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Abstract

The last fifteen years have seen much success in the analysis of quasi-static evolution for Griffith
fracture, which is the mathematically natural starting point for studying fracture. At the same
time, attempts have been made to show existence for similar models based on cohesive fracture
rather than Griffith. These models are generally viewed as physically more realistic than Griffith,
in that they are better models for crack nucleation. These attempts at existence proofs have been
unsuccessful without very strong additional assumptions, for example, specifying the crack path a
priori.

The main purpose of this thesis is to characterize as well as possible the mathematical difficulties
in cohesive fracture, and to make progress toward an existence result without the prescribed crack
path assumption. So far, the most powerful method for existence proofs is to build a sequence of
approximate solutions, based on time discretization, and take the limit as the time steps go to zero.
We show that there are mainly two complications on the cracks of these approximate solutions that
we need to rule out in order to show existence. The first one is due to the potential oscillation of
the crack path. The second is due to the potential splitting of a crack into two or more nearby
cracks, with the same total jump in displacement.

We begin by first constructing an example illustrating how oscillations described above can
affect the minimality of the limit. Then we prove that the splitting described above can be ruled
out for any sequence of unilateral minimizers. With this result, we show how exactly oscillation
affect the minimality on the limit of the sequence. We then move to the evolution problem and
show the convergence of energy for almost every t. Based on this result we develop a method that
allows us to analyze the problem using only a finite set of times. An application of this method is
a proof of absolute continuity. Future work will be aimed at using the tools we developed to rule
out oscillation and finally to prove existence results under more general assumptions.
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Introduction

In 1920, Griffith laid the foundation for brittle fracture in [17]. He considered materials’ toughness,
denoted by G., and energy release rate, denoted by GG, and regarded the propagation of fracture as
the competition between G and G.. G can be defined, in a two dimensional setting, as

_aw

G=—a

where W is the bulk energy and [ is the length of a crack. Propagation can take place if G = G,
and can not if G < G..

This idea is widely used to study crack propagation (e.g. [19]). However there are limitations
on the model. It requires a pre-existing crack and it prescribes the crack path on the material. In
1998, Francfort A. G. and Marigo J.-J. addressed those issues by introducing a variational model of
quasi-static growth for brittle cracks in [16]. They considered the formation and growth of a crack
as the consequence of minimizing the sum of bulk energy and surface energy (fracture energy).
Therefore the crack set is not prescribed, instead, the growth (direction and location) of cracks
is determined by the minimization of the energy sum. To better illustrate the variational model
introduced in [16], consider the quasi-static evolution dealt by Francfort G. A. and Larsen C. J. in
[15], the first result for the Francfort-Marigo model without artificial restrictions on the crack set.

Let Q be an open and bounded subset from RY (N > 2) with Lipschitz boundary. Then
consider the case of generalized antiplanar shear by assuming that the reference configuration is
an infinite cylinder 2 x R and the displacement has the special form (0, ...,0,u(z1,...,zx)) where
u : 2 — R. The natural setting for u is to let u € SBV(Q2) where SBV denotes the space of special
functions of bounded variation. The space of SBV functions was introduced by De Giorgi E. and
Ambrosio L. [11] and the definition of SBV functions is as follows

Definition 1. u € BV(Q) if u € LY(Q) and the distributional derivative Du is a finite Radon
measure. w € SBV () if u € BV () and Du can be split into two parts

Du = Vudz + [ulvH" 1S,

Here Vudx equals the part of the distributional derivative Du that is absolutely continuous
with respect to Lebesgue measure. For SBV functions, the singular part of Du only contains the
jump part [u]vHN1|S,. S, denotes the jump set of u and [u] denotes the size of the jump on S,,.
It can be shown that S, is countably N — 1 rectifiable (see [14]). H~N ! is the N — 1 dimensional
Hausdorff measure and | is the restriction of measures on sets. The vector v is the unit normal to
Su. See [2], [13], [14] and [20] for more details on SBV functions.



Then consider the total energy
/ |Vu|?dz + GHYHT)
O\

where I' is the crack set (which can be empty). For simplicity the bulk energy consists only of
elastic energy fQ\F |Vu|?dz. The fracture energy here is the toughness G, times the H¥~! measure
or the size of crack set. Here can set G, to be 1 as there’s no difference in terms of proof. This
kind of fracture energy is in general regarded as Griffith energy. Let g € W1°°(Q) be the Dirichlet
boundary condition and I' be the pre-existing crack set, the displacement » will minimize the total
energy in the following sense

/|Vu2da;+HNl(FUSu)§/ Vol2de + HN I (T U S,) (1)
Q Q

for all v = g on 0.

The existence of a minimizer u can be shown using SBV compactness which is due to Ambrosio
L. [1], also see [12] for more details. Before we give the theorem of SBV compactness, let’s give
the definition of SBV convergence.

Definition 2. A sequence u,, € SBV () converges in the sense of SBV tou € SBV(Q) if up, — u
in L'(Q) and
Vupdz A Vudz
[un]vn MY 7 [Su, = v HN T[S,y

ES .
where — denotes the weak* convergence in measure.

Let 0 : [0,00) — [0,00], ¢ : (0,00) — (0, 00] be lower semi-continuous increasing functions and

assume that os .
lim Q =00, lim @ =
t—oo t t—0 ¢

Theorem 1. (SBV compactness) Let {u,}72, C SBV () such that

sup {/QH(\Vun\)d:U + /Sun (p([un])dHN_l} < 00 (2)

and ||up|/re is uniformly bounded in n, then there exists a subsequence {un,}7>, and an SBV
function u such that

To include the pre-existing crack set in the energy reflects one of the most important features a
fracture problem have—irreversibility. It says the crack set can only grow bigger or stay the same,
it can not be reversed. Then consider the continuous-time evolution where change of boundary
condition is slow such that at each time ¢ the material is able to reach an equilibrium. The detailed
definition of quasi-static evolution with Griffith energy, borrowed from [15], is as follows



Definition 3. (Quasi-static Evolution with Griffith Energy) Let g € L>([0,1], L>°(R")) N
WHL([0,1], HY(RY)) be the Dirichlet boundary condition, a pair (u(t),T(t)), where u(t) € SBV ()
for each t and T'(t) = Ur<4Sy(r), is said to be a quasi-static evolution if

1. Global stability.
/\Vu(t)\Qde/ |Vo|2de + HN1(S,\T(t)).
Q o

for all t and all v € SBV(Q) s.t. v=g(t) on O
2. Irreversibility. T'(t1) C T'(t2) for all 0 <t3 <ty < 1.

3. Energy balance. Define E(t) == [, |Vu(t)[*dz + HN "1 (S, UL(t)), then

E(t) = E(0) + 2/0 /QVu(s) -Vg(s)dxds.

u represents the evolution of the displacement of the material. I" represents the evolution of
cracks. Notice here irreversibility is automatically satisfied due to the definition of I'(¢). Global
stability means the displacement of the material u(t) at each time ¢ is always globally stable in the
sense that u(t) minimizes the total energy with I'(¢) as pre-existing crack. It reflects the quasi-static
property that says at each time the material is in equilibrium. Energy is balanced in the sense that
the energy at each time equals the energy at the beginning plus the work done up to time ¢.

Numerical implementations have been studied in [4], [5] and [6]. They were based on a finite time
step approach. Meanwhile the continuous-time mathematical existence results were being studied.
In [9] Dal Maso G. and Toader R. gave the first precise mathematical formulation of the model using
a two-dimensional setting. They proved an existence result using the time discretization method
introduced in [16] under the assumption that the bound on the number of connected components
of cracks is set a priori. Later Chambolle A. [8] solved the planar elasticity setting under the same
assumption on the number of connected components of crack sets. Time discretization, since its
introduction, is widely used to approach quasi-static evolution problems. It provides an efficient
way to approximate the continuous-time problem using discrete time solutions. One considers a
sequence of minimizers as the discrete time step goes to 0. Then the problem becomes to show
that the limit is also a minimizer.

A big success in showing the existence result for the continuous-time quasi-static evolution for
Griffith energy is due to Francfort G. A. and Larsen C. J. in [15]. They showed the existence result
with no other assumptions on the crack set than N — 1 rectifiability. As mentioned above, the key
step is to show the sequence of approximating solutions converges to a limit that is also a solution
in some sense. First they consider a sequence that satisfies the following minimality for its own
jump set

/|Vun|2dx§/|Vv]2dx+HN_1(Sv\Sun)
Q Q

for all v = u, on 9N and for all n. Then they show that the limit is also a minimizer for its
own jump set. Use the same technique (jump transfer) they show that the discrete time solutions
converge to a global minimizer and thus show the global stability. Once the global stability is
shown, the rest follows easily. Another contribution of [15] is the jump transfer technique that



provides a method to alter crack set. This idea is widely used and extended in this thesis and in
some of the proofs.

Meanwhile a cohesive model (see [3]) has been used to study crack propagation. For cohesive
model the fracture energy also depends on the opening size of the crack. The fracture energy can
be precisely written as

/ o ([u))dHV !
N

where ¢ : [0,400) — [0,+00) is a nondecreasing, bounded and concave function with ¢(0) = 0.
Here o([u]) is the energy density spent to create a crack with opening [u] and ¢'([u]) is the force
density acting between the lips of crack. Typically the force decrease with distance and hence ¢ is
concave. By letting ¢ = G, one obtains Griffith energy. The total energy for a cohesive model can
be written

E(u) ::/Q]Vu\gdx—i-/rtp([u])d?-l]v_l.

Dal Maso G. and Zanini C. [10] and Cagnetti F. and Toader R. [7] showed existence results
for quasi-static evolution with cohesive energy, for the case of prescribed crack path. When the
crack path is fixed and crack set is regular enough, SBV functions are no longer needed to describe
the displacement. One can define Sobolev functions on domain Q\I' and study the behaviors of
traces on two sides of the crack set. One of the biggest differences between [10] and [9] is the way
they treat loading (increase) and unloading (decrease) of a crack. In [10], the unloading is constant
and the problem is solved by using a special form of convergence. In [9], the unloading follows a
convex function ¢(-, z),~0 where z is the size to which the crack has been opened up previously.
The solution is based on the use of Young measures.

In this thesis we consider a model that is very similar to the one in [15] where the crack path is
free. But instead of considering the Griffith energy we consider a cohesive energy for the fracture
part. We use the same time discretization method to approach continuous-time evolution. We
show that the method used to prove a existence result for Griffith energy does not apply to the
cohesive energy. Then we consider a sequence of unilateral minimizers and show that the limit is a
minimizer that picks up the oscillation on the sequence. Later we move to the evolution problem
and first show the convergence of energy. Based on this result we develop a so called little o method
that allows us to analyze the problem using only finite set of times.

Now we are in a position to give the details of the problem we are considering. As mentioned
before for cohesive model the fracture energy depends on both the length and depth of a crack.
The relation is described using a cohesive energy function ¢ : [0, 00) — [0,00). For us, we consider
a cohesive energy function that has the following properties.

1. ¢(0) =0.

2. ¢ is differentiable, ¢’ > 0 and ¢'(0) = oc.
3. ¢ is concave.

4. lim, o () = M < 0.

5. %%C>Oa8x%0.



Figure 1: Cohesive energy function.

Here z represents the opening of a crack and () represents the fracture energy density due to that
opening. It is increasing because the bigger opening on the crack the more energy loss due to that
opening. The reason why ¢ is concave has been mentioned before. ¢’ > 0 means all the fracture
strictly stay in the cohesive zone. The properties of ¢'(0) = oo and % — C are mathematically
convenient. The first one allows us to use SBV compactness and the second one allows us to bound
some functional of fracture defined on some small sets.

The energy form for cohesive model without pre-existing fracture is

E(u)—/QWu]de—i-/S o([u])dHN .

A typical cohesive energy function may look like the graph in Figure 1. Next let’s consider the
energy when there’s a pre-existing crack. For Griffith model we can measure the size of the union
of current crack and pre-existing cracks by considering H~V~1(S, UT). But for cohesive model it
is more complicated. First let’s give the cohesive energy function with history. Let z > 0, define
cohesive energy function with history as follows

/
5@, ) = {wz) #()z—w) 0wz @
o(z) z <

where z represents the opening size of pre-existing crack. In other words, the same crack may
have different fracture energy if there was another crack at the same location before. Define
&(x,0) = p(x) when z = 0. The graph of the function may look like Figure 2.

This extra definition covers the case when the crack closes up. If a crack is always increasing
in the evolution, it will follow ¢(x) straight. But if it starts to close up after the size reaches z it
follows ¢(x, z). For an example and all the important properties of ¢ please refer to Appendix A.

Let I' € Q be Y~ lo-finite and let v € L}(I', XV ~1) denote the pre-existing cracks, our energy
form will be

E(u,7) ::/Q|Vu]2dx+/s UF@([u],’y)dHNfl.

Figure 3 shows another example of cohesive energy function others consider.



Figure 2: Graph of ¢(z, 2).

Figure 3: Another example.



It says you won’t gain any energy back if you close up a crack, so the crack energy is fully
irreversible. Another case is when you gain everything back, in which it follow ¢ entirely. From
now on we will only consider ¢ as defined in (3).

Next let’s have a look at the way we deal with boundary condition. Let €' be open, bounded
and with Lipschitz boundary such that Q € €. Let g € W1>°(Q'), we say an SBV function
u satisfies the boundary condition g on 9Q or u = g on 9Q if u = g on '\Q. By treating the
boundary condition this way we allow the jump occur on the boundary 0f2.

We describe the boundary condition, let g(¢) : [0,1] — W1 (Q/;R) s.t.

1. supy lg(®) lyree < 0.
2. Vg(t) exists and V§(t) € L*(Q) V¢, and sup, ||[V§(t)|| 12 < oo.
3. Vg(t) is continuous on [0, 1].

Definition 4. (Quasi-static Evolution with Cohesive Energy) We say a pair (u(t),y(t)) : [0,1] —
SBV(Q) x LY(I'(t), HN=Y), where u(t) € SBV () for each t and y(t) = sup,[u(t)] defined on
I'(t), is a quasi-static evolution that satisfies the boundary condition g(t) if

1. vt e [0,1]
2 ~ N-1 2 ~ N-1
/Q V() Pda + /5 g PO /Q Vol + /S I CRIOZ

Vv € SBV(Q) s.t. v=g(t) on I9.
2. T'(t1) C T'(t2) and y(t1) < y(t2) for all 0 < t; <ty <1.

3.
E(u(t), (1)) = E(u(0),(0)) +2 /0 /Q Vu(s) - Vg(s)deds

The existence of above evolution has been open for many years. The difficulty is to show that as
the discrete time minimizers converge to a limit u(¢) in SBV, u(t) also minimizes the energy. The
way the cohesive energy is defined makes it sensitive to some of the complications in the fracture
part of the sequence. We will illustrate exactly what those complications are in Chapter 1.

The following is the outline of the thesis.

Chapter 1

In Chapter 1, we first describes the procedure of time discretization. As the discrete time step goes
to 0, we encounter a sequence of minimizers coupled with a sequence of pre-existing cracks and
their limits. We then ask if the limit is also a minimizer. For Griffith model the answer is yes, in
fact showing the limit is also a unilateral minimizer is the key part in showing the existence result
for Griffith model. We show that for cohesive models the answer is no, by providing a counter
example. We see that there are two potential complications on the fracture part of the sequence
that will cause the limit not being a minimizer. One of them is the oscillation on the crack path,
the other one is the splitting of one crack into two or more nearby cracks. We call the second one
a “staircase”. Then we construct a sequence of unilateral minimizers who have oscillations of the



crack path. We show that the limit is not a unilateral minimizer. More interestingly, we show that
the limit does have a minimality, but it is a minimality that encodes the oscillations.

Chapter 2

In Chapter 2, we continue our discussion by reconsidering the counter example from Chapter 1.
We notice that the limit in the example picks up the oscillation of the sequence. We wonder if it
is true for any other cases. We then consider a more general sequence and show that the limit will
always pick up the oscillation, if there is oscillation of the sequence. To show this first we show the
sequence does not have the second complication, the staircase situation, mentioned in Chapter 1.
After excluding the staircase complication we show the oscillation will show up in the minimality
of the limit. For the counter example we did not have this extra step of excluding staircase be-
cause we constructed the sequence to only have oscillation. Even though the limit of a sequence
of a unilateral minimizers is not necessarily a unilateral minimizer, at least we show the staircase
complication can be ruled out. This leaves only the oscillation to be the complication we need to
rule out next. Further study indicates that it’s impossible to exclude oscillation by only looking at
a sequence of unilateral minimizers. So we move to the evolution problem to seek other ways to
exclude oscillation.

Chapter 3

In Chapter 3, we consider the evolution problem. First we use time discretization to approximate
the evolution. Then we formulate the energy and show the energy convergences for almost every
t. Showing the convergence of energy is almost always the first step in showing anything else. We
address the importance of convergence of energy by showing two applications of the result. First we
show that in terms of energy the whole evolution in discrete time can be approximated by finitely
many chosen times. It allows us to do analysis on finitely many minimizers. Using this idea we
then show the absolute continuity result for the fracture energy of the sequence of minimizers at
discrete time. As we can see in Chapter 2, the advantage of absolute continuity is to allow us apply
advanced techniques like covering theorem.



Chapter 1

The Difficulties

1.1 Time discretization

As mentioned before, let g(¢) : [0,1] — W°(Q; R) be the boundary condition s.t
1. sup, [lg(t) [y < oo.

2. V§(t) exists and V§(t) € L?() V¢, and sup, | Vg(t)| 2 < oo
3. V¢(t) is continuous on [0, 1]

Then split the time line [0, 1] into 2" pieces, denote t!, =

= gwi. When i =0, let u be the solution
to the following minimizing problem

UO = min

e / \Vol2dz + / ([v])cmN*l}

v=g(t;) on 69
When 0 <1 < 27, let

i+1 __
Uy~ =

i Vol*d / 2([v], ;) dH N !
e ([ wer [ e

v=g(t5™) on 80

Where
It .= U;":OSU%
vo=\/ ]
0<j<i
We see 7 is defined on T

», and the existence of minimizers in each step can be derived from
SBV compactness. Then define u,,(t) = uf, for t{, <t <ttt and for V0 < i < 2". We see uy,(t) is
well defined on [0, 1] for Vn > 0

Define

En(t) :=

/ Vi (1) P + / B (i ()] () AV
Q Sun (tyUln(t)

9



Figure 1.1: Two difficulties illustrated by pictures.

As approximation steps become more and more, one encounters a sequence of minimizers wy,(t),
a limit of the sequence u(t), a sequence of pre-existing fracture or history v, (¢) and a limit of the
history ~y(¢) such that

U 2dx (1w N-1 v|2dx (v N-1
/Q Vit ()P + /S R CORRCTARE /Q Vol + /S RO

for each n and each v = u,(t) on Q'\Q. The question is that is the limit a minimizer with v(¢) as
history? If we can show it then the global stability can be shown and the rest follows easily.

As we will see, in the next section, that the limit might not be a minimizer if there’s oscillation
on the sequence of history. In fact, there are two complications on the sequence that we need to
rule out if we want to show the limit is also a minimizer. The first one is due to the potential
oscillation of the crack path. The second is due to the potential of splitting a crack into two or
more nearby cracks, with the same total jump in displacement. (see Figure 1.1)

In the next section we construct an example to show how oscillation affects the minimality of
the limit. In the next chapter we show how to prove the second complication won’t happen in a
sequence of unilateral minimizers.

1.2 A Counter Example

1.2.1 1-D domain

In this section we construct a sequence of minimizers whose limit is not a minimizer. Though the
sequence will be constructed in 2-D domain, we begin with examples in 1-D domain. Consider
domain I = [0,1] and Dirichlet boundary condition g(x) = x on [0,1]. Let @ > 1 and ¢ be a
cohesive energy function, let u € SBV (I) and define the energy

1
E,(u) ::/0 \u’|2d:1:+/s ap([u])dHP

Notice here H is the counting measure and |, s, ap([u])dH® = a > zes, Pul(xi)). The existence
of a minimizer of energy F, can be shown using SBV compactness. Let u, be a minimizer of
the energy satisfying the Dirichlet condition g, i.e. ¢g(0) = 0 and g(1) = 1. We can conclude the
following

1. If us has a jump, it can only have one jump.
2. ul, is constant on [0, 1].

3. 2ul, = ay'([ua]) if [ua] > 0.

10



D=

Figure 1.2: Graph of v.

If u,, has at least two jumps, we can move one jump to the other without changing the continuous
part. By doing this we get a new SBV with smaller energy due to the strict concavity of ¢. Since
o has only one jump, let h, denote the height of the jump. Notice that the uniqueness of the
minimizer can not be guaranteed in the following sense. First of all, even though there is only one
jump, the location of the jump can be anywhere on [0, 1]. Second, even if the location is fixed, the
height might not be unique. Here the location is not important since we can always translate the
location of the jump to one fixed point, say %

Lemma 1. There exists ¢ and ag such that for any 1 < a < ag, any minimizer of the energy
E(v) satisfying v = g on the boundary has a positive jump.

Proof. First pick any cohesive energy function ¢. Let v be a SBV function that satisfies the
following conditions

1. v has only one jump at point {%}
2. v is constant on [0, 1]
3. v(0) =0 and v(1) = 1.

Let h denote the height of the jump of v, the graph of v looks like Figure 1.2. Let 8 > 0 and
due to the nature of v the energy fol |v'|2dz + Js. Bo([v])dHO can also be written in terms of h as
follows

fa(h) = (h —1)% + Bo(h).
We see fg is continuous and f3(0) = 1. Choose By > 0 and $; > 0 such that
L. o < B
2. f3(3) < 3 for all B such that By < B < B

11



Next define g = % > 1. We can see for any « such that 1 < a < ag, we have 81 < af; < fy, it

follows

1 1

fafh(g) < B

Due to the definition of fg, there exists some SBV function v that satisfies the Dirichlet
condition g and

1
1
/ |v/|2da:+/ afip([v])dH® < = (1.1)
0 S, 2
Let ¢ = B1¢, we have
1
Ea (U) < 5
This shows each minimizer of the energy has positive jump, since if there’s no jump the lowest
energy it can get is 1. ]

The following lemma can be seen as concavity of ¢ with « and history h.
Lemma 2. V p and 0 < h <1, Jag > 1 s.t. for any 1 < a < a1 we have
ag(a+b,h) < ap(b,h) + ¢(a) (1.2)
VO<b<1landV0<a<1.
Proof. First observe that the inequality (1.2) becomes equality when a = 0. Next we see
0<@la+b,h)—@(bh) < @(a,h) — (0, h)

It follows

pla) S p(a)
(ﬁ(a + bv h) - @(bv h) N 95((% h’) - 95(07 h)

Wesee#‘g(o’h)%ooasa—)()and%>1f0ra110<a§1. Thus there exists § > 1

Slah)—
s.t. m > ¢§ > 1. Choose a1 = 9 and let 1 < a < a1, we have m > « and thus
(1.2) is proved. O

Let ¢ and «ag be chosen the same as in lemma 1. Since ¢'(x) — 0o as © — 0, choose 0 < h < 1
small such that ¢/(h) > 3. According to lemma 2, there exists ay s.t. for any 1 < a < a, (1.2) is
satisfied. Then fix an « such that 1 < a < min{ap, a1}. Let u; and u, be minimizers of energy F,,
that satisfies the boundary condition g, define hy := [u1] and hy, = [uq]. First we see 2u,, = a¢’(hq)
and 2u} = ¢'(h1). Since v} <1 and u], <1, we have ¢/(hy) < 2 and ¢'(h;) < 2. It follows h < h,
and h < hy due to monotonicity of function ¢’. We further conclude the following properties

hi1 >0 and h, >0

ap(a+ b, ha) < ag(b, ha) + o(a) (1.3)

We see h, < 1 and hy < 1. The second estimate is due to the fact

O[@(CL + b7 ha) - Oé@(b, hoc) < a@(a + b7 h) - Oé@(b, h)

12



Ly

Lo

Figure 1.3: The 2-D domain.

for h < hy. From now on let’s fix u; and u,, by fixing the location of the jumps at middle point %

1.2.2 2-D domain

At this point we’ve specifically picked «, ¢, w1, uq, b1 and h,. Next consider the 2-D square
[0,1] x [0,1]. Denote Ly = [0,1] x {1}, Ly = [0,1] x {0}, L = {0} x [0,1] and Ly = {1} x [0,1]
as four boundaries of the square. Let I' denote the set [0,1] x {3}. Define v : I' — R such that
v = ho on I'. For each n create a zigzag around I' with amplitude equal to % Adjust the angle of
zigzag such that the total length equals a. Let I'), denote the zigzag. See Figure 1.3 for the graph.
Define 7, = hq on I', such that ~, = h, and let @, minimizes the following

/ Vit 2z + / B ([iin], ) dH < / Vol?de + / (0], 7 )dH!
Q Sa, Ul Q SuUly

over all v such that v =1 on [0,1] x {1}, v =0o0n [0,1] x {0} and % = 0 on the other two sides. So

Uy, is a minimizer with history =, for each n. We see there exists a subsequence @, (not relabeled)

and a SBV limit s S.t. Up SBY oo -

Lemma 3.

o / ([Tioo], ho )dH + / @ ([liso])dH! < liminf / @ ([n], ho)dH" (1.4)
r Sioo \I' S

n—oo
Un UFn

Proof. Fix € > 0, first choose a small rectangular region R, containing I" s.t.

/ o(line] )M < €
Sam\FﬂRE

[ ellahant <timint [ (@),
O\R. =00 JO\R.

13
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Figure 1.4: R, on the 2-D domain.

Next we see

LHS of (1.4) = a/

e 1
ng([uoo],ha)d”)'-[ —I—/

St \I'NR

() dH + /Q L elEha’

o ([fioe] )M + / ([ ]AH
O\ (1.6)

RHS of (1.4) _/ Lﬁ([&n],ha)dHl—l-/

n Sﬂn \FnﬂRe

We constrain our domain on R, and consider slices @', @, for 0 < I < 1 along y axis(i.e. constrains

of @i, and s on the set {1} x [0,1] ). Let x; € {I} x [0,1] N Re be the locations where @', has jumps.
Let T! and I'}, denote the intersection of I and T, with {I} x [0,1]. We see for £ a.e. [

(1) < limint 3 (i) (a1 (L.7)

Combine with result from (1.3), we have

([ (I')], ha) <liminf a@( [, (7)), ha)

n— 00 -
<timinf |ag( > (i (@), ha) +o( S [ (@)
JZiEF,ln xlgir‘!n
<timint [a [ a((ah). ba)aH” + [ ([l ])dH?
nee | JRenTy, Rem(sa%\rg)

14



(0,0) (1,0)

Figure 1.5: R, on the 2-D domain.

According to Fatou’s lemma, we have

a/ol o([al (TH], ha) z<hnrglo%f[ / /ROFZ HOdH—/ /RQ(SI\W ])dHOdl]

< lim inf / (], he)dH! + / o ([un])dH!
n—00 RNy eﬂ(San \Fn)

And afol P([al (TH], ha)dl = o [ 3([lioo], ha)dH!, next combine results from (1.5) and (1.6) we
conclude the proof.

Lemma 4.

lim sup l/ ]Vﬂnl2dx+/ @([ﬁn],ha)d%tl] g/ ]Vﬁa\da:—i—a/(p([aa})d%l (1.8)
nooo | Jo Sz, Ul Q r

where Uy denotes the extension of uq into 2-D domain, i.e. each slice of uq equals U

Proof. For each n define a small region R,, that closely contain set I',,, as shown in Figure 1.5.

Let u/ denote the right limit of uq(z) at & and ug the left limit. Let R, denote the horizontal

boundary of R,, that is close to the set [0,1] x {1} and R, the other horizontal boundary (see the
above graph). Then define an SBV function w,, on €2 that satisfies the following conditions

1. w, =1on [0,1] x {1} and w, =0 on [0, 1] x {0}.

2. w, =u} on R} and linear between R; and [0,1] x {1}.

3. wy, =u, on R, and linear between R, and [0, 1] x {0}.

4. For the values of w, on R,, define one side of T, to be equal to u and the other equal to

u,, such that w, only has jumps on I';,.

15



We can see that

/]an\Qda:—i—/ B[], ho)dH! —>/ ]Vaalzdx+a/go([aa])d7-[l.
Q Suns Q r

Since
/\van\zdx+/ @([an],ha)dﬁlg/ |an2dx+/ G ([wn)], ha)dH*
Q S, Uln Q Swn,

for each n, we conclude the proof.

Let 7 : Q — R s.t. T := supp(7) is H' measurable and [z (@) dH < .

Lemma 5. The limit i has the following properties

Otoo
1. Y= — .

2. 4l is a minimizer of the energy Eq.

3. Jw : Q — R that satisfies the boundary condition and
/ Vol de +/ B([al, A)dH! < / (Viioo*da +/ B[], 5
Q SpUl Q Sa. U

for any 7.
Proof. Combine lemma 3 and lemma 4 we get

/|Vaoo|2dx+oz/@([aoo],ha)dﬂl+/ ©
Q r Sioo \I'

Let v € SBV (]0,1]) s.t. v(0) = 0 and v(1) = 1. Based on v let’s construct ¢ by moving all jumps
of v to the point § and keeping fol |v'|2dx = fol |o'|2dz. Due to (1.3) we have

1 1
/ |u/a|2d:1:+a/l (p([ua])d’}{og/ |f/|2daz+oz/ &([0], ho)dH®
0 } 0 {3}

2 2

1
< / W/ ?dz + o / (0], ha)dHO + / o ([o])dH?
0 {3} SA\{1}

([ M < /Q Vita*dz+a /F o(aa))dH! (19)

Next we see

/Q Viiso[?d + 0 /F B([iinc), ha)AH" + / uw\rsoaaoo])d%l (1.10)

1 1 1
g/ / |V&f>o|2d:ndl—|—oz// G([aL ], ha Hodl+// il ))dHdl (1.11)
o Jo 0 J{i1 Sa \3 }

This shows [, |Viieo|?dz = fo fo Vil [*dzdl and thus 2= = 0.
It follows that each slice @l is the same. According to (1 9) we have

1
(jii ])d’H0</ |Vua|2d:v+oz/ (o] )AHO

1
/ Vil [2de + o / ([, ha)dH® + / (il ])dHO <
0 {1 Saoe\{3} 0 {1}

2
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2

Figure 1.6: Graph of a._.

We see |, S, \{1} o([@l.])dH° = 0 because otherwise we can construct a function that gives smaller
energy than u,. Then we conclude that @', is also a minimizer to the energy E,. It follows that

ﬂéo has following properties

1. %ﬂfm is constant.

2. 2, = /(i)

Let h = [a4.] and let Figure 1.6 be the graph of @' . We see %ﬂfm = 1—h and thus 2(1 — h) =
ay'(h) and further 2(1 — h) > ¢'(h) . Let A > 0 and increase the right limit of Lal  at {3}
by A and decrease the left limit by A. Let w) denote the new function. Next define the elastic
energy E%(w)) = fol lwh [*dz and fracture energy E*(w)) = ¢([w,]). Further we see E%(w)) is
decreased comparing to E?(iil ) and E*(w)) is increased comparing to E*(iil,). Next let AE(\) :=

E(@l,) — E*(w,) denote the elastic energy decreased and let AE*(\) := E*(wy) — E*(il,) denote
the fracture energy increased. Write down the details of AE%(\) and AE*()\)

AE*(\) = (1 —h)* = (1 — h —2))?
AES(N) = p(h + 2X) — ¢(h)

We see both energies are differentiable with respect to A and

0

SYAE(0) =41~ 1)
8 S _ /
SLAE(0) =2/ (h)

Since 4(1 — h) > 2¢'(h), there exists positive small A\ such that AE%(\) > AE®(\), it follows
E(wy) < E(il,). Next let w denote the extension of wy to 2D domain (2, we see w satisfies the

17



[l

Figure 1.7: Graph of wy and @_.

boundary conditions on 92 and moreover Siy = Si,, =T, [@] > [tso] on ' and

/Q]Vw\2dm+/5w o([w])dH? </Q\Vﬂoo\2dm+/ ©([lioo] ) dH?

It follows
[valass [ (ol pant < [ [VanPor [ (s pant
Q Saul Q Saoo UL
for any 4. It is due to the fact that @(a,h) — @(b,h) < p(a) — ¢(b) if a > b. O

Let n: Q — R be defined

_Ja onl
= 1 elsewhere
It’s not hard to show that the limit @i, has the following minimality

/Q (Viioo | + / el < /Q Vol2dz + / (0], [N (112)

oo v

For Griffith model, the oscillation on the sequence won’t affect the minimality of the limit.
But this example shows that, for cohesive model, the oscillation on the sequence will destroy the
minimality of the limit. More interestingly, as shown in this example, the limit seems to pick up
the oscillation according to (1.12). In the next chapter we will discuss a more general case and
show the limit will always pick up the oscillation, if there is one.

18



Chapter 2

Limits of Unilateral Minimizers

2.1 Introduction

In Chapter 1, we considered a counter example where a sequence of unilateral minimizers converges
to a limit that is not a unilateral minimizer. Moreover we showed the limit does have a minimality,
that picks up the oscillation, as shown in (1.12). We wonder if it is true for any other cases. In
this chapter, we consider a sequence of unilateral minimizers with itself as history and show that
the limit will always pick up the oscillation, if there is oscillation.

Let © be an open and bounded subset in RY such that Q € €. Consider a sequence {g, }>; C
Whee(Q)) such that g, — g in WHoe,

Let u, be a unilateral minimizer that minimizes the following

/Q (V2 + / o[un])dHY L < /Q Vol2ds + /S " (0], [un] )N

Uun

Vv = g, on Q\Q. In addition, assume the sequence {u,}5°; is bounded from above in terms of
the following energy

E(un):/Q|Vun|2dm+/ o([un])dHN 1.

n

Due to SBV compactness we can extract a subsequence(not relabeled) and an SBV function u s.t.

Up, SBY \in SBV. Then the following is true.

Theorem 2. Ja(z): Q' — R and o > 1 such that
/ Vul2dz +/ ap([u])dHN ! < / |Vv|2dw+/ o ([v], [ul)dH N !
O Su Q SyUSy

Vu=g onQ\Q

Remark 1. Notice here b s.t. sup,, ||gn |1 < %, by truncation argument the size of the jumps
will stay below b, i.e.

sup[un] < b

n

suplu] < b.
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Also notice, due to the fact that ©'(z) > ¢'(b) > 0 for x < b, ¢'([un]) > ¢'(b) and ¢'([u]) > ¢'(b).

Remark 2. The introduce of € is to deal with the case where jumps of u, converge to the boundary

of Q.

2.2 Settings and Tools

Measure theory plays an important role here, let’s recall some of notions. For more details refer
to [13] and [2]. Let U C RY be open. If y is a real or vector valued measures on U, || denotes
its total variation. Unless otherwise stated, when we say a measure or Radon measure it usually
means positive measure.

Definition 5. Let u be a positive measure and v a real or vector valued measure on U. We say
that v is absolutely continuous with respect to p and write v < u, if for every B C U such that
w(B) =0 we have |v|(B) = 0.

Definition 6. Let u and p,(n = 1,2,...) be vector Radon measures on U. We say p, converge
weakly* to the measure p, written p, — p, if

nlggo/deun = /deu
for all f € C.(U).
It’s well known that if p,, — g, the followings are true:
1. |u|(K) > limsup,,_, |tn|(K) for all compact set K C U.
2. |p(A) < liminf, o |pn|(A) for all open set A C U.

3. if || = A, A > |p| and for all bounded Borel set B with A\(0B) = 0, we have u(B) =

The following corollary of Besicovitch’s Theorem is well known, but since it will be used fre-
quently we will list it here. See [13] for the proof of the theorem.

Theorem 3. Let j1 be a Borel measure on RY, and F any collection of non-degenerate closed balls.
Let A denote the set of centers of the balls in F. Assume u(A) < oo and inf{r : B(a,r) € F} =0
for each a € A. Then for each open set U C RN, there exists a countable collection G of disjoint
balls in F such that

|JBCcU

Beg

u((AmU)\ U B) =0.

Beg

and

Let u € SBV(Q) and t € R, define

Ei={xeQ:u>t}
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And the reduced boundary of F; is denoted by 9*E;. Then we see E; is a set of finite perimeter
for L-a.e. t € R. And the coarea formula for BV gives the following

|Dul|(B / HN"L(9*E; N B)dt
for any Borel B. It follows
D*u|() = / HY (D E, 1 S, )dt

and

/yvu|dx—/ HN=YO*E\S,)dt

Another useful coarea formula

o([u])dHN ! SV a1t
A -] AT

see [18] Lemma 6.3, pick f(z,v) = ]v|g0 X Su-

2.3 Minimality with «o

We delay the proof by introducing some of the preliminary results first. We split the proof of
theorem 2 into three steps. First prove that the weak* limit of ¢([u,])H™ 1Sy, is absolutely
continuous with respect to ¢([u])H~~!|S,. Then due to Radon-Nikodym theorem there exists a
density function o between the two measures, which gives us a candidate for . Next we show that
the cracks will eventually all combine to one reduced boundary, locally. This enables us to pass «
to the limit to show the minimality with density c.

2.3.1 Absolute Continuity

If w € SBV, let {[u] < h} be the set {x € S, : [u](z) < h}. Define p, = o([up]))HN¥ "1 S,, and
wi= @o([u])HN1|S,. Since p, is bounded, according to weak compactness in measure, there’s a
subsequence /i, (not relabeled) and a Radon measure fio, on € such that p, — pie. We see that
in general p < poo and thus p < peo, but here due to unilateral minimality we are going to show
that the opposite is also true.

Remark 3. Due to definition of u and p, we see Vx €

w@B(x,r)) = 0
un(0B(x,r)) = 0,Yn>0

for L'-a.e. r > 0. Because u(0B(x1,m1)NOB(x2,72)) = 0 for (x1,71) # (w9,72), set {(z,7) € (' x
R) : w(0B(z,7)) > 0} is at most countable. It follows set {x € Q' : Ir such that p(0B(z,r)) > 0}
is at most countable. Similarly we can show {x € ' : Ir and n such that p,(0B(x,r)) > 0} is at
most countable.
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Immediately, from the first observation, we have Vo € €V

HN=Y(S, NdB(x, 7)) =0

2.1
HY1(S,. (OB (2, 1)) = 0,%n > 0 21)

for LY -a.e. 7 > 0. And from the second observation and the fact that N > 2, we have for HN"1-a.e.
reS,
HN=Y(S, NdB(x,r)) =0

2.2
HNY(S,, NOB(x,r)) =0,V n >0 (22)

for¥r > 0. This enables us to ignore the crack energy of u and u, on boundary of B(x,r).

Let B(z,r) € €, use T,f to denote the trace of u inside the open ball. In other words we
are regarding B(z,r) as a domain for w. Similarly 7, denotes the trace of u on 0B(x,r) with
Y\B(z,r) as its domain,

Lemma 6. Fiz z € Q, let {u,}>>, C BV() s.t. u, — u in L} (). Then we can extract a
subsequence {ng}oo | s.t.

lim Tr — T | dHY T =0
n—=%0 J9B(z,r) k
lim T, —THdH =0

n=00 JoB(x,r)
for L'-a.e. r > 0.

Proof. Let u € BV, we see
/ \TF — T |dHY 1 =0 (2.3)
OB(z,r)

for Ll-ae. 7> 0.

So
/udx = / / udHN_ldr:/ / TFaHN Ldr
Q 0 OB (z,r) 0 OB(z,r)

= / / T, dHN " tar
0 OB (z,r)

Let {v,}2°, C BV s.t. v, — 01in L. We see

|vp|dz = / / Tﬁ}r ‘dHNfldr — 0.
94 0 0B(z,r) "

It’s well-known that we can extract a subsequence {n;}7°; s.t.

/ Ty dHY =0
OB(z,r) 'k
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for £L'-a.e. 7 > 0. Let v,, = u, — u we see

/ T,F = T |dHN T = / Ty dHY =0
0B (z,r) k OB (z,r) "k

Since faB(x " | T T |[dHN=1 = 0 for L'-a.e. r > 0, we see lim,, oo faB(x " |Tq;:k ~T7|dH N1 =0
for £'-a.e. r > 0. The proof of the second half of the lemma is similar. O

Let {u,}°%; be the sequence mentioned in the beginning of this section. Let S,, C S, be H¥ 1
measurable.

Lemma 7. We have Ve > 0, 30 > 0 s.t.

/ o ([un])dH < ¢
SnNSu,,

whenever [¢ o @ ([un]) [un]dHN =1 < 6.

!
Proof. Fix € > 0, as usual let’s assume S,, C S,,,. First we see £ @z ' as x — 0. So we can

w(z)
find 7 > 0 s.t. ‘pw((i))m > & Va < 7. Since ¢'(z) is continuous, positive and ¢'(z)z = 0 if and only
if z =0 for 0 <z <b. Thus we have m = min,<,<; ¢'(z)z > 0.
Then pick § s.t.
26 o
— b)—) <e.
E o)<
Then consider the following
C B &' ([un]) [un _
. Pl < [ ([, ]) & L in] gy v
S [un]<r} S {un]<r} ¢([un])

(VAN
o

@' ([tn])[un] dHN !

SnN{[un]<7}
< 4.
It follows fSnﬂ{[un]gr} o([up))dHN ! < %
Then
(S, (fua) > 7)) < [ @' ([un]) ) dHY 1 < 5
SNQ(z,r)N{[un]>7}
which gives HY~1(S, N {[un] > 7}) < %.
Finally
| elwhant — pllu) a4 [ [ua)) AN
n Snn{[un]>7} Spn{[un]<7}
26 )
< = o
< & el
< e

23



We are in a position to show the following theorem.
Theorem 4. py <

Proof. Fix x € , let B(x,7) € Q' where lemma (6) and remark (3) hold, which is true for £!-a.e.
r>0.
First, we claim that

. ! N—-1 N-1
lunsup/meB@m»¢<“MJﬂuﬂd*f <[ e (2.4)

n—00 SuNB(z,r)

For each n consider the test function v,, constructed as follows

u on B(x,r)
Uy =
Un, on Q'\B(x,r).

Due to unilateral minimality

/ﬂv%mm+/‘¢mMMHN1§/\wmwx+/ G([vn], [un])dHN L.
94 Sun o4 SunUSey

Considering the construction of v, the above inequality can be written as

/ |Vun|2da:—|—/ o ([tn])dHN 1 +/ Vi, |2dx
B(z,r) B(z,r) Q\B(z,r)

+/ wwMMHM4+/ (]} dHN
Q\B(z,r) OB(z,r)

§/ |Vu2dx—|—/ &([u], [un])dHN_l —|—/ |V, |?dz
B(z,r) B(z,r) Q\B(z,r)

+/ wmwwﬂ*+/ (ol un])dHY .
Q\B(z,r) OB(z,r)
It follows

/ (V2 + / o([un])dHN " + / o([un])AHN !
B(z,r) B(z,r) OB(z,r)

s/ |Wﬁm+/ <M%mmwﬂl+/ (o], [un])dHN !
B(z,r) B(z,r) OB(z,r)

g/ ywwm+/ @ ([vn), [un])dHN !
B(x,r) BB(x,r)

u N—-1 ~ wu Nfl.
—r/;um)wq 1)dH +—/;@J)¢«n[nnda
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The last inequality is due to the fact that ¢(x,z) < ¢(x) + ¢(0, 2). It follows

/ ([ [un]dHN < / o([u])dHN 1 + / Vul?da — / |V 2da
B(z,r) B(z,r) B(z,r) B(z,r)

: o
" /83(33,7*) P([vn], [un])dH"

Due to the fact fB(:r,r) |Vul?dr < liminf, fB(:r,r) |Vu,|?dz and lemma(6) we conclude the
first claim.

For the sake of contradiction assume there exists a Borel set A C 2 st. p(A) = 0 but
too(A) =6 > 0. According to lemma (3) we can find § > 0 s.t.

]

| elwhan < 5 (25)

whenever

| S uDluan <6
SpNSu,,

Let U be open s.t. A C U C € and p(U) < 6. Then consider the collection F of balls B(z,r)
that satisfy the following conditions

x € A

B(z,r) Cc U

foo(0B(x, 7)) = 0
(2.4) holds .

According to Besicovitch covering theorem we can find a collection of countable disjoint closed

balls { B(z;,7i)}5°, s.t. poo(A\U;2; B(xi,7i)) = 0. Since oo (0B(z4,7i)) = 0 Vi, we have
fioo(A\U2, B(ai,m;)) = 0. Then select a finite N € N s.t. poo(A\UN, Bz, 7)) < 25, We
conclude that

N 1.
Ce)) < 2
H(i:LJlB(xurz)) > 25
N 7
ool Blai, 1)) = 26
i=1
Again since fioo(0B(z4,7i)) = 0 Vi, we have
N 7
proo () B(wi, 7i)) = lim p([un]) = 26. (2.6)
i:LJ1 " JUL, Blwiri) 8
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Then consider (2.4) to get

lim inf / @ ([un)) [un]dHN 1
UiL, B(iri)

n—oo

< lim sup/ @ ([un)]) [un)dHN 1
n—oo JUN, B(wi,r;)
< [ i
U;Zq B(i,ri)
N
=l B(@i,r))
i=1
< 1
-2
Apply (2.5) to get
0
lim o([un])dHN 1 < =
which contradicts to (2.6). Thus the theorem has been proved. O

From the above theorem we see that Lo also concentrates on S, and oo < HN™! | Sy since
p < HVNLS,. Tt follows that D, pioo exists and 0 < Do < 00 for HNVN"1ae. z €S, and 0 else
where. Also, regarding remark (3), we see for HV "l-a.e. z € S,

) — Jig P B@&:1) limy o0 [, 5 ©(Un])
Dypioo(x) = 71«—>0 w(B(x,r)) N l—>0 fSumB(I‘,T) o([u])

(2.7)

2.3.2 No-staircase Lemma

In this section both u, and u will be the same as mentioned in the beginning of this section. We are
going to show the most important theorem of this section. We show that the jumps of the sequence
will eventually be combined to one reduced boundary of some set, basically it is due to unilateral
minimality and concavity of the cohesive function ¢(x). The way we show it is something we call
arguing from local. Fix z € S, we shrink the cube Q(x,r) to get nice results we want. Then we
cover .S, with those carefully chosen cubes and sum over the errors to get global niceness.

We are switching from balls to cubes, technically there’s no difference in terms of proof. First
let’s introduce some notations and show some results. Let = € Sy, let Q(x,r) be the cube with side
length 27 and normal the same as v(z), then define

z)-v(xz) <0}
x)-v(xz) >0}
x)-v(x) = s}
x) - v(z) < b}.

Q (z,r) ={y € Qz,r): (y —
QF(z,7) ={y € Qz,r): (y -
H(xvrv 5) = {y € Q($,T') : (y_
R (z,r) ={yeQz,r):a< (y—

The geometric meaning can be illustrated using Figure 2.1. Next we see HVN "' (H(z,r,5)) =
(2r)N=1 for —r < s < r and there exists C(N,d) that does not depend on 7 s.t. C(N,d) — 0 as
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Q_(x7r) R%T5 Yz, 7) Q+($,T‘)

Q(x,7)

Figure 2.1: Illustration of Q(x,r).

6 — 0 and
HNL(OR, (x, r)\(H (z,7, —6r) U H(z,7,6r))) < C(N,0)rN "1 Vr (2.8)

Then we have

g p([u))dHY ™ < o) Ver™™ ! + o(VeHN T (Su) (2.9)

whenever [q [uldHN=1 < erN=1. Indeed, first consider
MY ({u > 6)})6 < / JdHN T < N,
{[u]>3}
It follows HN ! ({[u > 6]}) < &rV~1. Thus

N—-1 _ w N—-1 U N—-1
/ () dHN T = /{W}m DaHY 1 /{[u]§5}¢<[ A

p(b) 51+ (MY (SL).

u

IN

Pick 6 = /€ to conclude (2.9).
Let t € R, define

E, = {ze€Q:u>t}
EY = {zeQ:u, >t}

We see E; and EJ* are sets with finite perimeter for £!-a.e. t and V n. If a set E has finite perimeter,
we use 0*E and vg(z) to denote the reduced boundary of E and the generalized inner normal at
x € 0'E.

Lemma 8. Let 3(z) be a HY ™! measurable function on S, s.t. B(x) > 0 and fSu B(x)dHN ! < oo,
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then we have for all 6 < 1
fSuﬁQ(a:,r) ﬁ(y)d/HN_l

}5% (QT)N*1 = ﬂ(‘r) (2.10&)
Js.nror (o B@)dHN
lim s ngr((Q;;Nl = B(z) (2.10Db)

for HN L a.e. x € S,. As usual Q(z,7) and R, (x,7) will be oriented by v(x).

Proof. First let’s write S, = [J;2; A; where A; is HN1 rectifiable and
HNL(A;) < oo for Vi. It suffices to show (2.10a) and (2.10b) are true in each A;. Define Radon

measure g = BHN!|S, and fix A; we see for u a.e. x € A; (or HV l-a.e. since B(y) > 0)

3 M(AiﬂQ($,T)) — 1
hmr_m W = 1. That is

lim fAmQ(;n,r) Bly)dH _q
r—0 fSuﬂQ(a:,r) ﬂ(y)d’HNﬁl

Since HV~!| 4; is Radon, we have for HN 1| A;-a.e. © € A;, B(x) is a Lebesgue point, i.e.

fAiﬁQ(x,r) /B(y)d,HNil

o S AN Q) @

for HN=1|Aj-a.e. = € A;. Then Besicovitch-Marstrand-Mattila theorem [2](page 83 theorem
2.63)says

. HN (AN Q(x, 7))
71}3(1) (2r)N-1

for HN=! a.e. x € A; since A; is HV ! rectifiable and HV~1(A4;) < oo. Thus we conclude
fSuﬂQ(x,r) B(y)d,HNil

li—rf(l) (2r)N-1 = B(=)

=1

for HVN=1 a.e. x € A;. And (2.10a) is proved.
Next consider (2.10b), the ” < ” part is obvious. So let’s show the ” > 7 part. Let D be a
countable dense set in R s.t.
teD
and ”HN*l(@*Et) < oo for Vt. We see for all t € D, HN ! ae. 2 € A, NO*E, is a Lebesgue point
of x4,no+E, With Radon measure HN-1 |0*Ey i.e.

lim HNil(Ai NO*Er N Q($, ’I”))
r=0  HN-YHO*EynQ(z,r)

for HV-1 ae. z € A; NO*E,.

It is known that N1
i BTN E N Q) 1,
r—0 (2T)N_1
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thus

’HN_l(AZ' No*E; N Q(l‘, 7“))

e e
Next we see fHN—l(Ai NQ(x,r))
eyt
and therefore HN-L(A4,\0"E,) N Q(z, 7))
e ey 0
From [20](page 241 theorem 5.6.5) we see for Vd < 1
HN=L0* B, N (Q(z, )\ R, (2,7))) ~0

(2r)N-1

for HN=1 a.e. x € 0*E;. Then we get

IN

IN

lim
r—0

lim
r—0

lim
r—0

0

HN=L(A; N (Q(,7)\RY, (2,7)))

(2.11)

(2.12)

(2r)N-1
(”HN”(Ai\@*Et N (Q(z, m)\Ry, (z,7))) N HNH OBy 0 (Q(z, )\ R, (w, T))))
(2N @)1
(”HNl(Ai\a*Et NQxr) HN-1(0*E, N (Q(x, 1)\ R, (x, r))))
(2r)N-1 @)1

due to result (2.11) and (2.12). It follows

IHN71<Ai

N R‘ﬁ"&r(aﬁ, r))

lim

=1

r—0 HN-1(A; N Q(z,7))

for HN-1 ae. x € A; N O*E,, and therefore for HV "1 a.e. = € A;.
Next consider

(e |B@) = BlAHN
lim fAZﬂQ( , )’ (z) |

r—0

for HN-1 ae. x € A;. Consider

fAiﬂR‘S_TM (z,7) 6d,HN_1

HN1(A N Q(z, 7))

fAiﬂR(s_Tgr(xvr) ’lB(CU) - IB‘dHN_l

HN=1(A; N R (2,7))

So

plx)

HN-1(A; N R(sféT(:c, r))

fAiﬂR‘sfaT(x,r) ’,B(LL“) - ’B‘d/HN_l ’HN_l(AZ' N Q(l‘, T‘))

HN=1 (AN Q(z, 7))

fAiﬂR‘sféT (z,r) /B(y)d%N_ !

= B(x),

lim
r—0

HN1 (AN Q(z, 7))
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and thus N1
Jamor, (@) By)dHT™

}E’% (2r)N-1 = B(z).
Then N .
1. fsumRé_Tér(x7r) lB(y)d% ) > fAinRts_’r&r(x’T) /B(y)dH . - /8
r0 (2r)N-1 =50 (2r)NT =)
We conclude Nl
fSuﬂR‘i%T(ﬂ:,r) Bly)dH™~
e (2r)N-1 = B(z)
for HN-! a.e. x € A;. Therefore (2.10b) is proved. O

Remark 4. The above lemma uses the fact that the fracture energy on S, is mostly concentrated
on some reduced boundary 0*Ey locally in the sense of measure. That’s why no matter how small
§ is, the measure of 0* Ey will stay mostly within R%", (z,7) as we shrink the cube Q(z,r).

During the following define
B = [ [Volde+ [ plol )an !
Q S, US,

Lemma 9. Let u,, and u be from section §2.1. Then we have for HN '-a.e. x € S,

limy oo Jorppm | Vin|de
lim - fQJ\(I ’1) =
r—0 ret T

Proof. From (2.2) in remark (3), we can choose r s.t. HV~1(0Q(x,7) N Sy, ) = 0, ¥n. Then define
uy, by
U, ON\Q(x,r)
u, = qut(z)  Q (a,r)

u(z) QT (z,r)
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So

E(u;, Up,)

- / Yy *di + / (], fun])
20\Q(.r) SunUS,y,

S AN | ()
Q\Q(z,r) Sun \Q(z,r)

L B (AN Ry B([u] [un)
0Q(z,r) Q(z,r)N(H (x,r,0)USuy,,)

/ Vi P + / o(un]) + HY 1 (0Q (. )) o (b)
Q\Q(z,r) Sun \Q(z,r)

IN

+HN Y (H (x,7,0))0(b) +/ o([un])
Q(z,r)NSu,

Lo VuPdes [l [ () o
NQ(z,7) Sun \Q(z,7) Q(z,r)NS

Un

IA

for some constant C' < co. It follows

E(up,up) — E(ul,, uy)

z/ Vun 2 + / Yy *dz + / o(fun]) + / o(fun])
Q\Q(x7r) Q(Z,T‘) SUn\Q(xvr) SunﬁQ(m,r)

- / Va2 — / o(fun]) — / o(lun]) — CrN1
ANQ(z,r) Sun \Q(z,r) Q(z,r)NSuy,

> / |Vup |2 dz — CrV =1,
Q(z,r)
Due to unilateral minimality, we have E(up,uy) — F(ul,, u,) < 0. So
/ |V, |2de < CrV L,
Q(z,r)

Then consider Cauchy-Schwartz inequality

1
3
/ Vun|dz < |Q(, )|+ / Vun2de | < V2C2¥ V-3
Q(z,r) Q(z,r)
So Y ld
Uy |dx
Jou "& : LN
N—

Take the limit as r — 0 we have proved the lemma. ]

During the following, let {S,}52; be a sequence of H"~! measurable sets.

Lemma 10. Let u, and u be from section §2.1. Let 0 < h < b and let g(y) = ¢'(y)(h —y) —
(e(h) — ¢(y)). For HN"'-a.e. x € S, and Ve > 0, exists § > 0 and R s.t. Vr < R there exists
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N(r) e N s.t.

sup l(h) = e([un])|dH™ < e

n>N(r) /Sn NSuy, NQ(z,7)

or any sequence of HN ™! measurable set {S,}°, s.t.
Y n=1

/ (] )dHN L < 5N,
SnNSu, NQ(x,r)

Proof. First we can assume S,, C S, always. We see g(y) > 0 and ¢g(y) =0 iff y = h. g(y) — oo
as y — 0. And for HVN "1 ae. z € 9,

limy 0 fSu”gf)’;@i’ﬁ([“D — o ([u](x))

limy, 00 fsun NQ(z,r) @([un))
fSuﬂQ(w,r) p([ul)

Dypoo(z) = lim,_s0 < 00.

Fix € > 0, let §p < h s.t.

5Dy o (2)p(0)2N e
_ — - < -,
max{p(h + do) — ¢(h), p(h) — ¢(h — o)} o(h— 50) <3
Then there exists § > 0 s.t.
1) €
2p(b) — < —.
o )mm{g(h —00),9(h+00)} ~ 2
Then there exists R > 0 s.t.
lim Pllunl) < 2Duile) [ ()
00 J Sun NQ(z,r) SuNQ(z,r)
[ el < 2e(ule)e)!
SuNQ(z,r)
for Vr < R. It follows
lim o ([tn]) < 4D pupioe (@) ([u))r™N ! < AD g0 () (b)2V ~H (2r) N1
n—oo Suan(:U?T)
for all Vr < R.
Then Vr < R, we can find a corresponding N(r) € N s.t.
/ o[un)) < 5Dptioo(@)p(B)2V 17N (2.13)
SunNQ(z,r)

for all n > N(r).
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Next let’s consider

/ — o (fun])) | AN

SnNQ(z

- | o) — ([
SnNQ(z,r)N{|[un]—h|>d0}

lp(h) — o(fun])|dHN T,
SnNQ(a,)N{|[un] ~h| <50}

_l’_

we see

S5m0 ] —hi<soy |£(R) = ([un])|dHN
< max{p(h +d) — ¢(h),(h) — @(h — 80)}YHN 1 ({Sn N Q(z,r) N {|[un] — k| < o}).

Next consider
p(h — 60)HN (50 N Q(z,7) N {|[un] — k| < do})
U] ) dHN L

IN

/SnﬂQ(W”)ﬂ{l[un]h|<5o}
< C(]T’N_l

where Cy = 5D, 100 (2)p(b)2V ~1. Therefore HY~1(S, N Q(z,7) N {|[un] — h| < o}) < h Ty V-1
It follows

/ (1) — ol
SnNQ(@,r)N{|[un]—h|<do}

< max{ip(h + 80) — (k) o(h) — p(h — %)}go(,fﬂmﬂ-%

Next due to the choice of S,, we have

9([un])aH "t + g([un])aH ™

/SnﬂQ(ac,r)ﬁ{Hun]h>50} /SnﬂQ(w,r)ﬂ{[un]hﬁo}

< orV-1L,

It follows

min{g(h — ), g(h + o) Y1 (Sn (1 {I[un] — k| > d0})

< g([un))dHN 1t < 57N L
Snfl[un]—h|>d0}
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So we have HN=1(S,, N Q(z, ) N {|[un] — h| > do}) < min{g(h76§),g(h+5o)}TN_I' Finally we have

/ o(h) — (fun)) [ dHY
SnNQ(z,r)

)
< |2¢(b)—
- { ol )mln{g(h—éo),g(h+5o)}
Co N-1
+max{p(h+ dy) — p(h),o(h) —p(h — )} ————|r
{o(h + 00) — (h), o(h) — & O)}cp(h—5o)
< erV 1,
Take the sup to conclude the lemma. O

Using the same technique, we can also show the following lemma.

Lemma 11. Let u, and u be from section §2.1. Let 0 < h < b. Then we have for HN 1-a.e.
x €Sy and Ve > 0, exists 6 > 0 and R s.t. Vr < R there exists N(r) € N s.t.

sup

/ (90/(]7!) o @l([un])) dHN_l < 67,,N—l
n>N(r) J SnNSu, N{[un]>h}NQ(z,r)

for any sequence of HN~1 measurable set {S,}°%, s.t.

/ (o[un]) — () AN < GrN 1,
SnNSup N{un]2h}NQ(2,r)

The following lemma can be proved using the exact technique in (7).

Lemma 12. For Ve >0, 36 > 0 s.t.
/ o([un))dHN 1 < erMN 1
$nNSu,,

whenever [g o &' ([un)) [un)dHN —1 < §rN-1L

Remark 5. The point of the above two results is to show that if we have value of one functional
of [un] can be as small as we want, then we can infer some other functional of [uy] can be as small
as we want.

Notice that those results are based on the fact that u, and u are from §2.1. They do not apply
to general sequences of SBV functions.

The following theorem says, no matter how relatively small the region R‘i%r(ac,r) is, we can

always shrink Q(x,r) to some degree such that the fracture energy of u, mostly concentrates on

R°"s (z,7). And the reason why we consider a small region R%’ (z,r) rather than the whole cube

Q(z,r) is that later we are going to alter the values of u, within the region R’ (x,7). Once

we change the value of u, on the region R‘i’"(;r(a:,r), there could be new jumps created along the
boundary R, (x,7). But we want the new jump created on the short side of IR, (x,7) to be

insignificant by reducing the ’length’ of the short side.
Again, during the following we assume u,, and u are from section §2.1.
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1
/R—T(S’r
Figure 2.2: Illustration of no staircase.

Theorem 5. For HN=1 a.e. x € Sy, for Ve >0, 30 > 0 and R > 0 s.t. Vr < R there 3{t,}5°, C
(u™,ut) and {s,}°2, C (or,20r) s.t.

lim o ([un]) — @([u) ()| dHY " < e (2.14)
0 JSu, MR, (2,7)NO* ER,
Moreover
lim o([un))dHN ! < N1 (2.15)
"0 J (Sun \O* B )NR, (1)
lim HNL(0*EP\Su,) N R (z,7)) < er™ ! (2.16)
lim HNYOR, (x,r)\(H (2,7, —8,) UH(z,7,8,)) < er™? (2.17)
tiw | ()N = HN LD B 0 R (1) ((u] () (2.18)
n—00 Sup NRE™ (@)
< erN_l.
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Proof. For HN 1-a.e. z € S, we have

lim [ (2) — u(y)ldy = 0
"0JQ ()

lim ju™(z) —u(y)ldy =0
r—0 Qt(z,r)

. fSuﬁQ(w T) (’0([u])
L)
i lim,, o0 fQ(xﬂ”) |Vuy,|dx _
r—0 riN-1

HNYH0Q(x,7) N S,) = 0 and HN1(0Q(x,7) N Sy,) =0

and limy oo . ([un])
im,, 2 P
D, pioo () = lim %0 Sun 0Q(@r) "

r—=0 fsqu(xm) o([u])
Denote h = u*(z) —u~(z). Fix € > 0, regarding lemma (12), 301 < € s.t.

/ o ([un]) < erV1
SnNSu,,

whenever [o o ¢ ([un])[un] < 367V
And for ¢, regarding lemma (10), 302 < §1, R2 and Na(r) s.t. Vr < Rs

< Q.

sup lp(h) — o([un))[dHN 1 < 67N

n>Na(r) /Snmsun NQ(z,r)

for any {S,}5°; s.t. fSnﬂSunﬁQ(z,r) fg([un])dHNfl < PN,
Then pick § > 0 and dy > 0 s.t.

dp <d2
O, 0)(h) <2
02
<—.
p(b)do < 1
Then pick ¢y > 0 s.t.
€0 | N €, _ 02
D9 Oy« 22
p(0),[3% +2¥p(, [32) < %
€0 52
< 22
Co doh —eg — 4
50h —€ >0

where Co = 5D, 100 (2)p(b)2V 71

36

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)



Considering (2.19), we have for the chosen ¢y, IR; s.t.
[ @ - uldy < or”
Q= (z,r)
L. @ - uldy < o
Qt(x,r)
/ oy Pl = 20000 (2.24)

lim |V, |dz < egr¥ 1
0 JQ(ayr)

lim ollun)) <2Dpocla) [ p(lu)
00 J S, NQ(z,7) SuNQ(z,r)

for all » < Rj.
Let R = min{ Ry, Ro}, we see Vr < R, (2.20), (2.21) and (2.24) all hold. In particular Vr < R,
we can find Ni(r) > Na(r) s.t.

/ o([un]) < (BDupioe(@)e B2 )Y W > Ny(r). (2.25)
SunNQ(z,r)

Since we are fixing x and 7 during the rest of the proof, let R denote R} (x,r) and H(s) denote
H(x,r,s). Because of L' convergence, we have

/5 u(y) — un(y)ldy — 0
s

267
7267UR57'

as n — 0o. Then consider

AN
T
B

+
S
|
S
S
~
<
+
£
S
|
IS
3
S
~
<

IN

| @ =ty [ @) - ulwldy
R RérT

—26r

e ) wly

257
725rUR67'

It follows that we can find N(r) > Ni(r) s.t.

J

L @ =l [ @) =)y <3erY Ve NG,
—26r or
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But

J

() — un(y)dy + / ™ (@) — wn ()| dy

—or 26T
—26r R&'r
26r (226)
:/ [/ T, —u (z)|dHN ! +/ T, —u+(a:)]dHN_1] ds.
or H(s) H(—s)
Pick s, € (6r,267) s.t. HN"Y(H(s,) N Sy, ) + HN "N (H(—s,) N Sy,) = 0 and
- - N-1 - + N-1 3eor™ €0 _N-1
T, —u (z)|dH + T, —u'(z)|dH < =3-r" .
H(sn) H(=sn) or 0
Let t € (u™ (z),u™(x)), define the following u}' by
U, R
uf = ¢ ut(x) R NE}. (2.27)

u(z) R \EP

—Sn

We see uj is defined everywhere on €2 and uy € SBV (), moreover we have

fo o, Pkt = [ et [ ettt [ o) o),

Sn
—sn

Then we see the new crack energy on the boundary of R’ looks like following

/ ([ ])dHN L
OR°™

—sn

- / (T — u () )aHN " + / P(ITs, — u* () JaHN !
H(sn) H(—sn)

+ / ([ ])dHN !
OR®", \(H(sn)UH(~s1)) (2.28)

< [0 32N (3D ) U H(=s0) + O 8159 7

<[ 3% 2V 55 + v
1

<—09.

<502

The inequalities come from (2.8), (2.9), (2.22) and (2.23).
Next we see R*, N Sy» = OEP N R, except for a HY ! measure 0 set and [uf] = u™(z) —
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u”(x) = h on OE] N R, , so

/ H([u7). fua)) ™!

R N(Su,UO*E})

_ / 30, [un])dHN " + / o(h)dHN !
R (S, \O* E}) R ((9*EJ\Su,)

/ @(h, [u,])dHN L.
R N(Su,NO*E})

But we see

/ B(h, [un])dH 1
R’ N(Su,NO*EY)

- (!
_|_

R N(SunNd* Ef)N{[un]>h}

/ (b [un]) AHN !
R (\(Supn0* EP) [un] <h}

/ : (e ([n]) = ' ([un]) ([10n] = B)] AN
R N(Su,, NO*EF)N{[un]>h}

/ o(h)dHN L.
R N(Suy, NO*EP)N{[un]<h}

For cleanness let’s drop domain R’ |

/ (), fun]) MV
R*™ N(Su, UO*E})

—sn

- / o] )AHN L / ! ([tn]) [in] AV
Sup \O* EP Sup \O* EP

+ / o(h)dHN ! + / o ([un])dHN 1
9*EP\Su,, SunNO* EPN{[un]>h}

- / o/ ([ttn]) (ftn] — B)AHN !
SunN0* EPA{ [un]>h}

- / o(h)dHN L.
Sun NO* EPN{[un]<h}
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Let —A = fRS_"sn o([un]) — fRs,_nsn &([uf], [un]), we have

—-A
= P [ = [ et [

- / o(h) — / o(fun]) + / ! (tn]) (fun] — B)
8*E{l\Sun Sun ﬁa*Et"ﬁ{[un]>h} Sun ﬂa*Efﬂ{[un}>h}

_ / o(h) + / o (n]) (= [tn])
SunN0* EPO{[un] <h} Sun N0 EPO{ [un] <h}

- / ! ([tn]) (I — [tn])
SupNO* EFN{[un|<h}

= [ b= [ b [ e

* /SMM?m (i} [¢' ([un]) (h = [un]) = (o(h) = @([un]))] -

Let’s fix t* € (u™(z),u"(2)), put back the integral domain R, and split —A to two pieces,
—A = A+ B where

A=
/ [ ([un)) (h = [un]) = (p(h) — @([un]))] dHN (2.29)
R NSu,N0* B N{ [un]<h}
and
B [ e [ () M
R NSup, R NSu, NO*EY,
- / o(h)dHN L,
R N(0*E\Suy)

Considering the co-area formula, B has the following form

+oo
B / / o (fun])dHN
—oo J R NSu,Nd*E}

T
- / / @ ([wn))dHN Lt — / o(h)dHN L.
u— JR NSy, N0 EL R N(0*ER\Suy)

Notice that A > 0 since ¢ ([un])(h — [un]) — (©(h) — ©([uy])) > 0 for all [u,] < h.
Then define

T;; = {u <t<ut: ’HN_l(RS_"Sn N (0*E\Su,)) > (507“N_1}
Ty = {u” <t<u® : HNTNR™ N (9 E\Sy,)) < dor™ ')

Notice T;D is defined differently when 4 is a scaler. Since [ R |V, |dz < egr¥~1, after applying
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co-area formula again we get

/ L AN R, 0 (07 B\S,, ) )dt + / HY U R, 0 (0" EP\Sw,))dt
T

5o
ut
- / HNY (R N (0*EP\S,,))dt
u—
< eorN_l.
+ €0 - €0 3 €0 ‘T5+0| €0
It follows [Ty | < 52, [T [ > h — §. And since h — §2 > 0, we have TR
5o

For fixed dp and n we always let ¢*(do,n) € Ty be specifically chosen s.t.

/ / ¢ ([un))dHN ! — / @ ([wn))dHN 1| dt > 0.
T Ri”snﬁsun No*E} RinSn NS, NO* ELL

)

We see that it’s possible. From now on let t* always be chosen that way.
Because of that, we have

/ / o ([un)dHY 1t > [Ty | & (] A1
5, . NSu, NO*EY R NSu,NO*E

—s

and thus
fT{ fRi"S NSy, NO* B 90/([Un])d7'lN71dt
— - > & ([un))dHN .
’T ’ Sn n
5 R NSu, NO*ELL
It follows
T | o ([up])dHN !
R’ NSu, NO*EY,
T+
< | 53’/ / @ ([un])dHN ~Ldt
5, J15 JRen, S0 B
T+ ut
< ’52’/ / o ([un])dHN " Ldt
T5,| Ju= SR 8w, 007 Ep
T3 -
S fo ¢l
50 77277,0 un
75 -
S g o el
8o o NSup
€0
S s o([un))
(50h — €0 /Sun NQ(z,r) "
€0 N-1
< Cogm—— 2.30
= Oéoh—eor ( )
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where Cy = 5D, 100(2)p(b)2V 1 > 0, regarding (2.25). Next consider

B
ut ut
> / / @ ([un])dHN ~Ldt — / / @ ([un])dHN ~Lat
u™ JRT NSu,No*E} u— JR NSy, NO*E
-/ P (h)dHN !
R (0% Ef\Sun)
= [/ - & (un )N | dt
T;f [/ R, NSy, NO*Ep R NSy, N0*Ex,
[ o (uan - o (u )N | dt
Ty, |/ R, NSu,NO*EY R’ NSu,NO*E
-/ o (h)dHN !
R (0" B \Sun)
= [/ o (uarn - & ()™ | di
T; [/ R, NSu, NO*Ep R NSy, NO*EL
- / o(h)dHN 1
R (0" B \Suy)
> —/ / @ ([un])dHN 1 dt—/ o(h)dHN L,
T3 [/ R, NSu, NO* B R N(0*ER\Suy,)

According to (2.30) and the fact that t* is always chosen in T 5,0 We have

€0 N—1 N—1 €0 N—1
> — - > (— — )
B > —(Cy 5ol — 607“ w(h)dor > (=Cy Y — ©(b)éo)r (2.31)

Then consider the energy drop E(un, u,) — E(ujx, u,) where

Bluncin) = [ (Vualde+ [ ollanan™

n

and
E(U?*  Un)

— /Q IVl [Pde + /S ol !

-/ [Tl /| i+ / o P+ [ el )

—sn

Iy 1 _
[ vuwbde [ [ (] ) + o
MRT QR R

IN
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Thus we have

1
=A+B- 5527”—1

(2.32)

considering the definition —A. Then, according to unilateral minimality, we see E(up,u,) —

E(uj,up) <0, and thus
1
A< -B+ 5527’1\[_1 < 52TN_1

considering (2.31). That is

/ [/ ([un]) (h —
R NSu, NO* BT N{[un]<h}

Due to (2.20) we have
/Rstnﬂsunﬂa*Efm{[un}gh}

Therefore one direction has been proved.

Considering (2.32) and the fact that A > 0, we have

1
B S 5527']\[_1.

[un]) — (p(h) — ([un)))] dHN < SorV =L

(o(h) = plfua)AHN " < 51N < e,

For clearness let’s again drop the integral domain R’", ~for now. Consider the following

5= ] - / oy Pl [ o)
-/ gy Pl / gy, D]~ / o

- em
9*E2\Su,

/sun No* By 0{[un]>h}

[ Dl [

0*ET.\Su,,
/sun nO* Ern{[un]<h}

o/ ([un]) ([tn] — B) + /

Sun 0 ER 0 [un] <h}

+ o(h)

V

o/ ([un]) ([tn] — B) + /

Sun \O* L,
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First we see [y, on \8 o(h) < p(b)dor¥—1 < %T‘N_l. With a bit of manipulation we get
¥ Un

/ ! ([tn]) [t A1
Sun \O*ELL

"([u — |u § erl
= /sunma*Eg*m{[unKh}@([ nl)(h = [un]) + 452
S o [ 0D o)) = (o) — ()]
—¢(lu 3 FN-1
+/Sunr16*Et"*ﬂ{[un}<h}[SD h) = o([un])] + 452
< 3517‘N_1'

(2.20) implies
| el e,
Sun\O* B
Thus (2.15) has been proved. Next consider

—-A

= o pmh e [ = [ et [ i

-/ s, P / ([ ([n] — )

Un

ol + |
No*E} N{[un]>h} SupNO* Bl N{[un]>h}

_ / o(h)
Suun NO* EL {[un] <h}

/ o(funl) + / o(lunl) + / ! ([tn]) [t]
Sun NO* B2 {[un] >R} Suun NO* BN ] <h} Sun \O* ELL

- / o(h) — / o(un]) + / o (] (ftn] — 1)
B*Ef\Sun Sun ﬂ@*Et”* N{[un]>h} Supy NO* E?* N{[un]>h}

- / o(h)
SunN0* BN {[un]<h}

_ / o(lunl) + / o ([tn])in] — / o(h)
SunNO*ET N {[un]<h} Sun \O* BT, 0*E}\Sup

+ / &/ ([tn]) (fin] — 1) — / o(h)
Sun NO* B O [un]>h} Sun N0* B2 N{[un]<h}
_ / ! ([ten]) ] +/ o/ ([tn]) (fin] — )
Su” \8* E?* Sunma*EZE" m{[un]>h}

lo(h) — o(fun))] — / ().

/sun N9* BN [un] <h} 0*ET\Sup,
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Again consider
1
0> E(un,upn) — E(us,up) > —A — 5527']\[71

we have

T

¢ ([un])([un] = 1)

SupNO* EPN{[un]>h}

1 _
< [ [olh) = pllund)+ [ ol + o
SunNO* EFN{[un]<h} 9*E\Suy,
< Zélr]“. (2.33)
Next consider
/ (fua]) — £(1)
Sun0* B {[un] >h}
P [Un
< | Al om)
Sup NO*ER N [un]>h} [tn]
w(h
< | A ) — ()
Suup N0 BT [un] >h}
P
< 2u (fun] ~ 1)
SupNO* BV N {[un]>h}
p(h) / /
< ¥ b Up —h
¢ (M)h SupNO* ERN{[un]>h} (®)(fen] )
< 2 o () (] — 1)
¢’ (b)h Sy NO* BT N [un]>h}
e(h) 7. N
< _
= ona
< o(h) Zeerl
©'(b)h 4
The last estimate comes from (2.33). Thus the other direction has been proved. (2.15), (2.16),
(2.17) and (2.18) should follow directly. O

2.3.3 Proof of Minimality with «
Define

a(z) = Dypioo () x €Sy
)1 elsewhere

Lemma 13. Let v € SBV(QY). For HN " '-a.e. x € S, and Ye > 0, 36 and R s.t. Vr < R,
IH{vp}22, € SBV () and {s,}22, C (dr,20r) s.t.

lim B (fou], [un]) < / ap(f], [u]) + eV, (2.34)
=00 (SvpUSuy )R (z,r) (SuUSv)ﬁRQ_‘S;M(x,r)

sn
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Moreover

Vo, = 0 onR™ (x,r) (2.35)
v = v on U\R™, (x,r) (2.36)
lim o([vp))dHN L < VL (2.37)
n—oo OR’" (z,r)
Proof. For HN l-a.e. z € S,
IE’I’ u x.r O‘QD U f or x,r aﬂp([u])
o(e) = lim Jo@ ae(lul) . fQ( , ) () [ I )

r—0 fQ (@) [u]) r—0 ¢

limy, 00 fRé—&r(z:"') SO([Un

—

(2.38)

T (@)Y
i hmnﬁoo IRE‘S{(;T(I,T) SD([Un])
@) = 1 (@) @)
and
~ ) ngré (z,7) ag([v], [u])dH !
()3 (0)(w), () = i 2 (2.39)
for V6 < 3.
Thus ¥V < % and Ve > 0, IR s.t.
limp 00 fRS (z,r) o([un))
o) - T | =
hmn—)oo fR%‘;QTM(I r) W([Un])
e DI} R
S, oy 0B([0], [u]) AP N (2.40)
o(2)@([0])(z), [u](x)) — i <e
~ fR%QTé (z,r) ad([v] [u])dHN_l
o(@)@([0](z), [u](x)) — e <e

for all » < R.
Then consider lemma (5), Ve > 0 35 > 0 and R > 0 s.t. Vr < R there exists {¢,}>2, C (u™,u™)
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and {s,}o2, C (dr,207) s.t.

lim o ([un]) — @([u] () |[dHN T < eV ! (2.41)
700 ) Sy, MR, (2,r)NO* EY,
lim o([un])dHN 71 < eV L (2.42)
n—eo (Sun\a*Egln)ﬂRizn(.’E,T)
lim HN (0" EP\S,,) N R (z,7)) < er™ ! (2.43)
lim HNYOR, (z,r)\(H (2,7, —8,) UH(z,7,8,)) < er™? (2.44)
: N—-1 N—1/9% rmn Sn
tiw | olua))HY ™ = HN O B 0 R, (1) (u](@)) (2.45)
0SSy, AR (2,r)
< erlV1
lim p(IT; — o™ (2))) +/ o(IT, — v~ (2)]) < er™ . (2.46)
n—00 H(z,r,—sn) H(z,r,spn)

We see (2.46) can be shown using the same argument we used in (2.26). Regarding lemma (11) we
also have

lim (' ([ul(@)) = ¢ ([un])) < er™1 (2.47)
n—o00 Sup {[un]>[u](z)}NR"(2,7)N0* EY,

Next consider

HN_I(ﬁ*E& N RS_”Sn (x,7))

(2r)N-1 ~ale)
_ M@ EL R @) e e #lo])
(2r)N-1 ([u](z))(2r)N =1

fRQ_‘Sgér(xW) ©([un])
p([u](z))(2r)V -1
_ HYTUOBL N RY, (@) Jren @y #[un])
- (2r)N-1 p([u](z))(2r)V -1
Jreg, o) #([1n])
e([u](z))(2r)V -1

€+ e (2.48)

—a(z)

—a(x)

= ()2

The last inequality comes respectively from (2.45) and (2.40).
Next construct SBV function v,, as follows

v on QO\R™ (z,7)
vp =S v (2) on R (x,r)NE} .
v () on R’ (x,r)\E}
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First we see, according to (2.46) and (2.44), that
Lo el < () + Or
OR’™ (z,r)

which proves (2.37).
Second we see

_ o([)(x) + / 50, [un])

(0% B \Sun )NR", (x,r) (Sun\O*EL )NR" (z,r)

T /aE ot oy PO )

< (p(B)e+ eVt / B([)(), [un]).

(0*Ep NSuy )R (a,7)
Denote A, = (0*E{’ N Sy,) N R, (x,r), let’s consider

A= /Ansé([v](x),[un])—/ ¢([v](@), [ul(2))

An

B([0)(@), [un]) - / B(0)(@), [u](z)).

Ann{[un]>[u](z)}

<
AnNf{fun]>[u](z)}

It [v](x)

B
IN

[ ()
A < / wn]) — & ([un)) ([1n] — [0](2)) — 0[] (2)) + &' () (@) ([ () — [v)()))
Ann{[un]>[u](z)}
< / wn)) — ([u)(2))) + ([ul(x) — [v](2))
An ﬂ{[un]>[u](x

< (e +be)yrN T

/ [ ([ () — &' ([un])]
AnN{{un]>[u](z)}

the last inequality is due to (2.47).
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If [o](2) > [u](2),

A < ) — N
< /A oy P @) T /. N (1)
/ vl(@), [un]) — ¢ ([v](2)))
Ann{[un]>[v](2)}
/ un]) = ¢([vl(z)))
Ann{[un]>[v](2)}
/ un]) = p([u)(2)))
ﬂ{[un >[v](2)}

IN

IN

IN

IN

It follows

/ ([vn), [tn])
(S, USu, )NR (2,7)

- / B([0)(x), [u](z))
(0B, NSuy )NREY, (1)

</ B([v], 1)
(0*Ep, NSu, )NR, (x,r) (2.49)

-/ B, @)
(0* Et"n NSun )ﬁRJgn (z,r)

+ (p(b)e 4 e)rN 1
<(2¢ + be + p(b)e + e)r™
=(3€ + be + @(b)e)rN L.

-1

It follows

/ B([onl, [tn]) — / @ (o], [u])
(SvpUSupn )NR (2,r) (SuUSy)NR, ()

/ . P([onl: [un]) = HNTHOEL, 0 R (2,7))@([v] (), [u] (x))
(SanSun)ﬁRfsn (z,r)

+HYTH O EL, N R (2,1))¢([v](2), [ul () — a(2)@([v](2), [u](2))(2r) "

IN

(3¢ + be + (b)e)r™ 1 4 [

+oN=lgpN=1
< (’)(e)erl

regarding (2.49), (2.48) and (2.40). Thus we have proved the main result. (2.35) and (2.36) are
due to construction of v,. ]
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Once lemma (13) has been proved, it is straight forward to show the following result using
Besicovitch’s covering theorem.

Theorem 6.
/ |Vu]2dx+/ acp([u])dHng/ |Vv|2da:+/ ap([v], [u]) dHN !
Q Su Q/ SuUSy

for all v € SBV(Q) with v =u on Q'\Q.

Proof. Recall that g, = o([un]))HN "1 Sy, — fieo, the weak limit is absolutely continuous with
respect to HY 71| S,,. Let poo = EHNL|S, where ¢ is HV~! measurable on S,,. Then define Radon

measure

w = a@([o], [u])HY T[Sy + EHN TS,

Fix € > 0, let U be open s.t. S, C U and |U| << e. Then consider the collection of closed
cubes F : {Q(x,r) : Q(z,r) satisfies the following }

1. x € 8,.
2. Q(x,r) is oriented by v(x).
3. Q(z,r) CU.

4 Jo@rnron, (o) #(]) < eo([u](@))r 1,

5. fQ(z,r)\R‘s_Tér(cc,r)f < 6@([“] (x))rN_l'
and
lim ([, [un])
" ©° (SUnUSun)Ri’r; (x’T)
" (2.50)
s‘/' o ([0], [u]) + e (fu (2))rN L.
(SuUSv)ﬁRz‘SQT&T(Z‘J‘)

Here vy, s, and § are the same as in lemma (13). Then according to Bescovitch covering theorem, we
can find a countable family of disjoint closed cubes ;= Q(xi, i) C F s.t. w(S,\ Uieq Q(z4,7i)) =
0. Pick an integer J s.t.

J
w(S\ | Qai,m)) < e (2.51)
i=1
Since Q(x;,r;) are disjoint, let’s define

N on each Q(x;,r;)
v o VUL Qi)
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During the following we let n be big enough. It follows

/n/m”'zd“/%nusun @([fin],[un])—/ﬂl ’v”|2dx_/gvusu ag([v], [u])

< / (] [t]) — / a3 (o], [u])
Sinusun S US
p / / a@([v], [u])
S USup, N\ U; Q(zi,74)) SuUSL N\ U, Q(zi,r:))
+ / / o (o], [u])-
vn USunﬂU Q(z;, Tz) USuﬂU Q(z4i,mi)
We see
/ (W, [un]) — / o (o], [u])
UUSun QI\U Q Ti, Tz)) S’()USun(Q,\ Ul Q(l’l,’l‘l))
< / o(]) + / o (un])
W\ U; Q(zi,mi)) Sun N\ U; Q(z4,73))
- a3 ([, [u])
SvUSum(Q/\ U-L Q(Iivri))
< / o([un)).
Sun N\ U; Q(z4,m3))

Due to (2.51), limy, 0 fSu AU, Qi) o([un)) <e.
Then we see

B([6n), [un]) — / a3 (0], [u])

SU USuﬂUi Q((EZ ,ri)

- [ . Pl - [ a@(lo], )
UiQ(ﬂfi,Ti)\URfS% U; Qziri) \U R,

/Sﬁn USu, NU; Q(wi,74)
—28r;

i /U . B([5n), [un]) — /U ., a9 ),

—267;

It follows

I i, P = |, P00

—26r;
J
= E (v, [un)) E 1, [u])
Rs% 2(57"z
=1 —st,

J
< > p(lul()r
i=1
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The inequality is due to (2.50). And

/ . Pl - [ a(lo), )
U Q mwn)\URJZ% Ul Q(ziyri) \UR_54

—28r;

g/ (0], [un])

U»LQ TqyTy \UR n_

< [ o+ [ R (CS)
U; Qiri) \U R “. U,‘Q(xi»"’i)\UR_Z%

</ R Ciey| . #llua)
U; Q(z4,7; \UR ". U; Q(mi,m)\UR_"s%

<

o wwn+[¥m g, D

v+2/ o([un)

Qe \URE,

'L

foe

=1 JQ@ir\UR”,

1]

J

p([w)(@))r) ™ + € ollul(@i)r) "
=1 i=1

Fmﬂk

<

The last inequality is due to condition (4) and (5) of the chosen cubes.
To sum up all the estimates, we see

/Q/W"Fd“/%nusun @([%],[un])—/ﬂ/ |Vv|2da:—/svusu ag([v], [u])

J
< 6+3624p([u](37
< Ofe). .

We see 37 o([u] (z;))rN 1 — s, @([u])dHN~1 as we choose finer cover of S,,.

1
According to lower-semi-continuity and unilateral minimality

\Vuldz + / ap([u])dHN !
Q! Su

IN

lim inf [ |Vun|2dx—|—/
Q/

n—o0 S
un

sa([un])d’HN_ll

IN

n—00

lim inf Vo, |?dx + / o ([0n][un])dHN 1
o4 S5 USun,

IN

Vo)2dz + / a@([v], [u))dHY 1 + O(e).
QY SuUSy
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This concludes our main result of the section. We show that the crack energy of u,, concentrates
on reduced boundary of some level sets. And due to this condition, the density function « only
depends on the oscillation, if there’s any. Moreover we can show that the density o can be passed
to the minimality independent of the choose of test function v.
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Chapter 3

The Evolution Problem

3.1 Convergence of the Energy

Just by looking at a sequence of unilateral minimizers is not enough to exclude the oscillation
complication. We then move on to the evolution problem because the history after all is union
of all cracks from the previous minimizers at the discrete time. The problem is as approximating
steps becomes more and more the minimizers become hard to control. So we hope to find finitely
many minimizers that could represent the whole evolution to make our analysis easier.

Follow the time discretization procedure described in section §1.1, we see v/, is defined on T,
and the existence of minimizers in each step can be derived from SBV compactness. Then define
un(t) = ul, for ti <t < tit! and for V0 < i < 2. We see uy,(t) is well defined on [0, 1] for Vn > 0.

Define

R U 2 T 5(Tu N—-1
E(t) = /Q [Vt (8) Pl + / I SR O

At time i1 pick v = u, () + g(tiH) — g(t) as a test function, we get

(i) < / Vun(£) + Vgl — Vg(th)2da + / ([ (EL)], 1 (£))dHN
Q Sun ey U ()
<E(ti) + / |v9<t:‘r1> Vg(th)Pda + 2 / Van(th) - (Vg(£ih) — Vg(th))da
TL 77/1/-'—1
W (t0) / | Vg ds{ da:+2/ Vg, (t) Vg(s)ds)dx
tl

_En(t;)—i-/g(/tl }Vg )|ds) dx+2/ /Vun ) - Vg(s)dads
SEn(t;)—F/Q [(/: Vi(s)| ds);(Atn)érdw—i—2/in /Vun(s)-vg(s)dxds

’L+1

z+1
<E,(t) + At, / / |Vi(s)| d:z:d8+2/ /Vun -Vg(s)dxds
th, t,
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Then sum from ¢ to j where j > ¢ we get

t, th,
En(t]) <En(£) + Aty / / Vg (s)|*dwds + 2 / / Vun(s) - Vi(s)dads
i Ja ti, Jo
On the other hand for t = ¢!, take v = uit! + g(#!) — g(ti™!) as test function to get
Bu(t) <Eu(67) + [ [99(th) = Vo(ti)Pde +2 [ Dun(tiH) - (Va(th) = Vot ))ds
Q Q

pit1 pit1
<E, () + Atn/ / ‘Vg(s)fda;ds — 2/ / Vun(s + Aty) - Vg(s)dxds
i Jo b Jo

So sum from i to j to get

t t
En(t) gEn(t%)+Atn/ /‘Vg'(s)‘deds—2/ /Vun(s—l—Atn)-Vg(s)dxds
i, Ja t, JQ

It follows

, th th
E,(t;,) — Atn/ / ’Vg(s)’2dazds + 2/ / Vun(s + Aty) - Vg(s)dzds
ti, Jo th JQ

< En(t)) <
) )
En(t) + Aty / / Vg (s)|*duds + 2 / / Vun(s) - V§(s)dads
i Jo i Jo
Set ¢ =0 and let t € I, we see for sufficiently large n, t = # for some n and j. Then we have

t t
E(0) — Atn/o /Q |Vg(s)|2da:ds + 2/0 /QVun(s + Aty,) - V§(s)dzds
< En(t) < (3.1)

E(0) + At, /0 t /Q Vg(s)| duds + 2 /O t /Q Vi (s) - Vi(s)dads

Now we have bounds for the sequence E,,(t), next is to show the bounds converge. The following
results are pretty straight forward.

Lemma 14.
Sup/ |V, (t)|?dz < oo
tn JQ

sup B, (t) < oo

t,n

sup/ G(0, v (1)dHN ! < o0
Tn(t)

t,n
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Proof. At each time t, pick g(t) as test function to get

‘/v%wﬂm+/ B (fun(8)], 7 (1)) dHN
Q Sup ()T (1)
;/vme+/ (0,7 (£))AHN
Q Sun(t)ul“n(t)

Since

t/ ¢Qununxmu»dHN’lzt/ 50, 4 (1)) dHN 1
Sun (t)Uln (1) Sun (t)UlMn (1)

we get [, [Vuy (t)|2dz < [, [Vg(t)]*dz, due to definition of g(t) the first result is shown.
Considering (3.1),

t t
E,(t) < E(0) + Atn/o /Q ‘Vg(s)‘gdxds + 2/0 /QVun(s) -Vg(s)dzds

Due to Cauchy-Schwartz inequality and uniform boundedness of ||V§(t)||z2, the second result is
proved.

The third result is straight forward. O
Let I, := U?io tt, and I := |Jo2 In, We see I is a dense and countable subset of [0,1].

For a; € I we have sup, E,(a1) < oo, by SBV compactness we can extract a subsequence
{un(a1)}>2(not relabeled) and u(a;) € SBV(Q) s.t. up(ai) 5By u(a1). Then apply the diagonal

argument we can extract a subsequence {uy,(t)}5° ; (not relabeled) s.t.

un(®) 2 ut) Vite Iy

We see u(t) is well defined on the dense and countable subset I.
Define v, (t) := Vo [un(7)] and [, (t) := Ur<4 S, (r)- We have at each n the global minimality

L/v%wﬁm+/ B (n(8)], v (£))dHN 1 (3.2)
Q Sun (t> UF" (t)
2 ~ N—1
<Awwm+@wmﬂm%mW1 (3.3)

for Vo = g(t) on 0%, for all ¢ = ¢/ (0 < i < 2"). Define y(t) := \/ . _,[u(7)] and T'(t) := U, <, Su(r)-
Our first question is if it’s true V¢ € I

L/|Vu@n%m+1/' B([ult)], A(£))aHN ! (3.4)
Q Su(t)UF(t)
sAWWw+AwmﬂMﬂmwm4 (3.5)

Vv € SBV(Q) s.t. v = g(t) on 99Q. If the above minimality could be proved, the next step would
be to extend the minimality to the whole time interval [0, 1] and to show the global stability in
quasi-static evolution. However, due to possible complications in the sequence of minimizers, it is
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almost impossible to obtain the minimality without excluding those complications mentioned in
Chapter 1.

In this section we show that there exists a subsequence E,(t) (not relabeled) s.t. it converges
for all t € [0, 1]. Before introducing the next lemma let’s define the non-negative function,

o ~ N—-1
ma(t) = / B0t

Since sup,, my(1) < oo, we have, according to lemma (24), there exists an non-decreasing function
Meo(t) and a subsequence {m,,(t)}5° (not relabeled) s.t. my(t) — meo(t) Vt € [0,1]. Moreover
Meo(t) is a non-decreasing and bounded function defined on [0, 1], and thus continuous everywhere
except for a countable subset. Denote D := {z € [0, 1] : moo(x) is not continuous}. We see D is at
most countable.

Lemma 15. Ift € [0,1]\D, we have Ve > 0, there 3At > 0 and N € N s.t.
IVun(t) = Vun(t2)ll2 < ¢

Viti,to s.t. t — At < t1,to <t+ At and Vn > N.

Proof. Let € > 0, first we see At > 0 s.t. Mmoo (t + At) — moo(t — At) < e. Then let N € N be big
s.t.

[meo (t + At) — my, (t + At)| < €
[meo(t — At) — my(t — At)| < €

Vn > N.
Let t1,t9 be s.t. t — At < t1 < to < t+ At, we have |m,,(t2) —my(t1)| < 3¢, Vn > N, or equivalently

/@(o,vn(tz))dHN—l — /@(O,fyn(tl))d’HN_l < 3e

Next consider test function

u= %Un(tl) + %un(h) - %g(tl) - %g(tz) +g(t1)

We see u = g(t1) on 0N and according to minimality in discrete time we have
[ v+ [ () n)an
Q
< [1vupds + [ (i mn(ean
Q
< [ (vuPdo+ [ ol e
Q
1 1 1 . _
< [ 15Vut) + 5Vunt o + 5 [ b)) t)an

+ ;/@([un(h)],%(tz))dHN‘l + O(|ta — t1])
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Similarly we can deduce
[ 1Vuntta)Pds [ lun(ta)) (e
Q
< [ 15Vt + 5 Vet o + 5 [ unlen)] rat)an!
+ ;/@([un(b)],%(tz))dﬂNl + O(|ty — t1])

Summing the above two inequalities we get
[ VunnPds [ [Fun(ea) e+ [ Slun(er)]mt)an
Q Q
+ [ llunlt)] lta))an !
1 1 )
<2 [ |zVun(t1) + zVuy(t2)|“dz
0'2 2

+/¢([un(t1)],%(t2))d7'lNl +/¢([un(t2)],%(t2))d’ﬂNl +O(|t2 = ta])

It follows
1 2
= | |Vugn(t2) — Vuy(t1)| dx
2 Jo
1 1
:/ IV (1) 2z +/ Vi (t) 2 — 2/ 2 (t1) + =V (t)2da
Q Q o 2 2
</@([Un(tl)]a%(h))dﬂjv_l - /@([Un(tl)]a%(tl))dﬂj\[—l + O(Jt2 — t1])
< [ 60, 9m(t2)a1¥ " = [ G070 (00)H 1+ O~ 1]
<3e+ O(|t2 — ta])
This concludes the proof. ]

For t € [0,1], let’s define
0u(t) = [ Vua(t) - Vilt)do
Q

and the first obvious result we can see is

sup 0y, (t) < 0.

n,t

According to weak convergence in L?, 6, (t) = [, Vu(t) - V§(t)dz for Vt € I.. Then we show the
sequence 0, (t) is Cauchy a.e. on [0, 1].

Lemma 16. For Vt € [0,1\D, {60,,(¢)}5°, is Cauchy.
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Proof. Let € > 0, according to lemma (15) we have there exists At > 0 and N s.t.
IVun(t) = Vun(t2)ll2 < €
for Vt1,to € [t — At,t + At] and Vn > N. Let 7 € [t — At,t + At] N I, we can find N; > N s.t.
10k(7) — Oi(T)| <€

for Vk,l > Ny. According to the definition of Vu,(t) on [0,1], Vu,(t) = Vuy(tn in, t)) where i(n, t),

depending on n and t, is the largest integer s.t. t%n’t) < t. Then let Ny > Ny be s.t. t%n’t) >t— At
for Vn > Nsy. It follows

|0k (t) — 01(1)

—‘/V kt) ) - Val(t dm—/Vul lt)) V(t )dm‘
<‘/v 50y g (e dx—/V (i) wg(r )dx‘
/Vuk tkkt)) Va(r )dx—/Vuk( )- V(T )dx‘
+ /QVuk(T)-Vg(T)d:B—/QVul(T)'Vg(T)d:E’

+ /QVUZ(T) -Vg(r)dx — /Q Vul(tj(l’t)) . Vg(T)d:c‘

+ / V() - () da — / Vay (£ - vg(t)dm)
Q Q
<O(Jt = 7]) + O(e) + e+ O(e) + O(|T — t])
for Vk,l > Ny. This concludes the proof. O

Remark 6. We see there exists 0(t) : [0,1]\D — R s.t. 0,(t) — 6(¢t) for allt € [0,1]\D. Since D is
at most countable and apply the compactness in R and diagonal argument we can find a subsequence
(not labeled) and 0(t) s.t. 0,(t) — 6(t) for ¥t € [0,1]. From there we can show the convergence of
E,(t).

Lemma 17. Let t € I, the following is true

t t
/ / Vun(s + Aty) - Vg(s)dxds — / 0(s)ds
0 JQ 0

Proof. Tt suffices to show

‘ /Ot/QVun(s + Aty) - Vg(s)dzds — /Ot/gvun(s) - V§(s)dads| — 0
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First of all we see
¢ t
/ / Vun(s + Aty) - V(s + Aty)dzds — / / Vun(s) - Vg(s)dxds’
0 JQ 0 JQ
t+ Aty ¢
= / / Vun(s)-Vg(s)dxds — / / Vuy(s) - Vg(s)dxds‘
Q 0 JQ

Atn,

Aty t+ Aty
< / 0, (5)ds — / 0. (s)ds|
0 t

Aty t+Atn
</ ‘Gn(s)‘ds—k/ |0n(s)|ds — 0 as n — oo
0 t

The convergence is due to uniform boundedness of 6,,(¢). Then consider

‘/Ovt/QVun(S + Aty) - V(s + Aty)dads — /Ot/QVun(s + AL - Vi(s)dads
< /Ot ) /QVun(s + Aty) - (Vg(s+ Aty,) — vg(g))dx‘ds

g/ot </Q|Vun(s+Atn)|2dm>%(/Q|Vg(5+Atn)Vg(s)|2dx);ds

1

The above estimate goes to 0 as n — oo because (fQ |Vuy, (s + Atn)|2dx) * is bounded over s and
1

(fQ V(s + Aty,) — Vg(s)|2drv>5 goes to 0 for Vs, apply again D.C.T. Thus the lemma has been
proved. ]

Remark 7. Thus we have E,(t) — FE(0) + ng 0(s)ds, Vt € [0, 1].

3.2 Little o Method and Its Applications

The idea here is to see if we can find finitely many fixed times that can roughly represent the whole
process. The convergence of energy shows that maybe we have a way.
Fix t, let’s look at the energy at a small time step At further. Let At > At,, we have

t+At 5 t+AL
E,(t+ At) < E,(t) + Atn/ / ‘Vg(s)‘ dxds + 2/ / Vun(s) - Vi(s)dzds
t Q t Q
Then let v(t + At) be any SBV function s.t. v(t + At) = g(t + At) on 012, we have
E,(t) < / \Vo(t + At) — Vg(t + At) + Vg(t)|*dz + /@([v(t + At)], (1))
Q
t+AL )
< / Vot + Ab)Pdz + /@([v(t +AD] () + At/ / V4 (s)*dads
Q t Q

t+At
— Q/t /Q(Vv(t + At)) - Vg(s)dxds
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Combine the above estimate, we get
/ P[un(t + A1), ot + A1)V — / P([u(t + At (t))dH !
t+At 9 t+AL
<(At, + At) / / |Vi(s)| dads + 2/ /(Vun(s) — Vo(t+ At)) - V§(s)dxds
t Q t Q
+ / \Vo(t + At)2dx — / |V, (t + At)|2da
Q Q
If we let v(t + At) = u,(t + At), the above estimate gives us
/cﬁ([un(t + A1) ot + AL)dHN T — /@([un(t + A1), () dHN

t+AL t+AL
<(At, + At) /t /Q |Vg(s)|2dxds + Q/t /Q(Vun(s) — Vuy,(t + At)) - V§(s)dzds

3.2.1 Finitely many minimizers

Let p € N, split time interval [0, 1] evenly into 2P pieces and we have 2P 4+ 1 times. To choose
2P because after we fix p those finitely chosen times will be a subset of I,, as n > p. During the
following we always assume n > p. It follows, from above estimate, that

P([un(ty™)], () a1 —/ @[ty )], n(t))dHN !
Sv(t;-)+1)ul“n(t;,)

un (t

/S i+1)UFn(t§,+1)
D
o i |
<(At, + At) / / V4 (s)|*duds + 2 / / (Viun(s) — Vo(t51)) - Vg(s)dads
th, Q ty, Q

+/ |Vv(t;+1)|2dx - / |Vun(t§,+1)|2dx
Q Q

(3.6)
for any SBV function v(t;“) = g(t;“) on 99. We see immediately, by letting v(t;“) = un(t;frl),
that

 B([un(ty D] () AR T -  @([un (], () dHN
S (ti+1)urn(t§,+1) S it 1yl n (t)
un (tp un (tp
(3.7)
t;+1 tffl
<(Aty, + Aty) / / Vg (s)|*dads + 2 / / (Vun(s) = Vug (thth)) - Vi(s)dads (3.8)
t,Ja t,Ja

61



Let t € I, we are going to sum the above estimate over all t; s.t. t; <t.

i<t

S [ [ @l anY = [ (o) ()

=0
¢ thH<t i1
< (At, + Atp)/ / |V§(s)|*dxds + 2 Z / /(Vun(s) — an(t;fl)) -Vg(s)dxds
0 Jo = Ju Ja
<t

+ Z /Q|an(t;+1)|2dx—/Q|Vun(t;+1)|2dx
i=0

i+l o i1

t tp st tp .
< (At, + Atp)/ / |V§(s)|*dxds + 2 Z / /(Vun(s) — Vun(t;fl)) -Vg(s)dxds
0 Jo = Ju  Ja

i<t
P = t;;+1 ‘ '
+2 Z / /(Vun(t;rl) - an(t;;“l)) -Vg(s)dzxds
i—0 b Q
i1,

t
+ Z /|an(t;+1)|2dx—/ |Vun(t;“)|2dm
i=0 /9 @

Next define

i+1 .
<t /t;“
i=0 7

Before introducing the next lemma let f : [0,1] — R s.t. supg<,<; |f(z)] < oo. Define it’s step
function with 2" equi-length partitions as follows

0 =0
f(n)(l‘) - {f(,3_1 x‘ i+1

f(2n)2i7<$§ 27L7OSZS2TL—1

GP(t) = (At, + Aty) /O /Q |V§(s)|*dxds 4 2 /Q (Vun(s) = Vug (t5t1)) - Vi(s)dads

Lemma 18. Let t € I, we have

im lim t un(s) — Vu®? (s)) - Vi(s)duds =
fim tim [ [ (Funs) = Vulp)(9) - Vi(s)dds = 0

P—00 N—+00

Proof. First we see 6,(s) = [, Vun(s) - V(s)dx — (s) for V0 < s < 1 and fot 10n(s) — 6(s)|ds — 0
Vt € I. Then show 6(s) is continuous except for a at most countable subset in [0,1]. Let s € {7 €
[0,1] : moo(T) is continuous}. From previous work, we see {7 € [0,1] : mso(7) is continuous}€ is at
most countable and Ve > 0, 3As > 0 s.t.

|IVun(s1) — Vun(s2)|lr2 < €,Vs1,s2 € (s — As, s + As)
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Let y,z € (s — As, s + As), we see

10(y) = 0(2)] < 16(y) = On ()] + 10n(y) — On(2)] + |0n(2) — 0(2)]

Thus we have shown that 6(s) is continuous except for a countable subset on [0,1]. Let ¢ > 0,

according to lemma 23 we see
/ 0(s) $)lds = 0
as p — co. Then

‘/Ot/QVUn(s).Vg(s)dxds—/ot/ﬂvugp)@),vg(s)dxd8’
S‘/t/Vun(s).Vg(s)dxds—/te(s)ds)—i—‘/ote(s)ds_/otg(p)
—|—‘/ o(r ds—/ /Vu §P)(s )dmds‘
+‘/0 /Szvu;p)(s). dmds—/ /Vu )da:ds‘
We see

’//Vun V(s dxds—/@ ds’—i—)/@(p dS—//Vu )()da:ds’

as n — 0o. And
t t
‘/ /Vu%p)(s)-vg(p)(s)dxds—/ /Vugp)(s)-vg(s)dxds‘
0o Jao 0 Jo
t
< [ 19U 1999) - Vi) ods
0
t
SSUPHVU%”)(S)HN/ IVg®)(s) — V§(s)|| p2ds
s 0

We see sup, ||Vu$1p)(s)HLz < oo and ||[VgP)(s) — V§(s)||2 — 0 for Vs as p — co. Apply D.C.T. to
conclude the lemma. O

Then it’s not hard to see that

lim lim GP(t) =0 Vitely (3.9)

P—00 N—00

Next we show two applications based on above result.
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3.2.2 Application of little o analysis: approximation with finite minimizers

Define the following

th<t

(1) = \/ lun(t})]
i=0

e = Sun(ti)
=0

We see vh(t) is defined on ' (¢).

Lemma 19.

lim lim / SR () (£)dHN T — / P ()N ) = 0
P—00 N—r 00 Fn(t) Fﬁ(t)

Proof. Due to (3.7), we have

i<t
 B([un (Y], A (5 aHN
; (/Sunu};“)r‘rn(t%“) g P
-/ () £
Sun(t;+1)mrn(t;’)
<ant)

Let y > z, we see in general the value of ¢(x,y) — @(x, z) decreases as x increases. So

th<t
> | / o PORE () dH N = / R CAORMCAN
i—0 /Talp™) T (th)
<y
<  @(un (] () AR
i=0 Sunuiﬁl)mrn(t?l) 8 P
-/ Bt 1))
S i1 ﬁFn(tl)
un(tp ) P
<Gy (t)

But we see the L.h.s of above inequality can be simplified to

/ B8,y (6)) IHY T / (2 (1)) aH !
Tn(t) 2 ()

Thus we prove the lemma. O

The result is pretty straight forward once we have (3.9). It shows that we can approximate the
whole history evolution by choosing finitely many minimizers.
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3.2.3 Application of little o analysis: absolute continuity

As we see in Chapter 2, absolute continuity is very important in that it allows us to use advance
tools like covering theorem. But it is very hard to show the result if we take into account the
history. As n — oo, the number of minimizers in the history goes to infinity and it is hard to
predict what the they will behave as a whole. But little method allows us to fix finitely many times
and do analysis on those finitely many chosen times. This gives us a way to prove the absolute
continuity for the evolution problem. First let h(z) : I'(t) — (0,00) and h(z) € LY(T(t); HN1).

Lemma 20. Let t € I, define pin := @([un(t)], 7 (t))HY 1Sy, ) UTR(t). We see there exists a
Radon measure pioo and a subsequence s.t.

Hn = Hoo
Let p := hHN7LT(t). We have pioo < p.

Proof. The way we prove the lemma is very similar to the one we use to prove absolutely continuity
in section Chapter 2. Except here we combine the little o method. Assume it is not true, we can
find a set A C Qs.t. u(A) =0 but p(4A) =0 > 0.

First we see, according to (3.9)

lim lim GE(t) =0

P—00 N—00

where

GP () = (At + AL) /O /Q V(s Pdwds + 2 /0 /Q (Van(s) — VulP)(s)) - Vi(s)dwds

Fix p to be big s.t. lim, o G(n,p) < %(5 and let P be s.t. tf =t.
Since u(A) =0, we have |A| =0 too. Let U be open and A C U C ) s.t.

sup IVg(s)|l e hfff;ip/U [V (t),)|dz < 51”53 VI<i<P (3.10)
, 16
sup ||Vg(s)]Loo/ [Vu(ty)|dr < -— VI<i<P (3.11)
s U 8P
; 16
7 N-1 .
/Uw([U(tp)])d’H <gp VisisP (3.12)

The last inequality comes from the fact that p(A) = 0 implies [, p([u(t))]) = 0 Vi.
Then finely cover A with each ball chosen s.t.

reA
B(z,r)CcU
pn(0B(z,7)) =0 for Vn>0
too(OB(x, 1)) =

According to Besicovitch covering theorem we can find a countable disjoint family of closed balls
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{B(zj,rj)}52, st
poo(A\ | B(wj,75)) = 0 (3.13)
J

Since fioo (0B(z,7)) = 0 we can let all balls be open. Then select a finite N € N s.t.
froo (A\UY, B(zi,7m4)) < $0. We see

=
C=

-
I
_

B(x;,ri)) <€

=
8
=

.
Il
—

Denote B := Ufi 1 B(xi,7;) and consider the following test functions
; u(t! B
un(t),) O\B

Previously we showed that

3 / H(lun(t51)], A (£5)) AN — / (o (5], (1)) AN
7=0 ,

t Lt P )
<(At, + Atp)/o /Q |V§(s)|*dxds + 2 Z / /Q(Vun(s) - an(tgrl)) -Vg(s)dxds
i=0 't

P-1

+Z/ ’an(tffl)de—/ \Vun(tffl)\zdx
/o Q

i+l

' P-1
<(At, + Atp)/o /Q |V§(s)|*dxds 4 2 Z /Q(Vun(s) - Vun(t;"'l)) -Vg(s)dzds
=0

P
i
tP

P—1 i+l P-1
+2)° / ’ / (Vun(t5) = Vo (£57)) - Vi (s)dads + > / Vo, (£5)2da — / [V, (t57) [ dz
i=0 Jtp O i=0 /9 @

i+1

P—-1 t
<Gmp)+2Y / ’ / (Vun (£5Y) — Vo, (£5)) - Vi (s)dards
i—0 Yty 0

P-1
+Z/ ywn(t;‘,“)?dx—/ Vun (t5) 2z
i=0 /€ &
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According to the definition of vy (t}), we have
7,+1
2 Z / [ (Tt~ Tt ) - Vis)azas
Q

/tz+1

<22At sup||Vg HLOO/ |V, ( t”l) Vu(t’“)\dx
=0

/ (Vun(t;H) — Vu(t;+1)) -Vg(s)dzds

<2At,sup [|[V§(s)| re Z [/B\Vun(téﬂ)‘dx—i—/B\Vu(téﬂ)’dm}
5 i=0

Again according to the definition of v, (t})

P-1 P-1
Z/ \vUn(t;,+1>\2dx—/ Vun (52 = Z/ yvu(t;'jl)\?dx—/ Yy (15 [2de
i=0 /¢ @ i=0 /B B
According to lower-semi-continuity we have
/ |Vu(t;+1)\2dac Sliminf/ ]Vun(t;fl)]de
B n—oo B

Combine to estimates from above we can get

Jm S [ty A = [ o) ()
=0

1 2 5
<Z§5+2AE,=6 < 26
-8 + Pg” =8

Again in light of the definition of vn(té) we have

P—-1
[ a9y~ [ (ot ) (e
13:01 | | |
/Q Pl e ! /Q Pl g
1
. /83 O el (A G AU
5
" /B (VY] A (£ D) AN — /B Bt )],y (£))dHN
=0
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It is clear that

2 / LA = [ Bty ey aH 2 0
O\B O\B
And according to Lemma (6)

lim G([on ()], A (t2)dHY ! = lim B0, Y (1)) dHN

n—oo Jg5p n—o JoB
So
lim Z / W]t AN / Hon(tE )] ()Y > 0
n—00 oB
This shows
Jm Z [ a5 — [ ) e <
Then we see
P-1
J R e e (e (A I
1=0 B
P-1
— | Sl (P P N-1 u i N-1
= [ et Lntef N + X | el e
~ [ (e mnan ] = [ o(futehpant
B B
Moreover
1
/ S(lun(t) At = [ Bllule ) )]
=1 B B
P-1
z N-1 ~ % N-—1 U i+1 N-—1
23 /B Dl = [ G0 = [ (e har ]
P-1
H—l N-1
ZZZl /B<p u(t,™)])dH
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Thus we have

/ un tP ’Yn tP dHN 1 Z/ tl+1 d%Nfl
B

P-1
< / R e (s
= B B
It follows
5 1 6
. ~ N—-1 —
Jim Bw([un(t)],%(t))dﬂ <gitgdi=gd

It contradicts to the fact that uoo(Uﬁil B(zi,r;)) > L6.
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Appendix

A. Properties of cohesive energy function ¢

An example of ¢ that fits the description in Chapter 1. Let

1
o(a) = o+ rlog(2)
We see ¢/ (z) = log(2) and ¢"(z) = —1. So ¢/(0) = oo and
¢'(x)z _ log(;)x

= —lasx—0
p(r) o +axlog(d)

Some properties of ¢:

1. Let &, A > 0, we have
e(Ax) < Ap(z) ifa>1
e(Ax) > Ap(z) ifa<1

2. Subadditivity

© (Z xl> < ng(wz) where x; >0 for all
i=1 i=1

3. @ > ¢/(z) for z > 0.
4. Subadditivity of @¢(-,\) for A > 0. i.e.
Px+y,A) <@z, A) + 0y, ) Vo, y=0
moreover

Gz +y, A) < @(x, A) + o(y)

oz +y,\) < p(x) + @y, A)

@(x,h) — @y, h) < (x) — ¢(y)

70



forall h >0 and x > y.

@(a+b,h) — @b, h) < @(a,h) —p(0,h)
foralla>0,b>0and h > 0.

B. Useful lemmas

Lemma 21. Let f € LY(Q, ) where Q is open. Let {A,}5° be a sequence of sets s.t. A, C S for
Vn. If u(A,) — 0, then we have

/ fdz — 0
An

Proof. 1t suffices to show fQ |flxa,dn — 0. Let’s argue by contradiction and assume

limy o0 [o | fIxa,dp # 0. Then we can find a subsequence {4, } and § > 0 s.t. [, | fIxa,, dp>6
for all k& = 1,2,.... First we see [, [xa,, —Oldu = [oxa, du = p(An,) — 0. So xa, — 0
in LY(Q, ). Thus we can extract a subsequence {ny,}2; s.t. XAn, (x) — 0 prae. € Q. It
follows ’f‘XA"ki — 0 p a.e. Then we see |f’XAn,€ <|fl € LY, p) for Vi, and due to D.C.T. we
have [, \f|x,4nki dp — 0, which contradicts to the fact that Jo |flxa,, dp > 6 forall k = 1,2, ...
Therefore the lemma has been shown. O

Lemma 22. Let f € L'(0,1), then

i+l
n
max fdr —0asn— oo
0<i<n i
n

Proof. Assume it’s not true, we can find a subsequence {n;}7° ; and for each k an index i(ny) that
depends on k and § > 0 s.t.

i(ng)+1
, fdx >0V k
i(ng)
'n/k
) ) i(ng)+1
We see ‘(%,%)! = é — 0, and according to lemma (21) we see [,,'f fdz — 0. A
ny
contradiction. O

Lemma 23. Let f € L>®([0,1]) s.t. f is continuous a.e. Let fo(z) := f(L) when &1 <2 < 2
for¥ 1 <1 <n. Then f01|f—fn|dm—>0.
Proof. Let E = {z € [0 1] © f(z) is not continuous}. Let € > 0 and Ug C (0,1) be open s.t.

E C Ug and |Ug| < 4”f”
First we claim 9N € N s. t Vn >N

Sl

if | sup f(x)— inf f(x)| > =, then [%,%]CUE

ilogci —1<o<
n — —n

<
2
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We argue by contradiction, assume the claim is not true, we can find a subsequence {nj}?i1 s.t.
for each nj, we can find an index i(n;) that depends on n; s.t.

sup flz)— inf  f(x)| >
inj)=1 _ ilng) ny)—1 iny)
n; =7= ny nj

V1 i _ V1 i
and [z(nﬂbi ,l(:;)] NUg # 0. Meanwhile we can find @, yn;, 2, € [l(nfli ,Z(:;)] st |f(wn,) —
J(yn,)| > § and z,; € Ug. We see there’s a further subsequence and z € [0, 1] s.t. & = lim; o0 7y, =
limj o0 Yn, = limj 00 2, It follows that f is not continuous at x since |f(wn;) — f(yn,)| > § for
V7, so x € Ug. But since Uj is closed we also deduce x € Ug, a contradiction. Thus the claim has
been shown.

Next we see

Anf—hwx: > [iu—ﬁmm+ > ﬁiv_ﬁMx

[sup f(z)—inf f(z)|<5 " = |sup f(z)—inf f(z)|>5 " =

IN

le €
2 wa
|sup () —inf f(x)|<e
€
_|_

<—
=3 €

€
5=
O

Lemma 24. Let f, : [0,1] — R be a sequence of non-decreasing functions defined on [0,1]. Assume
sup,, .. |fn(z)] < 00, then there’s a subsequence {nj}]?’il and a non-decreasing bounded f defined on
[0,1] s.t.

fr; (@) = f(x) for Va €0,1]

Proof. Let D C [0,1] be dense and countable. Then by compactness in R and diagonal argument
we can extract a subsequence {n;}32; and f defined on D s.t. f;(z) — f(z) for Vo € D. We see
f(x) is non-decreasing and bounded on D, i.e. f(z) < f(y) whenever z,y € D and = < y. Next let
x € [0,1]\D, define

ffe)=__inf fly) [(z)= sup f(y)

y>z,yeD y<z,yeD

We see f~(xz) < f*(x) and define f(z) = M for z € [0,1]\D. We see f(z) is non-
decreasing and bounded on [0, 1]. Then we see f(x) is continuous except on a set E that is at most

countable.
Next let « € [0,1]\E, let € > 0 we can find Az > 0 s.t. |f(y) — f(z)| < € whenever |z —y| < Az.
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Now restrict y,z € D, s.t. x — Ax <y <z < z < x4+ Az. Then we have

[y (@) = f(@2)| <[fn; (@) = fo; O]+ |y () = F(W)] + [ (y) = F ()]
<|fn; (2) = fo; )| + s (9) = FW) + [ (y) = f(=)]
<\fnj(z) FEOI+ 1) = FW+ 1) = Fo; W+ [y (W) = FO+ 1 f(y) = ()]
<O(e)

Thus we see f, () — f(z) for x € [0,1]\E. But since E is at most countable, we can use com-
pactness and diagonal argument to extract a further subsequence s.t. fp; (not relabeled) converges
to f(x) on [0,1]. And it’s not hard to show f is non-decreasing. O

Let Q C R™ be open. Let u be Radon on Q and {f,}5°, C LY (% p) s.t. fa L, 0. Then

Lemma 25. 3 a subsequence {n;}32; s.t.

fB(x,r) fnj d'u

lim lim —2—~———— =
jggorlg(l) w(B(xz, 7)) 0

for p-a.e. x € €.

Proof. First we see 3 a subsequence s.t. f,, — 0 for p-a.e. Let Dy C {2 be the set s.t. f,;, — 0 for
Va € Dg. We see u(Q2\Dy) = 0.
Then for each j, according to Lebesgue-Besicovitch differentiation theorem,

lim fB(x,r) fnﬂd'u’ —f (ZL‘)

r=0 p(B(x,r))
for p —a.e.x € Q. Let D; C Q) be the set s.t. the above is true for € D;. Then consider the set
D :=nj2,D;. We see

. . fB(m r) fnj d
o ey M) =
for all z € D. And p(Q\D) < > 222 u(Q\D;) = 0. Thus the lemma has been proved. O
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Notation

aVbaNbd maximum and minimum of a¢ and b
B(x,r) open ball centered at = with radius r
Q(x,r) open cube centered at x with side r
XE indicator function of set

E closure of set E

oF topological boundary of set E

VeU V' is compactly contained in U

LN Lebesgue measure on RY

HNL N — 1 dimensional Hausdorff measure
A  restricted to the set A

D,u derivative of p with respect to v
nLv 1 is absolutely continuous with respect to v
BV functions of bounded variation

SBV special functions of bounded variation
Su jump set of u

[u] size of the jump on S,

v unit normal to the jump set

Du distributional derivative of u

D%y absolutely continuous part of Du with respect to £V
O*'FE reduced boundary of F

E; {reQ:u>t}

Up, SBY Uy, converges to u in the sense of SBV
L — 1 iy, converges weak™® to
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