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CONFORMALITY IN SUB-RIEMANNIAN MANIFOLDS 3
1. INTRODUCTION

In this paper we establish the equivalence of several notions of conformality in the set-
ting of sub-Riemannian manifolds. In particular, we show that 1-quasiconformal homeo-
morphisms (see below for the definition) are in fact smooth conformal diffeomorphisms,
provided that there exist certain regularity estimates for weak solutions of a class of quasi-
linear degenerate elliptic PDE, i.e., the subelliptic p-Laplacian, see (ZI5]). Moreover, we
also show that such PDE regularity estimates hold in the important special case of sub-
Riemannian contact manifolds, thus fully establishing the Liouville theorem in this setting.
Up to now the connection between regularity of quasiconformal maps and the p-Laplacian,
and the equivalence of different definitions of conformality, were only well understood in
the Euclidean, Riemannian, and Carnot-group settings. The general sub-Riemannian set-
ting presents genuinely new difficulties, e.g., subRiemannian manifolds are not locally bi-
Lipschitz equivalent to their tangent cones, Hausdorff measures are not smooth, there is a
need to construct adequate coordinate charts that are compatible both with the nonlinear
PDE and with the sub-Riemannian structure, and, last but not least, the issue of optimal
regularity for p-harmonic functions is still an open problem in the general subRiemannian
setting.

The motivations for our work stem from outside of the field of subRiemannian geometry:
one of the main applications for Liouville-type theorems, like the one we establish in this
paper, comes from a Mostow-type approach to rigidity questions. Indeed, our main result,
Theorem [[.J9], implies smoothness of 1-quasiconformal boundary extensions of mappings
between strictly pseudoconvex smooth open subsets of C". Following an idea of Cowling,
it seems plausible that this regularity may lead to a new approach to proving Fefferman’s
smooth extension theorem for bi-holomorphisms (see [Fef74]), in the same spirit as Mostow
rigidiy. From a related point of view, our work also adds a new contribution to the study of
quasiconformal transformations between CR manifolds. This line of research was initiated
by Kordnyi and Reimann in 1985 (see [KR85, [KRI0, [Tan96]) to investigate problems such
as the question of which compact strongly pseudoconvex 3-dimensional CR manifolds are
embeddable (see for instance [Lem92] and references therein). For a further sample of
possible applications of our result see the remark after Theorem .

The issue of regularity of 1-quasiconformal homeomorphisms in the Fuclidean case was
first studied in 1850 in Liouville’s work, where the initial regularity of the conformal home-
omorphism was assumed to be C3. In 1958, the regularity assumption was lowered to C!
by Hartman [Har58] and then, in conjunction with the proof of the De Giorgi-Nash-Moser
Regularity Theorem, further decreased to the Sobolev spaces W1, in the work of Gehring
[Geh62] and Resetnjak [RYGRG7]. The role of the De Giorgi-Nash-Moser Theorem in
Gehring’s proof consists in providing adequate C® estimates for solutions of the Euclidean
n-Laplacian, that are later bootstrapped to C* estimates by means of elliptic regularity
theory. It is worthwhile to observe that the quest for the optimal regularity assumption in
this problem is still open (see [IMO0I]).

The regularity of 1-quasiconformal maps in the Riemannian case is considerably more dif-
ficult than the Euclidan case. It was finally settled in 1976 by Ferrand [LE76| [Fer77, [LF79],
in occasion of her work on Lichnerowitz’s conjecture and was modeled after ReSetnjak’s
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original proof. See also related work of Bojarski, Iwaniec, Kopiecki [BIK82]. More recently,
inspired by Taylor’s regularity proof for isometries via harmonic coordinates, Liimatainen
and Salo provided a new proof for the regularity of 1-quasiconformal maps between
Riemannian manifolds. Their argument is based on the notion of n-harmonic coordinates,
on the morphism property for 1-quasiconformal maps, and on the Ch* regularity estimates

for the n-Laplacian on manifolds. The proofs in the present paper are modeled on Taylor’s
approach, as developed in [LS14].

The introduction of conformal and quasiconformal maps in the sub-Riemannian setting
goes back to the proof of Mostow’s Rigidity Theorem [Mos73|, where such maps arise as
boundary limits of quasi-isometries between certain Gromov hyperbolic spaces. Because
the class of spaces that arises as such boundaries in other geometric problems includes sub-
Riemannian manifolds that are not Carnot groups, it becomes relevant to study conformality
and quasiconformality in this more general environment.

In the sub-Riemannian setting the regularity is currently known only in the special case
of 1-quasiconformal maps in Carnot groups, see [Pan89, [KR85|, [Tan96l [CC06, [COTH|. Since
such groups arise as tangent cones of sub-Riemannian manifolds then the regularity of
1-quasiconformal maps in Carnot groups setting is an analogue of the Euclidean case as
studied by Gehring and ReSetnjak. To further describe the present work we begin with the
introduction of the notions of conformal and quasiconformal maps between sub-Riemannian
manifolds (see Section 1] for the relevant definitions).

Definition 1.1 (Conformal map). A smooth diffeomorphism between two sub-Riemannian
manifolds is conformal if its differential maps horizontal vectors into horizontal vectors, and
its restrictions to the horizontal spaces are similaritied].

The notion of quasiconformality can be formulated with minimal regularity assumptions
in arbitrary metric spaces.

Definition 1.2 (Quasiconformal map). A quasiconformal map between two metric spaces
(X,dx) and (Y,dy) is a homeomorphism f : X — Y for which there exists a constant
K > 1 such that for all p € X

. sup{dy (f(p), f(q)) : dx(p,q) <7}
H¢(p) := limsup - < K.
1= IS Sy (F(p). £(@) - dx(p.0) = 7}
We want to clarify what is the correct definition of 1-quasiconformality since in the

literature there are several equivalent definitions of quasiconformality associated to possibly
different bounds for different types of distortion (metric, geometric, or analytic).

In order to state our results we need to recall a few basic notions and introduce some
notation. We consider the following metric quantities

The quantity Ly(p) is sometimes denoted by Lip¢(p) and is called the pointwise Lipschitz
constant. Given an equiregular sub-Riemannian manifold M, we denote by @ its Hausdorff

1A map F': X — Y between metric spaces is called a similarity if there exists a constant A > 0 such that
d(F(z),F(z") = Md(x,2), for all z,2" € X.
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dimension with respect to the Carnot-Carathéodory distance, and we write Vg for the
horizontal gradient, see Section [2.1] for these definitions. We denote by volys the Popp
measure on M and denote by J?Opp the Jacobian of a map f between equiregular sub-
Riemannian manifolds when these manifolds are equipped with their Popp measures (see
Section B.4]). By WéQ(M ) we indicate the space of functions u € L?(volys) such that
|Vau| € L9(volys). We use the standard notation Capg and Modg for capacity and
modulus (see Section [3.7]). We also consider the nonlinear pairing

Io(u, ¢;U) ::/U\VHU\Q_2(VHu,VH¢>dv01M,

with u,¢ € Wﬁ’Q(U) and U C M an open subset. For short, we write Ig(u,¢) for
Ig(u, ¢; M) and denote by Eg(u) = Ig(u, u; M) the Q-energy of u. The functional Ig(u, -)
defines the weak form of the )-Laplacian when acting on the appropriate function space,
see Section 2.4l Given a quasiconformal homeomorphism f between two equiregular sub-
Riemannian manifolds, we denote by N, (f) the Margulis-Mostow differential of f and by
(d f)p its horizontal differential (see Section B.2)).

Theorem 1.3. Let f be a quasiconformal map between two equireqular sub-Riemannian
manifolds of Hausdorff dimension Q. The following are equivalent:

(1.4) H¢(p) =1 for a.e. p;
sup{d(f(p), f(q)) : d(p,q) = r}

1.5 H7 (p) ;== limsup - =1 for a.e. p;
= P = RS S £ o). £(0) s dpg) =)
(1.6) (du f)p is a similarity for a.e. p;
(1.7) Ny (f) is a similarity for a.e. p;

3 . o dU(), fle) .
(1.8) li(p) = Ls(p) for a.e. p, i.e., the limit ‘}%W exists for a.e. p;
(1.9) Un,p)(e) = L p)(e) for a.e. p;
(1.10) () = Ly(p)€ for ac. p;
(1.11) The Q-modulus (w.r.t. Popp measure) is preserved:

Modg(T") = Modg(f(I)), VT family of curves in M;

(1.12) The operators Ig (w.r.t. Popp measure) are preserved:

I, ; V) =Igwof,do f; f7H(V)), YV CN open,Yu,é € WYAV).

Definition 1.13 (1-quasiconformal map). We say that a quasiconformal map between
two equiregular sub-Riemannian manifolds is 1-quasiconformal if any of the conditions in
Theorem [I.3] holds.

The equivalence of the definitions in Theorem [[.3] have as consequences some invariance
properties that are crucial in the proofs of this paper.
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Corollary 1.14. Let f be a 1-quasiconformal map between equiregular sub-Riemannian
manifolds of Hausdorff dimension Q. Then

(i) the Q-energy (w.r.t. Popp measure) is preserved:
(1.15) Eq(v) =Eq(uo f),  VveWyON);
(ii) the Q-capacity (w.r.t. Popp measure) is preserved:
(1.16) Capg(E, F) = Capg(f(E), f(F)), VE,F C M compact.

The proofs of Theorem [[3]and Corollary [LT4] are given in Section Bl A detailed guide to
such proofs in contained at the beginning of that section.

While the Hausdorff measure may seem to be the natural volume measure to use in this
context, there is a subtle and important reason for choosing the Popp measure rather than
the Hausdorff measure. Indeed, the latter may not be smooth, even in equiregular sub-
Riemannian manifolds, see [ABB12]. However, we show that for 1-quasiconformal maps the
corresponding Jacobians coincide. The following statement is a consequence of Theorem [[.3]
and Proposition [3.37]

Corollary 1.17. Let f be a 1-quasiconformal map between equiregular sub-Riemannian
manifolds of Hausdorff dimension Q. Then for almost every p

()9 =TLy(p)? =I5 (p) = TF*%(p).

Moreover, the inverse map f~1 is 1-quasiconformal.

Since the Popp measure is smooth, the associated )-Laplacian operator L¢g will involve
smooth coefficients and consequently it is plausible to conjecture the existence of a regularity
theory of -harmonic functions (see Section [2.4] for the definitions). In fact such a theory
exists in the important subclass of contact manifolds (see Section [6.2]). The following result
is the morphism property for 1-quasiconformal maps, and it is proved in Section 3.8 The
@-Laplacian operator Lq is defined in (2.15)).

Corollary 1.18 (Morphism property). Let f : M — N be a 1-quasiconformal map between
equiregular sub-Riemannian manifolds of Hausdorff dimension @ equipped with their Popp
measures. The following hold:

(i) The Q-Laplacian is preserved:
If v e Wé’Q(N), then Lg(vo f)o f* = Lgu, where f* denotes the pull-back
operator on functions.
(ii) The Q-harmonicity is preserved:
If v is a Q-harmonic function on N, then vo f is a Q-harmonic function on M.

One of the main results of this paper is the following Liouville-type theorem. Its proof is
the content of Section [Gl

Theorem 1.19. Every 1-quasiconformal map between sub-Riemannian contact manifolds
18 conformal.
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For some related results in the setting of CR 3-manifolds see [Tan96]. As a sample ap-
plication of Theorem we recall the following two examples of contact sub-Riemannian
manifolds. Consider the roto-translation group (i.e., the isometry group of the Euclidean
plane) and the Heisenberg group, both equipped with their standard sub-Riemannian struc-
tures. They are locally quasiconformal (in fact they admit a global map that is locally
bi-Lipschitz, with an explicit correspondence that can be found in [FKL14]). Theorem [[.T9]
shows that such local equivalence cannot be extended to 1-quasiconformality. In fact, if this
was the case, then the two spaces would be locally conformal, but they are not, in view of
a recent result of Boarotto [Boal6].

Theorem [T follows from a more general theorem. In fact, it continues to hold in the class
of sub-Riemannian manifolds that support a regularity theory for @-harmonic functions.
This class includes every sub-Riemannian manifold that is locally contactomorphic to a
Carnot group of step 2 or, equivalently, every Carnot group of step 2 with a sub-Riemannian
metric that is not necessarily left-invariant. We remark that there are examples of step-2
sub-Riemannian manifolds that are not contactomorphic to any Carnot group, see [LOW14].
In order to describe in detail the more general result we introduce the following definition.

Definition 1.20. Consider an equiregular sub-Riemannian manifold M of Hausdorff di-
mension ), with horizontal bundle of dimension r, endowed with a smooth volume form.
We say that M supports reqularity for QQ-harmonic functions if the following two properties
hold:

(1) For every g = (¢',...,¢g") € C®(M,R"), U CcC M and for every ¢ > 0, there exist
constants o € (0,1),C > 0 such that for each weak solution u of the equation
Lou = X}g" on M with ||U||W1,Q(U) < £, one has

H

[ull gy < C-

(2) For every g = (g',...,g") € C®*(M,R"), U CcC M and for every ¢,/ > 0, there exists
a constant C' > 0 such that for each weak solution u of the equation Lou = X/ ¢’
on M with ||U||W1,Q(U) < land % < |[Vyu| < ¢ on U, one has

H

||u||WI§’2(U) <C.

In a similar fashion one can reformulate the definition to the case of p—harmonic functions.

In view of the work of Uraltseva [Ura6§| (but see also[UhI77) DiB83]) every Rie-
mannian manifold supports regularity for @Q-harmonic functions. Things are less clear in
the sub-Riemannian setting. The Holder regularity of weak solutions of quasilinear PDE
i1 XjA(z, Vyu) = 0, modeled on the subelliptic p-Laplacian, for 1 < p < oo, and for
their parabolic counterpart, is well known, see [ACCN14]. However, in this gen-
erality the higher regularity of solutions is still an open problem. The only results in the
literature are for the case of left-invariant sub-Riemannian structures on step two Carnot
groups. Under these assumptions one has that solutions in the range p > 2 have Holder regu-
lar horizontal gradient. This is a formidable achievement in itself, building on contributions
by several authors MMO7, Ric15l,
with the final result being established eventually by Zhong in [Zhol0]. Beyond the Heisen-
berg group one has some promising results due to Domokos and Manfredi [Dom08|, [DM10b),
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in the range of p near 2. In this paper we build on these previous contributions,
particularly on Zhong’s work [Zhol0Q] to include the dependence on z and prove that con-
tact sub-Riemannian manifolds support regularity for @-harmonic functions (see Theorem
[6I5]). Note that very recently Zhong and Mukherjee have announced the extension of the
regularity result to the range 1 < p < 2, while Garofalo, Markasheva and the first two
named authors [CCGMI6] have extended Zhong’s theorem to the parabolic case. The nov-
elty of our approach is that we use a Riemannian approximation scheme to regularize the
@Q-Laplacian operator, thus allowing to approximate its solutions with smooth functions. In
carrying out this approximation the main difficulty is to show that the regularity estimates
do not blow up as the approximating parameter approaches the critical case. Our main
result in this context, proved in Section [0, is the following.

Theorem 1.21. Sub-Riemannian contact manifolds support regularity for p-harmonic func-
tions for every p > 2.

The regularity hypotheses in Definition .20l have two important consequences. First, it al-
lows us to construct horizontal -harmonic coordinates. Second, together with the existence
of such coordinates, it eventually leads to an initial C1® regularity for 1-quasiconformal
maps (see Theorem (ii)). When this basic regularity is present, one can use classical
PDE arguments to derive smoothness without the additional hypothesis of Definition
(see Theorem (i)).

Theorem 1.22. Let f : M — N be a 1-quasiconformal map between equireqular sub-
Riemannian manifolds of Hausdorff dimension QQ, endowed with smooth volume forms.

(i) If f is bi-Lipschitz and in C’Il{’ﬁ‘OC(M, N)N Wfl’foc(M, N), then f is conformal .
(ii) If M and N support reqularity for Q-harmonic functions (in the sense of Defini-
tion[20), then f is bi-Lipschitz and in 11{’7?oc(M= N)OVVI%’2 (M, N), and hence conformal.

Jloc

The function spaces in Theorem [[.22] are defined componentwise, see Section Bl Theo-
rem [[.22] (i) is proved in Section [5.I1 Theorem [[.22] (ii) is proved in Section

The above theorem provides the following result.

Corollary 1.23. Let f be a homeomorphism between two equireqgular sub-Riemannian man-
ifolds each supporting the reqularity estimates in Definition [L20. The map [ is conformal
if and only if it is 1-quasiconformal.

Remark 1.24. Note that in view of the regularity theory in the work of Uraltseva [Ura68], we
recover Ferrand’s theorem (and the Liimatainen-Salo argument): every l-quasiconformal
map between Riemannian manifolds is conformal.

The proof of the first part of Theorem rests on the morphism property for 1-
quasiconformal maps (see Theorem [[LI8]) and on Schauder’s estimates, as developed by
Rothschild and Stein [RS76] and Xu [Xu92]. The second part is one of the main contribu-
tions of this paper and is based on the construction of ad-hoc systems of coordinates, the
horizontal QQ-harmonic coordinates, that play an analogue role to that of the n-harmonic
coordinates in the work of Liimatainen—Salo |[LS14]. However, in contrast to the Riemann-
ian setting, only a subset of the coordinate systems (the horizontal components) can be
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constructed so that they are @-harmonic, but not the remaining ones. This yields a po-
tential obstacle, as (Q-harmonicity is the key to the smoothness of the map. We remedy
to this potential drawback by producing an argument showing that if an ACC map has
suitably regular horizontal components then such regularity is transferred to all the other
components (see Proposition [I4]). This method was introduced in [CCO6] in the special
setting of Carnot groups, where ()-harmonic horizontal coordinates arise naturally as the
exponential coordinates associated to the first layer of the stratification.

Looking ahead, it seems plausible to conjecture that the Liouville theorem holds in any
equiregular sub-Riemannian manifold. Our work shows in fact that this is implied by
the regularity theory for p—Laplacians and the latter is widely expected to hold for general
systems of Hormander vector fields. However the latter remains a challenging open problem.

We conclude this introduction with a comparison between our work and the Carnot
group case as studied in [CCO6]. In the latter setting one has that all the canonical ex-
ponential horizontal coordinates happen to be also smooth @-harmonic (in fact they are
also harmonic). Moreover, a simple argument based on the existence of dilations and the
1-quasiconformal invariance of the conformal capacity (see [Pan89]) yields the bi-Lipschitz
regularity for 1-quasiconformal maps immediately, without having to invoke any PDE re-
sult. As a consequence the Liouville theorem in the Carnot group case can be proved relying
on a much weaker reqularity theory than the one above, i.e., one has just to use the C'H®
estimates for the QQ-Laplacian in the simpler case where the gradient is bounded away from
zero and from infinity. This result goes back to the earlier work of the first-named author
[Cap99] in the Carnot group setting. In our more general, non-group setting, there are no
canonical -harmonic coordinates, and so one has to invoke the PDE regularity to construct
them. Similarly, the lack of dilations makes it necessary to rely on the PDE regularity also
to show bi-Lipschitz regularity.

Acknowledgements. We are grateful to Xiao Zhong for many useful conversations.

2. PRELIMINARIES

2.1. Sub-Riemannian geometry. A sub-Riemannian manifold is a connected, smooth
manifold M endowed with a subbundle HM of the tangent bundle 7'M that bracket gener-
ates TM and a smooth section of positive-definite quadratic forms g on HM, see [Mon02].
The form g is locally completely determined by any orthonormal frame X, ..., X, of HM.
The bundle HM is called horizontal distribution. The section g is called sub-Riemannian
metric.

Analogously to the Riemannian setting, one can endow a sub-Riemannian manifold M
with a metric space structure by defining the Carnot-Carathéodory distance: For any pair
z,y € M set

d(z,y) = inf{d > 0 such that there exists a curve v € C°°([0, 1]; M) with endpoints z,y
such that 4 € H,M and |y|, < 0}.
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Consider a sub-Riemannian manifold M with horizontal distribution HM and denote by
I'(HM) the smooth sections of HM, i.e., the vector fields tangent to HM. For all k € N,
consider

HFM = U span{[Yl, [Yé, [ - [le—lvyi]“]q S k7Y} € F(HM)7] =1,... 7l}
qeEM

The bracket generating condition (also called Hormander’s finite rank hypothesis) is ex-
pressed by the existence of s € N such that HM = T'M.

Definition 2.1. A sub-Riemannian manifold M with horizontal distribution H M is equireg-
ular if, for all k € N, each set H*M defines a subbundle of T'M.

Consider the metric space (M, d) where M with horizontal distribution A is an equiregular
sub-Riemannian manifold and d is the corresponding Carnot-Carathéodory distance. As a
consequence of Chow-Rashevsky Theorem such a distance is always finite and induces on
M the original topology. As a result of Mitchell [Mit85], the Hausdorff dimension of (M, d)
coincides with the Hausdorff dimension of its tangents spaces.

Let X1,..., X, be an orthonormal frame of the horizontal distribution of a sub-Riemannian
manifold M. We define the horizontal gradient of a function v : M — R with respect to
Xi1,..., X, as

(2.2) Vau := (Xlu)Xl + ...+ (Xu)X,.

Remark 2.3. Let X1,..., X/ be another frame of the same distribution. Let B be the matrix
such that

Xi(p) =Y Bj()Xi(p).
i=1
Then the horizontal gradient Viyu of u with respect to X1,..., X/ is
Viu(p) =Y (Xju(p))X;(p)

=53 Bip)Xi(p)u) 3" BE(») X1 (p)
J i k

=333 Bi(p)BL(p)" Xiu(p) Xi(p)
7 i k

= (B(p)B(p)")i. Xiu(p) Xk(p)-

Remark 2.4. If Xq,..., X, and X{,..., X/ are two frames that are orthonormal with respect
to a sub-Riemannian structure on the distribution, then Viyu = Vyu. Indeed, in this case
the matrix B(p) would be in O(r) for every p.

2.2. PDE preliminaries. In this section we collect some of the PDE results that will be
used later in the paper. Let Xq,..., X, be an orthonormal frame of the horizontal bundle
of a sub-Riemannian manifold M. For each ¢+ = 1,...,r denote by X the adjoint of X;
with respect to a smooth volume form vol, i.e.,

/uXiQdeol:/ X updvol,
M M
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for every compactly supported ¢ for which the integral is finite. In any system of coordinates,
the smooth volume form can be expressed in terms of the Lebesgue measure £ through a
smooth density w, i.e., dvol = wd L. If in local coordinates we write X; = >"7'_; b}.0k, then
one has

(2.5) Xiu=—w (Xi(wu)) — udybl.
Next we define some of the function spaces that will be used in the paper.

Definition 2.6. Let X1,..., X, be an orthonormal frame of the horizontal bundle of a sub-
Riemannian manifold M and consider an open subset Q C M. For any k € N, and o € (0, 1)

we define the CI]fI’O‘ norm
ik [ X u(p) — X u(q)[?

[l k. ) = sUDI X uf?) +  sup
Cy™ () Ig—l p,q€Q and p#q d(p7 q)2a ’

where, for each m = 0,...,k and each m-tuple I = (i1,... i) € {1,...,r}"™, we have
denoted by X! the m-order operator X;, --- X;, and we set |I| = m. We write

Cﬁ’a(Q) = {u :Q — R: X'uis continuous in Q for |[I| <k and HuHCﬁ,a(Q) < oo} .

a

A function v is in CH,IOC

(€), if for any K CC © one has HuHCk,Q(K) < 0.
H

Definition 2.7. Let Xq,..., X, be an orthonormal frame of the horizontal bundle of a sub-
Riemannian manifold M and consider an open subset 2 C M. For k € N and for any
multi-index I = (i1,...,ix) € {1,...,7}* we define |I| = k and XTu = X;,..X; u. For
p € [1,00) we define the horizontal Sobolev space Wg’p(Q) to be the space of all u € LP(Q)
whose distributional derivatives X u are also in LP(f2) for all multi-indexes |I| < k. This
space can also be defined as the closure of the space of C*°(Q2) functions with respect to
the norm

k
(2.8) [l =l ) + /Q [121( XTupPP/2 dvol,
see [GNOS], [FSS96] and references therein. A function u € LP() is in the local Sobolev
space WfIfOC(Q) if, for any ¢ € C2°(2), one has u¢ € Wfl’p(Q).

2.3. Schauder estimates. Here we discuss Schauder estimates for second order, non-
divergence form subelliptic linear operators. Given an orthonormal frame X, ..., X, of the
horizontal bundle of M, one defines the subLaplacian on M of a function u as

T
(2.9) Lou := ZX;XZ-U.

i=1
One can check that such an operator does not depend on the choice of the orthonormal
frame, but only on the sub-Riemannian structure of M and the choice of the volume form.

Let © be an open set of M. A function v : £ — R is called 2-harmonic (or, more

simply, harmonic) if Lou = 0 in €, in the sense of distribution. Hérmander’s celebrated
Hypoellipticity Theorem [Hor67] implies that harmonic functions are smooth.
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A well known result of Rothschild and Stein [RS76], yields Schauder estimates for sub-
Laplacians, that is if Lou € C{(Q2), then for any K CC €, there exists a constant C
depending on K, and the sub-Riemannian structure such that

HUHCQQ(K) < C|[Laullca(o)-
In particular we shall use that
(2.10) lelleogs, < CllE2ullcg .-

The Schauder estimates have been extended to subelliptic operators with low regularity by
a number of authors. For our purposes we will consider operators of the form

T

Lo@yu(z) :== Z a;j(x) X; Xju(x),

i,j=1
where a;; is a symmetric matrix such that for some constants A\, A > 0 one has

(2.11) AP < agj(2)&8; < AJ¢P

for every x € M and for all £ € R". We recall a version of the classical Schauder estimates

as established in [Xu92]

Proposition 2.12. Let u € C’ﬁﬁ‘oc(M) for some a € (0,1). Let a;; € C’I]fl’ff‘oc(M). If Lyu €

C’ﬁ:‘f‘oc(M), then u € C’ﬁﬁf(M) and for every U CC M there exists a positive constant
C=0CU,a,k,X) such that

lullcrs2awy < CllLullora -

In a similar spirit, the Schauder estimates hold for any operator of the form Lu =
i =1 ai5(2) X! Xju where X} denotes the adjoint of X; with respect to some fixed smooth
volume form.

Next, following an argument originally introduced by Agmon, Douglis and Nirenberg
Theorem A.5.1] in the Euclidean setting, we show that one can lift the burden of
the a-priori regularity hypothesis from the Schauder estimates.

Lemma 2.13. Let a € (0,1) and assume that u € Wé%OC(M) is a function that satisfies for
a.e. x € M

T
LA(x)u(x) = Z CLZ](QZ‘)XZXJU(QS‘) € CI(-XIJOC(M)‘
i,j=1
If aij € Cff 1oe(M), then u is in fact a Cé’ff‘oc(M) function.
Proof. The strategy in consists in setting up a bootstrap argument through which
the integrability of the weak second order derivatives X; X;u of the solution increases until,
in a finite number of steps, one achieves that they are continuous. At this point ones invokes
a standard extension of a classical result of Hopf [Hop32| or page 723] (for a proof
in the subelliptic setting see for instance Bramanti et al., [BBLUIL0L Theorem 14.4]) which

yields the last step in regularity, i.e., if X; X;u are continuous then u € C’ﬁﬁ‘oc.
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For a fixed pg € M consider the frozen coefficients operator

s

Lagoyw =) aij(po) Xi Xjw.
ij=1

For sake of simplicity we will write Ly, Ly, for L), La(p,)- Denote by Ty (p,q) the fun-

damental solution of L,,. For fixed r > 0, consider a smooth function n € C§°(B(po, 2r))
such that n = 1 in B(pg,r). For any p € M and any smooth function w one has

1)) = [ Ty (,0) Ly (1) (a) d vola).

Differentiating the latter along two horizontal vector fields X;, X; 4,5 = 1,...,r one obtains
that for any p € B(pg, )

Xipu(p) = / {Ximrpo (p, @) Lg(un) + Xi pL'po (P @) (Lo — Lq)UU(Q)} dvol(q),
and
XipXjpu(p) = / {Xi,PvapPpo (, @) Lq(un)+X; p X pLpo (P Q)(Lpo—Lq)un(q)} dvol(q)+C(po) Ly(un),

where X;,, denotes differentiation in the variable p and C' is a Holder continuous function
arising from the principal value of the integral.

Setting p = py one obtains the identity
(2.14)

XipXjpu(p) = / {Xi,pXj,pr(Py @) Lq(un)+Xi pX;pL'p(p, Q)(Lp_Lq)w?(Q)} dvol(q)+C(po)Ly(un),

where the differentiation in the first term in the integrand is intended in the first set of
the argument variables only. The next task is to show that identity (2I4]) holds also for
functions in W§’2, in the sense that the difference between the two sides has L? norm zero.
To see this we consider a sequence of smooth approximations w,, — u € W§’2 in Wé’2 norm.
To guarantee convergence we observe that in view of the work in [RS76] and [NSWS5],
the expression X;,X;,I'y(p,q) is a Calderon-Zygmund kernel. To prove our claim it is
then sufficient to invoke the boundedness between Lebesgue spaces of Calderon-Zygmund
operators in the setting of homogenous spaces (see [CWT1]), and [DH95]).

Our next goal is to show an improvement in the integrability of the second derivatives of
the solution u € Wé’z. We write

Xi,pXj,pu(p) =h+L+I13+1

where
1) = [ XipXiuTolp.0)n(a) Lyula) d vollq) + C(p)Lyu(p)
I(p) = /Xi,pvapr(Py q) ZT: aij(q)Xin(q) X;u(q) + u(q) ZT: aij(q)XiX;n(q) dvol(q),
i,j=1 tj=1

T

1) = [ XapXiaTplpra) 3 (a5 (p) — a5 (0) X X; ) dvol g).
i,j=1
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Since Lu € C'* and in view of the continuity of singular integral operators in Hoélder spaces
(see Rothschild and Stein [RS76]) then I; € C* and we can disregard this term in our
argument.

Next we turn our attention to I and I3. Since v € W22 then Sobolev embedding theorem
2Q

[HKO00] yields Vyu € L2772 and as a consequence of the continuity of Calderon-Zygmund

l
. oc &
operators in homogenous spaces one has [, € L@-2.

In view of the estimates on the fundamental solution for sublaplacians by Nagel, Stein
and Wainger [NSW85], one has that

|1 Xi X1, (p, q)| sup |ai; (p) — aij(q)] < C(K)d(p,q)* %,
27]

for every g € K CC M. One can then bound I3 with fractional integral operators

L)) 1= [ dp.a)* @(q)duollq).

In the context of homogenous spaces (see for instance [CWTI]), these operators are bounded

between the Lebesgue spaces L? — L7 with % — % = %, whenever 1 < § < % When
. . B—

1+ % > 6> % one has that Z, maps continuously L? into the Holder space Cy

o1

Q

In view of such continuity we infer that I3 € L?* with & > K= Q%a > 1.

In conclusion, so far we have showed that if u € Wé’%OC(M ) is a solution of Lyu(p) € Cf

229
then one has the integrability gain v € Wy 10%720‘ (M). Tterating this process for a finite

number of steps, in the manner described in page 721-722], one can increase
the integrability exponent until it is larger than a/@Q and at that point the fractional
integral operators maps into a Holder space and one finally has that X; X;u are continuous.
As described above, to complete the proof one now invokes Bramanti et al.,
Theorem 14.4].

0

2.4. Subelliptic @-Laplacian and C* estimates for non-degeneracy. Denote by Q
the Hausdorff dimension of M. For u € Wé%C(M ), define the Q-Laplacian Lgou by means
of the following identity

(2.15) / Lou ¢ dvol = / |VHu|Q_2<VHu, Vuo) dvol, for any ¢ € Wﬁg()
M M ’

Ifue W§’2 (M) N Wé’Q (M) one can then write almost everywhere in M

JJoc Jloc
(2.16) Lou = X7 (|Vau|2 ™2 X;u).

Definition 2.17 (Q-harmonic function). Let M be an equiregular sub-Riemannian manifold
of Hausdorff dimension ). Fixed a measure vol on M, a function u € WPIH%C(M ) is called
Q-harmonic if

/M Viu/@2(Viu, Vig)dvol =0, Vo € WES(M).
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Proposition 2.18. Let M be an equireqular sub-Riemannian manifold endowed with a smooth

volume form vol. Let u € Wé%C(M) be a weak solution of Lou = h in M, with h €

Cf 10c(M) and |Vyu| not vanishing in M. If u € C’Il{’?OC(M) N Wé’fOC(M), then u €
2’7a k) k)

CH,IOC(M)‘

Proof. In coordinates, let w € C*° such that d vol = wdL, where L is the Lebesgue measure.
Since u € Wé’%OC(M ), then, a.e. in M, the Q-Laplacian can be expressed in non-divergence
form

(2.19) (Lou)(x) = ajj(z, Vau) X; Xu + g(z, Viu) = h(z),
where
aij(w,€) = —[¢]974 (0 + (Q — 2))&¢;
and
g(x,8) = —w(@) " Xiw () [¢|972E + bl (2)[¢]° 2

Set a;j(x) = ayj(z, Viu). Since u € CH Joc (M), we have

aij(-) and g(-, Vuu) € Cf jo.(M).

In view of the non-vanishing of Vyu, one can invoke Lemma 2.T3] to obtain u € CH Toc

(M).
O

3. DEFINITIONS OF 1-QUASICONFORMAL MAPS

In this whole section we prove Theorem and the corollaries thereafter. In particular,
we show the equivalence of the definitions (4] - (I.12) of 1-quasiconformal maps, and show
how (I3 and (II6]) are consequences. To help the reader, we provide the following road
map. The nodes of the graph indicate the definitions in Theorem [[.3] the tags on the arrows
are the labels of Propositions, Corollaries and Remarks in the present section.

2FnEn.
| jom

) 22~

%)

I ===
3.2 £33
= ) ==

) 2 (C.14)
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3.1. Ultratangents of 1-quasiconformal maps. We refer the reader who is not familiar
with the notions of nonprincipal ultrafilters and ultralimits to Chapter 9 of Kapovich’s book
[Kap09]. Roughly speaking, taking ultralimits with respect to a nonprincipal ultrafilter is a
consistent way of using the axiom of choice to select an accumulation point of any bounded
sequence of real numbers. Let w be a nonprincipal ultrafilter. Given a sequence X, of
metric spaces with base points x; € X, we shall consider the based ultralimit metric space

(Koo t) = (X xj)p 1= Jimn (X, 45).
We recall briefly the construction. Let
Xy = {(pj)jen : pj € Xj,sup{d(p;, ;) : j € N} < 00}
For all (p;);, (q;); € X}, set
dus((p)5 (47);) = Jimn d;(pj. 45),

where lim;_,., denotes the w-limit of a sequence indexed by j. Then X, is the metric space
obtained by taking the quotient of (X}', d,,) by the semidistance d,,. We denote by [p;] the
equivalence class of (p;);. The base point *,, in X, is [x;].

Suppose fj : X; — Y; are maps between metric spaces, x; € X; are base points, and we
have the property that (f;(p;)); € Vi, for all (p;); € X}'. Then the ultrafilter w assigns a
limit map fi, := lim; ., f5 : (Xj, %) = (Y5, f5(x5))w as fu(lps]) == [f;(p))]-

Let X be a metric space with distance dx. We fix a nonprincipal ultrafilter w, a base

point » € X, and a sequence of positive numbers \; — oo as j — oo. We define the
ultratangent at * of X as

T, (X, %) = }i_I)I})(X, Ajdx,*).

Moreover, given f : (X,dx) — (Y,dy), we call the ultratangent map of f at x the limit,
whenever it exists, of the maps f : (X, \;jdx,x) = (Y, \jdy, f(x)), denoted T, (f,*).

Lemma 3.1. Let X and Y be geodesic metric spaces and let f : X =Y be a quasiconformal
map satisfying Hy(x) = 1 at some point x € X. Fiz a nonprincipal ultrafilter w and dilations
factors \j — oo. If the ultratangent map f, = T,,(f,*) exists, then for p,q € T,(X, %)

d(*wap) = d(*wa) = d(fw(*w)vfw(p)) = d(fw(*w)vfw(Q))'
Proof. Take p = [pj],q = [g;] € T.,(X, %) with d(%,,p) = d(*w,q) =: R. Namely,

Jim Ajd(x,p;) = lim Ajd(, q;) = R.

Set r;j := min{d(x, p;),d(x, ¢;)}. Fix j and suppose r; = d(*,p;) so r; < d(*,q;). Since Y’
is geodesic, there exists q;» € X along a geodesic between * and ¢; with

d(x,q;) =r; and d(gj,q;) = d(*,q;) — 7.
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We claim that [q;] = [g;]. Indeed,
Ll lal) = T \did)s0)
= lim A;(d(x, q5) —75)
= lim Nyd(x,q;) = Ayd(x.py)
= R-R=0.

Reasoning similarly with p;’s, we may conclude that p = [p}] and ¢ = [¢}] with d(x,p;) =
d(*,q;) = r;. Hence, by definition of f, we have f,(p) = fu([P}]) = [f;(P})] and fu,(q) =
fu(lgj]) = [£5(q})]. We then calculate

do(fuo(xw), fu(p) _ 1imjow Ajd(f (%), £ (0)))
do(fuo(xo) (@) T Ajd(f (%), £(g)))
Ty d(f (%), £ (P)))
 limy, d(f (%), £(d)))
o S, f(a)  dixa) < 73}
= jow inf{d(f (%), f(b)) : d(*,b) > 1;}
= 1.
Arguing along the same lines one obtains d,,(fu,(*w), fu(q)) < dw(fu(*w), fu(p)) and hence
the statement of the lemma follows. O

3.2. Tangents of quasiconformal maps in sub-Riemannian geometry. We recall
now some known results due to Mitchell [Mit85] and Margulis, Mostow [MM95], which
are needed to show that every l-quasiconformal map induces at almost every point a 1-
quasiconformal isomorphism of the relative ultratangents. For the sake of our argument,
we rephrase their results using the convenient language of ultrafilters.

Let M be an equiregular sub-Riemannian manifold. From [Mit85], for every p € M the
ultratangent T,,(M, p) is isometric to a Carnot group, denoted N, (M), also called nilpotent
approximation of M at p. Each horizontal vector of M at p has a natural identification with
an horizontal vector of NV,,(M) at the identity. Such identification is an isometry between the
horizontal space H,M and the horizontal space of N, (M) at the identity, both equipped
with the scalar products given by respective sub-Riemannian structures. Next, consider
f: M — N a quasiconformal map between equiregular sub-Riemannian manifolds M and
N. By the work of Margulis and Mostow [MMO95], there exists at almost every p € M the
ultratangent map T,,(f,p) that is a group isomorphism

Np(f) : NP(M) — Nf(p)(N)

that commutes with the group dilations, and it is independent on the ultrafilter w and the
sequence \;. Part of Margulis and Mostow’s result is that the map f is almost everywhere
differenziable along horizontal vectors. Hence, for almost every p € M and for all horizontal
vectors v at p, we can consider the push-forwarded vector, which we denote by (du f),(v).
We call the map

(dH f)p : HpM — Hf(p)N
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the horizontal differential of f at p.

Remark 3.2. With the above identification, we have
(3.3) (du fp(v) = Np(f)wv, Vv € H,M,

so (dm f)p is a restriction of N,(f)«. Vice versa, (du f), completely determines N,(f),
since N, (f) is a homomorphism and H,M generates the Lie algebra of N,(M). In partic-
ular, (dg f), is a similarity if and only if A,(f) is a similarity with same factor. Hence,
Conditions (7)) and (L6) are equivalent.

Next we introduce some expressions that can be used to quantify the distortion.

L;(p) == liminf sup{dn (f(p), f(q)) : dm(p,q) <7}

r—0

L¢(p) = limsup P . -

r—0 r
Z?(p) = llnrljg)lp Sup{dN(f(p)7 f(qT) . dM(p7 q) — 7,}7

£7(p) = liminf sup{dn (f(p), (a)) : du(p,@) =}

r—0 r

NGO = max{d(e, Np(£)(¥) = dngan) (e ) < 1}
= max{d(e. Np(HW)) : dy, ane.y) = 1.

Remark 3.4. There exists a horizontal vector at p such that || X|| =1 and || £, X|| = [|Np(f)]]
which in other words means that X is in the first layer of the Carnot group N,(M),

Ay, any(esexp(X)) = 1, and dyy,, o) (e Ny (F) exp(X))) = [ING(F)]l

The following holds.

Lemma 3.5. Let M and N be (equiregqular) sub-Riemannian manifolds and let f: M — N
be a quasiconformal map. Let p be a point of differentiability for f. We have

L(p) = [INo(F)l = L, (p)(e) = Ly(p) = Ly(p) = Ly (p) = L5 (p).

Proof. Proof of L¢(p) < ||[Np(f)||. Let pj € M such that p; — p and

. d(f(p), f(py))
Ly(p) = Jim d(p,pj)j '
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Let Aj := 1/d(p,p;), so A\j = oo. We fix now any nonprincipal ultrafilter w and consider
ultratangents with respect to dilations A;. Hence,

Ly(p) = lim A;d(f(p), f(p;))

= dy([f )], [f(p)])

= dy(Npf([p); Np £ ([p5]))
< ”pr” dw([p]7 [pj])

= HprH]li_ISJ Ajd(p,p;)
= ”pr” :

Proof of L¢(p) > |Np(f)|. Take y € Np(M) with d(e,y) = 1 that realizes the maximum
in [N,(f)|l. Choose a sequence ¢q; € M such that [g;] represents the point y. Let A\; — oo
be the dilations factors for which we calculate the ultratangent. Since

j—w
then, up to passing to a subsequence of indices, d(p, g;) — 0. Moreover,
d .
Lf(p) 2 limsup (f(p)7 f(QJ))

j—o0 d(p7 QJ)
= limsup A\;d(f(p), f(g;))

J]—00

= du([f(P)], [f(g;)])
= dw(e,/\/pf(y))

= NSl
Proof of L¢(p) < |INp(f)||. There exists r; — 0 and p; € M with da(p, pj) < r; such
that
_ d .
£, — i DS 2)
J j

Then, using 1/r; as scaling for the ultratangent, we have d,([p], [p;]) < 1 and Lf(p) =
lim; -dn (f(p), f(p5)) = du((F )], [f )] < (NGO

Proof of |IN,(f)|l < Lf(p). Take y € Np(M) with dy; (ary(e,y) < 1 that realizes the
maximum in [|[A,(f)||. Choose subsequences s; — 0 that realizes the limit in the definition
of Lf(p), i.e., so that

£,(p) — tim SN ). (@) 2 dar () < 55},
J 5;

We use 1/s; as scaling factors for the ultratangent space. For any p € (0,1) choose a
sequence ¢; € M such that [g;] represents the point 6,(y). Therefore, we have that

. dm(p, g
i PB4 e, 800)) < (o) < < 1
J
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For j big enough we then have d/(p, ¢;) < s;. So
dn(f(p), f(g;)) < sup{dn(f(p). f(a)) : dn(p;q) < 55},

whence, dividing both sides by s; and letting j — oo, we get
dw([f(p)]7 [f(QJ)]) < éf(p)y
which, in view of the homogeneity of N, (f), yields
1IN (NI = dw, (ary (e, Np(f)(0uy)) < Ly (p).
Since the last inequality holds for all u € (0,1), the conclusion follows.
Proof of L(p) > L (p). Since
sup{dn (f(p), f(q)) : drr(p, q) < v} > sup{dn(f(p), f(q)) : dn(p,q) =},

one has
sup{dn (f(p), f(9)) : dm(p,q) < 1}

Li(p) = liminf

r—0 r
S sup{dn (f(p), f (qr)) du(p,g) =1} 5 ().

Proof of L¢(p) < Z?(p). Choose a sequence r; — 0 such that

sup{dn (f(p), (@) : dur(p, @) <75} _ sup{dn(f(p), f(q)) : dnr(p,a) = 15}

and so in particular

sup{dn (f(p), f(9)) : dm(p,q) <75}

Li(p) = liminf

J 7]
< lim sup sup{dn(f(p), f(qr)? cdy(p,q) = rj} - Z?(p),
J j

f f HNp(f)H <— —Cf (Z) IELkS Y < NP(M) With d(e,y) =1 that l‘ealizes the maximum
in HN (f)H Ch()()Se Subsequences Sj —0 that I ahZ S t h it in the efinitio1 ()f [} (p)’
i.e., so that ealizes the lim defi
LD = li > ? q :d P,q) =S4
Cf( ) h?l { ~n(f(p) f( S)]) ikl ]}.

We use 1/s; as scaling factors for the ultratangent space. For any e > 0 choose a sequence
q;- € M such that [q;] represents the point d14.(y). Therefore, we have that
d(p,q;)

Lt e = d(e,biecly) = im =2

For j big enough we then have d(p,q}) € (s, (1 + 2¢)s;). Since M is a geodesic space, we
consider a point ¢j € M such that d(p,q;) = s; and lies in the geodesic between p and ¢,
consequently d(g}, q;) < 2es;.
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Set ye € Np(M) the point being represented by the sequence ¢j. We have d(d1+¢y, ye) <
2¢. From which we get that y. — y, as ¢ = 0. We then bound

£ = 1im WOTGD oy,

j 5
Since d(N,(f)(ye), e) is continuous at € = 0 and converges to ||N,(f)][, as € — 0, we obtain
the desired estimate.

To conclude the proof of the proposition, one observes that L;(p) < L(p) and L (p) <
Ly (p) are trivial. O

Corollary 3.6. Let M and N be (equiregular) sub-Riemannian manifolds and let f : M — N
be a quasiconformal map. Let p be a point of differentiability for f. We have

(3.7) Li(p) =Ln,pe)  and  Ly(p) = Ly, (p)(e).
Proof. The proof follows from Lemma 3.5 applied to f and f~!, and by observing that

(3.8) lr(p) =1/ Ly-1(f(p)), and Np(f) ™" = Ny (F7).
O

Corollary 3.9. Let M and N be (equiregular) sub-Riemannian manifolds and let f : M — N
be a quasiconformal map. Then for almost every p € M

Hy(p) = Hy (p).
Proof. Note that in every geodesic metric space
inf{dy (f(p), f(a)) : dm(p,q) = v} = nf{dn (f(p), f(q)) : drs(p,q) =7}
Hence Hy(p) > H (p) is immediate.
Regarding the opposite inequality, let p be a point of differentiability for f. Consequently,
Sup{dN( (p), f(@) : dm(p.q) <7}
ro0 mf{dy(F(p), F()) = dar(p.q) = 1}
sup{dn (f(p), f(q)) : dr(p,q) < r}

He(p) “ 1lim

= e (/(0), /(@) - dut (02 ) = 1}
r . sup{dn(f(p), f(q)) : du(p,q) <7}
< s N ) F @) - (o) = 1) e -
= s I G 0) @) - A ) =) = )
= s O G0, F@)  dn ) =1} = P
— Jimsup r i inf sup{dn(f(p), f(q)) : dm(p,q) =1}
r—0 lnf{dN( (p)7f(Q) dM(pv )—7"} r—0 r
< sy SN (2). (@) < s (p.0) = 1)
0 1nf{dN( (p), f(q@)) - dn(p,q) =1}

def ;=
é Hf (p)v
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where in the last two steps we have used that £¢(p) = L5 (p) from Lemma (.5 and the fact
that lim sup a; liminf b; < limsup(a;b;). O

Proposition 3.10. Let f: M — N be a quasiconformal map between sub-Riemannian man-
ifolds. The function p — [|[Np(f)| is the minimal upper-gradient of f.

Proof. The function p — [|[N,(f)| is an upper-gradient of f since L¢(-) is such and Ly (p) =
|Np(f)|l by Lemma . Regarding the minimality, let g be a weak upper-gradient of f.
We need to show that

(3.11) a(p) > INL(DIl s for almost all p.
Localizing, we take a unit horizontal vector field X. For p € M, let ~, be the curve defined
by the flow of X, i.e.,

’Yp(t) = q)?X(p)a
which is defined for ¢ small enough. We remark that the subfamilies of {v,},ear that have
zero (Q-modulus are of the form {v,},cr with £ C M of zero @-measure. Then, for every

unit horizontal vector field X, there exists a set Q2x C M of full measure such that for all
p € Qx we have

[Y o’ > d(f(4(0)), f(3(€)))-

Since || X|| = 1, then each =, is parametrized by arc length. Thus
1 e 1 .
- [ stu®nat = d ), £(@x @)

€

Assuming that p is a Lebesgue point for g, taking the limit as ¢ — 0, and considering
ultratangents with dilations 1/e, we have

(3.12) = du(e, Np(f)exp(Xp)),  Vpelx,
where X, is the vector induced on Nj,(M) by X,.

Set now Xj,... X, an orthonormal frame of A and consider for all # € S"~! ¢ R", the
unit horizontal vector field X? := S7_, 6, X;. Fix {0;};en a countable dense subset of S"~*
and define € := N;Q,;, which has full measure. Take p € Q and, recalling Remark B4
take Y € A, such that [|Y|| =1 and

dyy (e, Np(f) exp(Y)) = INp ()

By density, there exists a sequence jj, of integers such that 6;, converges to some 6 with the
property that ¥ = (X%),. Therefore, by (I2) we conclude (GII). O
3.3. Equivalence of metric definitions.

Proposition 3.13 (Tangents of 1-QC maps). Let f : M — N be a quasiconformal map
between equireqular sub-Riemannian manifolds. Condition (L4l implies Condition (LT).
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Proof. For almost every p € M, the map N, (f) exists and coincides with the ultratangent
f., with respect to any nonprincipal ultrafilter and any sequence of dilations. Hence, we can
apply Lemma [B.1] and deduce that spheres about the origin are sent to spheres about the
origin. Therefore, the distortion Hy,(f)(e) at the origin is 1. Being N} (f) an isomorphism,
the distortion is 1 at every point, and in fact N,(f) is a similarity.

O

Corollary 3.14. Let f : M — N be a quasiconformal map between equiregular sub-Riemannian
manifolds. Conditions (L), (L8), and ([LI) are equivalent.

Proof. For every point p of differentiability for f, we have that A,(f) is a similarity if and
only if Ly, sy (e) = £x; (r)(e), which by Corollary is equivalent to £¢(p) = Ls(p). O

Proposition 3.15. Let f: M — N be a quasiconformal map between sub-Riemannian man-
ifolds. At every point p € M such that Ly(p) = {s(p) one has that Hy (p) = 1. Hence,
Condition (L8]) implies Conditions (LH).

Proof. Notice that at every point in which L¢(p) = £(p) one has the existence of the limit
i W), f@)

d(p,q)=r—0 r

Consequently, at those points one has

sup{dy (f(p),f(9)):dx (p,9)=r} Lf(p)

1y ) = S G vt ~ 7,p) -

T

Therefore, we proved the equivalence of the metric definitions, i.e., Conditions (IL4), (L),

(CD), (C]), and ([T3).

3.4. Jacobians and Popp measure. Let (M, pys) and (N, py) be metric measure spaces
and let f : M — N be a homeomorphism. We say that J; : M — R is a Jacobian for f with
respect to the measures iy and py, if f*un = Jy par, which is equivalent to the change of
variable formula:

(3.16) /f(A)hduN = [ (oD Ipdpu,

for every A C M measurable and every continuous function h : N — R.

If M and N are equiregular sub-Riemannian manifolds of Hausdorff dimension @, we
consider uys and puny to be both either the @-dimensional spherical Hausdorff measures
or the Popp measures. See [Mon(2, [BR13] for the definition of the Popp measure and
Example for the case of step-2 Carnot groups. In these cases, we denote the corre-
sponding Jacobians as J?aus and J?Opp, respectively. If f is a quasiconformal map, such
Jacobians are uniquely determined up to sets of measure zero. In fact, by Theorem [HKO98|
Theorem 4.9, Theorem 7.11] and [MM95, Theorem 7.1], they can be espressed as volume
derivatives. Moreover, by an elementary calculation using just the definition one checks
that the Jacobian satisfies the formula

(3.17) Jp(p) =1/ J -2 (f(p)).
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Remark 3.18. We have that if f : M — N is quasiconformal and at almost every point p its
differential N, (f) is a similarity, then for almost every p € M the Carnot groups N, (M) and
Ny (N) are isometric. Indeed, if A, is the dilation factor of Nj(f), then the composition
of N,(f) and the group dilation by Ay ! gives an isometry. As a consequence, N,(M) and
N f(p)(N ) are isomorphic as metric measure spaces when equipped with their Popp measures
voly (ar) and vol Ny (V) respectively. In particular, for almost every p € M, we have

(3.19) volys, (a) (B, (ar) (€, 1)) = voly, vy (Bwy (v (€5 1))

Ezample 3.20. We recall in a simple case the construction of the Popp measure. Namely,
we consider a Carnot group of step 2, that is, the Lie algebra is stratified as V3 @ V5. Let
B C Vi C T.G be the (horizontal) unit ball with respect to a sub-Riemannian metric tensor
g1 at the identity, which is the intersection of the metric unit ball at the identity with V7, in
exponential coordinates. The set [B, B] := {[X,Y] : X,Y € B} is the unit ball of a unique

scalar product g on Va. The formula g := /g% + g3 defines the unique scalar product on
V1@ V5 that make V; and V5 orthogonal and extend g1 and go. Extending the scalar product
on T.G by left translation, one obtains a Riemannian metric tensor g on the Lie group G.
For such a Carnot group the Popp measure is by definition the Riemannian volume measure
of g.

Remark 3.21. In Carnot groups the Popp measure is strictly monotone as a function of the
distance, in the sense that if d and d’ are two distances on the same Carnot group such that
d < d and d' # d, then Poppy < Popp,; and Poppy # Popp,. Indeed, this claim follows
easily from the construction of the measure. For simplicity of notation, we illustrate the
proof for Popp measures in Carnot groups of step 2 as we recalled in Example If B’ is
a set that strictly contains B then clearly [B, B] C [B’, B'] and hence the unit ball for g is
strictly contained in the unit ball for ¢’. In other words, the vector space T,G is equipped
with two different (Euclidean) distances, say p and p/, and by assumption, the identity
id : (T.G, p) — (T.G,p') is 1-Lipschitz. Therefore, the Hausdorff measure with respect to
p is greater than the one with respect to p’. At this point we recall that the Hausdorff
measure of a Eulidean space equals the Lebesque measure with respect to orthonormal
coordinates. In other words, the Hausdorff measure is equal to the measure induced by the
top-dimensional form that takes value 1 on any orthonormal basis, which is by definition
the Riemannian volume form. We therefore deduce that the Riemannian volume measure
of g is less than the Riemannian volume measure of §’. Hence, Popp, < Popp,. Moreover,
the equality holds only if § = ¢, which holds if and only if B’ = B.

Lemma 3.22. Let A: G — G’ be an isomophism of Carnot groups of Hausdorff dimension
Q. If either J4(e) = (La(e))? or Ja(e) = (£4(e))¥, then A is a similarity.

Proof. Up to composing A with a dilation, we assume that L4(e) = 1, i.e., A is 1-Lipschitz.
Then if Ja(e) = (La(e))? we have that J4 = 1, which means that the push forward
via A of the Popp measure on G is the Popp measure on G’. Moreover, identifying the
group structures via A, we assume that we are in the same group G (algebraically) that is
equipped with two different Carnot distances d and d’ such that d’ < d, since the identity
A=id: (G,d) = (G,d') is 1-Lipschitz. If d’ # d, then by Remark B.21] Poppy # Poppy,
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which contradicts the assumption. We conclude that d' = d, i.e., A = id is an isometry.
The case when J4(e) = (£4(e))? is similar. O

3.5. A remark on tangent volumes. We prove that the Jacobian of a quasiconformal
map coincides with the Jacobian of its tangent map almost everywhere. We begin by re-
calling the Margulis and Mostow’s convergence [MM95]. Fix a point p in a sub-Riemannian
manifold M and consider privileged coordinates centered at p, see [MMO95, page 418]. Let g
be the sub-Riemannian metric tensor of M. Let . be the dilations associated to the privi-
leged coordinates. Notice that (d,)«g is isometric via . to g and g, := %(55)* g is isometric
via . to %g. A key fact is that g. converge to gp, as € — 0, which is a sub-Riemannian
metric. (This convergence is the convergence of some orthonormal frames uniformly on
compact sets).

Mitchell’s theorem [Mit85] can be restated as the fact that (R™, gg) is the tangent Carnot
group N,(M). Margulis and Mostow actually proved that the maps d_ Lo f o6, converge
uniformly, as € — 0, on compact sets to the map N,(f). Moreover, by functoriality of the
construction of the Popp measure, we have that vol9c — vol?°, in the sense that if w, is the
smooth function such that vol% = w.L, then w, — wy uniformly on compact sets.

Proposition 3.23. Let f : M — N be a quasiconformal map between equireqular sub-
Riemannian manifolds of Hausdorff dimension Q. For almost every p € M

In,n(e) = Jgp(p).
Proof. Denote by BJc the ball at 0 of radius r with respect to the metric g.. We have

(324) vl (f(BY) = voltt(f(B{")
— vole9(6. 0 6. o f 0 5(BY)
= vol% (6. o f 0 6.(BY))
S Vol (N () (BI)).
By [GJ14, Lemma 1 (iii)], for all ¢ € M we have the expantion
(3.25) volpr(B(q,€)) = eroqu(M)(BNq(M)(e, 1)) + o(e9).
Using (3.24]) and the latter, we conclude

volys, (ar) (Ng () (Bar,(m

Inynle) = ie W
)

)

voly, (an) (Bw, () (€,
i VO (f(B(p,€))

e—0 EQVOIN (M (BNp (e, 1))

voly (f(B(p;€)))
=0 volps(B(p,¢€))
= Js(p)
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3.6. Equivalence of the analytic definition.

Lemma 3.26. Let f : M — N be a quasiconformal map between equiregular sub-Riemannian
manifolds of Hausdorff dimension Q. If the differential N, (f) of f is a similarity for almost
every p € M, then

lr(p)© = J?oPp(p) =Ls(p)?, for almost every p € M.

Proof. Let p be a point where J?Opp (p) is expressed as volume derivative. By definition, for
all € > 0, there exists 7 > 0 such that, if ¢ € M is such that d(q,p) € (0,7), then

d(f(a), f(p) _

d(p,q) _Lf(p)—l—e.

Hence for every r € (0,7),

f(B(p,r)) € B(f(p),r(Ls(p) +€)).
So one has
voly (f(B(p,r))) _ voln (B(f(p), r(Ls(p) +€)))
voly (B(p, 7)) — volar (B(p, 7)) '
Letting r — 0, using [B27]) with ¢ = p and ¢ = f(p), and using (BI9), we have

TP (p) < (Ly(p) + €)9.

Notice that equation ([B.I9) requires the assumption of the differential being a similarity.

Since € is arbitrary, J?Opp (p) < L(p)?. Once we recall that J?Opp (p) - Jl;?ﬂ’p( f(p)) =1 and

ls(p) - Ly-1(f(p)) = 1, the same argument applied to f~1 yields Ef(p)Q < J?Opp(p). With
Corollary [3.14] we conclude. O

For an arbitrary quasiconformal map we expect the relation

lr(p)? < J7PP(p) < Ly(p)?

to hold. However, our proof of Lemma .26l makes a crucial use of equation ([BI9]), which
is not true in general.

Lemma 3.27. Let f : M — N be a quasiconformal map between equireqular sub-Riemannian
manifolds of Hausdorff dimension Q. If for almost every p € M either

4(p)? = J{PP (p)

or
TP (p) = Ly(p)?,

then Ny(f) is a similarity, for almost every p.

Proof. In view of Proposition B.23] and Corollary [.6] we have either £ ( f)(e)Q = Jn,(p(e)
or J,5)(€) = L, (s)(e). Therefore, by Lemma [3.22] we get that NV,(f) is a similarity. [
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3.7. Equivalence of geometric definitions. We recall the definition of the modulus of
a family T' of curves in a metric measure space (M,vol). A Borel function p: M — [0, o]
is said to be admissible for I' if for every rectifiable v € T,

(3.28) /pds > 1.
g
The Q-modulus of T" is
Modg(I') = inf {/ p¥ dvol : p is admissible for F} .
M

Proposition 3.29. Let f : M — N be a quasiconformal map between equireqular sub-
Riemannian manifolds of Hausdorff dimension Q. Then Modg(I') = Modg(f(I')) for every

family T' of curves in M if and only if L?(p) = J¢(p) for a.e. p.

Proof. This equivalence is actually a very general fact after the work of Cheeger [Che99]
and Williams [Will2]. Since locally sub-Riemannian manifolds are doubling metric spaces
that satisfy a Poincaré inequality, we have that the pointwise Lipschitz constant L¢(-) is
the minimal upper gradient of the map f, see Proposition and Lemma We also

remark that any quasiconformal map is in VVI})CQ and hence in the Newtonian space Nﬁ)’CQ,

see [BKRO7]. By a result of Williams [Will2, Theorem 1.1], L;(p)? < J¢(p), for almost
every p, if and only if Modg(I') < Modg(f(T')), for every family I" of curves in M. Hence,
we get the inequality L(p)? < J¢(p).

Now consider the inverse map f~'. Such a map satisfies the same assumptions of f.
In particular, applying to f~! William’s result, we have that Modg(I') < Modg(f~1(I"))
for every family I' of curves in N if and only if Ly-1(q)% < Js-1(g), for almost every
q € N. Writing f~Y(I') = I'" and ¢ = f(p) and using (38) and 3I7), we conclude that
Modg(f(I")) < Modg(I") for every family I of curves in M if and only if J;(p) < E?(p) <

L? (p), for almost every p € M
]

Let M be an equiregular sub-Riemannian manifold of Hausdorff dimension ). Let volys
be the Popp measure of M. For all u € WPlI’Q(M, volypr), the Q-energy of u is

Eq () ;:/ Vi@ dvoly; .
M
Remark 3.30. Since Eg(u) = Ig(u,u), if the operator Ig is preserved, then the Q-energy is
preserved. Namely, Condition (ILI2)) implies Condition (LI5]).

Proposition 3.31. For a quasiconformal map f : M — N between equireqular sub-Riemannian
manifolds of Hausdorff dimension Q, Condition (LI implies Condition (LIG).

Proof. Let E,F C M compact sets in M. We set S(E,F) to denote the family of all
u € WéQ(M) such that u|g = 1, u|p = 0 and 0 < u < 1. Recall that the Q-capacity
Capg(FE, F) is then defined as the infimum of the Q-energy Eg(u) among all competitors
ueS(E,F):

Capg(E, F) = inf/ |Viu|@ dvol.
M
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Since f satisfies (IL15)), the map v + vo f is a bijection between S(f(E), f(F')) and S(E, F)
that preserves the Q-energy. Correspondingly, one has that

Capq(f(E), f(F)) = inf{Eq(v) : veS(f(E), f(F))}
— nf{Eq(vo /) : ve S(F(E), f(F)}
= inf{Eg(u) : we S(E,F)}
= Capg(E, F),
completing the proof. O

Proposition 3.32. Let f : M — N be a quasiconformal map between equireqular sub-
Riemannian manifolds of Hausdorff dimension Q. FEither of Condition (L6l and Con-

dition (LIQ) implies Condition (L12).

Proof. Let p be a point of differentiability of f. Given an orthonormal basis {X;} of H,M,
from (6] we have that vectors

Y= Lf(p)_l(dH f)pX]
form an orthonormal basis of H,N, with ¢ = f(p). Then, for every open subset V' C N and
for every v € Wﬁ’Q(N),

Xj(vo flp=du(vo f)y(X;)
= (dn v)q(du f)p(X;)
= (duv)q(Ls(p)Yj) = Ly (p)(Yju)q.
Therefore, for any v, ¢ € Wé’Q(V)
(Va(vo f),Vu(go f p—ZX vo fpX;j(¢0

pzijq
J

= L3(p)(Vuv, Vuo),.
In particular

[Vi(vo f)l = L(p)I(Vav) sl
So, using Condition (LI0) and writing U = f~1(V),

Io(ve £.60 £0) = [ [Vu(we NI®*(Tu(vo ). Va(éo f)) dvoly
_ /U L972(Vigv) 5 [92L2(V v, Vi) () d volyg
= /UJf [(Vu) () |Q_2<VHU, VH) ¢y dvoly

= / V0|9 72(Vhv, V) d voly
v

= Ig(v,¢;V),
where we used (BI6)). O
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Proposition 3.33. Let f : M — N be a quasiconformal map between equireqular sub-
Riemannian manifolds of Hausdorff dimension Q. Then Condition (LI2)) implies Con-

dition (LI0).
Proof. We start with the following chain of equalities, where we use (LI2]), the chain rule and

the change of variable formula ([BI6]). For every open subset U C M, denote V' = f(U) C N.
For every v, ¢ € Wﬁ’Q(V),

A’VHU‘Q_2<VHU,VH¢>dVOIN:/ ‘VH(UOf)‘Q_2<VH(UOf),VH((ﬁof»dVOlM
= [ 1 DTy (F0) 10192 ls £ (Vi) . (s 1 (T1a6) ) d volag
/ T4 () (dr £ (T0).|92((dn £)T (o)., (du )T (Vag).) dvoly

= [ 3 Ol T (Ta0) 2 £) g2 (i 1) (T0)., (Vi) d vol,

where (dy f ) denotes the adjoint of (dy f)s-1(,) With respect to the metrics on N and M

at ¢ and f _1( ) respectively. We then proved that
(3.34)

/v ([(Vav).|272(Vao).~J -1 (1 du £)F (Vao).[472(du ) 10 (da £)T (Vav)., (Vag).) dvoly = 0

for every v, ¢ € WEI’Q(V) and for every open subset V' C N. Note that ([8.34])) holds true for
every measurable subset V' C N. We claim that, for almost every ¢ € N,

(3:35)  [(Vio)g|* 2 (Viv)g — I p-1(a)(dn f)g (Virv)gl?™2(du £) p-1(g)(dnt f)g (Viv)g = 0

for every v € Wﬁ’Q(N ). Arguing by contradiction, assume that there is a set V. C N
of positive measure where ([B35) fails for some v € Wé’Q(N ). Choose any smooth frame
X1,..., X, of HN, and write the left hand side of (B35) as Y7_; ¥; X;, with ¢; € L?(N)
for every i = 1,...,r. Then at least one of the ¥; must be different from zero in V. Without
loosing generality, say 11 # 0 on V. By possibly taking V smaller, we may assume that
Jy 1dvoly # 0. Let ¢ be the coordinate function z;, that is X;¢ = 5{. Substituting in
the left hand side of ([B:34]), we conclude

/<(1/)17"'7¢7‘)7VH¢>dV01N:/ T/)ldVOlN?éO,
\%4 \%

which contradicts (3:34]). This completes the proof of (3.35]).

Next, fix ¢ € N a point of differentiability where ([3.35]) holds. For every vector { € H,N,
consider ve such that (Vuve)q, = §. For every & € Hy N such that |{| = 1, the following
holds

T (@I(dr f)g €1972((dn f) 1) (du g €,€) = 1.
Using (B17), the equality above becomes
[(dit £)g €1972((dn g & (i f)g€) =I5 (f (@)

which is equivalent to

[(du £ €% =T (F ()
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for every £ on H,N of norm equal to one. From (3.3]) we have |(dy f):]rﬁ(q)|Q = [N, (F)Te(q)|9.
Therefore, at every point ¢ € N of differentiability,

ING-1) ()]l = max{ING(£)7€? + € € HyN, [€] = 1} = T, (7 (a)-
By Lemma[B5and writing p = f~!(g), we conclude L;(p)? = J ;(p) for almost every p € M,
establishing (LI0). O

3.8. The morphism property.

Proof of Corollary[L18 Let v € Wﬁ’Q(N) and ¢ € Wﬁg(N) C WEI’Q(N), then from (L.12)
it follows

Lo(v)(¢) =1Ig(v,¢) =Ig(ve f,do f) = Lo(vo f) o f(¢). O

3.9. Equivalence of the two Jacobians. Given M an equiregular sub-Riemannian man-
ifold of Hausdorff dimension ), we prefer to work with the Popp measure vol,; rather than
the spherical Hausdorff measure S]?/[ since volys is always smooth whereas there are cases

in which 8% is not (see [ABBI2]). However, one has the following formula (see [ABBIZ,
pages 358-359], [GJ14] Section 3.2]).

(3.36) dvolys = 279 voly, (ary (B, (any (€, 1))dS T,
where we used the fact that the measure induced on N},(M) by volys is voly (ar)-

Proposition 3.37. If f : M — N is a 1-quasiconformal map between equireqular sub-
Riemannian manifolds, then for almost every p € M,

Y (p) = JF (p).

Proof. Let A C M be a measurable set. Since f~! is[{ also 1-quasiconformal, then we have
BI9) with p = f~!(q) for almost all ¢ € M, Then, using twice (3.36]), we have

29(f*voly)(A) = 29voly(f(A))
B /f(A) voly, (v (B vy (e, 1)) dSR(q)
B /f(A) vl (0 (B, o) (6 1)) A S5 (a)
— AVOINP(M)(BNP(M)(& 1))J?aus<p) dSﬁ(p)
= 29I volar)(4).

Thus, we conclude that J?Opp volyr = f*voly = JI}IauS volyy. O

2Here we need to invoke [MMO95] Corollary 6.5] or [HK9S]
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4. COORDINATES IN SUB-RIEMANNIAN MANIFOLDS

Given any system of coordinates near a point of a sub-Riemannian manifolds, we will
identify special subsets of these coordinates, that we call horizontal. By adapting a method
of Liimatainen and Salo [LS14], we show that they can be constructed so that in addition
they are also either harmonic or @-harmonic (the more general construction of p-harmonic
coordinates follows along the same lines, modifying appropriately the hypothesis). The
construction of )-harmonic coordinates is based upon a very strong hypothesis, namely that
the sub-Riemannian structure supports regularity for ()-harmonic functions. In contrast,
the construction of horizontal harmonic coordinates rests on well known Schauder estimates.
The key point of this section, and one of the main contributions of this paper, is that we
can prove that the smoothness of maps that preserve in a weak sense the horizontal bundles
can be derived by the smoothness of the horizontal components alone.

4.1. Horizontal coordinates.

Definition 4.1. Let M be a sub-Riemannian manifold. Let z!,..., 2" be a system of coor-
dinates on an open set U of M and let Xq,..., X, be a frame of the horizontal distribution
on U. We say that x',... 2" are horizontal coordinates with respect to X1, ..., X, if the
matrix (X;27)(p), with i, = 1,...,7, is invertible, for every p € U.

Remark 4.2. Tt is clear that any system of coordinates z',...., 2" around a point p € M

can be reordered so that the first » components become a system of horizontal coordinates.

The next result states that the notion of horizontal coordinate does not depend on the
choice of frame.

Proposition 4.3. Assume that z',... x" are coordinates such that z',...,z" are horizontal
with respect to the frame Xq,...,X,. Then

(i) Vuz',...,Vuz" are linearly independent and form a frame of A.

(ii) If X1,..., X is another frame of A, then x',... x" are horizontal coordinates with

respect to X1,..., X].

Proof. Since O := (Xixj)ij is invertible and X1, ..., X, is a frame, then

i=1 k
and (i) follows. Regarding (i), let B be the matrix such that X2/ = Sr_, B¥Xpad =
(BO);j;. The conclusion follows from the invertibility of BO. O

4.2. Horizontal harmonic coordinates. Let M be a sub-Riemannian manifold endowed
with a volume form vol. Our goal is to construct horizontal coordinates in the neighborhood
of any point p € M, that are also in the kernel of the subLaplacian Ly, defined in (29I,
associated to the sub-Riemannian structure and a volume form.

Theorem 4.4. Let M be an equireqular sub-Riemannian structure endowed with a smooth
volume form vol. For any point p € M there exists a set of horizontal harmonic coordinates
defined in a neighborhood of p.
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To prove this result we start by considering any system of coordinates z!,...,z" in

a neighborhood of p € M. Without loss of generality we can assume that the vectors
Vuz!, ..., Vua" are linearly independent in a neighborhood of p, i.e., 2!, .., " are horizontal
coordinates. Set B, := B.(p) = {¢ € M | d(p,q) < €}. For ¢ > 0, let u!l,... , u” be the
unique weak solution of the Dirichlet problem

Loul! =0in B, i=1,...,n
ul =2"in 0B, i=1,...,n.

We will show that for € > 0 sufficiently small, the n-tuple u!, ..., u’, 2" ... 2™ is a system

of coordinates. Note that u!,...,u” may fail to be a system of coordinates.
Hormander’s hypoellipticity result yields u! € C®°(B,)N Wé’2(Be). Consider now

wh =l — ' € C®(B)N Wﬁ’%(BE).
Lemma 4.5. For p e K CC M, the following estimate holds

(4.6) ][ |Vaw!|? dvol < C'é?.
Be

for a constant C' > 0 depending only on K, on the coordinates z',..,x", the Riemannian
structure of M and the volume form.

Proof. For every i = 1,...,n, the function w’ solves

ngi = Lozt =: g
w! =0 in OB,

The equation can be interpreted in a weak sense as
/ VW' Vi dvol = / gidvol
B. Be

for every ¢ € WPII%(BE) Choosing ¢ = w! gives

‘ ' 1/2 ‘ 1/2
/ |Vaw! | dvol = / giwe dvol < (/ g2 dvol) (/ (w?)? dvol) .
Be Be B €

Poincaré inequality for functions with compact support gives

/ (w?)? dvol < 062/ |Viw! | d vol,

€ €

. 1/2 .
/ vawgy2dvolg(/ g?dvol) (062/ vawgy2dvol>
Be Be B

1/2

whence
1/2

We have

‘ 1/2
(/ |VHw2|2dvol> < eC'? (/ g7 dvol)
Be Be

This completes the proof of (4.0)). O

1/2
< eC'%vol(B,)'/? (sup gf) .
Be
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Next we need an interpolation inequality that allows us to bridge the L? estimates (Z.0)
and the C’Il{’a estimates from (2.I0) to produce L*™ bounds. The following is very similar to
the analogue interpolation lemma in [LS14].

Lemma 4.7. Let p € K CC M and let h be a function defined on Be. If there are constants
A, B > 0 such that for e > 0 sufficiently small one has

(1) 122, < ACIBLL2,

(i) g s, < B,

then ||h|z(B,,,) < o(1) as € = 0, uniformly in p € K.

Proof. Set q € Bs(p) so that Be(q) C B% (p). One has

HhHL?(Bi(q)) > ||h(<J)HL2(B§(q)) —[|h = h(Q)HLQ(Bi(q))

= |h(q)| - |Bs(0))]> - </B€(q) |h() - h(q)!2dvol>

> o) By @)~ sup ol ( L. d(-,q>2advol>

1
2

ST

1
2

We then obtain that there exists constants C7 and C5, depending only on the sub-Riemannian
structure, the exponent «, and the compact set K, such that

Q e
12l 25, (@) = Cre? ()] = Cae i 1hllog B (a))-

Using the hypotheses (i) and (ii), we conclude for all ¢ € B,

e )
ha)l < C7 e % (Ihllags, ) + Coc®* Fhllcy (Bip))
< Oy {AY2e + BCye™} = o(1)

as € — 0. O

In view of (6] and (ZI0) we can apply the previous lemma to h = Vyw! and infer

sup |Vyu! — Vaz'| < o(1)
Be
1

as € — 0. Since the matrix (Ximj)ij for i,j = 1,...,r is invertible in a neighborhood of
p, then for € > 0 sufficiently small the same holds for the matrix (X;u!);;. Consequently,
the n-tuple (u!,...,u’, 2"t ... 2") yields a system of coordinates in a neighborhood of p

and its first » components are both horizontal and harmonic. This concludes the proof of
Theorem [£4] O
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4.3. Horizontal Q-harmonic coordinates. Throughout this section we will assume that
M is an equivariant sub-Riemannian structure, endowed with a smooth volume form vol,
that supports regularity for ()-harmonic functions, in the sense of Definition [1.20

We will need an interpolation lemma analogue to Lemma 7]

Lemma 4.8. Letp € K CC M and let f be a function defined on B.. If there are constants
B, A, B >0 and a € (0,1) such that for e > 0 sufficiently small one has

@) 1PllLe(s,) < AP

(i) [|2llcase) < B,

£
2

then ||h||z=(B,,,) < o(1) as € = 0, uniformly in p € K.

Proof. Using the notation and the argument in the proof of Lemma 7] one concludes that
for any ¢ € B<(p) one has

1 e
HhHLQ(Bi(q)) 2 (@) - 1B ()7 — l[hllcg (s, )€ v

The proof follows immediately from the latter and from the hypothesis. O

Theorem 4.9. Let M be an equireqular sub-Riemannian structure endowed with a smooth
volume form vol that supports regularity for Q-harmonic functions. For any point p €
M there exists a set of horizontal coordinates defined in a neighborhood of p that are Q-
harmonic.

Proof. We follow the argument outlined in the special case of Theorem 4l For p €¢ K CC
M and € > 0 to be determined later, we consider weak solutions u’ € WI}I’Q(Be) to the
Dirichlet problems

Lout=0in B, i=1,...,n
ul =2"in OB, i=1,...,n,

where 2!, ..., 2" is an arbitrary set of coordinates near p. These solutions exist and are

unique in view of the convexity of the @-energy. The Clli’o‘ estimates assumptions guarantee
that u? € CIIJ’E‘OC(BE) N Wﬁ”%C(BE). Arguing as in Lemma [£5] we set

wi =l — a2t € CIIJ’E‘OC(BE) N Wé’g(BE)

and observe that

/ | Vil |92 Xl Xpw! d vol = 0.
Be
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As a consequence one has

/ |Vaw!|? dvol <
B

€

vaue\ + | V2! )92 Vw! > d vol

\\

< vau 1972 X0t — | Vet |92 X2 X pw! dvol
= / —X; (Va2 |9 2 Xat)w! d vol
2 5
< ( |Lox’ |de01) </ |wi|deol>
Be

Q-1 1
. Q- . Q
(applying Poincaré inequality) < Ce( / ]LQa:’\deol) ( / \Vsz\deol)
Be Be
(4.10) < C'EVaw'l|Las,,
for constants C,C’ > 0 depending only on @, K, on the coordinates z',...,z", the sub-

Riemannian structure, and the volume form. From the latter it immediately follows that

(4.11) IV s,y < C"Ma

Arguing as in Theorem 4 and applying the C’Il{’a estimates, ([AII) and the interpo-
lation Lemma L8 one has that for ¢ > 0 sufficiently small the matrix (X;u?);;, for
i,7 = 1,...,r is invertible in a neighborhood of ¢. On the other hand, this implies that
for each i = 1,...,r one has that |[Vygu!| is a C§ function bounded away from zero in a
neighborhood of p, and hence by part (2) of Definition and by Proposition 2.I8] one
has that u!,...,ul, 2" ... 2" is a smooth system of coordinates in a neighborhood of p,
with ul, ... u’ both horlzontal and Q-harmonic. U

4.4. Regularity from horizontal regularity. Let v be an horizontal curve in M. Let

z', ..., 2" be coordinates on M such that z',...,z" are horizontal coordinates with respect
to an horizontal frame X1i,..., X,. We write
yu=(ztoy,...,2"07) andyy = (@ or,...,2" o).

Hence v = (v, vv) and 4 = (Y1, %v). There are functions fi,..., 3, so that

V= iﬁj(Xj 07).

Jj=1
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In coordinates we write X; = 7' Xf%. So

(1, 9v) = zr:ﬁj(Xj 07)

=1

=3 (K o
= k=1 Ox

= iiﬁj<xfov>%+ zn: ZT:BJ‘(X]’?O’Y)%-
k=1j—=1 Oz® T j=1 O

Set O = (X;2%);; = X]Z We have vu = > 71 > Bj(Of o ’y)a%k = Of, where we denoted
B=(B1,...,B). Since O is invertible, (f1,...,53,) = (07! o ¥)yu. Thus

0
k

(4.12) = 3 i{(o—lovm

k=r+1j=1

In particular, the following holds.

Proposition 4.13. Let v be an absolute continuous curve. If vy is smooth, then v is smooth.

Proof. By hypothesis v and ~j are absolute continuous. Then by ([@.I2) also 4y is absolute
continuous. Thus 4 is continuous. A bootstrap argument shows that ~ is smooth. O

In the following, we will consider maps that are absolutely continuous on curves (ACCq).
We recall that such maps send almost every (with respect to the Q-modulus measure)
rectifiable curve into a rectifiable curve (see [Sha00] for more details). In the case of a
sub-Riemannian manifold M, ACC maps defined on M have the following property. Let
X be any horizontal vector field in M and denote by ¢% the corresponding flow. Then for
almost every p € M (with respect to Lebesgue measure), one has that t — f(¢%(p)) is a
rectifiable curve.

Proposition 4.14. Let M and N two sub-Riemannian manifolds. Let f : M — N be an
ACC map. Letk > 1, a € (0,1), and p > 1. If f',... f" are in C’I]fl’j‘oc(M) (resp. in
Wﬁfoc(M)), then fb,... f" is Cﬁ’v?OC(M) (resp. in Wﬁ:p (M)).

loc

Proof. Let X be any horizontal vector field in M. Notice that if f!,..., f" are in C’Ilfl”‘f‘oc(M )
(resp. in W}klfoc(M)), then X f1, ..., X f" are in C’ﬁzif(M) (resp. in Wg;:ép(M)) For
almost every p € M, the curve

F(d% () = (p,t) = (va(p, 1), (p, 1)),



CONFORMALITY IN SUB-RIEMANNIAN MANIFOLDS 37

is an horizontal curve and hence (£12]) holds. Therefore, for almost every p, we have

(X ), X)) = 5o s Do

n

D

0o w(p,o»fm(p,m} XE(1(p, 0) =2

> ;
j=1k=m+1 J Ox
m n B . a
=y O (F NS (), X )" | (X5 0 F)(p)5 -
— < . x
j=1k=m+1 J
Since the functions X fo fand X f, ..., X f" are continuous (resp. in L), then the functions
X fm+l . X f" are continuous (resp. in LP), for all horizontal X. Hence, f!,...,f" €
C loc(M) (resp. in WH b (M)) and then Xk of € Ck loc(M) (resp. in WH b (M)). Notice
that, if f1,...,f" ¢ C’HJOC( ) then on any compact K the functions Vi f!,..., Vg f™ are

bounded, say by a constant C, therefore, for all horizontal curve o : [0,1] — K,
Length( f( /Hﬁﬂm<o/nﬂm—cm@mm

Hence, f!,..., f" € C’H’IOC(M ) implies that f is Lipschitz and therefore its components are
in C®. Bootstrapping, we conclude that f!,..., f" is C’I]fl”‘f‘oc(M) (resp. in WH 10C(M)). O

5. REGULARITY OF 1-QUASICONFORMAL MAPS

In this section we prove Theorem [[L22] Let us first clarify the definition of the function
spaces involved. Given two equiregular sub-Riemannian manifolds M, N, we say that a
homeomorphism f is in C’Il{’?OC(M N)N Wﬁ’%OC(M , N) if, in any (smooth) coordinate system

of N, the components of f belong to CH lOC( )N WéfOC(M)

5.1. Every 1-quasiconformal map in CH lOC(M N)N WH loc(M= N) is conformal. We
now show that, assuming that a 1—quas1conformal map has ‘the basic regularity, then the
map is smooth. The proof is independent from the results in Section @l Namely, we do not
need to assume any regularity theory for Q-Laplacian.

Proof of Theorem[1.22.(i). Denote by voly; and voly the Popp measures of M and N. For
p € M, consider any system of smooth coordinates y', ..., y" in a neighborhood of f(p) € N.
Set fi:=y'o fand h' := Lg(y") € C°°(N). From Corollary [LI8L(i), it follows that for all
u e Cg(M)

/LQ(f")udvolMZ/ h'o f J;°PPu dvoly .
M M

For i = 1,...n, set H := h'o f J}?Opp. Since the Popp measures are smooth and f €
C’Il{’a (M, N), we have that J;)Opp € Cff 10c(M) and therefore H ¢ Ci joc(M). At this point

Jloc
we have that Lqf* € Cf ,.(M) and that ' € Ciy§ (M)NWiF7  (M). Notice that [V f7] is
bounded away from 0, since f is bi-Lipschitz. Therefore, Proposition 218 applies, yielding
that f € C’;’?OC(M ,N). The proof follows by bootstrap using the Schauder estimates in
Proposition 2.12] ]
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5.2. Regularity of )-harmonic functions implies conformality. We now reduce the
smoothness assumption by using horizontal -harmonic coordinates, see Section @ To
ensure their existence and to use them we need to assume that the manifolds support the
regularity theory for Q-Laplacian as defined in Definition

Proof of Theorem [1.22 (ii). We shall use Proposition[.I4l Since sub-Riemannian manifolds
are Q-regular, by [HK98| any quasiconformal map is ACCgq (see also [MM95, Corollary 6.5])
In view of Theorem 9] consider wuq,...,u, a system of local coordinates around a point
f(p) € M for which the horizontal coordinates u', ..., u" are Q-harmonic.

In view of the morphism property (Corollary [[I8) the pull-backs f; = w; o f, for
i = 1,...,r are Q-harmonic functions in a neighborhood of p € M. By the Q-harmonic

regularity assumption, both u* and f’ = u’ o f are in C’Il{’?OC(M), fori=1,...,r. Ap-

ply Proposition 14 to f with & = 1 and get f € Clli’o‘ (M, N). Since also f~! is 1-

Joc

quasiconformal, the same argument shows that f~! € Clli?oc(N , M). In particular, the map

f is bi-Lipschitz and f!,..., f* is a local system of bi-Lipschitz coordinates. In particular,
IVufll,...,|Vuf"| are bounded away from zero. Because of the Q-regularity hypothesis,
we have that f!,..., f" are in Wéfoc(M ). Invoking Proposition 14 once more, we have

that f1,..., f" are in Wé’? (M). O

loc

We remark that in the setting of Carnot groups both the existence of horizontal Q-
harmonic coordinates and the Lipschitz regularity of 1-quasiconformal can be proven di-
rectly without using any PDE argument, see [Pan89].

6. LIOUVILLE THEOREM FOR CONTACT SUB-RIEMANNIAN MANIFOLDS

6.1. Q-Laplacian with respect to a divergence-free frame. In this section we intend
to write the Q-Laplacian in a sub-Riemannian manifold using a horizontal frame that is
not necessarily orthonormal, but is divergence-free with respect to some other volume form.
Recall that a vector field X is divergence-free with respect to a volume form g if its adjoint
with respect to pu equals —X.

Let M be a sub-Riemannian manifold equipped with a smooth volume form vol. Let
Y1,...,Y, be an orthonormal frame for the horizontal distribution HM of M. Recall from
([210) that the @-Laplacian of a twice differentiable function is

Q-2

o (N

k

Assume that there exists another frame X1,..., X, of HM and another smooth volume
form p such that each X; is divergence-free with respect to u. If g is the sub-Riemannian
metric of M, let

gij = g(XZ,X]) S COO(M)
For all z € M, let g¥(x) be the inverse matrix of g;j(z) and define the family of scalar
products on R" as
9z (v, w) = vigij(:n)wj, ze M, v,weR".



CONFORMALITY IN SUB-RIEMANNIAN MANIFOLDS 39

Then there exists ag € C*°(M) such that

S0 055 = a gkl and g9 = akak

Let w be the smooth function such that vol = wu. Since X; are divergence-free with
respect to u, the adjoint vector fields with respect to vol of Y; are such that

Y 'u = X;-‘(afu) = —w X (walu).

We use the notation
Vou := (Xju,..., X, u).
Noticing that 3, (Yiu)? = §(Vou, Vou), the expression (G.I]) becomes
(Lou)(z) = —w(x) ™" X;Ai(, Vou),

where

(6.3) Ai(@,€) = w(@) §.(6,6)°T g*(2)&,  for Rz € M.

The derivatives of such functions are

0; Ai(2,8) = Or;wi (&, f) 2 glkfk‘HU— (&, 5)_ L8, 9" v gt e +wyle, f) 2 5:(:3 g ¢,
and
0, Ai(,€) = w ((Q - 2)3(6,6) T ¢ g™ + (€, g7) .
Hence,
0e, i, Eyminy = w ((Q = 23(6,0 T 3(&,m)? + 36,9 a(n.m))

Using Cauchy-Schwarz inequality, the equivalence of norms in R", and the smoothness of
the functions w and ¢"’s, the functions A4; in (6.3)) satisfy the following estimates: on each
compact set of M, for some A, A > 0 depending only on @, and for every xy € R",

(6.4) AEI972|x|? < B, Ai(z, €)xixs < AJEJ972[y|?
and
(6.5) |0, Ai(,€)| < AJE[97

Summarizing, we have the following.

Proposition 6.6. Let M be a sub-Riemannian manifold and consider vol and p two smooth
volume forms on M. Assume there is a horizontal frame X1,..., X, on M of vector fields
that are divergence-free with respect to p. If w is a function on M that is Q-harmonic with
respect to vol, then u satisfies

ZXA , Vou) = 0,

for some A; for which [64) and (IBE) hold.
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Remark 6.7. In the above we used two different structures of metric measure space on
the same manifold M. These are (M, g,vol) and (M, go, ), where gg is the metric for
which Xi,..., X}, form an orthonormal frame. For each of these structures we may define
corresponding Sobolev spaces W}?(M, g,vol) and WE?(M, go, ). Similarly, we consider
spaces C’Il{’a(M ,g) and C’Il{’a(M ,go). Since the the matrix (ag) in (62)) and its inverse have
locally Lipschitz coefficients, it follows that on compact sets 2 C M the space Wfl’z(Q, g,vol)
is biLipschitz to W§’2(Q, go, p) for p=1,2, and C&I’Q(Q,g) is biLipschitz to C&I’Q(Q,go).

6.2. Darboux coordinates on contact manifolds. On every contact manifold, the exis-
tence of a frame of divergence-free vector fields with respect to some measure is ensured by
Darboux Theorem. More generally, every sub-Riemannian manifold that is contactomorphic
to a unimodular (e.g., nilpotent) Lie group equipped with a horizontal left-invariant distri-
bution admits such a frame. The reason is that left-invariant vector fields are divergence-free
with respect to the Haar measure of the group. We shall recall now Darboux Theorem and
we recall the standard contact structures, which are those of the Heisenberg groups.

Darboux Theorem states, see [Etn03], that every two contact manifolds of the same
dimension are locally contactomorphic. In particular, any contact 2n 4+ 1-manifold is locally
contactomorphic to the standard contact structure on R?**1, a frame of which is given by

X ; X;
(6.8) X =0y, — "T“%nw Xnti = O, + éamﬂ,

where i = 1,...,n. For future reference we will also set X, 11 = O4,,,,. This frame is
left-invariant for a specific Lie group structure, which we denote by H": the Heisenberg

group.

Corollary 6.9. (of Darbouz Theorem) Let M be a contact sub-Riemannian 2n + 1-manifold
equipped with a volume form vol. There are local coordinates x1,...,xo,4+1 in which the
horizontal distribution is given by the vector fields in (68, which are divergence-free with
respect to the Lebesque measure L, and there exists w € C™ such that w™' € C™ and
dvol =wd L.

6.3. Riemannian approximations. Let us consider a contact 2n + 1 manifold M, with

subRiemannian metric gy and volume form vol. Let Yi,...,Ys, denote a gg-orthonormal

horizontal frame in a neighborhood 2 C M, and denote by Ya,41 the Reeb vector field. For

every € € (0,1) we may define a 1-parameter family of Riemannian metrics g on M so that

the frame Y7, ..., Y2,, €Y2,,1 is orthonormal. Denote by Y7, ..., Y5, .4 such g.-orthonormal

frame. For € > 0 and 6 > 0 we will consider the family of regularized Q-Laplacian operators
Q-2

2n+1 2

(6.10) LZ’fu =y Y (5+Z(Y,§u)2> Y u
i=1 k

Invoking Corollary [6.9] and applying the same arguments as in Proposition [6.6] one can see
that such Q-Laplacian operators LZ’;S, can be written in the form

2n+1
(6.11) Lyu= " X{A?(z,Veu) =0,
=1
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where Xf = X; fori = 1,...,2n and X5, | = eXopq1, with Xy, ..., Xo,41 as in (6.8). Here
we have set V. f = (X{f,..., X5, 1f). The case e = § = 0 in (G.IT]) reduces to the subelliptic

Q-Laplacian. The components A:’(S in (GI1)) are defined as in (6.3), starting with the g,
metric, i.e., for every & € R+ and z € Q,

€ ~ ﬂ 1
(6.12) AP (2,€) = w(@) (0 + e (6:6) 7 g (2)
By the same token as in (64), one has that there exists A\, A > 0 depending only on @, such
that the estimates

Q-2 " ¢ Q-2
(613)  AG+IEP) T X < T2 0, AP (, ) xixg < A+ [€2)7F x|
(6.14) 10, A (2,€)| < A5+ [€2) 7T

hold for all € > 0 and § > 0 and for all ¢ € R?*»*! and y € R

In the next section we prove that contact sub-Riemannian manifolds support regular-
ity for Q-harmonic functions. Hence, together with Theorem [[.22] this result will yield
Theorem [1.19]

6.4. C1* estimates after Zhong. In this section we consider weak solutions u € Wé%c(ﬁ)
of L%u = 0, where L% denotes the QQ-Laplacian operator corresponding to a subRiemannian
metric gp (not necessarily left-invariant) in an open set 2 C H", endowed with its Haar mea-
sure, which coincides with the Lebesgue measure in R?**1. We prove the following theorem

Theorem 6.15. The following two properties hold:

(1) For every open U CC Q and for every £ > 0, there exist constants o € (0,1),C >0
such that for each u € Wé%C(Q) weak solution of L%u = 0 with HUHWLQ(U) </,
’ H

one has

||u||c;fa(U) <C.

(2) For every open U CC Q and for every £,0' > 0, there exists a constant C > 0 such
that for each u € Wé%C(Q) weak solution of L%u = 0 with ||u||W}1[,Q(K) < £ and

L < |Vuu| < ¢ on U, one has

HUHWI?(U) <C.

This result is due to Zhong [Zhol0], in the case when gq is a left invariant subRieman-
nian metric in H". The proof in [Zhol0] breaks down with the additional dependence on
x, in the coefficients of the equation as expressed in Proposition In fact, in one of
the approximations used in [Zhol(], the argument relies on the existence of explicit bar-
rier functions, which one does not have in our setting. To deal with this issue we follow
the method recently used in [CCGMI6] where a Riemannian approximation scheme was
employed to carry out the corresponding regularization for evoluationary equations. Apart
from this aspect the arguments in [ZholQ] apply to the present setting as well. Note that
the Holder regularity of the solution u is considerably simpler (see for instance [CDG93]).

Remark 6.16. The proof in [ZholQ] applies to any Carnot group of step two, and likewise
the conclusion of Theorem [6.15] continues to hold in this more general setting.
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Riemannian approximation. Throughout the rest of the section we will assume § > 0 and
let u denote a solution of L%u =01in  C H". For € > 0 we consider W:{gc and C* to be
the Sobolev and Hélder spaces corresponding to the frame X{,..., X5 ;. Observe that by
virtue of classical elliptic theory (see for instance [LUGS] ) for 6 > 0 one has that the weak
solutions u‘ € Wel,ich(Q) of (611 are in fact smooth in Q. For a fixed ball D CC Q and
for any € > 0, standard PDE arguments (see for instance [HKMOG]) yield the existence and
unicity of the solution to the Dirichlet problem

LaéuE =0in D
ut—u € Wé’OQ(D).

Although the smoothness of u¢ may degenerate as ¢ — 0 and § — 0, we will show that
the estimates on the Holder norm of the gradient do not depend on these parameters and
hence will hold uniformly in the limit. Note that in view of the Caccioppoli inequality and
of the uniform bounds on the Hélder norm of u¢ as ¢ — 0 (such bounds depend only on
the stability of the Poincaré inequality and on the doubling constants of the Riemannian
Heisenberg groups (H",g.) which are stable in view of [CCR13]), one has that for any
K CC D there exists a constant My o > 0 depending only on @, K such that

(6.17)

[IVeu||Lexy < Mkq-
The next proposition addresses the non trivial uniform bounds.
Proposition 6.18. The following two properties hold:

(1) For every open U CC D and for every £ > 0, there exist constants o € (0,1),C >0
such that if u® € W52 (D)NC>(D) is the unique solution of [ELT) with HUHWLQ(D) <
H

€,loc
£, then one has
||u€||01,a(U) <C, Ve > 0.
(2) For every open U CC D and for every £, > 0, there exists a constant C > 0 such
that if u¢ € W52 (D)NC>(D) is the unique solution of GIT) with ][0 <,
H

€,loc

and 3 < |Veut| < ¢ on U, then one has

’Q(D)

||u€||W2,2(U) <, Ve > 0.

The main regularity result Theorem then follows from Proposition [6.I8], by means
of Ascoli-Arzela theorem and the uniqueness of the Dirichlet problem (G.I7) when € = 0.

The proof of Proposition follows very closely the arguments in [ZholQ]. For the
reader’s convenience we reproduce them in the two sections below. For the sake of notation’s
simplicity, and without any loss of generality, we will just present the proof in the case n = 1.

Uniform Lipschitz regularity. The aim of this section is to establish Lipschitz estimates that
are uniform as € — 0, on a open ball B CC D.

Theorem 6.19. Let u® € W59 (DYNC>(D) be the unique solution of IT). If B C 2B CC

€,loc

D then there exists C' > 0, depending only on Q, A, \ of ([6I3) and GI4), such that

sup |V u6\<C( ! / (0+1V u6\2)%)%
Bp € — £(2B) 9B € ’
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where 2B denotes the ball with the same center of B and twice the radius.

The proof of this theorem is developed across several lemmata in this section.

For €, > 0 and ¢ = 1, 2,3 set v; = X{u® and observe that by differentiating (6.11)) along
X$,1=1,2,3 one has

3
(6.20) Z XE <AE5 z,Veu )X;—Ul) + ZXZG (A;:g (ZE,VEUG)Xg'Lﬁ) + X3 <A;’5(l‘,veu5))

3,j=1

1,21 1,23

1=1
4—2:)(6 A (2, Voul) — —AE5 (x ,Veuﬁ)) =0;
Aéé (z, VEUE)X3UE> — X3 (Ai’é(x,veuﬁ))

1,79 ) 1,23

5,j=1
(A“S (x,Veus

(6.21) Z Xﬁ(;ﬁ 2, Veu )X;v2) —Zz; '6(
z; A“; (z ,Veuﬁ)) = 0;
and

(6.22) ZXE< e, a:Vu)Xevg) + EZXE< mngu)) = 0.

1,j=1

Remark 6.23. Note that the terms containing X3 in the equations above are not bounded
as € — 0 in the g metric. In the following it will be crucial to obtain estimates that are
stable as € — 0.

The following results were originally proved for the case with no dependence of z, in

[MMO7), Theorem 7], [MZGZ09, Lemma 5.1] and then again in [Zhol(] with a more direct

argument bypassing the difference quotients method. The proofs in our setting are very
similar and we omit most of the details.

Lemma 6.24. For every 5> 0 and n € C§°(B) one has

2A
Jyomat  Bafluitaz < (sFisaan) [@HTay T Tatlnp taz

AB+1
2 1 / (22 8.2
+ 2e¢ A(l—i_i)\(ﬂ—kl)Q B((S—vaul )2 |vg|"n7d L.

Proof. Multiply both sides of {22) by ¢ = n?|X5u|?X5u¢ and integrate over B. The
result follows in a standard way from Young’s inequality and from the structure conditions

©I3). O

Note that dividing both sides of the inequality above by ¢?*2 and letting 5 — 0 one
recovers the Manfredi-Mingione original lemma (see for instance [Zhol(, Lemma 3.3]).
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Lemma 6.25. For every 5 >0 and n € C§°(B) one has

< d£§0(5+1)/(5+|Vu|) ? | Xauc P

/(5—|—|Vu|

3,j=1

+c/<n2+\vem2><5+rvguﬁr e+ C [ P+ Tar)
B

Q+B+1
2

dzL,
for some constant C = C(\,A) > 0.

Proof. Following the arguments in [Zhol0], we multiply both sides of ([6.20)), (6.2I]) and
©22) by ¢ = n*(5 + |Veu|? )21)Z for i = 1,2,3 and integrate over B to obtain

/ZA“S x, Veu) Xso X{(n (5+|VU|)§ 1)dL
3,7=1
€ € é
/ZAZ& V) Xau XE (P (6 + Vo) 3 v1) d £
+/Af5 Veu) Xs (128 + [Veu ) Toy) d £
3
+ 5749 (2, Veu) — —Afgg(az V)| XE (P8 + [Veu?) 7o) d £ = 0;
i=1
| S AL (0, Vo) X XS (6 + (V) ) d £
i,j=1
/ZA“S x, Veu) Xsu X5 (n (5+\VU\ )g vg)d L
/AE5 VS ) X (6 + [Veus2)Fup) d £
3
+ 3[4 (2, Veus) + 2 AfiS(xVu)] XEP(5 + |Veus )3 o) d L = 0;

=1

and

/ZA (2, Veus) Xsus X (2 (0 + |Veur|?) Fvg) d £
4,7=1
B
2

+EZA“CS X2 (6 + |Veu?)2ug)d L = 0.



CONFORMALITY IN SUB-RIEMANNIAN MANIFOLDS 45

Combining the previous identities we have

(6.26) / AP (2, Veu) X5up X7 ((6 + [Veul| )gvk)nzdﬁ
Jk 1
= -2 Z /nA VeuE)X;kafn(5+|Veu5|2)§vkd£—A—B—C,
i,5,k=1
where
i 8
A:/ S AT (2, Vo) Xau XE(P(6 + Ve[ Fon) d £
Bimi
/ZAjgl (&, VeuS) Xau XE( (6 + [Veu|?) 3 v2) d L,
_ €,0 € 2 €122
B_/ A5 (2, VouS) X (2 (6 + [Veu ) F0y) A £
B
/AE% Vi) Xa (P (0 + |Veu2) 3 v2) d £,

and
> B
€= 3 [ 143, V) — AL o V| XI5+ 9o ) S A
B
€ € € B
+Z/ (AL, (0, Vo) + A (o, Vo) | XE (6 + Vo) ) d £

+EZ/ Am3 z, Vus) XE (2 (6 + |Veu'| )g vg)d L.

In view of the structure conditions (G.I3]) one has that in the left hand side of (6.26) the
following inequalities hold

[ 6+ v FE
B

Z-X;uﬁlznz dL
ij=1

<C Z /A (2, Veu) X Sop X{ (6 + [Veu'| )gvk)n2d£

i,j,k=1
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and for all 7 > 0,

(NI

Z /nAE5 VeuE)X;kafn(5+|VEue|2) vpd L
i,5,k=1
< [0+ varp)® Su Pl Ven| Vet d £
,7=1
/(5+|Vu| 2 Z XEXSuPrPd L+ ! /(5—|—|Vu| VS Vo2 d L.

3,j=1

Next we estimate A, B and C. Using the structure conditions (6.I3]) we obtain

A< C [ 6+ By Xuln|V.n] d £

O(ﬁ + 1) /B((S + |v6u5|2)Q*2+6 iX]E'uE|2”72 dr

i,j=1
For B we integrate by parts and obtain

8
2

B=2 / A5 (2, V u ) Xsn(0+|Veus ) 2o, d L+ / A (2, Ve ) (0+|V eu|2) T Xs X uf X Sucvy d £
B B

—I-/ A§’5($,Veue)n2(5+ |Veu€|2)§X3v1 dL— 2/ Ai’é(JE,VEuE)UXgT}((S + |Veus|?)2vpd L

B B

B / A9 (2, VY2 (64 |V e [2) 57 X3 Xgus Xiucva) d L / A (2, Y u ) (54 Ve [2) 3 Xun d £
B B

) / AS (2, Vi) Xan(6-+ |V e 2) S o1 d L— B / X,;(A;ﬁ(x,veuf)n2(5+yv5u6\2)¥ ,;ufvl)xgufdc
B B

Sved L

—/ Xf(Ag’é(:n,VEu) (0| Veu|? §> su d£—2/ AS (2, V us ) Xan(0+|V eu ?)
B
+5/ Xk(A€5(:n Ve (6 |V eu?) T X kuev2>X3ued£—|—/ X§(Ai’5(x,Veuﬁ)n2(5—|—|veuﬁ|2)§)X3uEdﬁ.
B

The structure conditions (6.13)) then yield

3
Ty X XGulP
=)

CB+1) [ 0+ V)T Xau Vel d £

1B| < C(ﬁ+1)2/(5+\veuﬁ\2>‘9*§”
B

+ c/ (6 + [Vour|?) B2 | Xn| d L.
B
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Regarding C, the structure conditions immediately imply

3
S XXl d L

i,j=1

el = ¢ [ G+Ta) el d £+C(5+1) [ (G+TaP?)
B B

The proof of the lemma now follows immediately from the previous inequalities and from

Young inequality. O
The next step provides a crucial reverse Holder-type inequality.

Lemma 6.27. For every 5> 2 and n € C§°(B) one has

/(5+ Vo 2) %2 | Xue)? Z IXEXSu P2 d L
t,j=1

3
€ Q €, € — € €, €
C (B+ 1)2HV577H2L0<>(B) (52/3(5+ Veu?) 7 [ Xguc|? Z | X§ X PP +nP)dc

ij=1

ny /(5—|—|Vu 2y %2 n%c)
Note that dividing by €” and letting € — 0 one recovers Zhong’s estimate.

Proof. Differentiating (6.11]) along X{, recalling that [X§, X§] = X3, and multiplying by a
test function ¢ € C§°(B) yields

(6.28) / XEA (2, Vu) XEpd £ = / X3A5% (2, VeuS)bd L.
B B
Next set ¢ = 7°2|X5uc|® X{uc in the previous identity to obtain in the left-hand side
/ XCA (2, Vou) XEpd £ = / A (2, Ve ) XX Su XX a2 | Xgu P d £
—/ XfA§’5(x,VeuE)X3u6n5+2|X§uE|Bdﬁ
+ﬁ/ X§AY (2, Veus) XEX§u | X§uP 2 Xu X{usn 2 d £

+(B+ 2)/ X{AS (2, Vous) XEn| Xsus P X cusn A L.
B
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Substituting in (6.28]) and using the structure conditions ([6.I3]) one obtains

(6.29) /B(5+ \veuﬂ?)%ngue\ﬁi XX u PPt d L
S/BXng’é(a;,Vgue)XguEnBH\X?fue\Bdﬁ
+ 3 /B | XA (2, Vous) X XSu | Xsu )P~ Xun 2| d £
(B +2) [ XFAP @, V) Xnl Xu  Xgun £

+ [ 1K A5 (Ve X X 4 £
B

<3

k=1

/ XﬁA;(x,VeuE)X3u6n5+2|X§uE|ﬁd£'
B
+8 / IV, A (2, V)| |V X || X5 | |V e P2 d £
B
F(342) [ 1947 (0, T [V en| XV i .
B

2
+ / S X5 A9 (2, Vo) P2 Xu P |V | A £ = Iy + Iy + T + L.
B “
j=1

In a similar fashion, differentiating (6.I1]) along X$ and X§, and using the test function
¢ = ’I’]B+2|X§’LLE|BXZ’LLE with h = 2,3, one arrives at a similar estimate for Xj Xfu® in the
left-hand side. The combination of such estimate and ([6.29]) yields

3
/(5+ Veus2) 2 | Xsucl? S XX PPt AL < I+ L+ Is + I,
B ij=1

Next, for any 7 > 0, we estimate each single component |Ii| in the following way

3
(630) 1] <7 [ 0+ V)5 (X0 S XEXGur L
ij=1
C(B+ V2|V~ 3
e S [ G v E X Y XX ) d
B

ij=1

+T—1e2/ 6+ |V )y S pbac,
B

from which the conclusion will follow immediately. We begin by looking at ;.
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e Estimate of I;. Proceeding as in [Zhol(] we integrate by parts to obtain

(6.31)
/B XﬁAZé(x, Veus) Xzu‘n® 2| Xsu|P d £ = — /B Ai’é(x, Vu) X} (X3u6n6+2|X§ue|ﬁ) dL

= 1(B+1) / A (2, Vw2 | Xsus P X X s ucd £
B
—(B+ 2)/ Ai’é(x, V)" X n| Xsu|P Xau¢d L =T + IT.
B

— Estimate of Z. Using Young inequality one has

e(B+1) /B AZ";(m,Veuﬁ)n5+2\X§uﬁlﬁX§Xﬁuedﬁ'
<N+ [ 0+ V) X VXl d g
— — € E €, € €, €
< Vel e 2B +1) [ 6+ Ve [Xguel |V X P £

L B DIVl

T

Q
/ 6+ Vo) | Xsu )PP d £ = A+ B,
B
Next, we invoke Lemma [6.24] to estimate the first integral A as
[ 6+ 192 S X T X P

4A Q-2
< (e +20) [ O+ 1T ST v X
<>\(ﬁ+6) )B( Ve )72 2 Ve | X§u|
2

n 262A<1 t m) /B(cS + Ve 2 F | X5u | nP d £
AA

€ ﬁ € € €, €
< HVET,H%OO(B)(W +2A) /;(54— ‘Veu ‘2) 5 nﬁ+2’X3u ‘ﬁ‘Xgu yzdﬁ

2 €121 <L € e|f— € €
+2E2A<1 . m) [ 65+ 19y ] X502 X P .

(using the fact that |XSu¢| < eZij:l | X§ X5u| one concludes)

4A € E €, € 3 € €_ €
< 62HVGHH%°°(B)(7/\(B+6) +2A> /B((H IVeus )"z P2 | Xguc | Z | X5 X u ?dc
ij=1

2 122 | ye, 18— & €Y€E, €
+264A(1+ m) /B(6+ ’VEU ’2)2 \Xgu ’B 2 Z ‘XZX]U ‘2776d£.

i,j=1
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To estimate B we simply observe that

EB+D|Venl)?
|B| < ( )H HL (B) (5 + |v6ue|2)%|Xe EB 2 B Z |X5X5 6|2d£.
T B ch Pt
In conclusion we have proved
IZ| < 7(B+1) (L +2A> / (6 + [Veus|2) 52 P2 Xguc | Z | X XSuPd L
- A(B+6) i

2 € Q €, € — 3 € €, €
2Vl )0 (14 5y ) [, 6+ DB E X Y X
ij—l

(B + DIIVen|m

T

)/(5—|—|V6u6|2)%|X§ |2 Z XX u P d L.
B
i,j=1

— Estimate of ZZ. Observe that, in view of Young’s inequality, one has
22) < 7 [ (5 Ve P) ST 2Vl 5P P d
+2)°
L (B+2)

€ Q €, €
7 /B<6+ [Veu|?) 207 |Ven|?| Xsu| Pd.L

3
T/ (6 + [Veus) 2 P2V | XuP S [ XEXCuPd L
B A
i,j=1
, B+ 2)IVenllf e 5,
€

T

3
Q
6+ 1V 20 X5u 2 S XX L.
B ij=1
7-]
This concludes the estimate of I7, as in (6.30]).
e Estimate of I5. To estimate Iy we will note that in view of the structure conditions
(613]) there exists a constant C' depending on B (essentially maxp |z;|) such that

| VA o, i) [V X5 X5 Ve d £
B

3
/(5+\v w5 S XX ||V |||V Xud| | X§uc) P~ P+ 2
1,j=1

+C [ (64 Ve ™5 V| VX X5 2

/(5+ IV u|?) Z |XEX ||V e X || Xsuc [P~y 2d .
1,j=1

L C / (6 + [Veu?) 3|V Xgue|| Xsuc |~ 2L
B

Note that the second integral occurs only because of the dependence of A; on the
space variable x. The first integral is estimated exactly as in [Zhol(], by means of
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Young’s inequality and Lemma [6.24] In fact one has

3
Q—1
/B (6 + V) E S |XEX S|V eXsuc|| XSue) P~ 0 2L

1,5=1
- - € ﬁ €, € €, €
< ATl [ (6 + T )T VX gu P X Py
3
Q
+CEE|Vanlfrt [ 0+ 1T 30 IXEXGu P Xgue | 2 ac
1,7=1

_ _ 2A €12y 22 o e
< CVall (20! (5 2+ 20 ) [0+ DB PV g a

A(B+
1 Q
20Vl 2 A1+ s ) [ 0+ 1T E Xgu Py a
+ 20Vl A (14 S ) [0+ TP Xy
3

Q
+ CER|Varlfr™ [ 6+ V) S0 IXEXGu P Xgu 2 e
ij=1

Estimate (6.30]) then follows once one assumes (without loss of generalization) that
IVen||ze > 1 and using the fact that |X§u| < €Y7, | X5 X5ue|.
For the second integral we first use Young inequality and obtain
Q
[ 6 1V )3 VX | X2
B
Q-2
< [ (54 (Ve ) T |V X P X5 P
B

Q
+ 2771 / (6 + |Veus]?) s | X5uc|P 2 dL.
B
Invoking Lemma [6.24] and Young inequality one then has

(6.32) / (6 + Vo) 3 |V, Xsus|| X [P~ P H2de
B

2A Q-2
<re (2 ap /5 Ve 2) % |V el us P2 d £
<72\ (5o +20) [0+ V) TenPlos

9 1 / (2y2, 18,2
T A(1+7)\(5+1)2 [ 6+ Ve Fual " d

4l / (6 + |Veus?) 57 | Xsus| P2 dL
B
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2A Q-2
<76 | (s +24) [ 6+ IV ) (T2 d £
<re?| (5o +24) [0+ 9 Tanllen

1 Q
22A17/5 562_ Pn2d
+ 2¢ ( +)\(ﬁ—|—1)2) B( + |[Veu|?)2 |ug|"n~d L
-2
+T_1/8—/ (0 + ]VEUGP)%\X?qu]BanE
B JB
_1_7_—1265/ (0 + |V€u€|2)%nﬁdﬁ.
B Js

From the latter, estimate (6.30]) follows once one recalls that | X§u¢| < e Z‘:’ o | X X Suc|.
e Estimate of I3. Using the structure conditions (6.13]) one has

(8+2) / IV A (2, )|V e XS [P |V e [P+ d £
B
3
€ E € € € € € €
<(B+2) /B (0 + [V )T S | XX || X5 ||V e [P+ |V e d £
ij=1
+C(B+2) [ (641 X5 Ve Venl .2

The second integrand in the right hand side is estimated as in ([6.32]). To estimate
the first integral we use Young inequality to obtain

3
€ ﬁ € €_ € € € €
L6+ T Y XX | X T V| d £
ij=1
Q-2 3
< T/ (0 + [VeusP) T 3 | XeXeu P Xsus PP +2 d L
B =
2,7=1
+or / (6 + [Veu ) ¥ | X5u 0|V enf? d £
B

and consequently invoke |X5u| < €27, [X{Xu| to conclude that ([630) holds.
e Estimate of I;. The structure conditions (6.13]) yield

2
/B S X3 AS (2, Veu 2 Xsue |V ] d £
j=1

< (3+2) [ 0+ V) TV Xgu| X P Vel d £
B
+C [ 5+ 19X Va2 d £,
B
which are estimated as for ([631]) and using |X§u‘| <€ E?,j:l | X5 X Sucl. O

The argument in the previous proof can be adapted to the case § = 0 to obtain



CONFORMALITY IN SUB-RIEMANNIAN MANIFOLDS 53

Corollary 6.33. There exists a constant C > 0 depending only on X\, A\, Q such that for every
n € C§°(B) with 0 <n <1 one has

3
€ ﬁ € € €
/B(é—HVEu 2% S XX PP A L

1,j=1

< C 1+ Vel ) + 1 Xl o) /S
P

6+ \Veuﬁlz)%dﬁ).
upp(n)

Proof. As with the previous proof we substitute ¢ = v17? into (6.28)) to obtain

/B A (0, V) XEX Sl XEX Sl d L — / XEAS (2, Vo) Xgun? . £
+2/ A“S (z, Vau) X{ Xsuvin Xind £

— / Ag’é(az, Veu)X3(vin?)d L.
B

Repeating this argument for v, with & = 1,2,3 and using the structure conditions (G.I3])
yields

A/ (0 + [ Veur]? Z [ XEXGu PP d L < 2/A (2, Veu ) Xi XjuvpnXind L
i,j=1

— / (A§’5(:E, Veus) X§ Xzu® — Ai’é(:n, Vu) X5 Xzu)n? d L
B
- /B (A5° (2, Veu) X — AT (2, Veus) X5m)nXsu d £

B / AS (2, Vu) X3 (010?) — AT (2, VeuS) Xa(ven?) AL = I + I + I3 + I
B

Next we show that, modulo a constant C' as in the statement, every term I; on the right
hand side can be estimated by the expression

3
€ Q-2 € € € — € Q
T/B((S—Hveu )2 Z | X5 X5u ’n?d L+ 1(1+||Ven||2Loo(B)+||X3n||Loo(B))/S ()(5+|Veu RERVS

i,j=1 upp(n

for some 1 >> 7 > 0 arbitrarily small, from which the conclusion is immediate. The
estimate for I; follows immediately from Young inequality. To estimate I we invoke the
structure conditions ([6.I3]), then apply Young’s inequality, Lemmal[6.24] and the observation
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| Xsu| < 307, | X§ X5uf| to deduce

L < 7/ (6 + Vo 2) = | X Va2 d £
B
< T/ (6 + |V P) 22| Xs Ve P2 d £ + 07—1/ 6+ Vo2 2 d g
B Supp(n)
< Tsup \Ven’2/ (0 + ]VEUEP)QQQ \X3u5\2772 dL+C(r+ T_l)/ (6 + ]VEUEIQ)% d.
B B

Supp(n)

3
<7 [ G4V ) S XX AL+ O [ @+ Varp)RdL
B ig=1 Supp(n)

The estimates on I3 and I proceed in a similar fashion, using Young’s inequality, Lemma[6.24]
and the observation |Xszu¢| < Z?,jzl | X5 Xsuc|. O

Note that the previous result immediately implies part (2) of Proposition [6.I8]

The following corollary is a straightforward consequence of Lemma [6.27] and the Young
inequality applyed to the right hand side of inequality of the lemma.

Corollary 6.34. For every > 2 and n € C3°(B) with 0 <n <1, one has

3
[ 6+ Va5 X5 Y IXeXu Pyt d £
B =
i,7=1
BB 4 B €2\ 9=2£58 ’ €vyeE, €2, 0
< FCE+ D Vel g [ 0+ Vw52 S IXEXGu B
ij=1

+/(5+|Veuﬁlz)#nﬁdﬁ>-
B

Theorem 6.35 (Caccioppoli Inequality, [Zhol0]). For every 8 > 2 and n € C§°(B) with
0<n<1, one has

3
[0+ Va3 XX d
& inj=1
€12y QL8
< O+ DM Venlim) + I Xsnlim) [0+ Ve ¥ a
upp\”n

Q+pB+1

+C/n2(5+]VEuE]2) > dL.
B
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Proof. We use Hoélder inequality and Corollary [6.34] to obtain

[ 6+ 9 S g d e

_2_ _B_
— B+2 B+2
< (/ (5 + |v6u€|2)%|X3u|ﬁ+2nﬁ+2 dﬁ) (/ (5 + |V€u€|2)# dﬁ)
B Supp(n)
_B_

: (” [ oV ) = x5l 3 rXfx;uer%ﬁ”dﬁ) </ “*‘VE“E’Q)%OI'C)
B ij=1 Supp(n)

B 4 B €2y 9=2£58 > €vye, €2,

B+ ) Vel fmy [ 6+ IV F Y (X5t a

i,j=1

<

2 8
B+2 312
+ / 6+ \veufﬁ)%nﬁdc)] (/ (6 + |Veus[?) 57 dﬁ) .
B Supp(n)

Recalling Lemma [6.25] the previous estimate then yields

3
€ Q245 € VE, € € Q=248 €
/B(éﬂvgu )2 ) X X ]2n2d£§C(ﬁ+1)4/B(5+]VEu )2 | XauPp?d L

ij=1
Q+B+1

+c/(n2+\ven12)(a+\veufy2)% dL‘+C/ P+ V)25 d g
B B

3
€ Q—2+48 € VE, €
<CB+1D)HCP B+ 1)4||Venllfoo(3)(/B(5+ V)2 Y X XS Py’ d L
ij=1
2
2 Q+B B+2 2 Q+B % 2 2 Q+p+1
+/ (64| V.| )Tnﬂdc) (/ (64| V .| )Tdﬁ) +c/ P64+ Vo ) 2 d L
B Supp(n) B
The conclusion follows immediately from the latter and from Young inequality. O

Lemma, 6.36. Let ut € W52 (B)NC™>(B) be the unique solution of G1T7). For every 3 > 2

€,loc

set w = (0 + |V6u5|2)#. Ifn e Cg°(B) with0<n <1, and k = Q/(Q — 2), then one has

1
([orae)” < o+ 00l + IiXall) [ aPaL,

upp(7)
where C' > 0 is a constant depending only on Q.

Proof. Tt is well known that the Sobolev constant depends only on the constants in the
Poincare’ inequality and in the doubling inequality, both of which are stable in this Rie-
mannian approximation scheme (see [CCR13]). Applying Sobolev inequality yields

1
([, moPrac)” < [ 1vimPiac < e, [ u*acee [ [Vabirac,
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for k = Q/(Q — 2) and some constant C' depending only on Q. Invoking Theorem [6.35] we
arrive at

1
030 ([, ImPac)” < I alimm [ utac
B B

Q+B
OB+ D Vel +InXonllimi) [ 6+ Vi) ac
upp(n
Q+B+1

+0/ P26 + [V P) T d
B

<C'(B+ D3|V X 240+ | wHaEndc
< OB+ DAVl @) + [nXsnllem) | wdL+ 0 | w n?dL.

upp(n)

Using Holder inequality one has

1

2 2 Q 2Q

/w2+9+5n2d£§ (/waQdﬁ) (/ |wn|Q1d£>
B B B
1 1

2 €2\ Q @ % " hoiT
< n + et 2 nw Q-1

o+ |V dL dL B

B B

Since we can choose |B| < 1, we can bring the first term on the left hand side of ([6.37]) to
conclude the proof of the lemma. O

Q-1
Q

The proof of Theorem .19 now follows in a standard fashion, as described in [Zhol0],
from the Moser iteration scheme (see for instance [GTOIl Theorem 8.18]) and from [HKMO0G,
Lemma 3.38]. Note that the constant involved in such iteration are stable as € — 0 (see

[CCR13]).

Uniform C5% regularity. Throughout this section we will implicitly use the uniform (in )
local Lipschitz regularity of solutions of (GI7) and set for every B(zo,2r9) C B, k € R,
1=1,2,3,and 0 <7 <rp/d <1,

pe(r) = oscp(zy.m [Veuls Ay . = {x € B(xo,r) such that Xju® < k}
and Al'fk’r = {z € B(x,r) such that Xju® > k}.

The proof of Proposition 618 and in particular of the C1® estimate in part (1) follows
immediately from the following theorem, which is the main result of the section:
Theorem 6.38. Let u¢ € ngi?C(B) N C>®(B) be the unique solution of [©IT). There exists
a constant s > 0 depending only on Q, \, A, rg such that

L
r

u(r) < (1= 275)u(4r) + 2°(6 + p(rg)?) ¥ (5) .

for all0 <r <1y/8.



CONFORMALITY IN SUB-RIEMANNIAN MANIFOLDS 57

Our first step in the proof of this theorem consists in establishing a Caccioppoli inequality,
in Proposition for second order derivatives on super level sets Al—t—k,r‘ This result will
imply that the gradient V.u€ is in a De Giorgi-type class and then Theorem [6.38 will follow
from well known results in the literature.

We begin with some preliminary lemmata. We indicate by |A| the Lebesque measure
L(A) of a set A.

Lemma 6.39. Let u¢ € W59 (B) N C™(B) be the unique solution of ©IT). For any q > 4

¢e,loc

there exists a positive constant C depending only on q, A, A such that for allk e R, 1 =1,2,3
and 0 <1’ <r <ry/2, ne€ CF(B(xo,r)) such that n =1 on B(xg,r’) one has

(6.40) /A+ (6 + [V [?) 2 (Vo[22 d

1,k,r!

= /+ (6 + |V€“E|2)% w2 Ven|?d £+ C (6 + M(To)z)%lAlJ,rk,r|1_§ + I3

Lk,r

where we have set wy = (Xfu® — k)t and

(6.41) I3 = /B( )(5-1- |V6u6|2)%|VEX3uE|Iw1|n2 dL.
xQ,r

Proof. As above, we study the case [ = 1, since [ = 2, 3 is similar. Select a cut-off function
n € C§°(B(xo,7)) such that n = 1 on B(wg,r’) and |Ven| < M(r — '), for some M > 0
independent of e. Substitute ¢ = 7%w; in the weak form of (G20) to obtain

/ A (@, Veau ) X s X fu Xfwrn® d £ = =2 / A (2, Veu ) XS X fus X mmwy d £
B B
€,0 € €ye€
- /BAZ.:52 (2, Veu) Xsu X (win?)d L
—1—/ X3A§’5(x,VeuE)n2w1d£
B
5,6 € x2 67(5 € €
— /B (Aivxl(x,veu ) — ?Amg(a;,vgu ))XZ (n*w;)dL.
Using Young inequality and the structure conditions (G.I3]) one easily obtains the estimate
€2y 2 2, 2 €2y 92 2 2
[ 6+ 1V VPP dL <€ [ 3419 [Vt a
B B
+C [ G+ VY2 X PP d L+ C [ 6+ IV ) 2 IV X ol d £
B B

+ C/ ((5 + ’VEUGP)% (wm2 + 2wm\ve?ﬂ + ?72\V6w1\> dL <1 + Iy + I3+ 1.
B

The terms I; and I3 are already in the form needed for ([G.60). To estimate I, we observe
that for every 7 > 0 one can estimate
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I < 7'/ 6+ |V€u6|2)%|vﬁw1|2n2 d L+
B

ot [ GV ac+ o [ ¢+ V) T VaPuld L
B

1,k,7

thus leading to the correct left hand side for (G.60]). To estimate I we argue as in [Zhol0)]
and invoke Theorem [6.35] and Corollary [6.34] to show

[2§(/A+

1,k,r

2
q

1—-2
(6 + |VeusP) dﬁ) (/ (5+yv5u6\2)¥\xgufyqn2dc)
B

2
q—2 q

Q-2g-2 _2 _
< 6+ u(ro)?) T T 14F, ! q(/B( /2)(5—1—|V6u6|2)—Q22|X3uﬁ|q_2|XfX;uE|2dﬁ)
x0,T0

3
Q-2 q—2 —44q
< (O+u(ro)) F T AL, [ [cq_2(q_l)4rg-q(/3 (Ve P) = Y XX uPac

(z0,270)

1,j=1

Qv

L R \veuf\2>“52dﬁﬂ
B(

< Cq = )56 + (o)) T T AT 1 [/ 6+ [Veu ) ax

" PO+ V)55 d L+ (6 + |Veus|2) 5 del
B(Z‘o,?“()) B(Z‘o,?“())

O

In order to obtain from the previous lemma a Cacciopoli inequality we only need to obtain
an estimate of I3. The proof of the previous lemma yields the following

Corollary 6.42. In the hypothesis and notation of the previous lemma, one has that for any
q > 4 there exists a positive constant C' depending only on q, A\, A such that for all k € R,
1=1,2,3 and n € C§°(B(zg,7)),

— 1
(6.43) I3 < C( + u(ro)?) T | AL, , 136G

where

—2

Gy = /((5 + ]VEUG\Q)wa\Vevgl2n2d£.
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Proof. From Holder inequality one has,
(6.44) / (6 + [Veu ) E IV Xgul | wor [ d £
B(zo,r)

1
_ _ 2
< O+ a1 ([ G IV P X Ra )

Z‘077”)

0

Lemma 6.45. In the hypothesis and notations of Lemma[6.42, for every m € N, m > 1 one
has that there exists a constant C depending on m,Q, \, A, such that

(6.46) Go < O K707 (6 + (o)) omine
h=0

where

Q 1
— 5 v -5 2 2 2 : ) 2 Q— 2 9 2
K (/( )( ’ Eue’Q) 2 l(”[’, +’<7E”‘ ) ] / ( ’ Euﬁ‘ ) 2—2"75 l’ dﬁ) .
B(xg,r ' wi™n

mo,T)

Proof. In the following we will denote by C' a series of positive constants depending only
on m,Q,\,A. We study the case [ = 1, since [ = 2 is similar and [ = 3 is slightly easier.

The bound (6.46]) follows from a bootstrap argument, whose main step is the subject of
the following estimates.

For 8 > 0 and for any cut-off function n € C5°(B(zo,r)), let

Q-2
Go= [, O+ IV )T easP ol n a £,
x0,T

Q
= [ 0 VP Rl d £
B(zo,r)

where we recall that w; = (Xfu® — k)", for 1 =1,2,3.

We claim that there exists a constant C' > 0, depending only on @, A, A such that
(6.47)

1 1 1 1 .
CK| G3gpo+ Fy iy + (6 +p(ro)*)2 Fy ), if f>0
Gg < 1 1 Qo
CK|(G; +F7 +(6+ pr)HT T K177 ), if 3 =0 and for any o € [0,2),

and

(6.48) Fy<{ CK(O+ p(ro)?)2Fy, if B> 0,
C(§+ p(rg)?)K? if 6=0,

In particular, for every 8 > 0 and m > 2, it will follow that one has

1
(6.49) Fy < (CK)073) (5 + pu(ro)?) 7w 3T,
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Estimate (6.48]) follows directly from Holder inequality and from the gradient bounds in
Theorem [6.19]

Q
(6.50) ng/B( )(5+|Veu5|2)2IvslﬁlcwIQnQdﬁ
T0o,Tr

=

1
<(f. GwapPaprac) ([ @ b ac)
B(:Eo, ) B($07 )
1
< CK (0 + p(ro)?)
To prove (6.47) substitute ¢ = n?w?|vs|’vs in the weak form of (6.22)) to obtain
(6.51)
(ﬂ+1)/ Af’é(a: Veu) X5 UgXE'Ugwl \Ug]ﬁn2d£ </ \Aeé (x VEUG)HX;-U;),\]Xf[n2w12]]\1}3]5+1dﬁ
B
e f 1A (0, V)X bl |4£ = 4+

The first term on the left hand side is estimated via Young’s inequality

=

A< Cr( [ (64 ) a2V P )
For the second term we note that

(652) B < Ce/ 6+ Vo) 5 |V L
B

{HZW? 03] Pv3

SOe/mw u[2) 2 o3P+ wn 2|V en] d £

+C’e/ (6 + |Veu ) = |03 PV cvs | [wn 202 d £
B

Q7
+ Ce/ (6 + [Veu ) 5 [ug] Y Vowor |[en 2 d £ = Ty + Ty + T
B

For any € > 0, Young inequality and (G.48)) yield the estimate
(653) Ty < e [ (549 sl Ve Pl P d £
B
Q
e / (0 + [Veu ) fos|leor *n* d £

<& [ 0 IV ) sl Vs PP d £

D=

+ CK (5 + p(ro)®) 2 F2,.

The other two terms are estimated through Holder inequality as

s

2
T +1T5 < K(/ (6 + \Veu€\2)%\vglzﬁ+2]w1\2n2dﬁ) .
B
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In view of the structure conditions (6.I3]), of (6.51), and of the estimates above for A and
B one has

[ T Tt Vo rvg,\ﬁnzdﬁq(/(éﬂw\ )T o3P Vs !w1\2n2d£)

1
2
+K< [+ |vﬁu€|2>%|v3|25+2|wl|2n2cw)
B

1
+ e (54 p(r0)*) 2 Fyy + € [ (64 Vi) 7 ual? Ve e PP d £

Bringing the last term on the right hand side over to the left hand side one obtains (G.47])
in the case § > 0. For the case § = 0, the estimate on T above can be improved. We let
o € [0,2) and observe that

(6.54) nge/mwun 7 Vs Pl PP d £
+Ce [ @+ V)R PP L
B

< o+ Celo -+ plro)?) [ (34T ) 2 PP d £
B

SeGo+CeK2(1_%)(5+M(m)2)(/(6+’vu‘) 2 ‘“”2"2“)

< € + Cl20=3) (6 + pu(rg)?) 1+

The latter concludes the proof of the estimates ([6.47) and (6.48]). At this point we can
proceed with the description of the bootstrap argument needed to prove the bound on Gp.

In view of Lemma [6.24] Corollary [6.33] Corollary [6.34] and Theorem [6.35] one has the
following

(6.55) Gy < C(6+u(ro)?) T2 Blag,r0)]  and  Fs < C(0+u(r0)?) 5| B(xo, 70))-

Combining ([6.55) with (647) and (6.48]) yields for all 5> 0 and m > 1,

1 1 11— 1y 3T
(6.56) Gz < CKG3y o+ (CK)* 77 (5 + 1i2(rg)) 2! zm>F2%n(§}3+2)

_ 1 m
 (CR) 5 (5 + pi2(rg)) 303 pZTeT

1 9 L 9 842, 1 Q _1
< OKG§ﬁ+2 + (CK)*™ 27 (§ + p*(ro)) 2 277 2| B(xq,1r0)| 2777

Iterating the latter m times and setting (5, = 2™ — 2 one obtains

Gﬁz <C Kz( )GB 4o + Z K2(1_ﬁ)((5 + M2(T0))2(1+2m¥%) .

=
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From the latter, (6.49), and keeping in mind the starting point (6.47]) corresponding to
B =0, one concludes that for any o € [0,2),

(6.57)
Q 1
GO S C|: 2(1 2m+1 )G2m+1 + Z K 2m+h (5 + 7 (TO)) +2m+h+2 + F22 + K2((5 =+ N2(T0)):| .

Bm+2

FRTI(G 4 M2(7‘0))_ T T + K5+ o)

Applying ([6.55) to the latter and letting o = %, yields the estimate

Q m Q
(6.58) Gp<C {Kz‘%’n(é + 2 (rg)) T 4 S°KZT (S 4 i (rg)) T
h=1
Lt o

K26 4 ) T 4 R 54 o))

concluding the proof. O

Proposition 6.59 (Caccioppoli inequality on super-level sets). Let u® € W, 1OC( )N C*(B)
be the unique solution of (GIT)). For any q > 4 there exists a positive constant C' depending
only on g, \, A such that for allk € R, 1 =1,2,3 and 0 <1’ <r < ry/2 one has

660) [, 6+ V)T ValPrrde <0 [ 6+ V) P Valt
Lk,r

1,k,r!
Q 1-2
+C(6 + u(ro)®) 7 |Af |,

where we have set w; = (Xfu —k)*.

Proof. As above, we study the case | = 1, since [ = 2,3 is similar. We will also call A the
right hand side of (6.60). In view of (€40) we only need to show I3 < A. From Lemma
6.39] one has

K < (A+Is)e.
In view of (6.40]) and Corollary one obtains

1
_ m 0 3
(6:61) 15 < C(6+ ulro)?) T A, |2 ( > KT+ M2(7‘0))1+—2m+h+2)
h=0

m

Q 1 1 1\ T Q
< C(6 4 p(ro)*) F1AN 12 (AE +I§> (5 + p2(rg)) 7578
h=0
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Next we observe that in view of Young inequality, for every h =1,...,m

11 Q
(6.62) C(6+ u(ro)?) T|Afy, |2 (AT T 4 [27 T (5 412 ()7

om—+h+2
1 Q Q Ty2mthtl
=l A+C(®+uww%zmaﬂ%w+u%m»www)*

2m+h+2

le 27777
<5l LA+ CE + [Vt $ At | P

—_

)

To complete the proof of (6.60) we choose m sufficiently large so that

2m+h+2

IN

2 1
1_5 5(1+2m+h+1)'

A similar argument yields the corresponding result for sub-level sets:

Corollary 6.63. Let u® € W, 10C( ) N C®(B) be the unique solution of (GIT). For any

q > 4 there exists a positive constant C depending only on q, \, A such that for all k € R,
1=1,2,3 and 0 <1’ <r <ry/2 one has

(6.64) /7 (5+yvgufﬁ)%\vewl\?dcSC(T—TW/7 6+ |Veus )T w2 d £

1,k,r! Al,k,r
Q. 1-2
+C(6 + u(ro)?)? |Al,k,r| 9y

where we have set wy = (Xju®—k)~.

From this point on, the rest of the argument does not rely on the function u. being
a solution of the equation anymore but only on the Caccioppoli inequality above. The
proof of Theorem is very similar to the Euclidean case as developed in [LUGS|, and
[DiB83]. It ultimately relies on the properties of De Giorgi classes in the general setting
of metric spaces, as developed in [KS01] and [KMMP12]. We recall that a function f €
Wﬁ’z(B(xo, r0)NL>®(B(xg,r0) is in the De Giorgi class DG (x, g, ) if there exists constants
X;q,7 > 0 such that for every 0 <’ <r < rp/4 <1/2 and k € R one has
(6.65)

IVew[*d L < y(r — r’)_2/ w?d £+ x|{z € B(xo,r) such that w > 0}|' 77,
B(zo,r") B(zo,r)

where w = (f — k)*. A function f € Wﬁ’z(B(xo,ro) N L*°(B(zp,70) is in the De Giorgi
class DG~ (x,q,~) if ([663]) holds for w = (f — k)~. We set DG(x,q,7) = DGT(x,q,7) N
DG~ (x,q,7). It is well known, see for instance [KMMP12] and references therein, that

functions in DG satisfy a scale invariant Harnack inequality and the following oscillation
bounds: If f € DG(x,q,~) then there exists s = s(q,v,Q,ro) > 0 such that

_ 1-2
0SCB(ao,r/2).f < (1= 277)0SCp(me,m [ + X1 7.
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From the latter, the Holder continuity follows immediately assuming ¢ is large enough. We
need to show that (6.60]) and (6.64]) imply X;u® € DG(x,q,7). To do this we need to prove
a result analogue to Proposition 4.1]:

Lemma 6.66. In the notation established above, there exists T > 0 depending on Q, A\, A,
such that if for at least one k =1,2,3,

|{:17 € B(x,r) such that Xju® < OSCB 21| Veu |}| <7,

then V|
OSCB(m,2r) cus
sup Xpu
B(,%) 100

Analogously, if for at least one k =1,2,3,

1
]{x € B(z,r) such that Xgu® > —gO5CB(@2r) |Veu \}\ <79,

then

osc Veu
sup X]Z’Uf < - B(x,2r)| |
B(w,5) 100

This result is proved exactly as in [DiB83] Proposition 4.1] (see also [Zhol(, Lemma 4.4])
and it yields essentially the equivalence

(0+pu2)) T ~ G+ V)T

for all x € B(wo,r), when |V u¢| is small with respect to oscp(g or)|Veu€|. This equivalence,
together with (6.60) and (6.64) implies Xju® € DG(x,q,7), thus concluding the proof of
the Holder regularity of the gradient in Theorem O
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