for taking velocity measurements would be the very tip
of the beams, since the testing would take place in the first bending mode. The location of the

laser on the beam is shown in Fig. 35 (Appnano, 2012).

location of laser

Figure 35. Image of a cantilever beam with laser location indicated by circle (Appnano, 2012).
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To aid in finding the tip of the beam a Pixelink 6.6 Megapixel CCD camera with an
Edmund Optics 1X telocentric lens was used to locate the base of the beam. The angular
orientation of LDV head was adjusted to maximize the signal as indicated by the signal level
gauge on the LDV unit. Once the signal was maximized the beam was moved with an X-Y
positioner. The edge of the beam could be located because the signal would fall off when the
laser was no longer on the beam since the flat black surface below the beam did not reflect

enough of the laser to obtain a signal. This was repeated until the tip of the beam was reached.

Once the tip of the beam was located the piezoelectric shaker was turned on at a value
close to the estimated resonant frequency of the beam. The output of the LDV was monitored on
an Agilent Technologies DS06012A 100 MHz 2 GSa/s oscilloscope and the frequency of the
signal generator was adjusted until the beam reached resonance. This was determined to be at the
point of maximum velocity. Once resonance was reached, the signal generator was turned off
and the output of the LDV was recorded with the oscilloscope at a sample rate ten times the
actuation frequency of the beam. From this relationship the Q-factor of the beam can be

calculated as described in the next section.

There was concern over the effect that the position of the laser on the beam would have
on the results of the experiments. Since a range of angles of the head relative to the beam will
saturate the signal meter on the LDV, there was no way to insure the angle would be the same for
every test. Additionally the laser cannot be placed exactly on the tip of the beam, but
approximately on the tip. In order to investigate these variables, a beam was tested under normal
conditions to get a baseline. The test was repeated after moving the laser 25% of the length of the
beam toward the base and then again after moving the beam 50% of the length of the beam

towards the base.
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The beam was then reset to the baseline position and the angle of the LDV head was
adjusted. The angle was increased to the maximum value in one direction to the point just before
the signal was lost and the test run. Following this the head was adjusted on an axis
perpendicular to the first to the point just before the signal was lost. Additionally, since the test is
being repeated under identical test conditions, these results can be used as a measure of precision

of the experimental setup.

Another variable worth investigating is the frequency at which the test is performed. The
testing is performed at the resonant frequency of the cantilever. Theoretically, there are an
infinite number of resonant frequencies of the beam, however we are limited to the first six or
seven modes due to the limitations of our equipment. The most convenient mode to test is the
first, but to determine if this variable was significant, seven resonant frequencies were tested on a
single beam under similar test conditions. The mode shapes were further investigated with

Michelson interferometry.

In order to eliminate the effect of air damping on the Q-factor of the beams, all tests were
conducted in a vacuum greater than 10~ mbar. In order to insure that the air damping was
-6

negligible, tests were conducted on a beam at pressures ranging from atmospheric to 6.3 x °

mbar.

111.4.3. Extracting Q-factor from the ring-down test
The LDV data of the decaying velocity of the beam can be used to extract the damping
ratio, which is directly related to the Q-factor. The equation for the decaying velocity is
v = Vye %ot (55)

where V) is the initial velocity, C is the damping ratio, and w is the angular frequency (rad/s). To

67



extract {, we need to generate the envelope curve of the decaying data. Thus we decided to
import the data into MATLAB and run an algorithm to record all the positive peak data points
and fit an exponential curve to those positive peak data points. Please see Appendix II. for the
MATLAB algorithm. The fitting gave us two parameters pl and p2 of the exponential equation
peaks = p,ePzt . (56)
The equation is plotted with the original decaying data, as shown in Fig. 36, to verify the
accuracy of the obtained pl and p2. It is not unusual that the obtained p1 and p2 does not yield
an accurate envelope curve. The reason we identified is that the data recorded may be too early
that they include the time before the decaying happens or too late that they include mainly the
noise. Therefore, we need to trim the raw data that we obtain from the oscilloscope until pl and
p2 yield the most accurate envelope curve. The region in the recorded data that we usually trim is

shown in Fig. 36. An example of a final curve fitting is shown in Fig. 37.

Region used for

curve fitting

Figure 36. Region of ring-down curve used for analysis.
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Figure 37. Ringdown curve shown with curve-fit.

Since we excited all the beams at a known forced frequency (their first resonant

frequency), we can back-calculate the damping ratio

(== (57)

w

Here we have assumed that after switching off the excitation signal, the beam will
continue to vibrate at the same frequency as the excitation frequency. This may not be always
accurate since the damping can change the frequency of a freely vibrating beam. However, we
have verified our assumption by running a Fast Fourier Transform (FFT) of the decaying data
and the peak of the FFT curve is right at the excitation frequency. The Q-factor is calculated

from the damping ration by the equation

Q==. (58)

I11.5. Uncertainty analysis

In order to determine the uncertainty of the results of this project, Root Sum of the

Squares (RSS) uncertainty analysis will be conducted. The process begins by identifying the
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phenomenological equation. The uncertainty can then be calculated as follows:

5Q = Jz 6‘26171),

where Q is the phenomenological equation consisting of n variables, v;is the ith variable of the

phenomenological equation, and §v; is the uncertainty of the ith variable.

The results of the laser position study are displayed in Table 8. The sample was an
uncoated SHOCON beam and the tests were done with the same pressure, amplitude, and

frequency. Position one corresponds to the baseline position. Positions two and three are at

1V. Results

IV.1. LDV precision

(39)

locations laser 25% of the length of the beam toward the base and 50% of the length of the beam

towards the base, respectively. Positions four and five correspond to the angles just before the

signal was lost. The mean value of Q-factor was determined to be 44,824. The standard deviation

is 1,908 or 4.3% of the mean Q-factor. The precision of our experimental measurements can be

considered to be 4.3 %.

Table 8. Results from lower position study.

Laser Position Study {1 % 43 225 pm urncoated SHOCOM)
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f [Hz] A [my] | P[mbar] 0 5arate | position
24010.5 2 S.00E-06 40,227 200 1
24009.6 = S.00E-06 42,256 200 2
240089 2 S.00E-06 47 666 200 3
24009 2 o J.00E-06 | 43,707 200 4
240101 o S.00E-0D6 44264 200 5

tne an O-fadar 44,524
standard deviation 1,908



The results of the frequency investigation are shown in Table 9. The Q-factor was
calculated for the first seven modes of an uncoated SICON beam. Note this beam was soaked in
acetone in order to remove it from the mounting disk. When retested the Q-factor was drastically
reduced. Investigation revealed a layer of glue had beam deposited on the surface of the beam as
the acetone evaporated resulting in increased damping. Although additional damping is present
in this beam, the results of this study on the effect of mode on the Q-factor can still be considered
reliable. The mean value of Q-factor was calculated to be 13,706 with a standard deviation of
3,265. This is a relatively high value, however note the extremely low Q-value for the seventh
mode. The frequency is getting closer to the characteristic damping frequency at this point, the
relative frequency for the seventh mode is 0.02, which explains the higher TED in this mode.
When the seventh mode data point is ignored, the standard deviation is 1,277, a much more
reasonable value. Considering this, it was decided to conduct the remaining tests in the first

bending mode.

Table 9. Results of mode study.
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Mode Study (2.5 x 40 x 450 pm uncoa ted 51 COM
f [Hz] A [mv] | P [mbar] 1] Sarate node
1219450.0 &0 5.40E-06 6,250 =0ao 7
a7o2e2.0 3000 4 60E-06 16,474 10000 B
S87372.0 200 5.40E-06 13,731 10000 2
3561000 30 4.60E-06 15,622 2500 4
15821409 a0 4. 60E-06 15,586 1000 3
62436.0 40 4.60E-06 15,175 Soo 2
106130 40 4 60E-06 12,807 200 1
mean O-factor 13,706
standard deviation 3,265




The results for the resonant frequency obtained from LDV were also compared to the
results obtained from Michelson interferometry. The results are shown in Table 10. The

correlation was excellent, not the small percentage difference between the two methods.

Table 10. Resonant frequencies obtained from Michelson Interferometry and LDV.

sample f L0V [He] | f Michelson [Hz] | mode off [3]

SICON L 10773.30 1077855 1 0.00232
SICON L 2412950 24129 00 2 0.00207
SICON 1 &7 085,65 &7 059,00 3 0.00052
SICON 2 1081295 10513.35 1 0.00377
SICON 2 £5436.00 £5440.50 2 0.00655
SICON 2 15214090 15215500 3 0.00774
SICON 2 356100.00 35612000 4 0.00562
SICON 2 SB73T2.00 SE7390.50 = 0.00315
SICON 2 G75262.00 87 5280.00 & 0.00206
SICON 2 | 121945000 121945000 7 0.002468

The results of the mode study for the SICON beam obtained from Michelson
interferometry are shown in Fig. 38. In the image of the first mode, the relative size of the
distance between the fringes coincides with a displacement from the reference plane. In this case,
the distance between fringes decreases steadily from the base towards the tip of the beam,
indicating the first bending mode. In the remaining images, the fringes correlate to areas of the
beam displaced from the reference plane. The white areas indicates areas on the reference plane
and are the nodes. Note the third mode has a combination of bending and torsion. This is
assumed to arise due to a slight non-symmetry in the beam, causing a torsional mode and a

bending mode to fall within close proximity to each other in the frequency range.
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Figure 38. Images of fringe patterns obtained from Michelson Interferometry.

The results of the air pressure study are shown below in Table 11. Note the large effect
air damping has on the Q-factor at atmospheric pressure. The effect of air damping gradually

decreases until it becomes negligible at 6.3 x 10 mbar.
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Table 11. Results of air damping study.

Air damping Study {2 x 40 x 450 Al coated sample)
f [Hz] A ] P [mbar] a
1401000 G000 1.00E+03 47
1419000 2000 S.60E+01 148
14210.00 2000 1.00E+01 195
1421000 S00 1.00E4+00 5oz
14210.00 S0 1.00E-01 2,187
14211.00 &0 4 .00E-02 11,334
14211.00 S0 1.40E-02 21,782
14211.00 &0 1.60E-04 32787
14210.30 10 2. 40E-05 34,803
1421020 10 2.50E-05 37,154
14210.35 10 6.30E-06 39,704

The results are displayed graphically in Fig. 39. The three regions of air damping are
noticeable in this plot, the viscous damping region from to 10 mbar to 1 bar, the molecular
damping region, from 10 mbar to 10 mbar, and the intrinsic region below 10 mbar. These data

illustrate that air damping is negligible as long as the air pressure is below 10” mbar.
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Figure 39. Q-factor plotted as a function of air pressure.

The resonant frequency is also affected by the air pressure. The resonant frequency as a
function of air pressure is shown in Fig. 40. Note that there is a large effect above 10 mbar,

however below 10 mbar there is little effect on the resonant frequency.
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Figure 40. Resonant frequency as a function of air pressure.

IV.2. Analytical results
The results of the analytical calculations for individual contributions to Q-factor are listed
in Table 12 along with measured values of width, length, and resonant frequency. Note the
thickness was calculated with Eq. 37 using the resonant frequency along with the dimensions in

Table 12 and the properties of Silicon listed in Table 4.
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Table 12. Analytical results.

sample ref # width length | thickness [frequency | Qrepzeser | Oreporemie | Qescar | Hur Qonner

wm] | [am] | [am] | [H] | %207 | x10° | X107 |vsQupue
SICON 1 10 458 4480 1614 110458 2617 2651 4586 1.28
SICON 2 14 450 4470 1582 10778.3 27495 28.31 4908 1.27
SICON 3 17 445 4480 1550 10609.7 2956 2995 5181 1.30
SHOCON 1 11 434 231.0 1.008 25730.0 2880 29.18 26.14 1.30
SHOCON 2 15 445 2290 05824 239E87.0 3681 37.29 33.12 1.29
SHOCON 3 18 425 233.3 1.036 259120 27.10 2746 24 85 131
SHOCON 4 22 435 2315 0.845 240104 3514 35.60 3196 1.29
FORT 1 12 295 2135 2610 T7967.0 142 144 1.1% 1.25
FORT 2 16 285 2130 2.235 67085.2 2.25 2.28 188 1.32
FORT 3 25 305 2145 2662 JB7B5.1 135 1.37 114 132
FORT 4 23 30.0 214 3 2.605 T7235.3 144 146 1.21 1.30
ACL1 19 405 2320 6.B69 1692095 0.0998 0.1011 0.0907 132
S5nm Al 13 450 447 0 1976 13469.2 1432 1451 2515 1.31
S5nm Al 26 470 449 B 2070 13931.0 1262 1279 2231 1.33
S5nm x 2 Al 21 483 448 5 2289 15428.6 932 g.44 1646 1.30
S5nm x 2 Al 27 475 451.0 2052 13736.0 13.05 13.20 23.09 1.29
10 nm Al 9 46.0 451.5 2127 14210.0 1172 1187 2078 1.26
10 nm Al 28 475 449 5 2144 144520 1134 11.49 2002 131
10 nm Al 29 480 449 0 2181 14730.0 1075 1090 1897 138
20 nm Al 20 46.0 448 0 2.169 147135 10.89 1103 1917 1.27
20 nm Al 30 456.3 449 5 2144 14450.0 1134 11.49 20003 131
20 nm Al 31 456.3 448 5 2.008 13596.0 1374 1392 2421 1.29
30nmx 2 A 24 458 450 .8 1.650 11056.5 2503 25.36 4433 1.30
30nm x 2 A 32 468 450 .8 1742 11675.0 2127 2155 3766 1.30
30nm x 2 A 33 46.0 4515 1741 11628.0 2138 2166 37893 1.29

The Q-factor related to TED was calculated utilyzing both Eqs 18 and 20, respectivly.
The results are very similar, with the Zener equation slightly underpredicting the value of Q-

factor slightly in most instances. The difference however was only 1.3 %.

The effect of TED appears to decrease with decreasing dimensions of the beams. The Q-
factor related to TED was plotted as a function of the surface area to volume ratio in Fig. 41. The
data was plotted in two groups based on length, the first with a length of about 450 um and the
second with a length of around 225 um. Note the strong relationship between the surface area to
volume ratio and Ted. As the ratio increases, the effect of TED becomes insignificant. Notice the

excellent fit of the trendline and the nonlinear behavior of the TED with a change in the surface
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area to volume ratio. Also, as the length of the cantilever beam becomes longer the data points
are shifted to the left. This suggests that increasing the length of the cantilever causes the effect

of increasing the surface area to volume ratio to become more pronounced.

4.D0E+07 |
3.50E+07 L=450 pm
Y= 1E+07 x 30848
3.00E+07 2 =0.9995 L=225 um
2 SO0E+07 Ay = 3E+06x3-2382
/ R® =0.9982
Q-TED 2.00E+07 /

1.50E+07 /
1.00E+07 /
5. D0E+06 /
0.00E+00 B |

0.00 0.50 1.00 150 2.00 2.50

Surface area to volume ratio

Figure 41. Q-factor related to TED vs. surface area to volume ratio.

Also note there is a size effect on the anchor damping of the samples. In order to see the
effect the geometry has on anchor damping, the Q-factor related to anchor damping was plotted
as a function of the thickness to length ratio in Fig. 42. Note the strong nonlinear relationship
between the anchor damping and the thickness to length ratio. As the thickness to length ratio
increases, the anchor damping becomes significant. This indicates that a longer, thinner beam

will have less damping due to anchor losses.
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Figure 42. Q-factor related to anchor damping vs. thickness to length ratio.

1VV.3. Computational results
Thermoelastic damping and resonate frequencies for different beams are simulated with
COMSOL. The thickness of each beam is obtained from Eq. 37 using experimental resonant
frequency. The other dimensions for each beam are from measurements using optical
microscopy. Figure 44 shows displacement of SICON vibrating at different modes. The black
and white images are from experimentation while the color images are from simulations. As Fig.
43 shows, the red area represents the maximum displacement while the blue area represents the

minimum displacement within each beam.

= T T T
: I . T
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Figure 43. Correspondence of color to displacement in COMSOL results.
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Figure 44. Vibrating SICON at different modes along with computational results.
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Experimental result match computational result at each mode expect at the 3™ mode,
where there is torsion in the experimental result. This torsion may be caused by non-symmetry

over the width in the beam. However, it is assumed to be symmetric in computational modeling.
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Figure 45. Computational results for samples at their first mode.

Table 13. Results of computational study.

Name |Nominal TxWxL (pm)| L1 {(pm) | L2 (pm) |wl {pm) w2 (pm)| t (pm) |Q1{TED)-comp|QL{TED}-Analy| f1{Hz)-comp| f1(Hz)-Exp
SICON 2.5x40x450 433.50 | 458.50 | 4017 49.00 | 1.550 9.459E+06 2.995E+07 1.065E+04 | 1.061E+04
SHOCON 1xd3x225 219.00 | 243.00 | 43.40 43.40 | 1.008 2.904E+07 2.918E+07 2.598E+04 | 2.573E+04
FORT 3x30x225 206.00 | 22250 | 23.50 36.50 | 2.605 5.557E+05 1.460E+06 7.720E+04 | 7.724E+04
ACL 8.5x40x225 219.00 | 245.00 | 25.00 57.00 | 6.690 4. 741E+04 1.011E+05 1.660E+05 | 1.692E+05
Coated 2xd0x450 434.00 | 460.00 | 42.00 43.00 | 1.976 1.559E+07 1.451E+07 1.354E+04 | 1.347E+04




Table 14. Comparison of analytical to computational results for SICON sample.

Name f2 Q2(TED) f3 Q3(TED) fa Q4(TED) f5 Q5(TED)
SICON-comp| 6.673E+04 | 1.560E+06 | 1.869E+05 | 6.246E+05 | 3.665E+05 | 3.815E+05 | 6.063E+05 | 2.684E+05

SICON-Analy| 6.544E+04 | 4.838E+06 | 1.821E+05 | 1.728E+06 | 3.561E+05 | 8.816E+05 | 5.874E+05 |5.334E+05

Table 13 compares resonant frequencies from computational and experimental methods,
and Q-factors in terms of TED from computational and analytical methods. The computational
results for displacements along the beams are pictured in Fig. 45. For SHOCON and the 2 pm x
40 um x 450 um beam, Q-factors are very close for both methods. However, Q-factors are quite
different for the other beams. It is because these beams are not rectangular in shape as assumed
in the analytical analysis, but have different widths at the top and at the bottom. In analytical
method, beams are assumed to be prismatic beams, therefore, the Q-factors are overestimated.
This also explains the difference of Q-factor from both methods in Table 14. In Table 14,
resonant frequencies for each beam from computational and experimental methods are not very
close to each other. This difference may be explained by the assumptions made in computational

method, for example, symmetry of the beam over its width.

IV.4. Experimental results
The measured Q-factors for the uncoated beams ordered from AppNano are listed in
Table 15 together with the results for other beams. Again, the uncoated beams are SICON,
SHOCON, FORT and ACL. It should be noted that, although the beams are labeled uncoated,
the surfaces of these beams are covered by a layer of Silicon oxide whenever they are exposed to
the air. This Silicon oxide layer, having an amorphous structure, also has a detrimental effect on

the Q-factor of the beam similar to the metal coating layers.

From Table 15, we can see that the measured Q-factors for the beams SICON, SHOCON

are fairly consistent. The variation in the Q-factors is partially due to the inevitable variation in
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the beams dimensions and surface conditions. The FORT type has an outlier, with a value for Q-
factor of 31,680, but we could not come up with a reasonable explanation for this variation.
Unfortunately, 3 out of 4 ACL beams were damaged, the thickest among the uncoated beams, so

we only have one data point for this type of beam.

Table 15. Experimental results.

mample width length |thickness (frequency | O_ . L L P &E;, Es
[um] [um] [pm] [Hz] [kg/s2] | [Mpa] | [Mpa]
SICON 1 458 4460 1614 110488 | 103,650 7,354 104,300 042 1887
SICON 2 45.0 447.0 1582 10778.3 | 111,850 112,600 038
SICON 3 445 4160 1550 106097 99,550 10:0, 100 042
SHOCOM 1 43.4 2310 1008 257300 | 55000 2,733 55,220 050 3429
SHOCOM 2 445 229.0 0924 23887.0 | 57,627 57820 044
SHOCOM 3 425 2333 1036 259120 | 50,706 50,800 056
SHOCOM 4 43.5 2315 0945 240104 | 44154 2,185 44 270 0.59 4023
FORT 1 29.5 2135 2610 77967.0 | 105,170 7,455 125,400 056 3114
FORT 2 2B.5 213.0 2.235 67085.2 31,680 32,680 184
FORT 3 30.5 2145 2662 78785.1 | 120,270 145,200 048
FORT 4 30.0 2143 2605 772353 | 108,340 5156 129,600 054 457.2
ACL1 40.5 2320 6268 16882085 32,540 101,900 172
Snm Al 45.0 447.0 1576 134E8.2 53,857 7,758 B4,300 0.84 167.2 2174
Snm Al 47.0 445 8 2070 135310 | 75000 78,760 072 143.0
Snm x 2 Al 483 4485 2.289 15428.6 | 43,235 7,216 43 550 143 142.8 256.5
Snm x 2 Al 47.5 451.0 2052 13736.0 | 40,000 40,190 135 1389
10 nm Al 46.0 4515 21727 1421000 | 35,704 38510 145 1445
10 nm Al 47.5 4455 2144 144520 | 35000 38210 145 1487
10 nm Al 48.0 4490 2181 147300 | 38600 38820 153 152.7
20 nm Al 46.0 4480 2168 14713.5 21,735 21,800 270 135.1
20 nm Al 46.3 4455 2144 1445000 | 24,500 24 580 237 118.5
20 nm Al 46.3 4485 2008 13556.0 | 22,000 22,050 248 1238
30nm x 2 Al 458 450.8 1650 11056.5 3,686 2,755 3,687 1221 203.4 1473
30nm x 2 Al 488 450.8 1742 11675.0 4800 4202 929 164.8
30nm x 2 Al 46.0 4515 1741 11628.0 4680 4682 10.14 168.9

Ignoring these data points, the experimental data agrees with the theoretical calculations
mentioned previously. To illustrate this, the Q-factor as a function of thickness was plotted for
the experimental values along with the theoretical values in Fig. 46. In this figure, the black dots
are the theoretical values and the red X’s represent the experimental results. Note the SICON,
FORT, and ACL beams are all shifted to the right. This is due to the difference between the

actual thickness and the nominal thickness for these beams. Additionally, the theoretical data
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points are all lower than the experimental. This is due to the estimation used for the value of

OEds in Eq. 25.

1.410°
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th, thyg,
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Figure 46. Predicted analytical results plotted with experimental results based on original
assumptions.

The theoretical values were recalculated with the actual dimensions of the beam along
with the value of dEg4s in Table 15. The Q-factor as a function of thickness was plotted for the
experimental values along with the newly calculated theoretical values in Fig. 47. As in Fig. 46,
the black dots are the theoretical values and the red X’s represent the experimental results. Note

there is a better agreement between the theoretical and the experimental results.
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Figure 47. Predicted analytical results plotted with experimental results utilizing actual beam
dimensions and 6Eds from Table 15.based on original assumptions.

In order to better understand the effect geometry has on surface damping, the Q-factor
related to surface damping is plotted in Fig. 48 as a function of surface area to volume ratio. The

surface damping increases linearly with the surface area to volume ratio.
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Figure 48. Q-factor related to surface damping plotted vs. surface to volume ratio.

The results for the calculation of the dissipation term for surface damping are listed in
Table 16. For the uncoated beams, the dissipation term, Eg4s, could not be calculated because it is
a function of the absorbate layer thickness layer. The thickness of this layer is unknown,
however a value can be calculated with the thickness of this layer included in this term. This
term is 0Eq4s and it has units of kg/sz. There were two data points that were considered outliers
and eliminated, these were the FORT 2 sample and the ACL 1 sample. Ignoring these data points
the mean value of dEg4 is 0.488 kg/s2. The standard deviation of these data is 0.066 kg/sz, or

14%.
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Table 16. Mean and standard deviation for Eds .

Uncoated Al AuPd

6 E1s Ei Eis
[kgisl] | [Mpa] | [Mpa]

mean 0485 15002 2917

standard deviation 0.0ad 21.3 093

For the coated samples, E4s could be calculated because the coating thickness was known.
The mean value of Eg4 for the Al coated beams was 150.2 MPa. The standard deviation in these
data is 21.3 MPa, 14 % of the mean. The value of E4 for the Au/Pd coated beams was
significantly higher than that for the Al coated beams, with a mean value of 291.7 MPa. The
standard deviation of these data is 99.3. At 34% of the mean, this is a relatively large standard
deviation. This large standard deviation is due to the large level of uncertainty in the coating

thickness.

Refering to Table 6, note that the Young’s modulus of AL is similar to the Young’s
modulus of the AuPd mixture. In contrast the density of the AuPd is over seven times greater
than the density of the Al. E4 for the AuPd mixture was twice as large as for the Al coating,
qualitatively it can be seen that the mass properties of the coating have a large effect on damping

in this case.

IV.5. Effect of geometry on total Q-factor
With the value of 6E4 known for uncoated single-crystal Silicon and the analytical

models verified, a further investigation into the effect of geometry on the Q-factor can be carried

87



out. In respect to geometry alone Q-factor is a function of three variable, thickness, width , and

length. It is difficult to graphically illustrate a function of three variables. In order to graphically

illistrate the relationship between geometry and Q-factor, the following is substituted into Eq. 10

L=nw,

(60)
where n is the length to width aspect ratio. With this substitution, Q-factor can be plotted as a

function of thickness and width for:
n=123,..

Using the properties for single-crystal Silicon from Table 4, the experimentally derived

value of dE4 from Table 16, and n = 5, Q-factor as a function of width and thickness is plotted

in Fig.49. Note there is a maximum Q-factor of around 250,000 on this plot.

. 15107

~1.107

HTHo()

ERT

Figure 49. Q-factor as a function of thickness and width forn=5 for a 4.5 um x 100 pm x 500
pum beam.
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In order to further investigate the effect of length, Q-factor as a function of thickness and
width, with n = 10, is plotted in Fig. 50. Note the maximum values have shifted to the left,
indicating a thicker beam is required for maximum Q-factor. Note the maximum value of Q-

factor is about 400,000 on this plot, which corresponds to a beam 7 um x 100 um x 1000 um.

SO

Figure 50. Q-factor as a function of thickness and width for n = 10.

Q-factor as a function of thickness and width, with n =20, was plotted in Fig. 51 Note
the maximum values have shifted even farther to the left, indicating an even thicker beam is

required for maximum Q-factor. Note the maximum value of Q-factor about 700,000 on this

&9



plot, which corresponds to a beam 10 pm x 100 pm x 2000 pm. This beam is into the millimeter
level for length and there will come a point where the length to thickness ratio is so large the

beam can no longer support its own weight.

Figure 51. Q-factor as a function of thickness and width for n = 20.

IVV.6. Uncertainty
A detailed uncertainty analysis was performed using the values listed in Table 17. The
results of the uncertainty analysis are listed as a percentage of the parameter value in Table 18,
the actual values are listed in Appendix I. The technique of calculating thickness using the

measured resonant frequency of beam proved to be quite effective. The uncertainty of the
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thickness using this technique was only about 2.3%. The uncertainty in the anchor damping was

reasonable at about 7%.

Table 17. Values used for uncertainty calculations.

Parameter Value Units Parameter Value Units
temperature 1 K Poisson's ratio 0.03
length 1 L hieat capacity 23 Jika*K
wickh 1 Higy] thermal conductivity 10 W m*E
Young's modulus 6.3 Gpa frequency 0.5 Hz
coefficient of 0.1 K density 50 kgim®
thermal expansion

The TED damping uncertainty was relatively high at about 13%. Comparing the Lifshitz
equation to Zener’s equation, the results obtained using the Lifshitz equation suffered slightly
less uncertainty. Upon further inspection, the largest contributor to this uncertainty is the value
for coefficient of thermal expansion which accounts for 33.4% of the uncertainty. The next
largest contributor was thickness, which accounted for 25.3% of the overall uncertainty. This is
despite the fact that the uncertainty in the thickness was only 2.3%. This illustrates the large
effect thickness has on TED. The other large contributors were thermal conductivity and

Young’s modulus, accounting for 22.1 % and 18.4% of the overall uncertainty, respectively.
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Table 18. Results of uncertainty analysis.

sample %6t |%60TED Zener| %6QTED Lifshitz|%60anchon%6Qsurface| %66Eds [%AEds | %AEds AuPd
[%] [%6] [%] [%] [%] [%] [%] [%]
SICON 1 2.2 133 126 6.7 43 6.2 36.2
SICON 2 2.2 133 120 6.7 43 6.3
SICOM 3 2.2 133 126 6.7 43 61
SHOCON 1 24 135 122 7.2 43 6.2 36.2
SHOCON 2 24 135 134 7.2 43 6.2
SHOCOMN 3 23 135 127 7.2 43 63
SHOCON 4 23 135 124 7.2 43 6.2 36.2
FORT 1 2.4 1326 136 7.3 5.3 70 363
FORT 2 2.4 136 136 7.3 44 63
FORT 3 24 136 136 7.3 5.6 71
FORT 4 24 136 135 7.3 5.3 65 36.2
ACL1L 23 135 135 7.2 207 212
Snm Al 2.2 133 120 6.7 43 6.2 209 36.3
snm Al 2.2 13.3 133 6.7 4.3 6.2 209
Snm x 2 Al 2.2 133 126 6.7 43 6.2 209 363
Snm x 2 Al 2.2 133 121 6.7 43 6.2 209
10nmal 2.2 13.3 133 6.7 4.3 61 209
10 nmal 2.2 133 151 6.7 43 6.2 209
10 nm Al 22 133 120 B.7 43 6.2 209
20nmal 2.2 133 120 8.7 43 61 2059
20nm Al 2.2 133 134 6.7 43 6.2 209
20nm Al 2.2 133 133 6.7 43 61 209
30nm = 2 al 2.2 13.3 126 8.7 4.3 6.2 209 413
30nm x 2 Al 2.2 133 120 6.7 43 61 209
30nm = 2 Al 2.2 133 125 6.7 43 61 209

There was a large amount of uncertainty in calculations involving the coatings. The
uncertainty in the calculation of the dissipation term for Aluminum was 20.9%. This was due to
the uncertainty in the coating thickness, which accounted for 91.3% of the overall uncertainty of
the calculation. This corresponds well with the standard deviation in the calculation of

dissipation term for Aluminum which was around 15%.

There was a larger amount of uncertainty in the calculation of the dissipation term for the
Gold and Palladium mixture, which had an uncertainty of between 36.2% and 41.3%. The

uncertainty in coating thickness accounted for 97.1% of the overall uncertainty. This was due to
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an even larger uncertainty in the coating thickness due to the application process of the Gold and
Palladium mixture. This uncertainty explains the standard deviation in the experimental results
for the calculation of the dissipation term for the Gold and Palladium mixture which was around

34%.

V. Conclusions
In conclusion, the importance of geometry has been clearly illustrated. There is a

geometry which minimizes the contributions of all forms of damping in combination and thus
leads to maximum Q-factor. For maximum Q-factor, Fig. 50 clearly illustrates the optimum
geometry which should be used. Additionally, at this point TED becomes much more
pronounced and a material should be chosen which would minimize TED based on Fig. 17. In
the case of the nanoscale sensor, surface damping becomes the dominant loss mechanism and
therefore must be minimized. In this size range, absorbates on the surface must be minimized.

Additionally, if a coating is required, one with minimum density and stiffness should be chosen.
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Appendix I. Uncertainty Values

sample &t SOTED Zener | 6OTED Lifshitz | 60anchor | 60surface | &6Eds | AEds | AEds AuPd
[nm] x107% x10° x10° x10° | [kefs2] | [Mpa] [Mpa]
SICON 1 36.00 3.48 3.34 3.08 45 0.026 720
SICON 2 35.27 3.72 3.40 3.30 49 0.024
SICON 3 3456 383 3.78 3.48 43 0.026
SHOCON 1 | 23.69 3.89 357 187 24 0031 1243
SHOCON 2 | 2173 497 498 2.38 25 0027
SHOCON 3 | 24.31 3.66 3.48 178 2.2 0035
SHOCOM 4 | 22.20 475 441 2.29 19 0.036 1458
FORT 1 62.04 019 015 0.09 6.7 0.039 1129
FORT 2 53.15 0.30 031 014 15 0116
FORT 3 53.23 013 019 0.08 8.4 0034
FORT 4 6188 019 0.20 0.09 6.9 0.037 165.7
ACLL 157.10 001 001 001 211 0364
Snm Al 4407 191 174 169 2.8 0.052 350 785
Snm Al 4514 1.68 1.70 1.50 3.4 0044 285
Snmx2al | 51.04 124 115 111 19 0.083 285 931
Snmx 24l | 4574 173 159 155 17 0.086 291
10nmAl 47 .42 156 158 140 17 0088 303
10nmAl 47.81 151 174 135 17 0.092 311
10nmal 43 62 143 131 1.28 17 0.094 320
20nmaAl 4335 1.45 133 1.29 09 0.166 283
20nmal 47 80 151 154 135 11 0146 248
20nmAl 4478 183 185 163 10 0152 259
30nm x 2 Al | 3678 3.33 3.20 298 0.2 0751 425 609
30nm =2 Al | 3883 2.83 2.55 2.53 0.2 0.608 345
30nm = 2 Al | 38.88 2.84 270 2.55 0.2 0623 353
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Appendix I1. Matlab code

%% Calculate damping
% 10/21/2011
%%
% Get date from excel file
clear; clc;close all;
[decay]=xlsread("");
[rdecay,cdecay]=size(decay);
volt=decay(3:rdecay, 2);time=decay(3:rdecay, 1) ;f=decay(3,3);
volt_avg=mean(volt);
volt=volt-volt_avg;%shift the curve to center about x axis
figure(1)
plot(time,volt);xlabel("time");ylabel("volt™);title("decaying curve®);
hold onj;
%% Find peaks and calculate Q
%% Find peaks
peaks=[0];ptime=[0];
for i1=2:(size(decay)-4) %check with rdecay
it volt(i-1,1)<=volt(i,1)&&volt(i,1)>=volt(i+l,1)&&volt(i,1)>0
peaks=[peaks; volt(i,1l)];
ptime=[ptime; time(i,1)];
end
end
peaks(1)=[];ptime(1)=[1;
plot(ptime, peaks,"r");hold on
%% refine peak (execute this cell until rpeaks stops decreasing)
clear j
[rpeaks, cpeaks]=size(peaks);
iteration=0;
%while iteration<1000;
for j=2:rpeaks-1
[rpeaks, cpeaks]=size(peaks);
it j<rpeaks
iT peaks(J-1)>peaks(j)&&peaks(jJ)<=peaks(j+1)
peaks(J)=L1:
ptime(d)=L1:
end
end
%end
iteration=iteration+1;
end
%%
plot(ptime, peaks,“"g"); hold on

% [F, spectrum, peakFreq]=fftVib(volt, time);
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%%

%Frequency

%determine time between peaks
P=zeros(P);

for k=1:numel(ptime)-1;

P(k)=ptime(k,1l)-ptime(k+1,1);

end
TfO=abs(1/mean(P));

%% calculate Q
peaks_In=log(peaks);
p=polyfit(ptime,peaks In,1);
Fit=exp(p(2))*exp(p(1)*ptime);
plot(ptime,fit, "black®);
%damping ratio

wl=F*2*pi;%Hz, First mode
z1=-p(1)/wl;

Q1=1/(2*z1)

Appendix I1l. MathCad calculations

The following analysis is done based the assumption that the resonance frequency = frequency of
oscillation

An =001

n:=01,014+An.3

b= 4210 m

E:= 167510 pg

ou=2610 K
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Tp=25+273

cp =700 I /kg-K

By = 1875

k=130 W/m-K
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Input

mode coefficients for rectangular cant

ilever free-fixed

Bq:=1.87¢ By :=4.69 Bg:=7.85¢ B4 = 10.99¢ Bg:=14.13 Bg=17.27¢
Nominal Dimensions
30nm Al Coated SHOCUN SICON FORT
Lg = 450um Lp:=225um  Ly:=450um  Lg:=2251m
tg:=2-um ty:=1-um ty:=25-pum t3:=3-um
W = 40um Wy = 43um Wy :=40um Wg 1= 30um
ACT ACL ACST SiN SiN
Ly=125m  Lg=225um  Lg:=150um  Ly:=50pm  Lg:=200um
tg:=45-pum t5:=85-um tg:=2.5-um t7:=02-pm tg:=0.6-um
Wy 1= 35um Wi :=40um Wg 1= 25um Wy 1= 35um Wg :=40um

Material Properties

Properties for Si Properties for SiN Uncertainties for Properties for Si
Eg := 165.6GP Ep = 290GP: To:=(273+ 25)K So e 0.1 MM
B " " Tm-K
poi=2330kg - m ° py = 3200kg - m o= Lum S 0.0:
um um 8t :=0.025um T
ag:=2.6—— oy =2.8—— SW = 1um . =23 J
m- K m- K =4 P —kg K
v:=0.27 v:=0.27 OE :=6.3GP¢ W
& :=10——
Cp 0= 691—— ¢, N = 691—— 5p:=50-kg-m ° m- K
p. kg - K p- kg- K 8T = 1K
W W = t
kg = 160—— ky = 26—— 5 :=0.000:
m- K m- K o :=0.5- Hz
M :=28.97-10 5. kg molecular mass of air
3 J
R:=8.314-10" - — Gas constant
K
Measured Values
Air pressure in Pascals for air damping calculations
5 2 —3
P;:=1-10"-Pa  P4:=12.10"-Pa P,:=14-Pa Pi0i=25-10 ~-Pa
3 1 —2 —4
Py:=86-10"-Pa Pg:=1-10"-Pa Pg:i=16-10 “-Pa Py;:=63-10 - Pa
3 —3
P3:=1-10"-Pa  Pg:=4-Pa Pg:=5.4-10 ~-Pa
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Dimensions
Beam 1A SICON

Lqg:=446- um measured (avg)
W1 = 45.8um measured (avg)
f10:=11049.8- Hz  fn measured
Q1= 10369

QAu10 =735

Beam 1E 5 nm Al coating

Ly3:=447- um measured (avg) Lyg:=447- um
Wq 3 :=45um measured (avg) W 4 = 45um
f13:=13469.21- Hz: fn measured

Q3= 6385

Qay13 = 775¢

Beam 2C FORT
L1g:=213- um measured (avg)
Wy g = 28.5um
f1g:=67085.2- Hz fn measured

measured (avg)

Beam 3B SHOCON

L1g:=233.3- um measured (avg)
Wy g = 42.5um measured
f1g:=25912- H: fn measured
Q18 :=5070¢

Beam 4A 5 nm x 2 Al coating

Lyq :=449.5- um measured (avg)
Wopq = 48.3um measured (avg)
fy1:=15428.6- Hz fn measured
Qyq = 4323

Qo1 = 721

Beam 1B SHOCON

L11:=231-um measured (avg)
W1 = 43.4um measured
fq7:=25730- Hz fn measured
Q11 = 5500(
Qay1y =273

Beam 2A SICON

measured (avg)
measured (avg)
f14:=10778.3- H; fn measured
Q4= 11185(

Beam 2E 10 nm Al coating

Lg:=4515-um measured (avg)
Wy := 46um measured (avg)

fg = 14210- Hz fn measured

Qg := 3970

Beam 3D ACL

L1g:=232- um measured (avg)
Wqg :=40.5um measured (avg)
f19:=169209.5 Hz fn measured
Q1= 3254(

Beam 4B SHOCON

Lyp:=2315- um measured (avg)
Wop :=43.5um measured (avg)
fyp:=24010.35 Hz fn measured
Qg 1= 4415

Qa0 =218
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Beam 1C FORT

Lqp:=213.5- um measured (avg)
W19 = 29.5um measured (avg)
f1o:="77967- H: fn measured
Q= 10517(
Qa1 = 7458
Beam 2B SHOCON
L1g5:=229- um measured (avg)
Wy g = 44.50m measured
f15:=23987- H: fn measured
Qq5:= 5762

Beam 3A SICON
Lq7:=446- um measured (avg)
f17:=10609.7- Hz fn measured

measured (avg)

Beam 3E 20 nm Al coating

Lo :=448- um measured (avg)
Wo( := 46um measured (avg)
fog:=147135-H:  fn measured
Qg = 2173

Beam 4C FORT

Lyg:=214.3- um measured (avg)
Wog :=30um measured (avg)
fy3:=77235.3- Hz fn measured
Qy3:=10834(

Qa3 = 519



Beam 4E 30 nm x 2 Al coating
Log:=450.8- ym measured (avg)
Wy, :=45.8um measured (avg)
fyy:=11056.5- Hz fn measured
Qg = 368

Qau24 = 2758

5nmx 2 Al coating 01-2
Ly7:=451- um measured (avg)
Wo7 :=47.5um measured (avg)
fy7:=13736- Hz

fn measured

20 nm Al coating 02-4
Lgg:=449.5- um measured (avg)

Wy :=46.25um  measured (avg)
fa:= 14450- Hz fn measured
Q30 = 2450(

30 nm x 2 Al coating 02-5

Beam 3C FORT

Log:=2145- ym measured (avg)
Wo == 30.5um measured (avg)
fog :=78785.1- Hz fn measured
Q5 1= 12027(

10 nm Al coating 02-3
Log:=449.5- um measured (avg)
W28 = 475.Lm
fog:=14452- Hz
Qg = 3900(

measured (avg)

fn measured

20 nm Al coating 01-4
Lgq:=448.5- um measured (avg)

Wg3q :=46.25um  measured (avg)
fa1:=13596- Hz fn measured
Q31 :=2200(

L33:=451.5- um measured (avg)
Wgg3 :=46um measured (avg)
f33:=11628- Hz fn measured
Q33 = 468(

108

5nm Al coating 02-1

Log:=449.8- um measured (avg)

Wog = 47um measured (avg)
fog:=13931- H: fn measured
Qyg = 7800(

10 nm Al coating 01-3
Log:=449- um measured (avg)

Wog:=48um  measured (avg)
fog:=14730- Hz fn measured

30 nm x 2 Al coating 01-5

L3, :=450.75- pm measured (avg)

W3 = 46.75um measured (avg)
fap:= 11675 Hz fn measured
Q32 :=480(



Preliminary Calculations
1 3
I(w,1) :=EW-t AW, 1) =w - t

Thickness Calculation

1
— 2 2 _2
f-2.n-L
P —52
ty(E,1p,W,L,B,f) = -
i 12 |
2n L

Rectangular Cantilever Beam

rectangular

Wllg =245 um

tB(f,L,B,E,Wl,WZ,p) =f.

trapezoid

2 E~(w12+4-w1-w2+w22)

W219 = 565Hm

B .

18- p- (Wl + W2)2

—6

_6
tg = to(Eg. I, Pp- Wy Lg, By, fg) = 2.127x 107 °m

th = t(l<E0’ l, po,Wlo, Llo, Bl’flo) =1.614x 10

t11 _toc(EO’I’pO’Wll’Lll’Bl’fll)

t(X(EO’ l, po,le, le, Bl’f12) =261x 10
t(X(EO’ l, pO’W13’ L13, Bl’fl?)) =1.976x 10
t(X(EO’ l, po,W14, L14, Bl’f14) =1.582x 10
t(l<E0’ l, pO’W15’ L15, Bl’f15> =9.238x 10
t(X(EO’ l, pO’W16’ L16’ Bl’flﬁ) =2.235% 10

t(X(EO’ l, po,W17, L17, Bl’f].?) =155x 10

t(l<E0’ l, po,WlS, L18’ Bl’f18> =1.036x 10

t2 = t(l<E0’ l, po,Wzo, Lzo, Bl’fZO) =2.169x 10

=1.008x 10

t(l(EO’ l, po,ng, L19, Bl’flg) 6.688 x 10_

6
m
6
m
6
m
6
m
6
m
7
m
6
m
6
m
6
m
6
m

6
m
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ACL assuming trapezoidal shape

Beam 2E 10 nm Al coating
Beam 1A SICON

Beam 1B SHOCON

Beam 1C FORT

Beam 1E 5 nm Al coating
Beam 2A SICON

Beam 2B SHOCON

Beam 2C FORT

Beam 3A SICON

Beam 3B SHOCON

Beam 3D ACL

Beam 3E 20 nm Al coating



1=to(Eo-1 P Wag, Lo, B Fag

7:=to(Eg1:pg- Wa7. Lo7.B1.Tp7) = 2.052x 10 °m 5nmx2 Al coating 27
8= to(Eo- 1. Pg, Wag Lpg, By, Tog) = 2.144x 10 ®m 10 nm Al coating 28
= ta(EO’ 1, pg.Wog. L29,[31,f29) 2.181x 10 6m 10 nm Al coating 29
= ta(EO’ I,po,w30,L3O,B1,f3o) ~2.144x 10 °m 20 nm Al coating 30
= ta(EO’ |,p0,w31,L31,[31,f31) 2.008x 10 6m 20 nm Al coating 31

6
t32 t(l Eo, l, po,W32, L32, B1’f32) =1.742x 10 m
taq:=

(
t(l(EO’ l, po,W33, L33, Bl,fss) =1.741x 10_ 6 m

—2.289x 10 °m

)
ta(EO, 1, pg-Wo,Loo, [31,f22) 9.45x 107 'm

6
t(X(EO’ l, po,W26, L26’ Bl’fZG) =207x 10 “m

5:=to(Eg:1.Pg-Wag: Lpg: B1. o) = 2605x 10 °m Beam 4C FORT

— 6
ta(Eo,|,p0,W24,L24,B1,f24) 1.65x 10 m

6

5= to(Eg-1-Pg-Wos. Lo B1. fg) = 2.662x 107 °m Beam 3C FORT

Uncertainty in thickness

& o (E.p,W, L, B, F,5E,5p,dw,8L, 58, ) :=

2
Kg—Eta(E,l,p,w,L,B,f))-SE}

J[d

[
[
(5
[k

2
4 (ELp.w, LB, f)j Sp}
p

2
4t (E1p.w. LB, f)) aw| .
dw

2
(E,1,p,W,L,B, f)j SL}
j 2

t,(E.Lp,w,L,B,f) | - 5B

dp

2
f) |- of
dft (E,1,p,w,L,B, )j } |
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Beam 4A 5 nm x 2 Al coating

Beam 4B SHOCON

Beam 4E 30 nm x 2 Al coating

5nm Al coating 26

30 nm x 2 Al coating 32

30 nm x 2 Al coating 33

N |-



&ag =

&(X].O = &Q(EO, p09W107 L107 Bl,flO,&E,SP,&N,SL,SB,Sf)

8 o (g Pos W Lo, B1. T, 3, 5p, 0/, 8L, 5B, &) = 4.742x 10 °m

&

(X,ll =oly Eo,po,Wll,Lll,Bl,fll,aE,Sp,aN,SL,SB,Sf = 2.369x 10_

(1,12 &(X, Eo,po,le,le,Bl,flz,aE,Sp,aN,&_,SB,Sf =6.204x 10_
=4.407x 10
(1,14 &(X, EO,pO,W14,L14,B1,f14,6E,6p,8W,6L,8B,6f =3.527x 10_

8o )
( )
8t 13= 8 (E. Po-W13-Ly3.B1.F13. 8. 8p. 8w, 8L 5. &)
( )
( )

& 15 = & o(Eg- Pg- W15, L5, B1. F15.5E. 5p, W, 8L, 8B, 8F) = 2.173x 10

& 16 = & o Eg Po-Wig: L1g: B1. Fr g O 8p, oW, 8L, 8B, 8F ) = 5.315x 10
& 17 = ¥y (Egs P W175 L17-B1, 17,0, 5p, dw, 8L, 8B, 5 ) = 3.456x 10~
& 18:= ¥y (Eg- Pgs W1g: Lyg. By, F1g, O, 5p, dw, 8L, 5 ) = 2.431x 10~
& 19 = & o Eg Pos W1 9: L1g- B1. F 9. O, 8p, oW, 8L, 8B, 8F ) = 1.571x 10°
& 20 = ¥ Eg» P Wap Lo, B1» Fog, O, 5p, W, 8L, 8B, 3 ) = 4.835x 10°
21 = 8 (B po- W1, Loy, B1.Fp1, 0, 8p, 0w, 5L, 5B, 8 ) = 5.104x 10

2.22x 10

& 22 = A (Eps P, W2, L2, B, T2, 8, 3p, W, 8L, 8, &
& 03:= (g, Po-Wo3s Log, B, To3, 3, 3p, B, 8L, 5, &F

& 24 = A (Es Po-Wog- Log, By, T2, 8, 3p, W, 8L, 5, &

& 25 = Ay Ep- Po, Wos, Los, B, o5, 8, 3p, W, 8L, 5B, &

& 26 = Ay Ep- Po- Wop- L6, P 1, T2, O 3p, oW, 8L, B, &

897 = 8o (Eg-Po-Wa7- La7-B 1. fa7, 8, p, B, 8L, 8,
a29 &a(E07p05W297L297B15f293$a6pya,v’6|—76[356f
(1,30 &(X,(EO’ po,W3o, L30, Bl,fso,BE,Sp,&N,SL,BB,Sf =4.78x 10_
asl - a(E07p05W317L317B15f313$’6pya,va6|—76[356f
&y30:= &Q(EO,P(),ng,|—32,B1,f32,5E,SP,&N,5L,5[3,5f

(1,33 &(X, Eo,po,W33,L33,B1,f33,&5,6p,8lv,6|_,8ﬁ,6f =3.88x 10_

111

=6.188x 10
3.678x 10
6.323x 10
4614x 10

4.574x 10

=4.862x 10

=4.478x 10

)
)
)
)
)
)
8,08 = 8t o (Eg. P Wog. Log. B 1. fog. 0. 5p, 0w, 8L, 58, 5 ) = 4.781x 10~
)
)
)
) =3.883x 107
)

=36x10 “m

8
m
8
m
8
m
8
m

8
m

8
m
8
m
8
m
7
m
8
m

8
m

8
m

8
m
8
m
8
m
8
m
8
m
8
m
8
m
m

8
m

8
m

8
m

Beam 2E 10 nm Al coating

Beam 1A SICON

Beam 1B SHOCON
Beam 1C FORT

Beam 1E 5 nm Al coating
Beam 2A SICON

Beam 2B SHOCON

Beam 2C FORT
Beam 3A SICON
Beam 3B SHOCON
Beam 3D ACL

Beam 3E 20 nm Al coating

Beam 4A 5 nm x 2 Al coating

Beam 4B SHOCON
Beam 4C FORT
Beam 4E 30 nm x 2 Al coating
Beam 3C FORT
5nm Al coating 26

5nmx 2 Al coating 27
10 nm Al coating 28

10 nm Al coating 29
20 nm Al coating 30
20 nm Al coating 31
30 nm x 2 Al coating 32

30 nm x 2 Al coating 33



Calculated Resonant Frequencies

2
B1 E. I(w,t
f1(E.p,w,t,L) = : w0 fnl(EO,pO,WO,tO,LO) = 13.44898- KH:
2 \p-Aw,t)
2-nL
B2
2 E- I(w,t
fro(E.p,w,t,L) := : w,9 fnz(EO,pO,WO,tO,LO) = 84.28938- KH:
2 \p-Aw,t)
2-nL
8.2
3 E-I(w,t
f3(E.p.W,t,L) = : w0 fn3(E0, pO,WO,tO,LO) = 236.03644 KH:
2 \p-Aw,t)
2-nL
B2
4 E- I(w,t
fra(E.p,w,t,L) := : W, 1) fn4(EO,pO,WO,t0,LO) = 462.54729 KH:
2 \p-Aw,t)
2-nL
8.2
5 E- I(w,t
fo5(E.p.W,t,L) = - (W, ) fo5(Eo- Po» Wo- to- Lo) = 76454174 KH:
2.7T|_2 p-A(w,t)

Pe E. I(w,t
fog(E.p W, L) = : w,9 fn6(EO,pO,WO,tO,LO) = 1142.15197- KH:
2-7‘CL2 p-A(w,t)

Air Damping
K= 2:M =6.117x 10 4s 2-m-fy-top note, only valid in molecular region
R M TO m Qa"’(fnata paKma P) =
K- P
Qi o> to- Po- K, P1) = 7235 7.234 1-10°
84.113 56. 107 47
Qair(fo- to- Po: K. Pp) = 84.124 723.371 ' ; 148
3 1-10 198
6.028x 10
(g, g, s Kis Pa) = 723.468
Qo> to- Po- K- Pa) 12.10° 593
7.234% 10" '
3 ' 5187
Quir{fg- tg- Po- Kiy: P4) = 6.029x 10 . 1. 10"
| 1.808x 10 b._ Qeyp = | 11334
4 Qairtheory = . = 4 21782
Qair(fo- tg- Pg- Ki» Ps) = 7.235x 10 5.167x 10 14
. , 32787
Quir{ o+t Pg> K Pg) = 1.809x 10° 4521 10 16- 10 34803
8 _
: 1.34x 10 54.10 ° 37154
g, g, s Ky, P) = 5.168x 10 39704
Q' tg-o- K P7) 2.893x 10° 25.10°°
;
Qair(fo- tg- Po- Ki» Pg) = 4522 10 1148 10° A
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8
Qair(fg,tg, Po: Ky Pg) =1.34x%x 10

8
Qair(fg- tg- Po- Ky P1g) = 2.894x 10

9
Qair(fg- tg- Po- Ky P1 1) = 1.148x 10

r -1
— 1 _ 1
Qairexp1= (Qexpo) (Qexplo) = 47.056
| -1 gt
Qairepo': (Qexpl) - (Qexplo) =148.554
| -1 gt
Qairexp3'= (Qexpz) - (Qexpw) =198.992
_ -1 gt
Qairexp4': ( Qexp3) - ( Qexp10> =601.991
- i AT _ 5 g6 16°
Qairexp5-: (Qexp 4) - (Qexpm) =5.966x 1
_ . it .
Qairexp6= (Qexps) - (Qexplo) =1.586x 10
[ -1 it B 4
Qairepr'— (QexpG) - (Qexplo) =4.826x 10
[ -1 it B 5
Qairexp8'— (Qexp7) - (Qexplo) =1.882x 10
[ -1 —1 1 5
Qairexpg = (Qexps) (QeXplo) =2.819x 10

-1 -1 -1 5
Qairexp10= [(Qexp9> - (QeXplo) } =5.785x 10
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Qairexp =

47.056

148.554
198.992
601.991

5.966x lO3

1.586x 10"

4.826x 10"

1.882x 10°

2.819x lO5

5.785% 10°

0




1x10%°

1x10%——~ — theoretical air damping ||
110? N & & total Q experimental | |
X . . . 5
N eee air damping experimentall
7 N
1x10
o Qairtheory 6 N
Q — 1><10
g Q% Se A
R X - ® o6 ¢ "\
o Q. 1x10% =N
airexp N
b 1x10° o
100 !
10 =N\
1
—4 4
1x10 0.01 1 100 1x10
P,P,P,0.1
Pressure [Pa]
TED
Fo(k,p,cp,t) = m K characteristic damping frequency
2-p-cy- 2
k
wlK,cn,p) =
(k)=
o(E,p,w,t,L) =f1(E,p,w,t,1) - 2-
t2
‘Cz(t,k,Cp,p) = ;
T ‘x(k,cp,p)
E t,L
&(E,p,k,cp,w,t,L):zt- o(E,p,w,t,L)
2%(k.Cp-p)
2 (E t.0) - tt.k.cy.p) -1
E- - T O] :p7W7 5 - T 5 7C P .
QZ(E,P,k,cp,oc,T,w,t, L) = = : z P Zener Equation
CpP 1+ (a)(E,p,W,t,L)~'cz(t,k,cp,p))2

114



QL(EsP’k,Cp,OL,T,W,t,L) =

E-ocz-T 6

sinh(&(E,p,k Cp,W,t L))
6 +sin(e§(E,p,kc W,t,L))

Lifshitz Equation

%P | g(Ep.kcpw.t.L)’

prospective samples
Qz(Eo-Po-ko-¢p.0- %0- To-Wo- to- Lg) = 14x 10’
Qz(Ep: Po-ko: €p.0- s Tos W sty L) = 2.801x 10’
Qz(Eg-Po- kg Cp.0: G- To-Wa. tg. L) = 7.17x 10°
Qz(Eg-Po-Ko:Cp.0- %0: To: W3  ts Lg) = 1.037x 10°

4
Qz(Eo- Po- Ko Cp.0> %0 Ts Wy tgs Lg) = 9511 10
Actual Beams

7
Qz9 = Qz(Ep-Po-k0-¢p.0-%0: To-W- to, Lg) = 1172 10

7
Qz10= Qz(Eg- Po-Ko-Cp.0 %0 To- W1 ta0s Lag) = 2617 10

Qz11:= Qz(EgPo-Ko+p.0 %0 To- Wy t11, L) = 2.88x 10’
Q712 = Qz(Eg: Po-Kg-Cp.0- > To- Wi, ty 2, Ly ) = 1419 10°
Qz13:= QZ(EO’pO’kO’Cp.O’U'O’TO’W]_S’tlS’ L13) — 1.432x 10’
Qz14°= Qz(Eg-P0-Kg:Cp 0+ 0: To: Wrg-ty.Lyg) = 2795 10
Qz15:= QZ(EO’pO’kO’Cp.O’“O’TO’Wl&tlS’ Ly5) = 3.681x 10’
Qz16= Qz(Eo- Po- ko-Cp.0- 0 To-W16: t16: Lyg) = 2.248x 10°
Qz17:= Qz(Eo- Po- Ko-Cp.0- 0 To-W17: 117 Ly7) = 2.956x 10’
Qz18:= Qz(Eg-Po-Ko-Cp.0-%0- To- Wi t1g: Lyg) = 2.71x 10’

(

Qz19 = Qz(Eo- Po- Ko Cp.0> %0 T Wag» trgs Lyg) = 9:977 10°

7
Qz20 = Qz(Eg- Po- Ko p.0: %0» To- Wap» tags Lpg) = 1.089x 10

Qgpq:=9317- 10°

7
Qz22 = Qz(Eg- Po- Ko+ Cp.0- %0» To- Wags taps Lpp) = 3514 10

115

¢(E.p.k,cpw.t, L)

3 . cosh(e“;(E,p,k cn,W,t,L )
+cos(&(E,p,k cp,w,t,L))

4
Qz(Eg- Po- K- Cp.0- g To» Ws ts, L) = 4.612x 10

5
Qz(Eo- Po- K- €p.0- 0 To- W L L) = 7.967 10
QZ(EN’ PN> kN,CpN,(lN,To,W7,t7, L7) =1.225x% 107

6
Qz(EN,pN,kN,CpN,(XN,To,WS,ts, L8) =7.26x 10

Beam 2E 10 nm Al coating
Beam 1A SICON

Beam 1B SHOCON

Beam 1C FORT

Beam 1E 5 nm Al coating
Beam 2A SICON

Beam 2B SHOCON

Beam 2C FORT

Beam 3A SICON

Beam 3B SHOCON

Beam 3D ACL

Beam 3E 20 nm Al coating
Beam 4A 5 nm x 2 Al coating

Beam 4B SHOCON



6
Qz23 = Qz(E: Po- Ko+ Cp.0: %: To- Wogs oz Lpg) = 1.438x 10

7
Qz24 = Qz(Eg: Po- Ko Cp.0- %0: To- Waas togs Lpa) = 2.503x 10

6
Qz25 = Qz(Eg- Po-K0- ¢p.0- %0- To- Was. tos; Lps) = 1.349x 10

Qzp:=1.262: 10°

7
Qz27=Qz(Eo-Po-K0- ¢p.0- %0- To-Wa7-t7: Lp7) = 1.303x 10
7
Qz28 = Qz(Eg- Po- Ko+ Cp.0: %0- To- Wags tags Lpg) = 1.134x 10
7
Q229 = Qz(Eo-Po-K0: ¢p.0- %0- To-Wag- tog: Lpg) = 1.075x 10

7
Qz30=Qz(Eo- Po-K0- ¢p.0- %0- To-Wa0- 30 Lag) = 1.134x 10

6
Qz3q1:=1.374- 10

7
Qz32=Qz(Eg- Po-K0- ¢p.0- %0- To-Wap-tap: Lag) = 2.127x 10

7
Qz33 = Qz(Eg- Po- Ko Cp.0- %0- To- W33 a3 Lag) = 2.138x 10

TED Lifshitz

7
QL9 = QL(EO’ Po- ko, Cplo, (lo,To,Wg,tg, Lg) =1.187x 10

.
Q1 10:= Q1 (Eg- Po- Kg-Cp.0- - To- Wity Lyg) = 2.651x 10
.

Eg: Po- Ko+Cp.0- %0 To-Wa1:t11. Lqq) = 2.918x 10
6

Eg: Po- Ko Cp.0» %0 To-Wi2s 19, Lyp) = 14375 10

.
Eg: Po- Ko Cp.0: %0 To-W13:t13 Lyg) = 1.451x 10

J—_

Qr11:=QLl

Qr12=QLl

S—_—

Qr13=QLl

J—_

QL14=Q

J—_

Qr15=QLl

QL16= QL

S—_—

QL17=Q

J—_

Qr1g=QLl

J—_

QL19:=QLl

Qr2o=QLl

J—

Q21:= QU(Ep: Po+k0+€p.0: %0 To- Wa1- tp1:Lp1)

J—_

QL22:= Q(Eg- Po- Ko Cp.0: %0 To- Wags top: L)

Eg: Po: K- Cp.0- %0» To- W14 t14: Lyg) = 2.831x 10’
Eg: Po- Ko Cp.0» %0 To- W15 15 Lqs) = 3.729x 10’
Eg-Po-Ko-Cp.0- G- To- Wi tyg:Lyg) = 2.278x 10°
Eg: Po- Ko Cp.0» %0 To- W1 7:t17: L 7) = 2:995x 10’
Eg: Po- Ko Cp.0» %0 To- Wi tag Lag) = 2.746x 10’
Eg-Po-Ko-Cp.0- G- To-Wig-tyg:Lyg) = 1011x 10°

.
Eg: Po- Ko Cp.0» %0» To» Waps tos Lpg) = 1.103x 10

9.44x 10°

=3.56x lO7
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Beam 4C FORT

Beam 4E 30 nm x 2 Al coating

Beam 3C FORT
5nm Al coating 26
5nmx 2 Al coating 27
10 nm Al coating 28
10 nm Al coating 29
20 nm Al coating 30
20 nm Al coating 31
30 nm x 2 Al coating 32

30 nm x 2 Al coating 33

Beam 2E 10 nm Al coating
Beam 1A SICON

Beam 1B SHOCON

Beam 1C FORT

Beam 1E 5 nm Al coating
Beam 2A SICON

Beam 2B SHOCON

Beam 2C FORT

Beam 3A SICON

Beam 3B SHOCON

Beam 3D ACL

Beam 3E 20 nm Al coating

Beam 4A 5 nm x 2 Al coating
Beam 4B SHOCON



QL23:= QL (Eg- Po- Ko+ p.0- %0 To- Wa3 oz Log

)
) =

7
Q|_24:: QL(EO’ Po> kO’ Cp.O’ (Xo,To,W24,t24, L24 2.536x 10

6
QL25= Q1 (Eg: Po-K0- €p.0- %0- To- Was. ts: Lps) = 1.367x 10

QL26:= QL (Eg> Po- Ko+ p.0> %0 To- Wag: tags Log) = 1.279% 10’

7
QL27:= Qu(Eg- Po- Ko p.0- %0 To- Wa7 a7, Lp7) = 1.32x 10

,
QL28:= QL (E- Po- Ko Cp.0: %0» To- Wags togs Lpg) = 1.149x 10

QL290:= QL (Eg: Po- Ko p.0- %0 To» Wag» tag, Lpg) = 1.09x 10’

,
Q130= Q1 (Eg: Po-K0- ¢p.0- %0- To- Wa0- 30 Lgg) = 1.149x 10

QL31:= QL (Eg Po-Ko-p.0- %0 To- Way a1, Lgg) = 1.392x 10’

,
QL32:= Q1 (Eg: Po-K0- €p.0- %0- To Wap-tp: Lag) = 2.155x 10

=1.457x 106

Beam 4C FORT

Beam 4E 30 nm x 2 Al coating

Beam 3C FORT

5nm Al coating 26
5nmx 2 Al coating 27
10 nm Al coating 28
10 nm Al coating 29
20 nm Al coating 30
20 nm Al coating 31

30 nm x 2 Al coating 32

30 nm x 2 Al coating 33

uncertainty TED Zener

8Q7(E. p.K,Cp, 01, T, W, t, L, 8, 8p, 8, 8 ., 801, 5T, W, 8, 8L ) :=
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2
Kd—QZ(E,p,k,cp,a,T,w,t,L)j : 55}

2
+ Ep,kc ocTWtL) Sp}

2
QZ E p,k, C oc,T,W,t,L j 8l{|

o
W

Q_|Q.
3]

p

QZ ,p,kC ocTWtL

;/

&x}

QZEp,kc aTWtL

;/

Q.lQ.
|

QzEp,kC chWtLj

o |
2|

2
QZ K, Cp ocTWtL)j &}

o Q_lQ.
—

+
/_\\/_\\/ﬁ\/_\\g-lj:/—\\/_\\/_\\
Q

=
=S

2
QZEp,kC athL)) SL}

QZEpkcp,athLj &p}

STTZ...

N |-




879 = 3Q7(Eg- Po- K- Cp 0+ 0- To-Wo-t. Lg. 5. 3p. 8k, 86,y 5 5T . W, &t 9. L) = 1559 10°

6
8QZlO = &?z(Eo,po,ko,Cp.O,Oto,To,Wlo,tlo, L10,8E,8p,8k,&:p,80t,5-|—,aN,&alo,&_) =3.482x 10

Q711 = RQz(Eg: Po- k- €p.0- %0 To- Wit 1. Ly1, 3. 5p. 8. 8 . 801, 8T, W, & 19,
Q712 = RQz(Eg: Po: ko: Cp.0- %0 To- W12ty 2: Ly 2, 3. 3p, 8. 8 . 801, 8T, W, & 1.
8QZ]_3 &DZ(E07 p09 kO,Cp.O,(XO,TO,Wl3,t13, L1398578paa(9&:p78a981—7aN7&a137
Q714 = RQz(Eg- Po: ko: Cp 0 %0 To- W14t 4. L1, 3. 5p, 8. 8 . 801, 8T, W, & 14,
Q715 = RQz(Eg- Po: ko: €p.0- %0 To- W15 ty5: Ly 5, 3. 3p, 8k, & . 801, 8T, W, & 15,
Q716 = 0Q7(Eg: Po-ko: €p.0- %0» To- W16+ t16: L1 3 3p. 8K, &y, 80, T, 3W, & 16,
Q7217 = RQz(Eg- Po: ko: €p.0- #0: To- W17t 7: Ly 7, 3. 3p, 8. & . 801, 8T, W, & 17
Q718 = RQz(Eg- Po: ko: €p.0- #0- To- W1gs trgs Ly g, 3. 5p. 8. & . 801, 8T, W, & 15,
Q719 = 07(Eg: Po-kg: €p.0-%0» To- W1g- t1g- L1g- 3 3p, 8K, &y, 80, T, 3W, X 1,
Q220 = RQz(Eg- Po: ko: €p 0+ #0- To- Wap- tg: Log 3 3p. 8. & . 80t, 8T, 8, &t 2,
Q7221 = RQz(Eg: Pg: k- Cp.0- #0: To- Wo1-tp1: Lpp, 3. 5p. 8. & . 80t, 8T, 8, & 9,
Q722 = RQz(Eg: Pg: ko: Cp.0- %0 To- Wog: s Lo, 3. 3p, 8. & . 80t, 8T, W, &t .
8Q223 &DZ(E07 p09 kO,Cp.O,(XO,TO,W23,t23, L2398578paa(9&:p78a981—7aN7&a237
8Q224 &DZ(E07 p09 kO,Cp.O,(XO,TO,W24,t24, L2498578paa(9&:p78a981—7aN7&a247
Q725 = RQz(Eg: Pg: ko: Cp.0- #0- To- Wos. ts, Los, 3. 3p, 8. & . 80t, 8T, W, &
Q726 = 0Q7(Eg: Po-Ko: €p 0 %0» To Was+ 126 Log 3 3p. 8K, &y, 80, T, W, & 0,
Q727 = RQz(Eg: Po: ko: Cp.0- #0: To- Wa7. ty7: Lp7, 3. 5p, 8k, & . 801, 8T, 8, & 7.
Q728 = RQz(Eg: Po: ko: Cp.0- #0- To- Wags tg: Log, 3. 3p. 8. & . 801, 8T, 8, & g,
8Q229 &DZ(E07 p09 kOacp_Oaa'OaTOaWZgatzga L2998578paa(9&:p78a981—7aN7&a297
Q730 = RQz(Eg- Po: ko: €p.0- #0- To- Wap- tg: Lag 3. 3p. 8. & . 80t, 8T, 8w, &t 30,
Q731 = RQz(Eg- Po: ko: €p.0- #0- To- Way-tq. Lag, 3. 5p. 8. & . 80t, 8T, . & 39,
Q732 = RQz(Eg- Po: ko: Cp.0- #0- To- Waps tp: Lao, 3. 3p, 8. & . 80t, 8T, W, &t 30,

Q733 = RQz|Ep: Po- Kp: p.0> %0> To- W33, 133, L33, ., 3p, &K, 8, 30r, 8T, W, & 33,
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3.891x 10

923x 10

1.905x 10

3.718x 10

4.974x 10

3.0 8><10

3.933x 10

3.66x lO

1.344x 10

1.449x 10

1.24x 10

4.747x 10

1.949x 10

3.329x 10

1.829x 10

1.679x 10

1.733x 10

1.508x 10

1.431x 10

1.509% 10

1.828x 10

2.829x 10

= 2.844x 10

2E 10 nm Al

1A SICON

1B SHOCON

1C FORT

1E 5 nm Al

2A SICON

2B SHOCON

2C FORT

3A SICON

3B SHOCON

3D ACL

3E 20 nm Al

4A 5 nmx 2 Al

4B SHOCON

4C FORT

4E 30 nm x 2 Al

3C FORT

5nm Al

5nmx2 Al

10 nm Al

10 nm Al

20 nm Al

20 nm Al

30nmx2 Al

30nmx2 Al



Individual Contributions to uncertainty in TED

2
d
[

o, T,w,t,L,3E,5p,k,&
01, 5T, 3w, &, L)

%8Qz5E (E. p,k, ¢ 8o, 8T, 0w, 8, 8L) :=

p’ p°

Qz(E.p.k,cp, o T, W, L, 3, 8p,, &,

%3QZE g := 0.18¢

2
d
Q E: akac ,a,T,W,t,L '6
Hdp 2(Epkecp )] p}

0., 3T, 8w, &, 3L)°

%SQZSp(E,p,k,Cp,oc,T,W,t,L,6E,8p,6k,6c Sot, 8T ,w, 8t , oL ) :=

p!r
wZ(E9pak5Cp’a5T9W9taL96E58paa(9&:p9

%8Q2pg = %3Q23p( Eq, o, Ko- Cp, 0+ 40» To» W tg Lo, 3, 3p, 3, &y, 301, 5T, 8w, & g, 8L ) = 0.007

2
d
[(J(QZ(EﬁpzkacpaaaTywyta )j : Sk}

01, 5T, 3w, &, L)

%3QzK (E, p, K, Cpy, o, T,W, t, L, 8, 8p, &K, &y, 80t 5T, dw, 8t , 8L ) :=

p° p°

Qz(E.p.k,cp, o T, t, L, 5, 8p, &, &,

%8Q25K g := %3QzK (Eg, g, Ko Cp - 0> T W tgs Lo, 5, 3p, 3, &, 8, 5T, W, 8t 5.9, 3L ) = 0.221

2
d
|:(IQZ(E7pakycpaaaT7W7taL)] : &:p:|

p
SQZ(E,p,k,cp,oc,T,W,t,L,6E,8p,6k,6c

%3Qz5¢ IO(E,p,k,c o, T,w,t,L,3,8p, &, &, 80, 5T, 0w, 8, 0L ) :=

p° p° 2
p,8a,8T,8W,6t,8L)

%8Q2C p, g = %8Q25¢ p( Eg, Pg Ko» €. 0 o0» T W g Lg, ., 3p, 8K, &y, 8, T, 3w, g, 8L) = 0

2
d
—Q-(E,p.,k,c,a,T,w,t,L) |- S
Kda A )j }

o, T,w,t,L,E,58p, 5k,
6a,5T,aN,5t,8L)2

%3Qz5a(E, p, k,C Sot, 8T ,aw, 8t , 8L ) :=

p’ p’
mZ(Eapakacpaa’Tawat’L9$’8paa<9&:pa

%8Q2B0g = %3Qz501(Eq, po, Ko Cp 0 s T Wo» tgs Lo, 8, 8p, 3k, & y, 8, 5T, W, 8t 5.9, 3L ) = 0.334
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2
d
|:(d_-rQZ(E’ P,k,Cp,OL,T,W,'[, L)) : 6Tj|

o, T,w,t,L,E,8p, K, &
6a,5T,aN,5t,8L)2

%6Qz5T(E,p,k,c Sa,ST,&N,&,SL) -

p’ p
mZ(Eapakacpaa’Tawat’L9$’8paa<9&:pa

%8Q25T g := %3QZT (Ep, po, Ko Cp 0 40> To Wo» tgs Lo, 8, 8p, 8, & y, 8, 5T, W, 8t .9, 3L ) = 0.001

a9

2
d
(&orlerkiparney)|-on

a’T7W7t’L’&’6p’&’&
801, 5T, ow, &, 8L)°

%3Qzw (E, p, k,C 80, 8T 8w, &, 8L) =

P P
wZ(E7 p’kacpsaaTawataL7$76p’a(7&:p7
%8Q2w g := %3Qz0w (Eq, o, K- Cp,0» 40» T W tg Lo, 3, 3p, 3K, &y, 301, 5T, 8, & g, 8L) = 0

2
d
L Q/(E,p.k,cpp,a, T,w,t,L) |- 8L
KdL 2 p )

01, 5T, 3w, &, L)

%SQzSL(E,p,k,cp,a,T,w,t,L,5E,8p,5k,5cp,5a,5T,aN,&,5L) =
Qz(E.p.k,cp, o T, W, L, 3, 8p,, &,

%8Q26L9 = %&QZSL(E(),po,ko,Cplo,(lo,To,Wg,tg, Lg,SE,Sp,a(,&p,SOL,ST,&N,&ag,&_) =0.001

2
d
|:(EQZ<E’ p’k>Cp5a9TaWat» I—)j : 8{‘:|

%6Qz5t(E,p,k,c
Sa,ST,aN,&,SL)Z

o, T, w,t, L, 8,5p,, &, ot, ST, o, 3t 8L ) :=

p’ p’

&Z(Eapakacpa(X»TaWat»L’$98p5&<’&:pa

%8Q28t g := %3Qz: (Eg, g, Ko Cp, 0» %0 Tos W tgs Lo, 5, 3p, 3, &, 80x, ST, 8w, 8 9, 3L ) = 0.253
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Uncertainty TED Lifshitz

QU (E.p.k,Cp,a, T, w,t, L, 8, 5p, &, &

p7

Sa,b‘l',&N,&,SL) =

2
d
|:(d_EQ|_(Es Pykacp,Oﬁ,T,W,t, L)j . 6E:|

- 2
d
+|| —Q(E,p,k,cpy, 0, T,w,t, L) |- K| ..
_(dk L( P-KCp ))
[(d
+ (d—QL(E,p,k,cp,a,T,w,t,L)j L&,
“p

-
(d
+ _(d_WQL(E,p,k,cp,cx,T,w,t,L)

2

[(d
+ (d—LQL(E,p,k,Cp,a,T,W,t, )j-a_}

8Q) o= QL (Eg- po- K. 0+ 0- T+ Wo.tg. Lg. 3E. 5p., 5K, 36,y 50, 5T . W, & 9. L) = 1579 10°

SQL].O:: SQL(EO’ PO- ko, Cp.O’ (Xo,To,Wlo,tlo, LlO’ OE, 6p,8k, &Zp, da, dT, aN’&OL].O’ SL) = 3.343x
&?Lll = SQL(EO’ Pos ko, Cplo, (Xo,To,Wll,tll, Lll’ ok, SP,&(, &:p, oo, T, aN’&(X,ll’ BL) = 3.573x%

6QL12 = SQL(EO’ po, ko, Cp.O’ (Xo,To,le,tlz, L12, 6E, 6p,8k, &Zp, 60(, or . aN’&OL].Z’ SL) = 1.949x

6

mL14Z: &?L(Eo,po,ko,Cplo,(Xo,To,Wl4,tl4, L14,6E,6p,a(,&:p,6(1,81—,&N,&a14, 6'.) = 3.403x

6

QL 16= R (Eg: Po- Ko+ €p.0 %0> To- W16 116> L1 3 3p, 8K, 8 ., 801, ST, 3, 8 15,8 ) = 3.088
&?L].? = SQL(EO’ Pos ko, Cplo, (Xo,To,Wl7,tl7, Ll7’ ok, SP,&(, &:p, oo, T, 6W,8t0d7, BL) = 3.776x%

&?L].S:: SQL(EO’ po, ko, Cplo, (Xo,To,Wls,tls, L18’ SE, SP,&(, &:p, 6(1, ol , B\N,Stals, BL) = 3.483x
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10

10

10

10

10

10

10

_ 2
d

+|| —Q(E,p,k,cpn,a, T,w,t,L) |- 6p| ...

_(dp 1 P )j

r 2
+ (d—QL(E,p,k,Cp,oc,T,W,t,L) -&x}

_ 2
+_(Z—QL(E,p,k,cp,a,T,w,t,L)j : ST}

. MT

r 2
d
+|| —=Q (E,p,K,Cph,a, T,w, t,L) |-t| ..

N |-

Beam 2E 10 nm Al
coating

Beam 1A SICON
Beam 1B SHOCON
Beam 1C FORT

Beam 1E 5 nm Al
coating

Beam 2A SICON

Beam 2B SHOCON

Beam 2C FORT
Beam 3A SICON

Beam 3B SHOCON



4
&nggiz SQL(Eo,po,ko,Cplo,(Xo,To,ng,tlg, L19,8E,6p,8|(,80p,6a,8T,B\N,Stalg,BL =1.362x 10

R 20:= 5Q|_(an P0-Ko-€p.0- %0» To» W0, t20s Lo, 5 3p, &K, &y, 3L, 8T, 8w, & 50, 8L

1.326x 106

6
&?LZJ.:: SQL(EO’pO’kO’Cp.O’aO’TO’W21’t21’ L21,8E,6p,8k,80p,8(x,6'l',8W,8ta21,6L =1.19x 10

6Q|_22::SQL(EO,po,ko,cplo,oco,To,WZZ,tzz, Log, 8, 3p, 3,8, 801, ST, W, 8 5 99, 3L ) = 4.409x 10
8Q) 23:= Q1 (Eg: Po- Kg: Cp 0- %0- T Wogs tog: Loz, 3. 8p, 3, 8 5, 01, 5T, 3, 8 .93,
8Q1 24:= 3 (Eg: Po- Ko» Cp.0> 0> To- Wag» togy Lpgs BB, 89,3, 88, 801, 5T , 0w, 8t g, 8L ) = 3.196x 10
8Q125:= Q| (Eg: Po: Kg: €p.0- %0: To Wos t5, Lo, 3. 8p, 3, 8 5, 301, 5T , 8w, & ¢ 95, 3L

&?LZG:: SQL(Eo,po,ko,Cplo,(Xo,To,WZG,tZG, L26,8E,6p,a(,&:p,6(1,81—,&V,&aze,&_ =1.702x 10

wLZS =1.74x 106

6

6

5

d
d
d
d 1.853x 10

6

)
)
)
L) = 1.974x 10°
)
)
)

6
&?ng:: @L<E0,po,ko,Cplo,ao,To,Wzg,tzg, L29,8E,8p,8k,80p,8a,6T,8W,8ta29,8L) =1.31x 10

6
QL 30= R (Eg: Po- Ko+ €p.0- %0 To» W30 t30 Lgg: 3 3p. 8K, 8¢ ., 80t, ST , W, 3 30, L) = 1.544x 10

6
QL 32:= R (Eg: Po- Ko+ Cp.0- %0 Tos W32 t32 Lgps ., 3p, 8K, 8 ., 801, ST, W, 3 39, 8L ) = 2,589 10

6
Q) 33= R (Eg: Po-K0:€p 0 %0 To» W33, t33: Lgz. O, 3p, 8K, 8 ., 80s, ST, W, 3 33, 8L ) = 2.701x 10

Characteristic damping frequency

71
Fg:= Fo(ko,po,cp_o,tg) =3.449x% 10 S

F10:=Fo(ko:PoCp.0-t10) = 59:914- MHz

g1
Fll = FO(kO’pO’Cpo’tll) =1.535x 10 g

71
F12:=Fo(ko:PoCp.0-t1g) = 2:292x 10 N

61
F19:=Fo(ko:Po-Cp.0-t1g) = 3:49 10 S

Beam 2E 10 nm Al coating

Beam 1A SICON

Beam 1B SHOCON

Beam 1C FORT

Beam 3D ACL

122

Beam 3D ACL

Beam 3E 20 nm Al
coating

Beam 4A 5 nm x 2 Al
coating

Beam 4B SHOCON

Beam 4C FORT

Beam 4E 30 nm x 2 Al
coating

Beam 3C FORT
5nm Al coating

5nmx 2 Al coating

10 nm Al coating
10 nm Al coating
20 nm Al coating
20 nm Al coating
30 nm x 2 Al coating

30 nm x 2 Al coating



Anchor Losses

QAZ(L’t) =

O
>
R

=
@®
—
o
Il
o
o
a1
o
P
=
(S)

Qpg = Qao(Lg:to) = 2.078x 10’

7

7

(
Qa2 = Qaz(Liz ty2) = 119x 10°
Qa13:= Qag(L1g tyg) = 2515 10°
Qa14 = Qa2(L1g-tyg) = 4.908x 10’
Qa15 = Qaz(Lys tys) = 3.312x 10’
Qa16:= Qaz(Lig tyg) = 1881 10°
Qa17:= Qaz(Ly7-t17) = 5.181x 107
Qa1g = Qao(Lig trg) = 2485 10°
Qa19:=Qa(L1g t1g) = 9.073x 10"
(
(

7

Prospective samples

Beam 2E 10 nm Al coating
Beam 1A SICON

Beam 1B SHOCON

Beam 1C FORT

Beam 1E 5 nm Al coating
Beam 2A SICON

Beam 2B SHOCON

Beam 2C FORT

Beam 3A SICON

Beam 3B SHOCON

Beam 3D ACL

Beam 3E 20 nm Al coating

Beam 4A 5 nm x 2 Al coating
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Qao3 = Qaz(Log tpg) = 1211x 10> Beam 4C FORT

Qa4 = QA2('-24’ t24) — 4.433x 10 Beam 4E 30 nm x 2 Al coating
Qpz5:= Qaz(Los tos) = 1137x 10°  Beam 3C FORT

Qa6 = Qaz(Log tog) = 2231x 107 5nm Al coating 26
Qp27 = QAZ('—27’ t27) = 2.309x 107 5nmx 2 Al coating 27
Qpog = Qaz(Log tog) =2.002x 10" 10nm Al coating 28
Qa29 = Qao(Log:tag) = 1.897x 10’ 10 nm Al coating 29
Qa30 = Qa2(Lao-tag) = 2:003x 10’ 20 nm Al coating 30
Qas1=Qaz(Lgptar) =2421x 10" 20nm Al coating 31
Qa3 = QA2('—32’ t32) = 3.766x 107 30 nm x 2 Al coating 32
Qasz = Qao(Laztzg) =3.793x 10’ 30nmx2 Al coating 33

Uncertainty in Anchor loss

1

2 2 2
8Q pp(L.t, 3L, 8) = M‘;—LQAZ(LJ)] - a_} + K%QAZ(LJ)] - &} }
Qpg = SQAZ(Lg,tg,SL,Stag) ~1.397x 10° Beam 2E 10 nm Al coating
8Qp10:= Ra2(L10:trgr L X g10) = 3.084x 10° Beam 1A SICON
Q11 = RQaz(La1 .. qq) = L874x 10° Beam 1B SHOCON
8Qp12 = RQan(L1p: t: 3.8y p) = 8.649x 10° Beam 1C FORT
RNpa13:= SQAZ(L13,t13,8L,6ta13) =1.691x 106 Beam 1E 5 nm Al coating
Q14 = Qpz(L1atia: L. 1) = 3.3x 10° Beam 2A SICON
Q15 = RQaz(L15 5L X gg5) = 2.377x 10° Beam 2B SHOCON
Qp16:= RQaz(L1g 6L X g1g) = 1.368x 10° Beam 2C FORT
Q17 = RQaz(L17:t17:0L. 81 7) = 3:484x 10° Beam 3A SICON
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6
Q20 = R a2(Log:tag, 8L 8t o 9g) = 1.275x 10

Lso, t30,8|_,6ta = 1.346x% 10

Qaz0=RA2 0 =

6QA31 = 6QA2 L31,t31,6|_,&a 1) 1.627x 10

3
3

Qg2 = Qp(Lap taz. 8. 8 g 39) = 2.531x 10°
3

6
Q33 = R a(L33:ta3. 8L, 8t o 33) = 2.549x 10
Surface Losses

ED Hao =0- 81E fromHao  where Ep =0 Eqg

S

w-t E
2(3W+t) ED Hao

Qs(W,t, E) =

Prospective samples
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Beam 3B SHOCON
Beam 3D ACL
Beam 3E 20 nm Al coating
Beam 4A 5 nm x 2 Al coating
Beam 4B SHOCON
Beam 4C FORT
Beam 4E 30 nm x 2 Al coating
Beam 3C FORT

5nm Al coating 26

5nmx 2 Al coating 27

10 nm Al coating 28

10 nm Al coating 29
20 nm Al coating 30
20 nm Al coating 31

30 nm x 2 Al coating 32

30 nm x 2 Al coating 33



5
Qg W5,t5,E0) =2.705x 10

(
Qg( Wt Eg) = 8.244x 10"
(w7

(

Qg(w7.t7.Ey) = 1191 10°
Qg(wg. tg. En)) = 3.562x 10°

-1
Qen(Q.,0 1 1 1
SD( s A,QrED) = [— _—— ]

5ED(W,'E,E,QSD> Y (3-w+1)-Qgp

%p
ED(6ED,5) =

Qspg = Qsp(Qa- Qag: QL g) = 3.991x 10"

kg
SEpg = Ep(Wg.tg: E. Qspg) = 1449=

s
oE

D9
8g:=10-nm  Epgi=—— = 1.49x 10°Pa
5
9
-1
1 1 1
Qspio=| — - —— - ——| =1043x 10°
Q1o Qa10 Q1o
. kg
%Ep1o:= 8ED(W]_O:t:]_(), EO’QSDlo) = 0.422—2
S
-1
1 1 1
Qsppy=| — - —— -——| =5522x 10"
Q1 Qa1 Quu

kg
%Epyy:= 6ED(W]_lst:]_]_» EO’QSDll) = 0.5—2
S

-1
1 1 1
QSD121= -_— = 1.254x 105
Q2 Qa2 Qui2
) kg
S
-1
1 1 1
Qgpi3=| =— -———-——| =643x 10*
Q13 Qa1 Qui3

Beam 2E 10 nm Al coating

Beam 1A SICON

Beam 1B SHOCON

Beam 1C FORT

Beam 1E 5 nm Al coating
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kg
% p13:=%p(Wi3-t13 Ep- Qsp1g) = 0.836=

S

OE

D13 8
813 =5-nm ED13 = 8— =1.672x 10 Pa
13
-1
1 1 1
QSD14 - - =1.126x% 105
Qs Qaws Qs

kg
Ep14:=Ep(Wi4-t14 Ep- Qsp14) = 0383

S

-1
1 4
Qsp15:=| = ~ —5.782x 10
Q15 QA15 QL15
SEp15= Ep(Wis.t15.Eg. Qgp1s) = 0. 438—
-1
1 1
Qsp1g=| =— -~ —=—— - —3.268x 10"
Q16 QA16 QL16
Ep16:=Ep(Wie t16-Eg-Qsp1e) = 1 839—
-1
1 1
Qsp17:=| =— - ~1.001x 10°
Q17 QA17 QL17
SEp17:=Ep(Wy7.t17.E.Qgp17) = 0. 423—

-1

1 1 1

Qsprgi=| — - —— -——| =5.09x 10"
Qs Qa8 QrLis

kg
%Ep1g= BED(ng,tlgy EO’QSD18) = 0.557—2
S
-1
1 1 1
Qsprg=| — - —— - —— | =1.019x 10°
Q9 Qa19 QrLio
. kg
S
-1
1 1 1
Qspro=| =— - ——-—| =218x 10"
Q0 Qa20 Q20

Beam 2A SICON

Beam 2B SHOCON

Beam 2C FORT

Beam 3A SICON

Beam 3B SHOCON

Beam 3D ACL

Beam 3E 20 nm Al coating
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kg
8Eppo = 6ED(WZOstZO» Eps QSDZO) = 2.703—2

S

oE

D20 8
820 :=20- nm ED20: 8— =1.351x 10 Pa

20

-1
1 1 1
Qsppyi=| — - —— - ——| =4355x 10"
Q1 Qa21 Q21

kg
g1 = Ep(War-tor, Ep- Qspat) = 1428=

S

RS
D21
8p1:=10-nm  Eppyi=——— = 1.428x 10°Pa
91
_1
1 1 1
Qgpppi=| =— - —— - —— | =4.427x 10*
Q2 Qa2 Qa2
. kg
Eppp:= 6ED(W223t22» EO’QSDZZ) = 0.585—2
S
_1
1 1 1
Qsppai=| — - —— - ——| =1.296x 10°
Q3 Qa23 Q23

kg
% 23i=Ep(W3,tr3, E, Qspag) = 0539~

S

-1

1 1 1

Qepoa=| — ——— - ——| =3.687x 10°
Qs Qaza Qr24

kg

8Ep24:= Ep(Wag toa Eo- Qsp24) = 12.206=
S

Ep24

8yq:=60-nM  Eppgi=——— =2.034x 10%pa
8
24
-1
1 1 1
QSD25: e — =1.492x 105
Qs Qa2s Qros

kg
3E s = Ep(Was, tos, Eg, Qgpos) = 0-479—2

S

Beam 4A 5 nm x 2 Al coating

Beam 4B SHOCON

Beam 4C FORT

Beam 4E 30 nm x 2 Al coating

Beam 3C FORT
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-1

1 1 1

QSD26: - - - = 7.876x% 104
Q6 Qa2 Quos

kg
26~ %p(Was- o6 Eo» Qs2g) = 0715~

S

5E
D26 8
826 =5.nm ED26 = 8— =1.43x 10 Pa
26
-1
1 1 1
QSD27: e — =4.019x% 104
Q7 Qa27 Qo7

kg
8Ep27 = 8Ep(Wa7ta7 Eo- Qsp27) = 1389~

S

oE

D27 8
827 :=10- nm ED27 = 8— =1.389x 10 Pa

27

-1
1 1 1
QSD28: - - - =3.921x 104
Qg Qazs  Qu2s

kg
3Eppg = Ep(Wag. tog:Eg: Qsp2g) = 1-487—2

S

5E
D28
Syg:=10-nm  Epgi=——— = 1.487x 10%pa
8
28
-1
1 1 1
QSD29: e — = 3.882x 104
Q9 Qa29 Qrog

kg
8Ep2g = 8Ep(Wag, tag- Eo- Qsp2g) = 1521=

S

Epog

Syg:=10-nM  Eppgi=——— = 1.527x 10%pa
829
-1
1 1 1
QSD30: e — = 2.458x% 104
Q30 Qa3 Q3o

kg
3Ep30:= Ep(W3 tag-Eg- Qspag) = 2-371—2

S

ok
D30 8
830 =20 nm ED30= 8— =1.185x 10 Pa

30

5nm Al coating 26

5nmx 2 Al coating 27

10 nm Al coating 28

10 nm Al coating 29

20 nm Al coating 30
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-1
Qsp31= [L 1 Lj = 2.205x 104 20 nm Al coating 31

Q31 Qasz1 Q31

kg
OEp3 = SED(W31’t31’ Eo»QSDsl) = 2-478—2

S

oE
D31
831 :=20- nm EDSl =—— =1.239% 108 Pa
o
31
1 1 1 \! 3
Qgp3o=| — - — - — =4.802x 10 30 nm x 2 Al coating 32
Q32 Qaz2 QL3

kg
OEpgp = SED(Wszatsz» EO’QSDSZ) = 9-89—2

S

3E

D32 8
832 =60 nm ED32 = 8— =1.648x 10 Pa
32
-1
1 1 1 3 .
Qspzz=| — ~— - — =4.682x 10 30 nm x 2 Al coating 33
Q33 Qa33 Q33

kg
% pag = Ep(Wag tga B Qspag) = 10135—
S

oE
D33
833 :=60- nm ED33 = — =1.689x 108 Pa
033

uncertainty in surface losses

%3Q := 0.04
1
— d 2 - 2
Qsp(Q-Qa- Q-0 R ) = KEQSD(Q,QA,QL)j - %3Q - Q}
Kd_QSD Q.QaA- QLJ Qa
2
+ _Q Q’Q ’Q : 8Q
_ [(dQL 5o(Q-0n L>j } |
8QSD9 = &QSD(Qg’QAg’QLg’SQAg’&QLg) =1.725x% 103 Beam 2E 10 nm Al Coating
3
RQsp10= Qsp(Q10-Qa10- QL 10-QA10- R 10) = 4515% 10 Beam 1A SICON
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3
RQgp11:=Rsp Qll’QA117QLll’5QA11’6QL11) =2.384x 10

3
RQsp12:= RQsp(Q12: Qa12: Q12 QA12: 0 19) = 6.671x 10

3
Qsp14°= Qsp(Q1s- Qa14- QL 14-RQA14-3 14) = 4.87x 10

(

(
Qsp13:=Qsp(Q13 Q13- Q13 RQA13- 5L 13) = 2.785x 10°

(

(

3
Qsp15:=Qsp(Q15 Qa15: QL 15 0A15:8Q| 15) = 2494x 10

Qsp16=Qsp(Qe Qa16- QL 16-RA16-R1 16)
8Qsp17=8sp(Q17-Qa17-QL17-RA17-0R1 17)
(
(

3
Rsp1s=Rsp(Qus Qa1s-QL1s Ra18: Y 1g) = 2:197x 10

4
8Qsp19=sp(Q19-Qa19-Q 19-3QA19-8Q 19) = 2113x 10

Qsp20= RQsp(Q20- Qa20- Q20 R 20- R 20) = 940451

(
(
(
(

Qsp21=Rsp

Qsp22=Rsp

3
Qsp23:= RQsp( Q23 Qaz3: Q23 Q230 23 = 6.918x 10

Q524 = RQsp(Q24- Qa24- Q24 Q24 24) = 15857

Qsp2s=WRsp(Q25. Qa5 Q25 N A25. R 25

Q526 = Rsp( Q26 Qazs- QL 26-3QA26- 0 26) = 342 10°

3
Qsp27:= Qsp(Q27-Qa27: Q27 0QA27: 8 27) = 1.737x 10

3
Qsp2s= Qsp( Qs Qa2s: AL 25 Qa28: 0 2g) = 1.695x 10

3
8Q5p30:= RQsp(Qa0: Qa30- QL 30-8RA30- 8 30) = 1.061x 10

RQsp31=Rsp(Qa1-Qa31: A 31:RQA31- 3 31) = 950.74
RNQgp32:=RNgp Q32,QA32,Q|_32,5QA32,5Q|_32) = 206.545

(

(

(

(
8Q5p29:= RQsp( Q29 Qa29: QU 29-QA29: 8 29

(

(

(
RQsp33=RQsp(Qas Qazs: A 33 Q330 33 = 201377

131

=1.452x 103

=4.326x 103

3
Q21-Qa21- Q1 21:Qp21- 3 21) = 1.886x 10

3
Q22-Qaz2: Q22 RQp22: 3 29) = 1.909x 10

_8377x 10°

— 1.679x 10°

Beam 1B SHOCON
Beam 1C FORT

Beam 1E 5 nm Al coating
Beam 2A SICON

Beam 2B SHOCON

Beam 2C FORT
Beam 3A SICON
Beam 3B SHOCON

Beam 3D ACL

Beam 3E 20 nm Al coating
Beam 4A 5 nm x 2 Al coating
Beam 4B SHOCON

Beam 4C FORT

Beam 4E 30 nm x 2 Al coating
Beam 3C FORT
5nm Al coating
5nmx 2 Al coating
10 nm Al coating
10 nm Al coating
20 nm Al coating
20 nm Al coating

30 nm x 2 Al coating

30 nmx 2 Al coating



Uncertainty in & Ep

1
I 2 2
5E (W, 1, E, Qgy, oW, &, 6 =|| [ Lsep(w,t.E ow| +|| Leep(w,t,E &
D(Wa > 7QSD’ s Ot ’&?SD) = a D(Ws s sQSD) . + a D(Wa > 7QSD) .
q 2
+|| —ERn(w,t,E,Q OB .
KdE o SD)) }
) 2
+|:[d—8ED(W,t,E,QSD)j . &DSDj|
i Qsp 4
kg
SE pg := 8E pWg. tg, Eg, Qgpg, W & .9, 8. 8Qgpg) = 0.089= Beam 2E 10 nm Al coating
S
kg
oE D10= oE D(Wlo,tlo, Eo, QSDlO’&N’&OL].O’SE’&QSDlO) = 0026—2 Beam 1A SICON
S
kg
8 by = 8E p(Wi1,t11, Eg Qsp11 W8 11,8, 8Q5p1g) = 0.031= Beam 18 SHOCON
S
: kg
8E 1= 0Ep(W12:t12:Eg- Qsp12: W 1. Qsp 1) = 0.039= Beam 1C FORT
S
kg
8 p13:= 0E (W13, ty3 Ep Qsp13 M- 8138, 8Qsp13) = 0.052= Beam 1E 5 nm Al coating
S
: kg
8E y14:= 5Ep(W14:t14-Ep- Qsp 143314, Q5p14) = 0.024= Beam 2A SICON
S
kg
8 p157= 0E p(Wis, t15 Eg Qsp15 - 815, 8, 8Qsp15) = 0.027= Beam 2B SHOCON
S
kg
8& 16~ 5E p(W16: 160 QD16 M- 16, RQ5p16) = 0116= Beam 2C FORT
S
kg
8& p17:= 8Ep(W17:t17:Eg- Qsp17:0W 17,3, Qsp17) = 0.026— Beam 3A SICON
S
kg
8E 1= 9Ep(W1g: t1g:Ep- Qsp1g: W18 8. Q5p1g) = 0035 Beam 3B SHOCON
S
kg
8E p19'=9Ep(W1g:t19:Ep: Qsp19- W 319, Q5p1g) = 0.364= Beam 3D ACL
S
: kg
8& g0 = 0E p(W20-t20- Eg: Qsp2y W 8 .20- 8. Qspg) = 0166 Beam 3E 20 nm Al coating

S
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SE p1 = 8E p(Woy - to1. Eg: Qsp21, . X 01, 3. 8gppy) =
BEE g = B p(Wpp.tpp. Eg: Qspoz W 822, 8. 8Q5p0) =
SE ppg = 8E p(Wy3. tog Eg: Qspog M. d 03, . Qgppg) =
BEE D94 = 5 p(Wag- oy, Eg Qsp2a W 8 24, - 35 pg) =

O&E ppg = OF D(w25,t25, Eo- Qspos W ,&a25,6E,6Q5D25) =

OE ppg = OF D(W26’t26’ Eo-Qsp2e W ’&OLZG’SE’SQSD%) =

dE py7:=OF D(W27’t27’ Eo-Qspo7- W ’&azrﬁE’f’QSDz?) =
SE ppg = OF p(Wog, tog, Eg, Qgpog: MW & o 28, 8. 8Q5p2g) =

S pypg = O p(Wpg, tg, Eg, Qgp2g MW, & ¢ g, 8., 8Qgp2g) =

OE p3( = OF D(WSO’ 130, Eg> Qsp30, W, 8 30, > 8QSDso) =

dE 31 = SED(WSI"‘31’EO’QSD31’&N ’&OLSI’SE’&?SDSl) =

S pgp = OE p( W32, 130, B, Qgpapy W, & 32, 8, 8Qgp3p) =

SE p33:= 8E p(Wag,tag: Eg, Qgpaz . & 335, 8Qgp33) =

Uncertainty in Ep

0.088E
2

S

0.036Q
2

S

0.037E
2

S

0.751E
2

S

0.034E
2

S

0. 044E
2

S
0.086E
2

S

0.092E
2

S

00045
2

S
014659
2

S
kg
2

S

0.152

0.608E
2

S

0.62359
2
S

Beam 4A 5 nm x 2 Al coating

Beam 4B SHOCON

Beam 4C FORT
Beam 4E 30 nm x 2 Al coating

Beam 3C FORT

5nm Al coating 26

5nmx 2 Al coating 27

10 nm Al coating 28

10 nm Al coating 29

20 nm Al coating 30

20 nm Al coating 31

30 nm x 2 Al coating 32

30 nm x 2 Al coating 33

1
2

2 2
AE p(Ep. 8, 5& y, 89) := [%ED(SED,S)J-SSED} +K3—6ED(8ED,6))66}

D
661 =1-nm

88y =2 nm uncertainty in coating thickness
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663 =4.nm
884:: 12- nm

7
AE pg = AE pE g, g, 5E pg, 385) = 3.032x 10’ Pa
7
AE D13= AE D(8ED13, 813,885 D13 681) =3.5x 10 Pa
DI ¥ED20 820- 0E p2g» 933

( )
AE pp1 = AE p(3Epp1.81,5&E p1.85))
(

7
AE D24 = AE D 8ED24,824,885D24, 684) =4.257%x 10 Pa

7
AE pgo:= AE = 2.828x 10' Pa

—2.989x 10 Pa

AE 6= AE 3 pgs 526 5E g 851 ) = 2,993 10 Pa

AE 7= AE p(Epy7. 807, 0E pp7.885) = 2.907x 10’ Pa

AE g = AE p( g S5, 5E pog: 855) = 3.112x 10’ Pa

AE = AE 3 pg: 529 5E g, 88) = 3.197x 10 Pa

AE pgg = AE p(Epgg. 830, 5E p30- 853) = 2.48x 10 Pa
( )

7

7
AE D32= AE D(8ED32, 832,885 D32 684) =3.449%x 10 Pa

7
AE pg3:= AE p8E 33,833, 0 pg3, 834) = 3.534x 10’ Pa

5 - (Geolo ) &”T

)(Ep,8,8Ep,d
AE p(8Ep, 3, 5E . 53)

39:=)(3Epyg, 89, O pg, 83y) = 0.913

Damping due to AuPd coating

1 1

-1
Qcoating((-x)Au’Q) [Q_Au - 6)

3
Qcoating10 = Qcoating (QAulo’Qlo) =7.915x 10

Beam 2E 10 nm Al coating
Beam 1E 5 nm Al coating
Beam 3E 20 nm Al coating
Beam 4A 5 nm x 2 Al coating

Beam 4E 30 nm x 2 Al coating

5nm Al coating

5nmx 2 Al coating
10 nm Al coating
10 nm Al coating
20 nm Al coating

20 nm Al coating

30 nm x 2 Al coating 32

30 nm x 2 Al coating 33

% contributions for coating thickness

Beam 1A SICON with 28 nm AuPd
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kg
8EDAU10 = SED(WlO’th’ EO, Qcoatinglo) = 5563—2
S

5
DAu10
Saul0=28-NM  Epaulo = — " = 1.987x 10°Pa

SAu10

3 Beam 1B SHOCON with 28 nm AuPd
Qcoating11 = 2coating(Qau11-Q11) = 2.876x 10

kg
8EDAU11 = SED(Wll’tll’ EO, Qcoatingll) = 9602—2
S

5
DAul1
Sau11=28-NM  Epaull = — = 3.429x 10°Pa

Sau11

Qcoatinglz = Qcoating (QAulz,le) = 8.024x 103 Beam 1C FORT with 28 nm AuPd

kg
Epau12 = SED(W12’t12’ EO’Qcoating12) = 8-72_2
s

5
DAuL2
Saulp=28-NM  Epauln = — = = 3.114x 10°Pa

Sau12

Qcoating13 = Qeoating(QAu13> Q13) = 8:831x 10° Beam 1E 5 nm Al coating with 28 nm AuPd

kg

EpAuta = Ep(W13-113.Eo- Qeoating13) = 6:088—
S

5
DAu13
Spu13i=28- MM Epaul3 = — = 2.174x 10°Pa

SAu13
3 Beam 4A 5 nm x 2 Al coating with 28 nm AuPd
Qcoatinng = Qcoating(QAuznggl) =8.662x 10

kg
EpAuz1 = SED(W21’t21’ EO’QcoatinQZI) - 7'181_2
S
o
DAu21 8
Spyp1 =28~ nm Epauzl = —2565x 10°Pa
Au2l

3 .
Qcoating22 = 2oating (Qauzz- Q22) = 2.299x 10 Beam 4B SHOCON with 28 nm AuPd

kg
8EDAU22 = SED(W22,t22, EO’ Qcoating22) = 11.264—2
S
SE
DAu22 8
Say22 =28 nm Eppuzz =5 —4023x 10°Pa
AU22
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3 Beam 4C FORT with 28 nm AuPd
Qcoating23 = Qcoating (QAu23,Q23) =5.458x 10

kg
6ED)A\UZ?) = 6ED(W239t237 EO’ Qcoating23) = 12802—2

S

oE
DAu23 8
8AU23 =28 nm EDAU23 = 8— =4572x 10 Pa

Au23

Qcoating24 = Qeoating (QAU24,Q24) - 1.091x 10" Beam 4E 30 nm x 2 Al coating with 28 nm AuPd

kg
6EDIA\U24 = 6ED(W249t247 EO’ Qcoatingz4) = 4126_2
S

oE
DAu24 38
8AU24 =28 nm EDAU24 = 8— =1.473x 10 Pa

Au24

Uncertainty in coated samples

%3Q p = 0.04
55Au =10 nm
1
d 2 ?
8QCOﬁlﬁng(QNJ’Q) = Kd_QQcoating(QAu’Q)j - %8Q - Q}
2
d
+ Qcoating (QAu »Q) - %R Ay - Qau
dQAu
8Qcoatmglo = SQcoatlng(QAulo’QlO) =341.774 Beam 1A SICON with 28 nm AuPd
kg

8% pAu10 = 5 p(W10- t10- Eg- Qeoating10- - 8 4 10- 8- Rcoating10) = 0.343—
S

.
AE pAu10 = AE p(EpAu10-8Au10-3E DAUL0-88Ay) = 72 10' Pa

6Qcoatingl]_ = 6Qcoating(QAU:L]_:Q:]_]_) =121.224 Beam 1B SHOCON with 28 nm AuPd

kg
SEpAy11 = S p(W11-11: Eg- Qoating1 1 M 8 11- - Qcoating11) = 0.589=

S

kg 8
AE%QMT:AB@(‘&E%UH’5Au11’&EDAu11’55Au) =1.243x 10" Pa

S
8Qcoating]_2 = SQcoating(QAulz’le) = 346.439 Beam 1C FORT with 28 nm AuPd
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8
AE pau12 = AE p(Epau12:Sau12: SE pAuL2:39ay) = 1.129x 10" Pa

Rcoatingl3 = E’Qcoating(QAul?leS) = 405.498 Beam 1E 5 nm Al coating with 28 nm AuPd

kg
SEpay13 = 0E D(W13’t13’ EO’Qcoatinng’&N’&odS’SE’SQcoatinng) = 0'387_2
S

7
AE pau13 = AE p(Epau13-3au13-OE DAulS’SSAu) =17.887x 10 Pa

Qeoating21 = 6Qcoating(QAu21’Q21) = 422517 Beam 4A 5 nm x 2 Al coating with 28 nm AuPd

kg
SEpay21 = O p(Wa1- 21, Egs Qoating21 W 8 21- - Rcoating21) = 0471
S

7
AE pau21 = AE p(Epauz1-Sau21 - 5E DAu21»55Au) =9.313x 10 Pa

Qcoating22 = SQcoating(QAuzz,sz) = 96.874 Beam 4B SHOCON with 28 nm AuPd

kg
3E Ay = 8E p(Wag: t2: Eg: Qeoating22 M- 8 22 - Rcoating22) = 0691~
S

8
AE pau22 = AE p(EpA22 Sau22- SE DAU22- 53ay) = 1:458x 10°Pa

Rcoating23 = SQcoating(QAu23’Q23) = 229.612 Beam 4C FORT with 28 nm AuPd
kg

SEpay23 = OE p(Wa3- t23: Eg> Qoating23s - 8 23 - Qcoating23) = 0.784=
S

8
AE pAw23 = AE p(Ep A2z Sau23- SE DAU23: 894y ) = 1.657x 10°Pa

Rcoating24 = SQcoating(QAu24’Q24) = 2216x 10° Beam 4E 30 nm x 2 Al coating with 28 nm AuPd
kg

3E pAu24 = 5E p(Wog- toa: Eg: Qeoatingza- M- & 24 - RQcoatinga) = 0.858=
S

7
AE pau24 = AE p(EpAu24: Sau24: SE pAu24- 394y ) = 6.089x 10 Pa

2
KZ—S ED(SED,S)j : 55}
J(Ep,8,5E , 88) =

AE p((Ep, 5,5E , 59)

% contributions for coating thickness

39:= )(Ep au10-9Au10-SE DAU10- Ay ) = 0-971

Total Q

1
1 1

+ +
Qz(Ep: Po-ko:€p.0- %0 To-WastrsLy)  Qag(Listy)  Qg(wstyEo)

~3.373% 10"

Q=
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Q= 1 = 8.195x% 104
! + ! +
Qz(Eo: Po-ko:Cp.0- %0 To-WastsLp) — Qag(Lasty)  Qg(Wastp Eo)
Qq:= L - 8222x 10"
! + 1 +
Qz(Eo: Po-kp:Cp.0-%0: To- W3- ta:Lg) - Qag(Lasts)  Qg(Wssts.Ep)
Qq = 1 - 2579x 10"
! + 1 +
Qz(Eo: Po-ko:Cp.0- %0 To-WastasLs)  Qao(Lasts)  Qg(Wasta:Eo)
Qs = 1 ~1.993x 10"
! + 1 +
Qz(Eo: Po-kp:Cp.0-%0: To: W5 ts:Ls)  Qa(Lssts)  Qg(Ws.ts, Eo)
Q= 1 = 6.445x% 104
! + ! +
Qz(Eo: Po-ko:€p.0-%0: To-We-terLg)  Qaz(Lests)  Qs(Weste Eo)
Aspect Ratio
Aq(lyt) =225 Aywyty) =43 t;=1x 10 °m SHOCUN
Aq(Lp,tp) = 180 Ag(wy,ty) = 16 ty=25x10 °m SICON
Aq(Lg.tg) =75 Ag(wg, tg) = 10 tg=3x 10 °m FORT
Aq(Lgty) =27.778  Ap(wy,ty) =7.778  t4=45x 10 ®m ACT
Aq(Ls.ts) = 26471 Ap(wg,tg) =4706  t5=85x 10 ®m ACL
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t

t

t3
th .=

ty

3

tg
ARW =
Qrep=
Qsurface =

1x 10 Aq(Ly.ty)
5x 10 6 A Lz,tz)
3x 10 ° Aq(Lg.t3)
- 6| AR = Aq(Lg,t )
45x 10 4°4
85x 10 ° Aq(Ls 1)
L Aq(Lp.tg)
Aoyt
2w1-ty) 13 Q
v | [ N
Aglws.tg) | 10 Qs
Ag(Wy.tg) | | 7778|  Qtotal = %
g t) || 4799
10 Qs
Agf W, to) Qs
Qz(Eg-Po- ko €p.0- 90: To- W 1. Ly
Qz(Eo- Po- ko» .0 %0: Tos Wa» 2 L)
Qz(Eg-Po- ko €p.0- 90+ To: W3- ta: L) )
Qz(Eg-Po- Ko €p.0- %0+ To- Wa s Ly)
Qz(Eg-Po- Ko €p.0- %0» To: Ws» t5 L)
Qz(EgPo- ko- €p.0- %0+ T We- te: L)
Qg(wy.ty. Ep) 3.381x 10"
Qg(W.tp.E) | | 8.:345x 10"
Qg(ws3.t3.Eg) | 9.892x 10"
Qs(Wy-t4- Eo) 147x 10°
Qs{5.t5- g 2.705x 10°
Qs[5 8.244x 10°

225
180
75
27.778
26.471
60

2801 10"
7.17% 10°
1.037x 10°
9.511x 10*

4.612x 104

7.967x 10°

SHOCUN
SICON
FORT
ACT
ACL
ACST
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3.373x 10°
8.195x 10
8.222x 10"
2579 10"

1.993x 104

6.445% 10"

SHOCUN
SICON
FORT
ACT
ACL
ACST

SHOCUN
SICON
FORT
ACT
ACL
ACST

SHOCUN
SICON
FORT
ACT
ACL
ACST



Qanchor = Q

1.4x10

1.158x10

S Quotal  -16x10
S eee
ey Qexp
o
XX 6.74x10
4.32x10
1.9x10

103690
111850
99550
55000
; 57627
2.476x 10
, SHOCUN O = 50706
exp =
1.268x 10 SICON 44154
9.171x 10° FORT 105170 |
A ACT 31680
4,659 10 120270
4.032x 10° ACL 108340
ACST
4.696x 10° 32540
5
5
X
IS
4
4 é
® X
[ ]
4 e
0 2x10°°  4x10®  6x10®  8x10® 1x07°
th. they

thickness [m]
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exp =

1.614x 10
1.582x 10
1.550x 10~
1.008x 10
0.924x 10
1.036x 10
0.945x 10
2.610x 10
2.235x 10
2.662x 10
2.605x 10

6.869x 10

6

6

6

6

6

6

6

6

6

6

6

6




1x10°
1x10” =
0
= Qrep 1x10° o ®
O eee
1x10°) °
°
1x10*
1x10°° 1x107°
th
thickness [m]
3x10°
[ J
® 2x10°
(&)
@
q% Qsurf
urrace
0 e0e L
o
1x10° °
°
°
0 2108 4x107® 6x10® 8«10 ®  1x107°

th
thickness [m]

141



1x10%

3
°
1x10°
S
o
S 6
2 Qanchor 1x10 L4
{ oo .
(@
1x10)
[ J o |
1x10*
1x10°° 1x107°
th
thickness [m]
1x10°
8x10" ® ®
[ J
6x10"
Qtotal
PYYS .
4x10
[ J
°
2x10% ®
0
0 50 100 150 200 250
AR,
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1x10°

8x10" e
o
6x10"
Q'[otal
(1Y) .
4x10
[ ]
°
2x10Y @
0
0 10 20 30 40 50
ARW
1x10°
m
1x10’ R
Q1ED
AAA
Qsurface 1,108 *
000 -
Qanchor
EEE ®
5 °
1x10 ﬁ °®
a =
1x10*
0 10 20 30 40 50
ARW

143



1x10°

[
[ ]
1x10' R
QreD
AAA
Qsurface 1108 —
YY) A
Qanchor u
EEE ®
o [
1x10 A ._. °
» °
1x10*
0 50 100 150 200 250
AR|
1x10°
a
[ ]
1x10' R
QreD
AAA
Qsurface 1,108 -
YY) A
Qanchor .
(1T ®
; °
1x10 ._. A
|
° ]
1x10*
0 210°%  4x10°%  6x10°®  8x10 1x107°
th
ARW :=0.1,0.2.. 50C t:=1.-um ARL = 22¢
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L:=AR -t W(ARW) =ARy, - 1

Eo2. T OEpwW(ARy).LL)- T ft.kcp.p)

Qz(E.p.k.cp. o, T,ARy) = -

PP 1+ (0Ep.w(AR,).t.L)- rz(t,k,cp,p))z

W(AR) -t E
QS(ARW’ E) = 2. (3 . W(ARW) + t) . ED_Hao QA2 =

3
2-.23- t
LS

1x10°

1x10°
Qz(Eo= Po- ko, Cp.O’“O’TO=ARW)

QS(ARW, EO)

Qa2

1x10°

1x10°

1x10*%=

1x10°
0.1 1 10 100 1x10°

AR,

w:=0.1-pum,0.2um..100um AR, =470  t(w) -
AR,

AR| :=2647.  L(w):= AR - t(w)

E-o2 T O p.w,tw),Lw)) - ttw).kcp.p)

Qz(E, P, k,Cp, (x,T,W) =

%P 1t (Ep.w.t(w).LW) - T {t(w). k.Cp.p))°
_ w - t(w) ' E
Qs(W.B) =7 (3-W+tW) Ep Hao
QapW) = —
t(w)
2. 23.| IW)_
Lw)®
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1x10%

1x10’
Qz(Eg: Po-ko- Cp.0+ 0 To- W) 110
— x N ==
Qs{w- Eo) 1x1057é
Qpao(W) 1x10*
1x10°)
100
0 4x10"° 8x10 >
kg w
Ep:=05- -
E:=F °
W :=1pum, 2um.. 100um
t:=0.1um, 0.2um.. 10um let L=Nw, N=5,10,15,20,25
w-t E

Qgyr(w,t) = m : E_D

Q Surface vs width and thickness

QSur
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Zener Equation

L(w):=10-w
_ ) ,
. . 2. T[: o —————eee
2.1 L(W)2 PO A(W»t) 2 - kO
EO'O‘OZ'TO " 0" PO
Qrep(W. 1) = : P-
B1 Eg- I(w,1) {2
1+ . 2w —
L Cp.0" PO

thicy T
HES; ) :
\ Imi width [ 0]
QreD
1
Qanchor (W-1) = 3
Lw)°
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(Negg width [m]

QAnchor

o .t 1 . 1 . 1 -1
total\*V>*/ - QAnchor (W,t) QTED(W,t) QSur(Wﬁt)
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w0

-+

V7,

Qtotal
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