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ABSTRACT 
 
 
 
 
We focus attention on single-punch compaction of metal powders in cylindrical 

dies.  In one case, we consider solid cylindrical compacts, and take the die walls to be 

frictionless in order to isolate the effects of initial nonuniformities in powder fill on the 

final green density distribution of the compact.  First, a model is introduced in which the 

die is filled with n distinct powders that occupy concentric annular regions within the die.  

The model requires that the balance of mass, the balance of momentum, and a realistic 

equation of state be satisfied in each region, and includes a plausible constitutive relation 

that relates the induced radial pressure in each powder region to the corresponding axial 

pressure and the relative movements of the interfaces that confine the region.  For 

specified powder properties, the model predicts the movements of the interface between 

the powders, the final density in each region, the pressure maintained in each region, and 

the total compaction load required.  In the special case of two powders (n=2), we predict 

how the radial movement of the single interface depends on the mismatch between the 

properties of the two powders.  For large values of n, and for powder properties that 

change gradually from one powder to the next, the model approximates a single powder 

filled nonuniformly in the die.  Finally, a model is developed for a single powder with 

continuously varying powder properties.  Formally, the model may be obtained by taking 

the limit of the n-powder model as n becomes unbounded.  Employing the continuous 

model, we determine how nonuniformities in initial fill density can be offset by 

nonuniformities in other powder properties to yield perfectly uniform green densities. 
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In a second case, we consider axisymmetric, hollow, cylindrical compacts, and 

include the effects of friction at the die wall and the core rod.  The ratio of the induced 

radial pressure to the applied axial pressure is assumed to be constant throughout the 

compaction, and Coulomb friction acts between the powder and the die wall as well as 

between the powder and the core rod.  We derive a closed form solution for the axial and 

radial variation of the axial pressure, radial pressure, and shear stress throughout the 

compact.  This solution is combined with a plausible equation of state to predict the final 

green density distribution and the variation of applied load throughout the compact. 
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CHAPTER 1 
 

Introduction 
 
 
 
 

Powder Metallurgy (P/M) encompasses a diverse set of near net-shape 

manufacturing processes that convert elemental or alloy metal powders into useful 

engineering components.  There are five operations central to the powder metallurgy 

process. 

The first step in the P/M process is powder production.  Typically less than 1mm 

in size, powder particles are produced with a wide range of techniques, depending on the 

desired size, shape, and composition of the bulk powder.  Commonly used powder 

production techniques include atomization, reduction, electrolytic deposition, mechanical 

comminution, and mechanical alloying. 

The second step is powder blending.  Metal powders of different sizes and types 

are often blended together to yield parts with specified strength, hardness, and porosity.  

Oftentimes an organic lubricant is incorporated during blending to facilitate compaction 

and ejection. 

The third step is powder consolidation.  Pressure is applied to the blended powder 

to create parts with densities higher than the apparent density of the powder.  The most 

popular consolidation technique used today is uniaxial compaction.  Other methods of 

consolidation include isostatic pressing, extrusion, and metal injection molding. 

The fourth step is sintering.  Before it can be used for commercial applications, 

the P/M part is heated without melting (sintered) to remove lubricant and create 
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metallurgical bonds between individual powder particles.  The inter-particle bonds 

created during sintering enhance the physical and mechanical properties of the part. 

When the sintered part does not fulfill its engineering requirements, it is subjected 

to secondary finishing operations.  This is the fifth and final step of the P/M process.  

Finishing operations are used to improve dimensional tolerances, refine surface finish, 

increase strength and hardness, or modify microstructure.  Common finishing operations 

include repressing via coining or sizing, impregnation with oil or resin, heat treating, and 

machining. 

This thesis is concerned with powder metal compacts produced by uniaxial 

compaction in a rigid die.  The typical compaction apparatus consists of a metal die and 

an upper and lower punch.  For instances where more complex parts are required, core 

rods are positioned within the die to create holes or internal steps in the compact.  The 

compaction process begins when a feed shoe delivers a controlled quantity of metal 

powder to the die.  After filling, the upper punch moves towards the lower punch to 

compact the powder bed.  If the lower punch is stationary, this process is called single-

action pressing.  If both punches are moving toward each other, the process is called 

double-action pressing.  When a desired pressure or compaction height is obtained, the 

upper punch is withdrawn and the lower punch moves upward to eject the pressed green 

part.  The green part is strong enough to be handled, but not strong enough for 

engineering use.  Once the part is ejected, the bottom punch is lowered and the feed shoe 

moves back over the die to deliver powder for another part.  A diagram detailing the 

compaction phase of the P/M process is shown in Figure 1.1. 
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Figure 1.1: Diagram of the powder metal compaction process. 
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The density distribution of the green compact is of particular interest because less 

dense regions are inherently weaker and will shrink more readily during sintering than 

regions of higher density.  Such differences in behavior can lead to microcracks that 

ultimately undermine the strength of the part after repeated engineering use.  

Nonuniformities in green density are caused primarily by nonuniform powder filling 

before compaction and friction between the die wall and the powder during compaction. 

 

1.1 Review of Previous Work 

A fundamental understanding of the physical mechanisms that govern powder 

compaction is central to the economics of the P/M process.  Hence, compaction modeling 

has received significant attention over the years.  There are two main approaches to 

compaction modeling.  “Micro-mechanical” or discrete element models (DEM) consider 

the discrete nature of the powder particles.  These “particulate” models describe how the 

basic physical laws affect the movement of individual powder particles.  “Macro-

mechanical” models, on the other hand, treat the powder mass as a continuum.  These 

continuum models describe how the pressure and density distributions within the 

compacting powder bed depend on relevant powder properties and geometry of the 

compaction apparatus. 

Micro-mechanical modeling describes the particle-particle and particle-wall 

interactions that take place when powder is compacted.  Information pertinent to such 

modeling may include the average number of contacts, volume fraction of particles, 

contact area, and center-to-center distances of adjacent particles.  Micro-mechanical 
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modeling was initially applied to the mechanics of soils and rocks and later to the flow of 

granular media in industry.  Cooper and Eaton [1962] were among the first to use micro-

mechanical models to describe the compaction of powder metals.  They characterized 

compaction as two separate probabilistic processes, the filling of large voids by sliding 

and the filling of small voids by plastic flow.  Today, the micro-mechanical model is used 

primarily to determine the local yield behavior of complex powders.  For example, Fleck 

et al. [1992] used a micro-mechanical model to study the yielding of a metal powder 

bonded by isolated contacts.  The primary drawback of the micro-mechanical model is its 

computational expense.  To accurately model the interplay of adjacent powder particles 

during compaction, an extremely small time step must be used.  On today’s fastest 

supercomputers, it is possible to simulate the compaction of only a few thousand 

particles.  Consequently, micro-mechanical modeling is insufficient to characterize the 

global behavior of a compacting powder mass. 

The macro-mechanical approach is the predominant modeling technique for 

powder metal compaction.  Whereas the micro-mechanical model provides information 

about the local behavior of a powder, the macro-mechanical model provides useful 

engineering information such as density distribution and post-compaction shape.  

Mathematically, macro-mechanical models involve the solution of a boundary value 

problem with partial differential equations for equilibrium, compatibility, and a material-

dependent constitutive relation.  The finite-element-method (FEM) is the most common 

numerical technique used to solve this system of equations.  Less common solution 
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techniques include the finite-difference-method (FDM), and the boundary-element-

method (BEM). 

Aydin et al. [1997] characterize macro-mechanical models as either first-order, 

elasticity, or plasticity models.  The first-order model is a low dimensional model that 

determines stress from equilibrium, and relates pressure to density without explicit 

consideration of deformation.  The first-order model was conceived over a century ago 

when Janssen [1895] described the compaction of powder in a cylindrical container.  

Walker [1966] modified this solution and proposed what is the now classical Janssen-

Walker analysis.  A variation of the Janssen-Walker analysis is presented by German 

[1994] in his introductory powder metallurgy text.  Thompson [1981] presented a more 

detailed first-order model that addresses both the axial and radial variations of pressure 

and density in the green compact. 

Elasticity models are multi-dimensional models that relate an increment in stress 

to an increment in strain.  The factor of proportionality for this relation is typically not 

constant and often depends on the strains themselves.  Thus, elasticity models for powder 

compaction are inherently nonlinear.  Mroz and Zeinkiewicz [1984] discuss elasticity 

models for powder compaction in their comprehensive mechanics of materials textbook.  

First-order models and elasticity models are simple, easy to implement, and highlight the 

underlying physics of compaction.  Input data is readily obtained by testing the bulk 

stress-strain behavior of the powder.  These models are sufficient to model the final state 

of the compact while still under the pressure of the compacting punch, but they cannot 
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deal effectively with unloading and they offer no insight into the mechanisms that 

characterize the densification of a compacting powder. 

Plasticity models consist of an elastic stress-strain relation and a flow rule or yield 

criteria that specifies how the deforming powder transitions from an elastic state to a 

plastic state.  Yield criteria for macro-mechanical plasticity models are chosen 

empirically based upon observed stress-strain behavior.  If the powder being compacted 

is ductile and loaded monotonically, a continuous, quadratic yield function is often used.  

Work done in this regard includes Shima [1975], Morimoto et al. [1982], Trasorras et al. 

[1994], Trasorras et al. [1995], and Krishnaswami  and Trasorras [1995].  Cap models are 

used to model complex powders subjected to complex loading conditions.  These models 

have two yield surfaces, one for shear failure and another for hardening.  Various 

examples of cap models include Crawford and Lindskog [1983], Trasorras et al. [1989], 

Watson and Wert [1993], Gethin et al. [1995], and Chtourou et al. [1996].  Unlike less 

sophisticated models, plasticity models can handle the complex loading and unloading 

that characterizes real-world powder compaction.  Unfortunately, these models are 

mathematically complex and extensive testing must be done to determine the required 

material properties. 

 

1.2 Summary of Approach 

In Chapter 2, we examine the effects of radial inhomogeneities introduced by 

nonuniform pre-compaction powder filling on post-compaction green density 

distributions.  In typical compaction analyses (for comprehensive reviews see Thummler 
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and Oberacker [1993], German [1994], Aydin et al. [1997], and Trasorras et al. [1998]), 

the metal powder is assumed to be distributed uniformly throughout the die prior to 

compaction.  Under these idealized conditions, the resulting nonuniformities in green 

density are caused entirely by the shear stresses and pressure gradients induced by die 

wall friction.  However, in practice, due to such effects as uneven fill and particle size 

segregation, the initial fill itself is never perfectly uniform.  In order to focus entirely on 

the effects of the initial nonuniformities, we neglect die wall friction, and present a model 

for the compaction of initially inhomogeneous powders in smooth cylindrical dies.  

Single powders with continuously varying inhomogeneities are approximated by n 

concentric, annular, regions occupied by powders with n distinct sets of powder 

properties.  The model requires that the balance of mass, the balance of momentum, and a 

realistic equation of state be satisfied in each region, and includes a plausible constitutive 

relation that relates the induced radial pressure in each powder region to the 

corresponding axial pressure and the relative movement of the interfaces that confine the 

region.  For prescribed compaction loads, die geometries, and initial inhomogeneities, the 

model predicts the final green density distributions, the variation of the axial pressures 

throughout the compact, the induced radial and tangential pressures, and the final 

locations of the interfaces that confine each region.  As a special case, we set n=2 so that 

compaction behavior of two-powder parts can be observed.  In particular, we focus on 

how material differences between the two powders effects the radial location of the 

interface that separates them. 
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In Chapter 3, we develop, from first principles, a model for a single powder with 

powder properties that vary continuously in the radial direction.  This model may also be 

obtained by taking the appropriate limit of the discrete n-powder model presented in 

Chapter 2.  We employ the model to further demonstrate how radial variations in powder 

properties prior to compaction effect the density distribution of a green compact.  Of 

greater significance are solutions to the inverse problem, in which we purposely 

introduce certain pre-compaction inhomogeneities in order to offset the effect of others.  

The intention is to have the interactions between all the inhomogeneities neutralize one 

another to yield perfectly uniform green densities. 

In Chapter 4, we present the results of a relatively simple model that predicts both 

the axial and radial variations of the pressure and density throughout hollow, cylindrical, 

bushing-like parts just after compaction.  The model satisfies axial and radial force 

balance throughout the compact, employs a Coulomb friction law at the core rod and at 

the outside die wall, and assumes a simple relation between the axial and radial pressures.  

We employ the model to predict the dependence of pressure and green density 

distributions on die wall friction, core rod friction, geometry of the compact, and relevant 

powder properties.  Such a solution for hollow cylindrical geometries is important 

because bushings and guide valves are, in themselves, common powder metal parts.  

Moreover, closed form solutions that apply to relatively simple geometries are valuable 

for comparison to experimental results on similar geometries, and for verification of 

numerical codes that may in turn be used on more complex geometries. 
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Our approach in Chapter 4 is influenced heavily by the approach taken by 

Thompson [1981] in his model for compaction of solid cylindrical parts in frictional dies.  

The model has the advantage of simplicity (which we have retained), but contains several 

flaws (which we have repaired).  The flaws in Thompson’s model may be summarized as 

follows.  First, while symmetry dictates that the shear stress at the centerline must vanish, 

Thompson incorrectly assumes that the gradient of the shear stress in the radial direction 

also vanishes at the centerline.  This, in turn, forces Thompson’s model to predict that the 

pressure and therefore the density is constant along the centerline of the part, and that the 

shear stress is proportional to the cube of the radial distance.  The first of these 

predictions is clearly inconsistent with long known experimental results (see, for 

example, Duwez and Zwell [1949]).  Second, it is based on the a priori assumption that 

the distribution of pressure on the upper face of the part varies parabolically with radial 

distance from the centerline of the compact.  Although experimental results indicate that 

pressure increases monotonically with radial distance from the centerline on the top 

surface of the compact, the assumption that the variation is parabolic is unduly restrictive.  

Third, Thompson employs the additional assumption that if the pressure on the upper face 

is parabolic, then so too is the pressure at any axial distance from the top surface.  While 

it is possible to satisfy axial equilibrium under these strict assumptions, it is not possible 

to also satisfy radial equilibrium.  As a result, Thompson’s model ignores the radial 

equilibrium equation.  Fourth, in order to obtain a complete solution, Thompson employs 

two mass conservation equations.  One applies to the whole compact, and is clearly 

correct.  However, the second applies to a differential cylinder about the centerline of the 
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compact, and implicitly assumes that there is no radial strain at the centerline during 

compaction.  Finally, because Thompson’s ad hoc approach is developed only for solid 

cylinders, there is no clear way to generalize it to hollow cylinders.  In particular, 

Thompson’s model does not contain the flexibility to satisfy the shear stress conditions 

on both the inner and outer die walls of a hollow cylinder. 
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CHAPTER 2 
 

Compaction In Frictionless, Cylindrical Dies: 
n-powder Compacts 

 
 
 
 
2.1 Balance of Mass and Momentum 

We are concerned here with a cylindrical die of radius b that is filled before 

compaction with n distinct powders of apparent densities ηi (for i=1 to n).  The first 

powder (for which i=1) occupies a solid inner cylindrical region of radius r1, and the 

remaining powders (for which i=2 to n) occupy progressively larger annular regions of 

the inner radii ri-1 and outer radii ri.  Defined in this manner, the outer radius rn of the nth 

powder is identical to the radius b of the die.  In principle, the powders can have distinct 

properties.  When n=2, for example, we will vary the properties of the two powders and 

track the movement of the interface between them during compaction to determine the 

effects of each property.  For larger values of n, the array of n powders will be used to 

approximate a single powder with properties that vary continuously due to nonuniform 

filling. 

The powders are compacted by a total axial force F, which induces pressure 

distributions throughout the powders denoted by pi (i=1 to n).  Before compaction the die 

is filled to a height L, and after compaction the height of the compact is H.  The green 

densities of the n compacted regions are ρi, and the interface between the ith and the 

(i+1)th regions is located at a radius denoted by ai.  Because the die wall is assumed to be 
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rigid, the interface location an between the nth region and the wall must be equal to rn and 

b.  The pre- and post-compaction states are shown in Figures 2.1 and 2.2. 

If throughout the compact there were no expansion or contraction in the radial 

direction, then the final interface locations ai would equal the corresponding initial 

locations ri, and the green densities ρi would increase linearly with decreasing H from the 

apparent densities ηi.  However, in general, the interface locations ai will be unequal to ri.  

Differences between ai and ri are important because they describe radial movements that 

yield densities that can differ by several percent from the corresponding densities that 

would result in the absence of such movements.  An exact determination of the interface 

locations is complex because the movement of each interface will depend on the 

compressive properties of all n powders, as well as on their tendencies to expand radially 

when subjected to axial pressures.  For each powder, both the compressive property and 

the tendency to expand radially are measured by powder properties that we will introduce 

shortly. 

If the initial fill were perfectly uniform, friction forces exerted on the powder by 

the die wall would produce nonuniformities in the green density distribution.  On the 

other hand, even if the die wall were frictionless, nonuniformities in the initial fill would 

produce nonuniformities in the green density distribution.  Because the purpose of this 

chapter is to focus on the latter of these phenomena, the die wall is taken to be frictionless 

in all that follows.  Under these circumstances, the pressures pi, the green densities ρi, the 

final interface locations ai, and the final height H are all unknown constants to be 

determined as functions of the apparent densities ηi, the applied load F, the filled height 
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Figure 2.1: Pre-compaction geometry. 
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Figure 2.2: Post-compaction geometry. 
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L, the die radius b, the initial interface locations ri, and the appropriate material properties 

of the n powders.  For large values of n, the variations of the pressures and densities from 

one powder to the next are step-wise approximations to the continuous variations that 

occur in a compact that is produced from a single nonuniform powder.  The 

approximation improves as the number of powders increases.  

The interfaces between regions are defined only if there is no mass transferred 

between regions during compaction.  Under these circumstances, the balance of mass 

requires that the mass in each region before compaction be the same as the mass after 

compaction.  Consequently, 

 
( )

( )Haa

Lrr

ii

ii

i

i

2
1

2

2
1

2

−

−

−

−
=

η

ρ
       ,     (i=1 to n)     (2.1) 

 
 
in which here and what follows r0≡a0≡0 because the compact is a solid cylinder, and 

rn≡an≡b because the die wall is rigid. 

At equilibrium, the total compaction load F applied in the axial direction must be 

balanced by the corresponding axial loads developed in each region.  The individual 

pressures pi must therefore be related to the load F according to axial force balance,  
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Because the powders tend to expand in both the radial and tangential directions when 

subjected to axial forces, the presence of axial pressures pi give rise to corresponding 
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radial pressures σi and tangential pressures τi.  Radial force balance within each region 

requires that,  

 
ii τσ =         ;       (i=1 to n)     (2.3) 

 
 
radial force balance across each interface requires that,  

 
1+= ii σσ        .       (i=1 to n-1)     (2.4) 

 
 
The tangential momentum balance in each region is identically satisfied. 

If the compaction load F, fill height L, initial interface locations ri, and apparent 

densities ηi are prescribed, then the 5n unknown constants are the compacted height H, 

the final interface locations ai (except an≡rn≡b), the green densities ρi, the axial pressures 

pi, the radial pressures σi, and the tangential pressures τi.  Equations (2.1) through (2.4) 

are 3n equations that by themselves are not sufficient to determine the unknowns. 

 

2.2 Equations of State and Constitutive Relations 

Constitutive relations describing the powder behavior in each region are required 

to complete the system.  In each region, an equation of state relates the local value of the 

density ρi to the corresponding values of the total pressure (pi + σi + τi).  A relatively 

simple equation of state has the form:  

 
( )[ ]iiiiii pk τσηρ +++= 1        ,    (i=1 to n)     (2.5) 
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where the local compressibility ki of the ith powder is the slope of the variation of ρi with 

(pi + σi + τi).  However, the local compressibility of each powder is itself a decreasing 

function of density, so that equation (2.5) actually describes a nonlinear relationship 

between density and total pressure.  As ρi increases from the apparent density ηi, the local 

compressibility ki decreases monotonically from its initial value βi.  Moreover, as ρi 

approaches its maximum theoretical value Di, the local compressibility approaches zero.  

The simplest relation between ki and ρi that satisfies these conditions is  
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In what follows, we refer to βi as the compressibility of the ith powder.  By eliminating ki 

between equations (2.5) and (2.6), we obtain the following equation of state for the ith 

powder:  
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In order to write down a constitutive relation for the induced axial pressure σi, we 

first consider the extreme case in which the powders just inside and just outside the ith 

powder offer no resistance to radial expansion of the ith powder.  In this case, the radial 

pressure σi and the tangential pressures τi both vanish, and the pair of radial interface 

locations that enclose the ith powder are denoted by ai-1=Ai-1 and ai=Ai.  The relationship 

between Ai and Ai-1 is obtained by using the balance of mass (2.1) to eliminate density 



 18 

from the equation of state (2.7), and by setting σi and τi equal to zero in the intermediate 

result.  In this manner, we obtain,  

 
( ) ( )

( ) 











+−

+−−
=− −

−

iiiii

iiiiiii
ii

pDD

pD

H

rrL
AA

βη

ηβη2
1

2
2

1
2        ,  (i=1 to n)     (2.8) 

 
 
where A0≡r0≡0 and An≡rn≡b. 

Equation (2.8) suggests that, in more generality, the value of the radial pressures 

σi depend on the difference ( )2
1

2
−− ii aa .  If, for example, ( )2

1
2

−− ii aa  is given by equation 

(2.8), then σi vanishes.  On the other hand, if the interfaces containing the ith powder 

experience no radial movements during compaction, then ( )2
1

2
−− ii aa  is equal to ( )2

1
2

−− ii rr , 

and the induced radial pressure σi is the simple product of the fluidity αi of the ith powder 

and the applied axial pressure pi, so that σi=αipi.  Defined in this way, the fluidity αi 

generally measures the tendency of the ith powder to expand radially when compacted 

axially.  If, in particular, the ith powder is confined within a rigid annulus, then αi gives 

the ratio of the induced radial pressure to the applied axial pressure.  In general, therefore, 

we expect that values of fluidity vary between 0 and 1.  When αi=0, the ith powder has no 

tendency to expand radially when compressed axially.  When αi=1, the powder is 

incompressible and the radial pressure induced in a rigid annulus is exactly equal to the 

applied axial pressure. 

In what follows, we generalize the relationship σi=αipi to cases in which the inner 

and/or outer interfaces of the annulus containing the ith powder move radially inward or 
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outward.  We use simple interpolation between the values of σi=0 when 

( )2
1

2
−− ii aa = ( )2

1
2

−− ii AA , and σi=αipi when ( )2
1

2
−− ii aa = ( )2

1
2

−− ii rr  to model the dependence 

of the radial pressure on the corresponding axial pressure and the location of the 

interfaces that contain the ith powder.  In this manner we obtain,  
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Although equation (2.9) is obtained from linear interpolation between two known values 

of σi, it actually describes a nonlinear relation between σi and pi because of the 

dependence of ( )2
1

2
−− ii AA  on pi described by equation (2.8).  

In a typical formulation of the problem, the values of fill height L, axial force F, 

initial interface locations ri (including die radius rn≡b), fluidities αi, compressibilities βi, 

apparent densities ηi, and maximum theoretical densities Di are all prescribed.  Mass 

balances (2.1), axial force balance (2.2), radial force balances (2.3) and (2.4), equations 

of state (2.7), and constitutive relations (2.9) are 5n equations that determine the 

following 5n unknowns: the final height H; the final interface locations ai (i=1 to n-1); 

the final densities ρi (i=1 to n); the axial pressures pi (i=1 to n); the radial pressures σi 

(i=1 to n); and the tangential pressures τi (i=1 to n). 
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2.3 Forward and Inverse Problems 

The algebraic system of equations presented here is nonlinear because of the 

nonlinear relation between density and pressure described by the equations of state (2.7), 

and because of the nonlinear relation between axial pressure and radial pressure described 

by constitutive relation (2.9).  Although it is not possible to find explicit algebraic 

solutions for each of the unknowns, it is possible to eliminate some of the unknowns and 

reduce the number of equations that must be solved simultaneously. 

To this end, we employ equations (2.3), (2.9), and (2.1), to eliminate τi, σi, and ρi 

from equation (2.7).  In this manner, the equation of state for the ith powder becomes, 
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In addition, we employ constitutive relations (2.9) to write the radial momentum balances 

(2.4) across the interfaces in terms of the corresponding axial pressures.  In this way we 

obtain,  
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where Γi is given by equations (2.10) and (2.8) in terms of the unknowns ai and pi. 

In the forward problem, we prescribe values of the fluidities αi, the 

compressibility ratios βi/β1, the apparent-to-maximum density ratios ηi/Di, the relative 
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locations ri/b of the interfaces before compaction, and the relative compressed height 

H/L.  Equations (2.11) and (2.12) determine the n dimensionless pressures βipi and the   

n-1 dimensionless post-compaction interface locations ai/b.  Balance of the axial 

momentum (2.2) then determines the required dimensionless force β1F/πb2; balances of 

mass (2.1) determine the resulting density ratios ρi/Di; constitutive relations (2.9) 

determine the resulting dimensionless radial pressures βiσi; and radial momentum 

balances (2.3) determine the corresponding dimensionless tangential pressures βiτi.  

Solved in this manner, it is necessary only to solve 2n-1 equations (2.11) and (2.12) 

simultaneously.  The calculations for the remaining 3n+1 uncoupled unknowns are 

elementary. 

Initial nonuniformities due to uneven fill are approximated by prescribing values 

of fluidity αi, compressibility βi, and apparent density ηi that vary gradually from one 

region to the next.  The solution to the forward problem described above predicts the 

resulting region-to-region variations in the green compact.  Of particular interest are the 

variations of pressure pi and green density ρi.  In the absence of die wall friction, these 

variations are due entirely to the nonuniformities in initial fill. 

Perhaps of even greater interest are the solutions to inverse problems in which 

certain pre-compaction inhomogeneities are purposely introduced to offset the effect of 

others.  The intention is to have the interactions between all the inhomogeneities 

neutralize one another to yield perfectly uniform green densities.  If, for example, the 

fluidities αi and compressibilites βi vary in known ways due to uneven fill, then it is 

possible to determine the corresponding variations of the pre-compaction densities ηi that 
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are necessary to yield prescribed uniform densities ρi in the green state.  To this end, the 

balance of mass (2.1) is rewritten in the following form: 
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In order to solve the inverse problem, we employ equation (2.13) to eliminate ηi 

wherever it appears explicitly and implicitly (through Γi) in equations (2.11) and (2.12).  

For a desired uniform value of green density ratio ρi/Di, and for prescribed values of αi, 

βi/β1, ri/b, and H/L, equations (2.11) and (2.12) modified in this manner determine βipi 

and ai/b.  Balance of mass (2.13) then determines the initial fill density ratios ηi/Di 

required to produce the pre-determined uniform green density level.  The dimensionless 

force β1F/πb2, the dimensionless radial pressures βiσi, and the dimensionless tangential 

pressures βiτi are determined as in the forward problem described above. 

 

2.4 Solution Procedure 

In principle, we can solve the set of 2n-1 equations that govern either the forward 

or inverse problems by Newton-Raphson iteration.  For brevity, we write equation (2.11) 

in the form Fi=0 (for i=1 to n).  We rewrite equation (2.12) in the form: 
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and write equation (2.14) in the form Fi=0 for (i=n+1 to 2n-1), where Fn+1, Fn+2, …to F2n-1 

correspond to equation (2.14) for i=2, 3, …to n, respectively. 

In addition, we define a new unknown δi
2 according to 
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−−≡ iii aaδ        ,      (i=1 to n)   (2.15) 
 
 
so that 
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In this way, the 2n equations have the form: 
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The n-dimensional vector of these functions is denoted by F, with components Fi.  The 

unknowns may also be written as an n-dimensional vector v in which the components vi 

are given by 
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The values of v at the mth iteration are denoted by vm and the values of the function 

evaluated at vm are denoted by Fm. 
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The Newton-Raphson iteration is based on the repeated use of  

 
[ ]( ) mmm Fvv −=−+1J        ,         (2.19) 

 
 
where [ ]J  is the Jacobian whose components Jij are the derivatives ji vF ∂∂ .  For known 

values of vm, equation (2.19) determines vm+1 via Gauss-Jordan elimination. 

 

2.5 Results and Discussion: Two-powder Compacts (n=2) 

We have carried out the solution procedure described in Section 2.4 for dies filled 

with two powders (n=2) in order to study the effects that disparities between α1 and α2 

and between β1 and β2 have on the radial movement of the interface that separates the 

powders and on the pressures transmitted through each powder.  Because there is only 

one interface location to track, we rename the initial location r1 of the interface to be r, 

and the final location a1 of the interface to be a. 

Figure 2.3 shows the variation of the dimensionless interface location a/r with 

compressibility ratio β1/β2, for fluidities α1=α2=.5, relative apparent densities 

η1/D1=η2/D2=.444, and geometry b/r=2, when H/L=.9, .7, and .5.  The difference 

between the two powders described here is only in their respective compressibilities, β1 

and β2.  When the inner powder is less compressible than the outer powder (i.e. β1/β2<1), 

the inner powder expands and the outer powder contracts radially at any stage of the 

compaction.  When the inner powder is more compressible than the outer powder (i.e. 

β1/β2>1), the radial movements are reversed.  Consequently, for any value of H/L during 
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Figure 2.3: The variation of a/r with β1/β2 when α1=α2=.5, η1/D1=η2/D2=.444, and b/r=2, for H/L=.9, .7, 
and .5. 
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Figure 2.4: The variation of p1/p2 with β1/β2 when α1=α2=.5, η1/D1=η2/D2=.444, and b/r=2, for H/L=.9, .7, 
and .5. 
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compaction, as β1/β2 increases from zero the final radial location a of the interface moves 

radially inward.  When β1/β2=1, the powders are identical and the interface location a 

remains unchanged from its original position r.  This result demonstrates that particles in 

a uniform powder compacted in a frictionless die move in the axial direction only. 

In Figure 2.4, we show the corresponding variation of the pressure ratio p1/p2.  As 

β1/β2 increases, the inner region becomes increasingly more compressible than the outer 

region.  Therefore, as β1/β2 increases, the required pressure p1 in the inner powder 

decreases relative to the pressure p2 in the outer powder.  When β1=β2 (i.e. β1/β2=1), the 

powders are identical, so the axial pressures p1 and p2 are equal. 

Figures 2.5 and 2.6 show the variations of a/r and p1/p2 with β1/β2 when α1=.75, 

α2=.25, η1/D1=η2/D2=.444, and b/r=2, for H/L =.9, .7, and .5.  Whereas the powders 

described in Figures 2.3 and 2.4 had equal fluidities, the fluidity of the inner powder 

described in this set of figures is greater than the fluidity of the outer powder.  Because 

α1 is greater than α2, the inner powder has a greater tendency to expand radially than the 

outer powder.  Therefore, when the compressibilities are equal (i.e. β1/β2=1), the inner 

powder expands outward (i.e. a/r>1).  In order to offset this tendency, the inner powder 

must be more compressible than the outer powder (i.e. β1/β2>1) for the interface location 

to remain fixed (i.e. a/r=1) during compaction.  Interestingly, the value of p1/p2 

corresponding to no radial movement (i.e. a/r=1) is less than 1.  This is due to two 

effects.  First, the inner powder is more compressible than the outer powder (i.e. β1/β2>1).  

Therefore, less pressure is required to compact the inner powder than is required to 
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Figure 2.5: The variation of a/r with β1/β2 when α1=.75, α2=.25, η1/D1=η2/D2=.444, and b/r=2, for H/L=.9, 
.7, and .5. 
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Figure 2.6: The variation of p1/p2 with β1/β2 when α1=.75, α2=.25, η1/D1=η2/D2=.444, and b/r=2, for 
H/L=.9, .7, and .5. 
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compact the outer powder.  Second, because α1 is greater than α2, the inner region has a 

greater capacity to generate radial pressures in response to axial pressures.  Therefore, 

less axial pressure is required in the inner powder than in the outer powder to satisfy 

radial equilibrium. 

Figures 2.7 and 2.8 show the variations of a/r and p1/p2 with β1/β2 when α1=.25, 

α2=.75, η1/D1=η2/D2=.444, and b/r=2, for H/L =.9, .7, and .5.  This case differs from that 

shown in Figures 2.5 and 2.6 because the values of α1 and α2 are reversed.  Again, both 

a/r and p1/p2 decrease with increasing β1/β2, as expected.  Here, the inner powder (with 

α1=.25) is less inclined to expand radially than the outer powder (with α2=.75).  Thus, the 

inner powder must be less compressible than the outer powder (i.e. β1/β2<1) to ensure 

that there is no movement of the interface.  The value of p1/p2 that corresponds to no 

radial interface movement is greater than 1 because the inner powder is less compressible 

than the outer powder when a/r=1, and because α1 is less than α2. 

Figure 2.9 shows the variation of the dimensionless interface location a/r with α1 

when α2=.5, β1/β2=1, η1/D1=η2/D2=.444, and b/r=2, for H/L=.9, .7, and .5.  When α1 is 

equal to α2, the powders are identical and the interface does not move (a=r).  For values 

of α1 less than α2, the inner powder is less apt than the outer powder to expand radially in 

response to the applied axial pressure.  Under these circumstances, the inner powder 

contracts radially, and a is less than r.  Conversely, when α1 is greater than α2, the inner 

powder is more apt than the outer powder to expand in the radial direction, and a is 

greater than r. 
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Figure 2.7: The variation of a/r with β1/β2 when α1=.25 and α2=.75, η1/D1=η2/D2=.444, and b/r=2, for 
H/L=.9, .7, and .5. 
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Figure 2.8: The variation of p1/p2 with β1/β2 when α1=.25, α2=.75, η1/D1=η2/D2=.444, and b/r=2, for 
H/L=.9, .7, and .5. 
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Figure 2.9: The variation of a/r with α1 when α2=.5, β1/β2=1, η1/D1=η2/D2=.444, and b/r=2, for H/L=.9, .7, 
and .5. 
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Figure 2.10: The variation of a/r with α2 when α1=.5, β1/β2=1, η1/D1=η2/D2=.444, and b/r=2, for H/L=.9, 
.7, and .5. 
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Figure 2.10 shows the variation of the dimensionless interface location a/r with α2 

when α1=.5, β1/β2=1, η1/D1=η2/D2=.444, and b/r=2, for H/L=.9, .7, and .5.  As before, 

when α1 is equal to α2, the powders are identical and a is equal to r.  With increasing α2, 

the tendency of the outer powder to expand radially inward increases.  As a result, the 

outward radial movement of the interface decreases with increasing α2. 

Figures 2.11 and 2.12 show the variations of the pressure ratio p1/p2 

corresponding to Figures 2.9 and 2.10 respectively.  In Figure 2.11, as α1 increases, the 

capacity of the inner region to generate radial pressures in response to an applied axial 

pressure increases.  Consequently, the pressure p1 required to maintain radial equilibrium 

decreases relative to p2.  By contrast, in Figure 2.12, as α2 increases the capacity of the 

outer region to generate radial pressure increases in response to an axial pressure.  Thus, 

the required value of p2 decreases relative to p1. 

Interestingly, Figures 2.3, 2.5, 2.7, 2.9, and 2.10 all demonstrate that the variation 

of a/r with the height ratio H/L is not monotonic.  In Figure 2.13, we show the variation 

of a/r as H/L varies continuously from 1 to .4, when α1=α2=.5, β1/β2=1, η1/D1=.444, and 

b/r=2, for η2/D2=.4, .444, and .5.  Here, the powders differ only in their relative apparent 

density ratios.  When η2/D2=.444, the powders are identical and the location of the 

interface remains fixed as the compaction proceeds.  For values of η2/D2 (i.e. η2/D2=.5) 

that are greater than η1/D1 (=.444), the outer powder is initially closer to its maximum 

density and therefore less compressible than the inner powder.  Consequently, the outer 

powder expands radially, and a/r is less than 1.  As the interface continues to move 
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Figure 2.11: The variation of p1/p2 with α1 when α2=.5, β1/β2=1, η1/D1=η2/D2=.444, and b/r=2, for H/L=.9, 
.7, and .5. 
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Figure 2.12: The variation of p1/p2 with α2 when α1=.5, β1/β2=1, η1/D1=η2/D2=.444, and b/r=2, for H/L=.9, 
.7, and .5. 
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Figure 2.13: The variation of a/r with H/L when α1=α2=.5, β1/β2=1, η1/D1= .444, and b/r=2, for η2/D2=.4, 
.444, and .5. 
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radially inward, the inner powder densifies more quickly than the outer powder.  

Eventually, the inner powder is closer to its maximum density than the outer powder.  

Beyond this point, the inner powder is less compressible than the outer powder so the 

interface begins to move radially outward towards its initial position.  For the case in 

which η2/D2 is less than η1/D1, the inverse behavior is observed. 

Figure 2.14 shows the variation of a/r with H/L when α1=.75, α2=.25, β1/β2=1, 

η1/D1=.444, and b/r=2, for η2/D2=.4, .444, and .5.  Whereas in Figure 2.13 the fluidities 

of the two powders were equal, here the fluidity of the inner powder is greater than that 

of the outer powder.  In this case, even when η1/D1 and η2/D2 are equal (=.444), the 

interface moves outward because α1 is greater than α2.  However, the radial movement of 

the interface causes the density of the outer powder to increase more rapidly than the 

density of the inner powder.  As it becomes more dense, the outer powder becomes less 

compressible than the inner powder.  Eventually, the decrease in compressibility reverses 

the effects of the fluidities, and the interface moves radially inward.  When η2/D2 is less 

than η1/D1, greater inward radial movement is required to reverse the effects of the 

fluidities because the outer powder is initially less dense than the inner powder.  By 

contrast, when η2/D2 is greater than η1/D1, less inward radial movement is required to 

reverse the effects of the fluidities because the outer powder is initially more dense than 

the inner powder.  Interestingly, when η2/D2=.5, the decrease in compressibility 

associated with the densification of the outer powder causes the interface to return to its 

initial position at H/L=.556.  As H/L decreases beyond .556, the interface moves radially 

inward, the inner powder densifies more rapidly than the outer powder,
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Figure 2.14: The variation of a/r with H/L when α1=.75, α2=.25, β1/β2=1, η1/D1=.444, and b/r=2, for 
η2/D2=.4, .444, and .5. 
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Figure 2.15: The variation of a/r with H/L when α1=.25, α2=.75, β1/β2=1, η1/D1=.444, and b/r=2, for 
η2/D2=.4, .444, and .5. 
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and eventually (at H/L=.512) the corresponding increase in compressibility of the inner 

powder reverses the direction of the movement of the interface. 

Figure 2.15 shows the results obtained when the values of α1(=.25) and α2(=.75) 

are reversed.  In this case, the interface moves radially inward as the compaction begins 

because α1 is less than α2.  As the interface moves inward, the inner powder densifies 

more quickly, and the corresponding increase in compressibility of the inner powder 

eventually reverses the radial motion of the interface.  As expected, the reversal occurs at 

increasingly later stages of the compaction as the initial density of the outer powder 

increases. 

In Figure 2.16 we show the variation of the dimensionless load β1F/πb2 with 

relative height H/L for α1=α2=.5, η1/D1=η2/D2=.444, and b/r=2, when β1/β2=.5, 1.0, 1.5, 

and 2.0.  In particular, when β1/β2=1.0, the results are for the compaction of a single 

powder.  In all cases the required compaction load increases as the compacted height 

decreases, as expected.  The Figure 2.16 demonstrates that when the compressibility β1 of 

the inner material is fixed, for example, the total load required to compress the green part 

to a prescribed height increases as the compressibility of the outer material decreases. 

Of particular interest are the combinations of inner and outer powders that yield 

no movement of the interface between them.  For such powders, a(=a1) is equal to r(=r1) 

so the balance of mass (2.1) reduces to, 
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Figure 2.16: The variation of dimensionless load β1F/πb2 with relative height H/L for α1=α2=.5, 
η1/D1=η2/D2=.444, and b/r=2, when β1/β2=.5, 1.0, 1.5, and 2.0. 
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According to equation (2.10), when a is equal to r, Γ1 and Γ2 both vanish and the 

constitutive relation (2.9) becomes, 

 
111 pασ =         ,          (2.30) 

 
 
for the inner powder and 

 
222 pασ =         ,          (2.31) 

 
 
for the outer powder.  From equation (2.5) for i=1, we eliminate τ1 and σ1 by employing 

equation (2.3) for i=1 and equation (2.30).  In this manner, the equation of state for the 

inner powder becomes, 
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Similarly, we eliminate τ2 and σ2 from equation (2.7) for i=2 by employing (2.3) for i=2 

and equation (2.31).  The equation of state for the outer powder is then, 
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Finally, we employ equations (2.29) to eliminate ρ1/η1 and ρ2/η2 from equations (2.32) 

and (2.33) and we employ equations (2.30), (2.31), and (2.4) to eliminate p1 and p2 from 

the intermediate result.  In this manner, we find that, in order for the interface to remain 
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at its pre-compacted radial location, the properties of the powder must satisfy the simple 

relation, 
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where K≡k1/k2.  According to equation (2.6), ki is given by 
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in which equation (2.29) has been used to eliminate ρi and ηi. 

In general, the relationship between the powder fluidities described in equation 

(2.34) depends on β1/β2, η1/D1, η2/D2, and H/L.  For the special case where η1/D1 and 

η2/D2 are equal, K reduces to the ratio β1/β2 and the relationship between α1 and α2 

depends solely on the ratio of the compressibilities β1/β2. 

In Figure 2.17, equation (2.34) is employed to generate the locus of points in the 

α1-α2 plane for which the interface moves neither radially inward nor outward (i.e. a=r), 

when η1/D1=η2/D2 for β1/β2=.5, .75, 1.0, 1.33, and 2.0.  When, for example, β1/β2=1.0, 

the powders are of equal compressibilities, the interface remains fixed only if they are 

also of equal fluidities, and equation (2.34) reduces to the requirement that α1=α2.  In 

principle, as the inner powder becomes more compressible relative to the outer powder, 

its fluidity relative to the fluidity of the outer powder must increase for the interface to 

remain at its initial position.  For increasing β1/β2, this phenomenon is described in 
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Figure 2.17: The locus of points in the α1-α2 plane for which a equals r when, η1/D1=η2/D2 for β1/β2=.5, 
.75, 1.0, 1.33, and 2.0. 



 41 

Figure 2.17 by a shift of the curves away from the α2-axis and toward the α1-axis.  

Conversely, as the inner powder becomes less compressible relative to the outer powder, 

the shift is toward the α2-axis and away from the α1-axis. 

In Figure 2.18, equation (2.34) is used to generate the locus of points in the α1-α2 

plane for which a equals r, when η1/D1=.435, β1/β2=1, and H/L=.5, for η2/D2=.4, .435, 

and .476.  When η2/D2=.435, the powders are of equal relative apparent densities; under 

these circumstances, equation (2.34) indicates that the interface remains fixed only if α1 

equals α2.  When η2/D2=.4, then the outer powder is further from its maximum density 

than is the inner powder.  Under these circumstances, the outer powder is more 

compressible than the inner powder, and the interface will not move only if the fluidity of 

the outer powder is greater than the fluidity of the inner powder.  Conversely, when 

η2/D2=.476, then the outer powder is closer to its maximum density than is the inner 

powder, so its fluidity must be less than the fluidity of the inner powder.  These 

phenomena are described in Figure 2.18 by a shift of the curves toward the α2-axis when 

η2/D2=.4, and a shift toward the α1-axis when η2/D2=.476.  Figure 2.19 shows a similar 

plot in which the relative apparent density of the outer powder is fixed and the relative 

apparent density for the outer powder is varied.  As expected, if mirrored about the line 

corresponding to α1=α2, then Figures 2.18 and 2.19 are identical. 

Figures 2.20 and 2.21 demonstrate the effect of H/L on the relationship between 

α1 and α2 for unequal values of the relative apparent densities η1/D1 and η2/D2.  In Figure 

2.20, we show the locus of points in the α1-α2 plane for which a equals r, when 
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Figure 2.18: The locus of points in the α1-α2 plane for which a equals r, when η1/D1=.435, β1/β2=1, and 
H/L=.5, for η2/D2=.476, .435, and .4. 
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Figure 2.19: The locus of points in the α1-α2 plane for which a equals r, when η2/D2=.435, β1/β2=1, and 
H/L=.5, for η1/D1=.476, .435, and .4. 
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Figure 2.20: The locus of points in the α1-α2 plane for which a equals r, when η1/D1=.476, η2/D2=.4, and 
β1/β2=1, for H/L=.9, .7, and .5. 
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Figure 2.21: The locus of points in the α1-α2 plane for which a equals r, when η1/D1=.4, η2/D2=.476, and 
β1/β2=1, for H/L=.9, .7, and .5. 
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η1/D1=.476, η2/D2=.4, and β1/β2=1 for H/L=.9, .7, and .5.  The inequality in relative 

apparent densities makes the inner powder less compressible and more apt to expand 

radially than the outer powder.  Consequently, for all H/L, the fluidity of the inner 

powder must be less than that of the outer powder.  As H/L decreases while the interface 

maintains its original location, the inner powder is always closer to its maximum density 

than the outer powder.  Its compressibility therefore decreases more rapidly than that of 

the outer powder, and the fluidity of the outer powder must be increasingly greater than 

the fluidity of the inner powder to compensate for the changes in compressibilities.  In 

Figure 2.21, we show a similar plot in which the values of η1/D1 (=.4) and η2/D2 (=.476) 

have been reversed.  As expected, if mirrored about the line representing α1=α2, Figures 

2.20 and 2.21 are identical. 

In Figure 2.22, we show the variation of a/r with H/L when η1/D1=.476, η2/D2=.4, 

β1/β2=1, and b/r=2, for pairs of fluidities α1=.05 and α2=.25, α1=.0633 and α2=.35, and 

α1=.0789 and α2=.5.  The particular combinations of α1 and α2 used to generate this 

figure are obtained from Figure 2.20 for the case where H/L=.5.  For the three cases 

shown here, α2 is much greater than α1 so that the interface has an initial tendency to 

contract inward.  As H/L decreases, however, the inner powder approaches its maximum 

density faster than the outer powder approaches its maximum.  Consequently, the 

movement of the interface eventually reverses direction. Finally, as expected from Figure 

2.20, the interface returns to its initial position when H/L=.5.  In Figure 2.23, we show 

corresponding variations of a/r with H/L in which the values of η1/D1 (=.4) and 
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Figure 2.22: The variation of a/r with H/L when η1/D1=.476, η2/D2=.4, β1/β2=1, and b/r=2, for α1=.05 and 
α2=.25, α1=.0633 and α2=.35, and α1=.0789 and α2=.5. 
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Figure 2.23: The variation of a/r with H/L when η1/D1=.4, η2/D2=.476, β1/β2=1, and b/r=2, for α1=.5 and 
α2=.0789, α1=.35 and α2=.0633, and α1=.25 and α2=.05. 
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η2/D2 (=.476) have been reversed from those used in Figure 2.22.  The trends observed 

here are therefore also reversed. 

The area above and below the curves in the locus plots shown in Figures 2.17 

through 2.21 corresponds, respectively, to pairs of powders for which the interface moves 

radially inward (a<r) and outward (a>r).  Because the final interface location plays an 

important role in the green state density distribution of the two-powder compact, it is 

useful to determine the exact combination of powders that yield a desired post-

compaction interface location.  To determine the conditions that yield a prescribed post-

compaction interface location, we take a to be a known parameter, treat α2 as an 

unknown, and modify the solution procedure described in section 2.4 accordingly. 

In Figure 2.24, we show the locus of points in the α1-α2 plane for a/r=.98, .99, 1, 

1.01, 1.02, 1.03, and 1.04 when β1/β2=1, η1/D1=η2/D2, H/L=.5, and b/r=2.  Because the 

powders are of equal compressibilities and relative apparent densities, the interface will 

not move (i.e. a/r=1.0) only if α1=α2.  For values of α1 less than α2, the interface moves 

radially inward.  This inward movement increases as the disparity between the two 

fluidities increases.  For α1 greater than α2, the interface moves radially outward, and 

again the movement increases as the disparity between α1 and α2 increases. 

In Figure 2.25, we show the locus of points in the α1-α2 plane for a/r=.99, 1, 1.01, 

1.02, 1.03, 1.04, and 1.05 when β1/β2=.5, η1/D1=η2/D2, H/L=.5, and b/r=2.  With 

β1/β2=.5, the interface now has an inherent tendency to expand radially outward.  To 

cancel this tendency and prevent the interface from moving at all, α2 must be greater than 
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Figure 2.24: The locus of points in the α1-α2 plane when β1/β2=1, η1/D1=η2/D2, H/L=.5, and b/r=2, for 
a/r=.98, .99, 1.00, 1.01, 1.02, 1.03, and 1.04. 
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Figure 2.25: The locus of points in the α1-α2 plane when β1/β2=.5, η1/D1=η2/D2, H/L=.5, and b/r=2, for 
a/r=.99, 1.00, 1.01, 1.02, 1.03, 1.04, and 1.05. 
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Figure 2.26: The locus of points in the α1-α2 plane when β1/β2=2, η1/D1=η2/D2, H/L=.5, and b/r=2, for 
a/r=.97, .98, .99, 1.00, and 1.01. 
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α1.  This required disparity in the fluidities results in a shift of the curve for a/r=1.0 away 

from its position in Figure 2.24 (when β1/β2=1) toward the α2-axis.  Likewise, the curves 

in Figure 2.25 corresponding to any other prescribed value of a/r undergo qualitatively 

similar shifts. 

In Figure 2.26, we show the locus of points in the α1-α2 plane for a/r=.97, .98, 

.99, 1, and 1.01 when β1/β2=2, η1/D1=η2/D2, H/L=.5, and b/r=2.  With β1/β2=2, the 

interface has a tendency to move radially inward.  This tendency to move inward causes 

the curves for prescribed values of a/r to shift away from their positions in Figure 2.24 

(when β1/β2=1) toward the α1-axis. 

Finally, we examine the effects of disparate relative apparent densities on the 

fixed a/r loci.  To this end, in Figure 2.27 we show the locus of points in the α1-α2 plane 

for a/r=1, 1.01, 1.02, 1.03, 1.04, 1.05, and 1.06 when β1/β2=1, η1/D1=.476, η2/D2=.4, 

H/L=.5, and b/r=2.  Since η1/D1 is greater than η2/D2 the inner powder acts as if it is less 

compressible than the outer powder.  This situation is similar to two powders with equal 

relative apparent densities but with the compressibility β1 of the inner powder less than 

the compressibility β2 of the outer powder.  Consequently, the curves in Figure 2.27 shift 

in a manner that is qualitatively similar to those described in Figure 2.25.  In Figure 2.28 

we show the locus of points in the α1-α2 plane for a/r=.95, .96, .97, .98, .99, and 1 when 

β1/β2=1, η1/D1=.4, η2/D2=.476, H/L=.5, and b/r=2.  Here η1/D1 is less than η2/D2, so the 

inner powder behaves as if it is more compressible than the outer powder.  The shifts in 
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Figure 2.27: The locus of points in the α1-α2 plane when β1/β2=1, η1/D1=.476, η2/D2=.4, H/L=.5, and b/r=2, 
for a/r=1.00, 1.01, 1.02, 1.03, 1.04, 1.05, and 1.06. 
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Figure 2.28: The locus of points in the α1-α2 plane when β1/β2=1, η1/D1=.4, η2/D2=.476, H/L=.5, and b/r=2, 
for a/r=.95, .96, .97, .98, .99, and 1.00. 
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these curves relative to those in Figure 2.24 are therefore similar to those shown in Figure 

2.26. 

 

2.6 Results and Discussion: Twenty-powder Compacts (n=20) 

The model developed in sections 2.1 through 2.3 is for a cylindrical die with n 

concentric, annular regions of powder.  Each powder has its own distinct properties.  In 

section 2.5, we set n=2 in order to study the compaction behavior of two-powder parts.  

Most importantly, the results demonstrate the effects of mismatches in the 

compressibilities, fluidities, and relative apparent densities of the powder.  At this point, 

we increase n so that a single powder with continuously varying powder properties can be 

approximated. 

To determine an appropriate value of n, we consider a test case in which the 

compacted height H/L=.5; all βi are equal to one another; ηi/Di is everywhere equal to 

(1/2.25)=.444; but due to uneven powder blend the fluidity αi increases linearly from .25 

at the centerline of the die to .75 at the die wall.  This continuous variation of αi can be 

approximated with increasing accuracy as n increases.  In Figure 2.29 we show stepwise 

approximations of the αi-variation for n=2, 4, 10, and 20.  In Figures 2.30 and 2.31 we 

show the corresponding variations of green density ρi/Di and pressure β1pi with final 

radial position ai/b.  In each, the solid curves are comprised of straight lines connecting 

consecutive data points.  For n=2, the variations of pressure and density must be linear 

because only two points are plotted.  As n increases, the variations of pressure and 
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Figure 2.29: The variations of αi for n=2, 4, 10, and 20 used in Figures 2.30 and 2.31. 
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Figure 2.30: The variations of green density ρi/Di with final radial position ai/b when αi varies linearly from 
.25 at the centerline to .75 at the die wall, ηi/Di=.444, β1=β2=…=βn, and H/L=.5, for n=2, 4, 10, and 20. 
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Figure 2.31: The variations of pressure β1pi with final radial position ai/b when αi varies linearly from .25 
at the centerline to .75 at the die wall, ηi/Di=.444, β1=β2=…=βn, and H/L=.5, for n=2, 4, 10, and 20. 
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density with radial location become nonlinear.  In addition, as n increases, both the 

pressure and density converge to variations that do not change appreciably beyond those 

corresponding to n=10.  We conclude that 20 concentric powders more than adequately 

approximates a single powder during compaction.  For this reason, in all that follows, we 

choose n=20. 

As a test, we consider the case in which all βi are equal to one another; αi=.5 for 

i=1 to n; but due to uneven fill ηi/Di increases linearly from (1/2.5)=.40 at the centerline 

of the die, to (1/2.25)=.444 at the die wall.  In Figure 2.32, we show as a solid line 

through distinct data points the resulting variation of green densities ρi/Di with final 

radial positions ai/b when the compacted height is H/L=.5.  Not surprisingly, because the 

initial fill density increases with radial distance from the centerline, so too does the final 

green density distribution.  However, in order to gain insight into the effects of radial 

movements on final green density distributions, we have superposed as a dashed line the 

values of ρi/Di that would be predicted if the radial movements of the interfaces were 

neglected.  According to equation (2.6), the local compressibility of the powder decreases 

with increasing density.  In this case, therefore, the more dense regions far from the 

centerline are less compressible and experience net expansions in the radial direction, 

while the less dense regions near the centerline are more compressible and experience net 

contractions in the radial directions.  Consequently, the densities far from the centerline 

are smaller than, and the densities near the centerline are greater than those predicted 

without accounting for radial movements. 
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Figure 2.32: The variation of ρi/Di with ai/b when ηi/Di varies linearly from .4 at the centerline to .444 at 
the die wall, αi=.5, β1=β2=…=βn, and n=20, for H/L=.5.  Shown as a dashed curve is the variation of ρi/Di 
neglecting radial movements. 
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Figure 2.33: The variation of β1pi with ai/b corresponding to the two cases shown in Figure 2.32. 



 56 

In Figure 2.33, we show the corresponding variations of pressure β1pi.  In this 

case, due to nonuniform fill the local compressibility of the powder decreases with 

distance from the centerline.  In order to compensate for this effect, the pressure must 

vary in the opposite way.  However, because the density of the material near the 

centerline is greater than that predicted without accounting for radial movements, it is 

less compressible and therefore requires a higher pressure than that predicted by the 

dashed curve.  Similarly, the density far from the centerline is smaller than that predicted 

without radial movements, so that the corresponding pressure is lower than that predicted 

by the dashed curve. 

In Figure 2.34 we show the results of three inverse problems.  In each problem, 

we specify the initial pre-compaction variations of αi and βi, and then compute the initial 

density variation required to yield a perfectly uniform post-compaction green density 

distribution.  In the first inverse problem, all βi are equal to one another, but due to 

uneven powder blend αi increases linearly from .25 at the centerline to .75 at the die wall.  

The distribution of initial density ηi/Di that yields a perfectly uniform green density 

ρi/Di=(2/2.25)=.888 at H/L=.5 is shown as a solid curve through solid circles.  Where the 

values of αi are relatively low, the material tends to contract radially and densify more 

readily.  Where the values of αi are relatively high, the material tends to expand radially 

and densify less readily.  Such effects would cause inhomogeneities in the final density 

distribution if the initial density distribution was uniform.  To compensate for these 

effects, the initial densities must be lower where the radial contractions occur, and must 



 57 

Radial Location ( ai / b )

0.00 0.25 0.50 0.75 1.00

In
iti

al
 D

en
si

ty
 ( 

η i /
 D

i )

0.395

0.415

0.435

0.455

0.475

Varying alpha 
Varying beta 
Varying both 

 
Figure 2.34: The variations of ηi/Di with ai/b required to yield ρi/Di ≡.888 at H/L=.5 when: a) αi varies 
linearly from .25 at the centerline to .75 at the die wall and β1=β2=…=βn (solid circles); b) αi=.5 and βi/β1 
varies linearly from 1 at the centerline to .5 at the die wall (open circles); c) αi varies from .25 at the 
centerline to .75 at the die wall and βi/β1 varies linearly from 1 at the centerline to .5 at the die wall (solid 
triangles). 
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Figure 2.35: The variation of β1pi with ai/b for n=20 corresponding to the three cases in Figure 2.34. 
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be higher where the radial expansions occur.  Consequently, the initial density must 

increase with increasing αi and (in this case) with increasing distance from the centerline. 

In the second inverse problem shown in Figure 2.34, we consider the case in 

which βi/β1 decreases linearly from 1 at the centerline to .5 at the die wall and αi=.5 for 

all i=1 to n.  The distribution of initial density ηi/Di that yields a perfectly uniform green 

density ρi/Di=(2/2.25)=.888 at H/L=.5 is shown as a solid curve through open circles.  

Where the values of βi are relatively high, the material tends to contract radially and 

densify more readily.  Where the values of βi are relatively low, the material tends to 

expand radially and densify less readily.  To ensure uniform final densities, the initial 

densities must therefore be lower where βi is higher, and higher where βi is lower.  

Consequently, the initial density increases with decreasing βi and (in this case) with 

increasing distance from the centerline. 

In the last inverse problem shown in Figure 2.34, we combine the effects of the 

first two cases and consider a third case in which βi/β1 decreases linearly from 1 at the 

centerline to .5 at the die wall and αi increases linearly from .25 at the centerline to .75 at 

the die wall.  The distribution of initial density ηi/Di that yields a perfectly uniform green 

density ρi/Di=(2/2.25)=.888 at H/L=.5 is shown as a solid curve through solid triangles.  

The effects of radially increasing αi and radially decreasing βi on the required initial 

density variation are additive, so that there is a more pronounced variation of the required 

initial density when the fluidity and compressibility vary simultaneously. 
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Interestingly, although the final densities for the three inverse cases are uniform, 

the required pressure distributions are not.  In Figure 2.35, we show the corresponding 

variation of pressure β1pi for the three cases described in Figure 2.34.  Where αi are 

relatively low, increased axial pressures are required to generate the radial pressures 

needed for radial equilibrium.  Consequently, in the first case, the pressure must be 

higher near the centerline (where αi are low) than it is near the outer edge (where αi are 

high).  Where βi are relatively high, decreased pressures are required for compression of 

the powder.  Consequently, in the second case, the pressure must be lower near the 

centerline (where βi are high) than it is near the outer edge (where βi are low).  Whereas 

the effects of radially increasing αi and radially decreasing βi on the required initial 

density are additive, their effects on the pressure variation are competitive.  As a result, 

the final pressure distribution is a compromise between the first two pressure 

distributions shown in Figure 2.35. 



 60 

CHAPTER 3 
 

Compaction In Frictionless, Cylindrical Dies: 
Single Powders With Radially Varying Properties 

 
 
 
 
3.1 Balance of Mass and Momentum  

We are concerned here with the single punch compaction of a powder in a 

frictionless cylindrical die of radius b.  In the absence of friction, no axial variations of 

density and pressure are induced during compaction.  Because of symmetry, there are no 

variations with angle of rotation about the centerline of the compact.  It is therefore only 

necessary to introduce a radial coordinate r that measures distance from the centerline.  

Before the powder is compacted, the cylindrical die is filled to a height L with a powder 

of apparent density η(r).  Radial variation of apparent density is due to uneven fill.  

Uneven fill also causes radial variations α(r) and β(r) in the powder fluidity and 

compressibility, respectively.  The green compact has a height H and final density ρ(r).  

Because of fill nonuniformities, powder particles move axially and radially during 

compaction.  The radial location of a powder particle initially located at r before 

compaction is given by a(r) after compaction.  The pre- and post-compaction geometries 

are shown in Figures 3.1 and 3.2. 

If we consider an annulus of height L bounded radially by r and r+dr before 

compaction and a corresponding annulus of height H bounded by a and a+da after 



 61 

Centerline 

r 
L 

 b 

 
Figure 3.1: Pre-compaction geometry. 
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Figure 3.2: Post-compaction geometry. 
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compaction, the balance of mass requires that the mass contained in the two annuli be 

equal: 

 

( )[ ] ( )[ ] HadaaLrdrr πρπη   2222 −+=−+        .        (3.1) 

 
 
Neglecting terms of order da2 and dr2 gives: 

 

H

L

dr

da

r

a

ρ

η
=        .            (3.2) 

 
 
The quantities r, r+dr, a, a+da, ρ, and η in equation (3.1) are the analogs to ai-1, ai, ri-1, ri, 

ρi, and ηi in equation (2.1) of the n-powder model.  Equation (3.2) could also be obtained 

by taking the appropriate limit of equation (2.1).  Although equation (3.2) is only a first 

order equation, the variation a(r) must satisfy two boundary conditions.  Powder particles 

that initially lie along the centerline remain there throughout compaction.  Therefore, 

 
( ) 00 ==ra        .            (3.3) 

 
 
Likewise, powder particles at the outer die wall remain there throughout compaction.  

Therefore, 

 
( ) bbra ==        .            (3.4) 
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To ensure axial momentum balance in the compact, the compaction load F must 

be balanced by the axial pressures p(r) developed in the powder.  The axial pressure p(r) 

must therefore be related to, 

 

rdrrpF
b

∫=
0

)(2π        .           (3.5) 

 
 
Equation (3.5) could also be obtained by taking the appropriate limit of equation (2.2) of 

the n-powder model. 

The axial pressure developed in the powder during compaction induces a 

corresponding radial pressure σ and tangential pressure τ.  To ensure radial momentum 

balance, these pressures must be equal and constant.  Consequently, 

 
constant== τσ        ,           (3.6) 

 
 
which are the continuous limits of equations (2.3) and (2.4) of the n-powder model. 

For given values of compaction load F and pre-compaction height L, as well as 

for prescribed non-uniform apparent density η(r), the unknown functions of r are the 

green density ρ(r), the axial pressure p(r), and the final axial locations a(r).  The 

unknown constants are the final height H, the radial pressure σ, and the tangential 

pressure τ.  Equations (3.2), (3.3), (3.4), (3.5), and (3.6) are not sufficient to determine 

these unknowns. 
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3.2 Equations of State and Constitutive Relations 

To complete the system, we need additional relations between the pressures p(r), 

σ, and τ, and the density ρ(r).  The equation of state is a constitutive relation that 

associates the post-compaction density ρ(r) to the total pressure (p+σ+τ).  By exchanging 

the quantities ρi, ηi, Di, βi, pi, σi, and τi in equation of state (2.7) for their continuous 

analogs, ρ, η, D, β, p, σ, and τ, respectively, we obtain, 

 
( ) ( )
( ) ( )τσβηη

τσβη
η
ρ

+++−
+++−

=
pD
pDD        .          (3.7) 

 
 
Here, D is the maximum theoretical density and β is the compressibility of the powder.  

Due to uneven fill, the compressibility β(r) can vary with r. 

In order to derive a constitutive relation for the induced radial pressure σ, we first 

introduce a general measure ∆ of radial deformation, defined by, 

 

dr

da
a≡∆        .             (3.8) 

 
 
Then by employing the balance of mass (3.2) to eliminate the density ρ from the equation 

of state (3.7), we find that, 

 
( ) ( )
( ) ( )












+++−

+++−
=∆

τσβηη

τσβη

pD

pDD
r

H

L
       .         (3.9) 
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In order to write down a plausible relation between the induced radial pressure σ, and the 

deformation ∆, we consider two extreme cases.  In the first extreme, an annulus of 

powder is confined between two rigid, frictionless, cylindrical walls during compaction.  

In this case, there is no radial movement of the powder (i.e. a=r), so that ∆=r.  Under 

these circumstances σ is equal to αp, where α is the fluidity of the powder. 

In the second extreme, we consider a case in which the expansion of the annulus 

of powder is uninhibited by the radial pressure σ.  In this case, both σ and τ vanish, and 

the corresponding value ∆0 of ∆ is given by equation (3.9) with σ=τ=0. 

In general, the radial movements of the powder will lie between these two 

extremes.  Consequently, we simply interpolate linearly between σ=0 when ∆=∆0 and 

σ=αp when ∆=r, to obtain a more general relation between σ and ∆.  In this manner, we 

obtain, 

 
[ ]Γ−= 1pασ        ,          (3.10) 

 
 
in which, 
 

0∆−
∆−

=Γ
r
r        .          (3.11) 

 
 
Alternatively, equation (3.10) could be obtained by taking the appropriate limit of 

equation (2.9). 

In this model, powder fill nonuniformities are described by the radial variations of 

apparent density η(r), powder compressibility β(r), and powder fluidity α(r).  In a typical 
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forward problem formulation, η(r), α(r), β(r), fill height L, final height H, and maximum 

theoretical density D are all prescribed.  Mass balance (3.2) with conditions (3.3) and 

(3.4), axial force balance (3.5), radial force balance (3.6), equation of state (3.7), and 

constitutive relation (3.10) are five equations for the following seven unknowns: the final 

interface location a(r); the final density ρ(r); the axial pressure p(r); the radial pressure σ; 

the tangential pressure τ; the axial force F; and a constant that results from the integration 

of the balance of mass. 

 

3.3 Forward and Inverse Problems: Solution Procedure 

As in the discrete case, described in the last chapter, the system of equations 

presented here is nonlinear and it is not possible to find explicit algebraic expressions for 

the unknowns.  However it is possible to eliminate some of the unknowns in order to 

reduce the number of equations that must be solved simultaneously.  To this end, we 

employ equation of state (3.7) with σ=τ to eliminate ρ from balance of mass (3.2).  In this 

way, we find, 
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In addition, we employ equation (3.14) and the definitions of Γ, ∆, and ∆0 to write 

constitutive relation (3.10) explicitly in terms of σ and p(r).  In this manner, we obtain, 
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Equation (3.14) subjected to boundary conditions (3.3) and (3.4), and algebraic equation 

(3.15) can be solved in dimensionless form if the compressibility β(r) is 

nondimensionalized by its centerline value β0≡β(r=0). 

In the forward problem, we prescribe the fluidity α(r), the compressibility ratio 

β(r)/β0, the relative apparent density η(r)/D, and the relative compressed height H/L.  

Equations (3.14) and (3.15) determine the dimensionless pressure β0p(r) and the 

dimensionless post-compaction radial location a(r)/b to within an unknown constant 

radial pressure β0σ and an unknown constant of integration.  The constants are 

determined by the two boundary conditions (3.3) and (3.4).  With a(r)/b and β0σ 

completely known, the relative green density ρ(r)/D is determined by the equation of 

state (3.7), and the dimensionless compaction load β0F/b2 is given by axial momentum 

balance (3.5). 

In inverse problems, if the variations of the fluidity α(r) and the compressibility 

β(r)/β0 are known, then it is possible to solve for the required initial pre-compaction 

relative density η(r)/D that will yield a desired post-compaction relative density ρ(r)/D.  

Of particular interest are those density distributions η(r)/D that yield uniform relative 

green densities ρ(r)/D despite the presence of nonuniform α(r) and β(r)/β0 in the initial 

fill.  Solving for η(r)/D in this manner is referred to as an inverse problem.  Because 
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η(r)/D is no longer prescribed, it must be found in terms of other quantities.  To this end, 

we re-write equation of state (3.7) as a quadratic equation for η(r): 

 
( ) ( )( ) 012 =+−++++ DpD ρητσβρη        ,      (3.16) 

 
 
which yields 

 
( ) ( )( ) ( ) ( )( )
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=     .    (3.17) 

 
 
The second root of equation (3.17) is disregarded because it corresponds to values of η(r) 

that are greater than D. 

In order to solve the inverse problem, we employ equation (3.17) to eliminate η 

from equations (3.14) and (3.15).  For a desired uniform value of the green density ratio 

ρ/D, and prescribed values α(r), β(r)/β0, and H/L, the modified versions of equations 

(3.14) and (3.15) determine β0p(r) and a(r)/b.  The radial pressure β0σ and the constant of 

integration are again determined by the two boundary conditions.  Once a(r)/b and β0σ 

are known, the revised balance of mass (3.17) then determines the initial fill density ratio 

η(r)/D needed to produce the desired green density.  Finally, β0F/b2 is given by axial 

momentum balance (3.5). 

To solve the forward problem numerically, an initial guess for the radial pressure 

σ is required.  At any r, for prescribed H/L, η(r), α(r), β(r) and D, equation (3.15) gives 

p(r) by Newton-Raphson iteration.  Equation (3.14) is a first order ordinary differential 
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equation for a(r) that can be integrated numerically from r=0 to r=b using the Runge-

Kutta method.  The initial boundary condition required for this integration is given by 

equation (3.3).  To determine the validity of the guessed value of radial pressure σ, the 

value of a(r=b) is compared to b according to boundary condition (3.4).  We then iterate 

on the guess of σ until the difference between the calculated value of a(r=b) and b is 

within a specified error ε.  The solution of the inverse problem is similar to the procedure 

for the forward problem except that equation (3.17) is used to eliminate η from equations 

(3.14) and (3.15). 

 

3.4 Results and Discussion 

In section 2.6, we approximated a single powder with continuously varying 

properties by dividing the powder into twenty concentric annular regions of powder.  

Each of these powders had its own properties.  In this chapter, we have developed a 

model for the compaction of a single powder with continuously varying properties.  In 

order to demonstrate that these models agree, we revisit a case first described in Figures 

2.32 and 2.33.  In this case, β(r)/β0=1, α(r)=.5, and η(r)/D increases linearly from 

(1/2.5)=.40 at the centerline of the die, to (1/2.25)=.444 at the die wall.  We focus on 

compaction heights H/L =.6 and .5.  In Figures 3.3 and 3.4 respectively, we show as solid 

curves the variations of relative green density ρ(r)/D and pressure β0p(r) with radial 

position r/b predicted by the continuous model described here.  The data obtained from 

the model described in Chapter 2 is shown as solid circles when the powder is 
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Figure 3.3: The variation of ρ(r)/D with r/b when η(r)/D varies linearly from .4 at the centerline to .444 at 
the die wall, α(r)=.5, and β(r)/β0=1, for H/L=.6 and .5. 
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Figure 3.4: The variation of β0p(r) with r/b corresponding to the two cases in Figure 3.3. 
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approximated by twenty discrete annular regions.  Figures 3.3 and 3.4 demonstrate that 

there is excellent agreement between the continuous model and the discrete (20-powder) 

model.  For this reason, in what follows, we show only the results predicted by the 

continuous model. 

Next, we consider a case in which the compressibility β(r)/β0=1 is uniform, the 

relative apparent density η(r)/D is everywhere equal to (1/2.25)=.444, but due to uneven 

powder blend α(r) increases linearly from .25 at the centerline to .75 at the die wall.  In 

Figure 3.5 we show the resulting variation of relative green density ρ(r)/D with radial 

position r/b for compacted heights H/L=.6 and .5.  As expected, the overall magnitude of 

the density increases as the compaction height decreases.  However, because of the radial 

increase in fluidity, the capacity of the material to expand radially increases with distance 

from the centerline.  Greater radial expansion further from the centerline, in turn, causes 

the density to decrease with radial distance from the centerline. 

In Figure 3.6, we show the corresponding variations of pressure β0p(r).  As 

expected, the overall pressure levels increase with decreasing compaction height.  The 

pressures at H/L=.5 are particularly high because the corresponding densities are 

approximately ninety percent of their theoretical maximum.  Where α(r) is relatively low 

(i.e. near the centerline), more axial pressure is required to generate the radial pressure 

needed for radial equilibrium.  The increase in α(r) with radial distance from the 

centerline, therefore, causes a corresponding decrease in β0p(r).  A secondary cause of 

this pressure decrease is due to the corresponding decrease in density observed in Figure 

3.5.  As the density decreases, the local compressibility increases, and the required 
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Figure 3.5: The variation of ρ(r)/D with r/b when α(r) varies linearly from .25 at the centerline to .75 at the 
die wall, η(r)/D=.444, and β(r)/β0=1, for H/L=.6 and .5. 
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Figure 3.6: The variation of β0p(r) with r/b corresponding to the two cases in Figure 3.5. 
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pressure decreases.  The radial decrease in axial pressure is due to a combination of these 

two causes. 

As a third case, we consider hypothetical circumstances in which the fluidity 

α(r)=.5 is uniform, the relative apparent density η(r)/D is everywhere equal to 

(1/2.25)=.444, but due to uneven powder blend the compressibility β(r)/β0 decreases 

linearly from 1 at the centerline to .5 at the die wall.  In Figure 3.7 we show the resulting 

variation of relative green density ρ(r)/D with radial position r/b for compacted heights 

H/L=.6 and .5.  As expected, the overall magnitude of the density increases as the 

compaction height decreases.  Furthermore, regions of powder with higher 

compressibilities become denser than regions with lower compressibilities.  As a 

consequence of the radial decrease in compressibility, in this case, the density decreases 

with radial distance from the centerline. 

In Figure 3.8, we show the corresponding variations of pressure β0p(r).  As 

expected, the overall pressure levels increase with decreasing compaction height.  Where 

β(r)/β0 is relatively high (i.e. near the centerline), less axial pressure is required to 

compact the powder.  The decrease in β(r)/β0 with radial distance from the centerline, 

therefore, causes a corresponding increase in β0p(r).  Interestingly, the decrease in 

density observed in Figure 3.7 has an opposite effect on the pressure.  As the density 

decreases, the local compressibility of the powder increases and the required pressure 

decreases.  The fact that pressure ultimately increases with distance from the centerline in 

Figure 3.8 is evidence that the decrease of β(r)/β0 with r/b dominates during compaction. 
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Figure 3.7: The variation of ρ(r)/D with r/b when β(r)/β0 varies linearly from 1 at the centerline to .5 at the 
die wall, η(r)/D=.444 and α(r)=.5, for H/L=.6 and .5. 
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Figure 3.8: The variation of β0p(r) with r/b corresponding to the two cases in Figure 3.7. 
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In Figure 3.9, we show the results of two inverse problems.  For each problem, we 

specify the initial pre-compaction variations of α(r) and β(r)/β0, the desired uniform 

green density ρ(r)/D, and the final compaction height H/L.  We then compute the 

required initial apparent density distribution.  In both problems, we assume that α(r) 

increases exponentially from .25 at r/b=0 to .75 at r/b=1, and β(r)/β0 decreases 

exponentially from 1 at r/b=0 to .5 at r/b=1.  The mathematical expressions for α(r) and 

β(r)/β0 are given by: 

 
[ ]brr 0986.1exp25.)( =α        ,        (3.18) 

 
 
and 

 
[ ]brr 6931.exp)( 0 −=ββ        .        (3.19) 

 
 
In the first problem, we require that ρ/D=.9 at H/L=.5, and label the required apparent 

density distribution as H/L=.5 in Figure 3.9.  In the second problem, we require that 

ρ/D=.5 at H/L=.9, and label the required apparent density distribution as H/L=.9.  Near 

the centerline, where α(r) is relatively low and β(r)/β0 is relatively high, the material 

tends to contract radially and densify more readily.  Along the die wall, where α(r) is 

relatively high and β(r)/β0 is relatively low, the material tends to expand radially and 

densify less readily.  To offset these effects and to ensure uniform final density, the initial 

density must therefore be lower where α(r) is relatively low and β(r)/β0 is relatively high.  

For both inverse cases, then, the initial density increases with radial distance from the 
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Figure 3.9: The variations of η(r)/D with r/b required to yield ρ/D=.9 at H/L=.5 and ρ/D=.5 at H/L=.9 
when α(r)=.25exp[1.0986r/b] and β(r)/β0=exp[-.6931r/b]. 
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centerline.  For the first inverse problem, this variation is more pronounced because we 

require a higher uniform green density at a lower compacted height. 

In Figure 3.10, we show for the first inverse problem in Figure 3.9 the evolution 

of ρ(r)/D as compacted height H/L decreases from 1 to .5.  In this case, α(r) is given by 

equation (3.18), β(r)/β0 is given by equation (3.19), and η(r)/D is given by the curve 

labeled H/L=.5 in Figure 3.9 to yield ρ/D=.9 at H/L=.5.  As expected, the overall 

magnitude of the density increases as compaction height decreases.  At H/L=1, 

compaction has not yet begun, so ρ(r)/D is equal to η(r)/D given for the first inverse 

problem (H/L=.5) in Figure 3.9.  As compaction proceeds, two effects govern the 

evolving density variations.  The first effect is due to the variation of the powder 

properties.  In this case, the distributions of α(r) and β(r)/β0 cause powder near the 

centerline to densify more rapidly than powder near the die wall.  As H/L decreases from 

1 to about .6, this effect dominates the compaction behavior, and the powder near the 

centerline densifies more rapidly than powder near the die wall.  In fact, when H/L 

decreases to .7, powder near the centerline becomes more dense than powder near the die 

wall.  The second effect is due to the local compressibility of the powder.  Regions of 

powder that are more dense than others are inherently less compressible than less dense 

regions.  In fact, somewhere between H/L=.6 and H/L=.5, the dense powder near the 

centerline densifies less readily than powder near the die wall.  Consequently, the density 

distribution flattens to the specified uniform density of ρ/D=.9 at H/L=.5. 

In Figure 3.11, we show the evolution of pressure β0p(r) corresponding to Figure 

3.10.  As expected, the overall pressure levels increase with decreasing compaction 
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Figure 3.10: The evolution of ρ(r)/D as H/L decreases from 1 to .5 when α(r)=.25exp[1.0986r/b], 
β(r)/β0=exp[-.6931r/b], and η(r)/D is chosen to yield ρ/D=.9 at H/L=.5. 
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Figure 3.11: The evolution of β0p(r) corresponding to Figure 3.10. 
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height.  At H/L=1, compaction has not yet begun, and there is no pressure developed.  

The given variations (3.18) and (3.19) of α(r) and β(r)/β0 actually have opposite effects 

on the final pressure distribution.  As α(r) increases with radial distance, the pressure 

required to satisfy radial equilibrium decreases.  On the other hand, as β(r)/β0 decreases 

with radial distance, the pressure required for compression increases.  Figure 3.11 

demonstrates that the second of these effects is greater than the first.  For any value of 

H/L that is less than 1, the pressure increases monotonically with radial distance from the 

centerline.  The pressure becomes increasingly nonuniform as H/L decreases to .5.  

Interestingly, due to the initial nonuniformities in fluidity and compressibility, when the 

final density is uniform the pressure is not. 

For contrast, in Figure 3.12, we show for the second inverse problem in Figure 3.9 

the evolution of ρ(r)/D as compacted height H/L decreases from 1 to .5.  In this case, α(r) 

is given by equation (3.18), β(r)/β0 is given by equation (3.19), and η(r)/D is given by the 

curve labeled H/L=.9 in Figure 3.9 to yield ρ/D=.5 at H/L=.9.  When H/L=1, ρ(r)/D is 

equal to η(r)/D given for the second inverse problem (H/L=.9) in Figure 3.9.  As 

compaction proceeds, the variations of α(r) and β(r)/β0 cause the material near the 

centerline to densify more rapidly than powder near the die wall.  The density distribution 

flattens out and, by design, transforms into a perfectly uniform density variation at 

H/L=.9.  As H/L decreases from .9 to .6, powder near the centerline continues to densify 

more rapidly than powder near the die wall and the uniform density of ρ/D evolves into 

variations that decrease monotonically with distance from the centerline.  These 

variations of ρ(r)/D becomes increasingly more nonuniform as H/L decreases from .9 to 
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Figure 3.12: The evolution of ρ(r)/D as H/L decreases from 1 to .5 when α(r)=.25exp[1.0986r/b], 
β(r)/β0=exp[-.6931r/b], and η(r)/D is chosen to yield ρ/D=.5 at H/L=.9. 
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.6.  However, somewhere between H/L=.6 and H/L=.5 the higher densities near the 

centerline make the powder more difficult to compress there and the density variation 

becomes less nonuniform as H/L proceeds to .5.  In Figure 3.13, we show the variations 

of pressure β0p(r) corresponding to Figure 3.12.  The trends observed here are similar to 

those observed in Figure 3.11.  Again, when the density is perfectly uniform (at H/L=.9), 

the pressure is not. 

In Figure 3.14, we show the results of two additional inverse problems.  In both 

problems, α(r) varies parabolically from .25 at r/b=0, to a maximum value of 1 at r/b=.5, 

to .25 at r/b=1.  By contrast, β(r)/β0 varies parabolically from 1 at r/b=0, to a minimum 

value of .25 at r/b=.5, to 1 at r/b=1.  Mathematically, the expressions for α(r) and β(r)/β0 

are given by: 

 
( ) 25.33)( 2 ++−= brbrrα        ,        (3.20) 

 
 
and 

 
( ) 133)( 2

0 +−= brbrr ββ        .        (3.21) 
 
 
In the first problem, we require that ρ/D=.9 at H/L=.5, and label the required apparent 

density distribution as H/L=.5 in Figure 3.14.  In the second problem, we require that 

ρ/D=.5 at H/L=.9, and label the required apparent density distribution as H/L=.9.  Along 

the centerline and the die wall, where α(r) is relatively low and β(r)/β0 is relatively high, 

the material tends to contract radially and densify more readily.  At r/b=.5, where α(r) is 
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Figure 3.13: The evolution of β0p(r) corresponding to Figure 3.12. 
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Figure 3.14: The variations of η(r)/D with r/b required to yield ρ/D=.9 at H/L=.5 and ρ/D=.5 at H/L=.9 
when α(r)=-3(r/b)2+3r/b+.25 and β(r)/β0=3(r/b)2-3r/b+1. 
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maximum and β(r)/β0 is minimum, the material tends to expand radially and densify less 

readily.  To ensure uniform final density, the initial density must therefore be lower 

where the material densifies more readily (i.e. near the centerline and the die wall) and 

higher where the material densifies less readily (i.e. near r/b=.5).  For both inverse cases, 

therefore, the required initial density increases with radial distance from r/b=0 to r/b=.5 

and decreases with radial distance from r/b=.5 to r/b=1.  This variation is more 

pronounced for the first inverse problem because it yields a uniform green density at a 

much later stage in the compaction. 

In Figure 3.15, we show for the first inverse problem of Figure 3.14 the evolution 

of ρ(r)/D as compacted height H/L decreases from 1 to .5.  In this case, α(r) is given by 

equation (3.20), β(r)/β0 is given by equation (3.21), and η(r)/D is given by the curve 

labeled H/L=.5 in Figure 3.14 to yield ρ/D=.9 at H/L=.5.  At H/L=1, compaction has not 

yet begun and ρ(r)/D is equal to η(r)/D given for the first inverse problem (H/L=.5) in 

Figure 3.14.  As compaction proceeds from H/L=1 to H/L=.6, the variations of α(r) and 

β(r)/β0 cause powder near the centerline and the die wall to densify more rapidly than 

powder near r/b=.5.  In fact, when H/L has decreased to .6, powder near the centerline 

and the die wall has actually become more dense than powder near r/b=.5.  Somewhere 

between H/L=.6 and H/L=.5, a secondary effect reverses this trend.  The dense powder 

near the centerline and the die wall becomes more difficult to compact than the less dense 

powder near r/b=.5.  As a result, the densities near r/b=.5 increase most rapidly and the 

density distribution flattens out beyond H/L=.6.  By design, the distribution becomes 

perfectly uniform at H/L=.5. 
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Figure 3.15: The evolution of ρ(r)/D as H/L decreases from 1 to .5 when α(r)=-3(r/b)2+3r/b+.25, 
β(r)/β0=3(r/b)2-3r/b+1, and η(r)/D is chosen to yield ρ/D=.9 at H/L=.5. 
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In Figure 3.16, we show the evolution of pressure β0p(r) corresponding to Figure 

3.15.  At H/L=1, there is no pressure yet developed.  Increases in α(r) and β(r)/β0 cause 

decreases in the required pressure; decreases in α(r) and β(r)/β0 cause increases in the 

required pressure.  According to variations (3.20) and (3.21), α(r) increases where β(r)/β0 

decreases (0<r/b<.5), and α(r) decreases where β(r)/β0 increases (.5<r/b<1).  

Consequently, the variations of α(r) and β(r)/β0 given by equations (3.20) and (3.21) 

have opposite effects on the evolving pressure distribution.  The variation of α(r) causes 

β0p(r) to decrease in the range 0<r/b<.5 and increase in the range .5<r/b<1.  The variation 

of β(r)/β0, on the other hand, causes β0p(r) to increase in the range 0<r/b<.5 and decrease 

in the range .5<r/b<1.  According to Figure 3.16, apparently the effect of β(r)/β0 on the 

pressure is greater than the effect of α(r).  Interestingly, as H/L decreases, the density 

becomes more uniform but the pressure becomes more nonuniform.  In fact, β0p(r) is 

most nonuniform (at H/L=.5) when the density is perfectly uniform. 

In Figure 3.17, we show for the second inverse problem described in Figure 3.14 

the evolution of ρ(r)/D as compacted height H/L decreases from 1 to .5.  In this case, α(r) 

is given by equation (3.20), β(r)/β0 is given by equation (3.21), and η(r)/D is given by the 

curve labeled H/L=.9 in Figure 3.14 to yield ρ/D=.5 at H/L=.9.  When H/L=1, ρ(r)/D is 

equal to η(r)/D given for the second inverse problem (H/L=.9) in Figure 3.14.  As 

compaction proceeds, the variations of α(r) and β(r)/β0 cause the material near the 

centerline and the die wall to densify more rapidly than powder near r/b=.5.  

Consequently, the variation of ρ(r)/D flattens out and, by design, becomes uniform at 
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Figure 3.16: The evolution of β0p(r) corresponding to Figure 3.15. 
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Figure 3.17: The evolution of ρ(r)/D as H/L decreases from 1 to .5 when α(r)=-3(r/b)2+3r/b+.25, 
β(r)/β0=3(r/b)2-3r/b+1, and η(r)/D is chosen to yield ρ/D=.5 at H/L=.9. 
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H/L=.9.  As H/L decreases beyond .9 to .6, powder near the centerline and the die wall 

densifies more rapidly than powder near r/b=.5, the uniform density ρ/D evolves into a 

variation that decreases as in the range 0<r/b<.5 and increases in the range .5<r/b<1, and 

the variation of ρ(r)/D becomes increasingly nonuniform.  Between H/L=.6 and H/L=.5, 

the denser powder near the centerline and the die wall becomes more difficult to compact 

than the powder near r/b=.5.  The variation of ρ(r)/D therefore becomes less nonuniform 

as H/L decreases beyond .6.  In Figure 3.18, we show the variations of pressure β0p(r) 

corresponding to Figure 3.17.  As expected, the trends observed here are similar to those 

observed in Figure 3.16. 
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Figure 3.18: The evolution of β0p(r) corresponding to Figure 3.17. 
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CHAPTER 4 
 
Compaction in Hollow Cylindrical Dies with Frictional Core Rods and 

Die Walls 
 
 
 
 
4.1 Governing Equations and Boundary Conditions 

We are concerned with single punch compaction of a powder in a hollow 

cylindrical die of inside radius Ri and outside radius Ro.  The height of the powder before 

compaction is L, and the height after compaction is H.  The geometry of the compact is 

described by the following dimensionless quantities: the radii ratio a≡Ri/Ro, which is a 

measure of the wall thickness of the compact; the height ratio H/L, which is a measure of 

the degree of compaction; and the aspect ratio h≡H/Ro, which is a dimensionless measure 

of the height of the compact.  The geometry of the compact is shown in Figure 4.1. 

The average pressure applied over the top surface of the compact is po, so that the 

total compaction load F is equal to π(Ro
2- Ri

2)po.  We establish a cylindrical coordinate 

system in which the axial z*−coordinate measures distance along the centerline from the 

lower face of the compact, and the radial r*-coordinate measures distance from the 

centerline. Because of symmetry, there are no variations with angle of rotation about the 

centerline. The axial pressure p*, the radial pressure σ*, the tangential pressure ϕ* and the 

shear stress τ* each vary with r* and z* throughout the compact. 

In what follows, we employ a dimensionless axial coordinate z≡z*/H which varies 

from 0 at the bottom of the compact to 1 at the top; and a dimensionless radial coordinate 
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Figure 4.1: The pre- and post-compaction geometry. 
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r≡r*/Ro, which varies from a at the core rod to 1 at the die wall.  The dimensionless axial 

pressure p≡p*/po and the dimensionless radial pressure σ≡σ*/po, the dimensionless 

tangential pressure ϕ≡ϕ*/po, and the dimensionless shear stress τ≡τ*/po vary with r and z.  

In what follows, we carry out all calculations in terms of dimensionless quantities. 

In terms of the axial pressure p and the shear stress τ, the axial equilibrium 

equation is given by, 

 

r

r

r

h

z

p

∂

∂
=

∂

∂ )( τ
       .             (4.1) 

 
 
In terms of the radial pressure σ and the shear stress τ, the radial equilibrium equations is, 

 

zhr ∂

∂
=

∂

∂ τσ 1
       .            (4.2) 

 
 
The tangential equilibrium equation requires that the radial pressure balance the 

tangential pressure; that is σ=ϕ.  In this model, the radial pressure σ is induced by an 

axial pressure p according to the simple constitutive relation, 

 
pασ =        ,             (4.3) 

 
 
where α is the fluidity of the powder that measures the tendency of the powder to 

develop radial pressure when subjected to axial pressure.  Values of α vary between 0 

and 1.  For simplicity, we take α to be a constant and ignore its variations with density in 
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the course of compaction.  The constant value may be crudely interpreted as an average 

value over the entire compact during the entire compaction process. 

With appropriate boundary conditions, equations (4.1), (4.2) and (4.3) determine 

the variations of the axial pressure, the radial pressure, and the shear stress.  Boundary 

conditions at the die wall and the core rod relate the shear stress to the radial pressure 

through Coulomb friction.  If, for example, µo is the coefficient of friction between the 

die wall and the powder compact, then the boundary condition at r=1 is given by, 

 
),1(),1( zrzr o === σµτ        .          (4.4) 

 
 
Similarly, if µi is the coefficient of friction between the core rod and the powder compact, 

then the corresponding boundary condition at r=a is 

 
),(),( zarzar i =−== σµτ        .          (4.5) 

 
 
It is possible to obtain closed form expressions for the pressures p and σ, and the shear 

stress τ that satisfy equations (4.1) to (4.3) and conditions (4.4) and (4.5). 

Constitutive relation (4.3) may be employed to eliminate σ from the radial 

equilibrium equation (4.2).  The result may be combined by cross differentiation with 

axial equilibrium (4.1) to yield a single equation for τ, given by, 
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       .          (4.6) 
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In order to express conditions (4.4) and (4.5) entirely in term of the shear stress τ, we 

employ constitutive relation (4.3) to write the radial pressure σ in terms of the axial 

pressure p, differentiate the two conditions with respect to z, and employ equation (4.1) to 

eliminate ∂p/∂z from the intermediate results.  In this manner, we obtain 
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at r=1, and 
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       ,           (4.8) 

 
 
at r=a.  Equation (4.6) and conditions (4.7) and (4.8) determine τ(r,z).  In the case of a 

solid cylindrical compact, the ratio a is equal to 0, and condition (4.8) at r=a is replaced 

by the simple requirement that the stresses remain finite at r=0. 

 

4.2 Determination of Dimensionless Shear Stress and Pressures 

Based on the form of equation (4.6) for τ(r,z), the shear stress has the form, 

 
)()(),( rRzZzr =τ        ,         (4.9) 

 
 
where the functions Z(z) and R(r) are to be determined.  An equation for R(r) and an 

equation for Z(z) may be obtained by employing product (4.9) in equation (4.6) for τ.  By 

separating the z-dependence from the r-dependence, we obtain 
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in which λ is a positive real constant to be determined, and 
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According to equation (4.10), the solution for Z(z) has the form, 

 
[ ])exp()exp()( zBzAzZ λλ −+=        ,       (4.12) 

 
 
where A and B are constants to be determined.  According to equation (4.11) the solution 

for R(r) is, 

 

[ ])()()( 11 αλαλ hrDKhrI
A

C
rR +=        ,      (4.13) 

 
 
where I1 and K1 are modified Bessel functions (of the first and second kinds) of order 1, 

and C and D are constants to be determined. 

With Z(z) and R(r) given by equations (4.12) and (4.13), the shear stress τ(r,z) is 

given according to equation (4.9) by the product: 

 

[ ][ ])()( )exp()exp(),( 11 αλαλλλτ hrDKhrIzBzCzr +−+=        .   (4.14) 
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Equation (4.14) gives the shear stress τ(r,z) to within four unknown constants (B, C, D, 

and λ).  The manner in which these constants are determined depends on whether the 

compact is a solid cylinder (with no core rod), or a hollow cylinder (with core rod surface 

at r=a).  We will treat each case separately in sections 4.4 and 4.5. 

The average pressure P(z) at any distance z from the bottom face of the compact 

is calculated according to the integral, 

 

∫=−
1
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rdrzrpzPa ππ        .        (4.15) 

 
 
This average is of particular interest because it is the quantity that can be approximated 

by elementary force balance on thin annular slices of the compact.  A comparison 

between P(z) calculated according to equation (4.15) and the elementary expression for 

P(z) would give an indication of how well the simplest techniques approximate the axial 

variations of pressure throughout the compact. 

Once the shear stress τ(r,z) is completely determined, the axial pressure p(r,z) and 

the radial pressure σ(r,z) can be determined to within one constant of integration by 

equations (4.1), (4.2), and (4.3).  The constant is fixed by the integral condition, 
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This condition requires that the average dimensionless pressure p applied to the top face 

of the compact (at z=1) is equal to 1, which in turn guarantees that the average 

dimensional axial pressure P on the top face is equal to po, as it must. 

 

4.3 Equation of State and Mass Balance 

The equation of state relates the axial pressure p, the radial pressure σ, and 

tangential pressure ϕ in the compact to the corresponding local density.  A relatively 

simple equation of state has the form, 

 
[ ])(1 ϕσηρ +++= ppk o        ,        (4.17) 

 
 
where the compressibility k of the powder is the local slope of the variation of ρ with the 

total pressure (p+σ+ϕ).  The average pressure po applied to the upper face of the compact 

appears because p, σ, and ϕ are all nondimensionalized by po.  The compressibility k is 

itself a decreasing function of density, so that equation (4.17) actually describes a 

nonlinear relationship between density and total pressure.  As ρ increases from the 

apparent density η of the powder, the compressibility decreases monotonically from its 

initial value β.  Moreover, as ρ approaches its maximum theoretical value M, the local 

compressibility approaches zero.  The simplest relation between k and ρ that satisfies 

these conditions is 

 













−

−
−=

η

ηρ
β

M
k 1        .         (4.18) 



 100 

 
 
By eliminating k between equations (4.17) and (4.18), we obtain the following equation 

of state: 
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where we have used tangential equilibrium (σ=ϕ) and constitutive relation (4.3) to 

eliminate the radial and tangential pressures. 

The average density d(z) at any height z is defined by the integral, 
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The quantity d(z) is of special interest because it can be determined experimentally by 

measuring the weight of very thin annular disks that are successively removed from the 

green compact. 

Finally, the balance of mass requires that the mass before compaction be equal to 

the mass after compaction: 
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With ρ/η given in terms of p(r,z) by equation (4.19), the balance of mass (4.21) 

determines the relation between the dimensionless measure βpo of the applied pressure 
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and the relative compaction height H/L. This in turn yields the variation of the required 

compaction load F with height H. 

 

4.4 Solid Cylindrical Compacts 

In the case of solid cylindrical compacts, there is no core rod and a=0.  Coulomb 

friction conditions (4.5) and (4.8) at r=a are replaced by the requirement that the stresses 

remain finite at the centerline (r=0) of the cylindrical compact.  This in turn implies that 

the constant D must vanish in expressions (4.13) for R(r) and (4.14) for τ(r,z). 

The remaining constants (B, C, and λ) in τ(r,z) may be determined as follows.  

First, an alternative expression for Z(z) can be determined by substituting the product 

(4.9) into the Coulomb friction condition (4.7) at the die wall at r=1.  In this manner, we 

obtain, 
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where primes denote differentiation with respect to r.  The solution for Z(z) is then, 
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Equation (4.23) demonstrates that the shear stress is a simple exponential in z.  We expect 

generally that at fixed radial distances r, the pressures and shear stress will diminish with 

distance from the top of the compact.  Because the z-coordinate decreases from 1 at the 
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top surface to 0 at the bottom surface, the sign of the coefficient multiplying z in the 

exponent of equation (4.23) must be positive.  By comparing expressions (4.12) and 

(4.23) for Z(z), we conclude that Qo=A, B=0, and 
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If equation (4.13) for R(r) (with D=0) is employed in equation (4.24), the result is 

 
)()( 1 αλαλαµ hIhIoo =        ,       (4.25) 

 
 
which determines λ as a function of the products µo√α and h√α.  For prescribed values of 

these products, equation (4.25) may be solved numerically by Newton-Raphson iteration 

to determine λ. 

With the constants B=0 and D=0, the product (4.14) for τ(r,z) reduces to, 

 
)()exp(),( 1 αλλτ hrIzCzr =        .        (4.26) 

 
 
The corresponding expression for the pressure p(r,z) is obtained by integrating axial 

equilibrium equation (4.1) with respect to z, integrating radial equilibrium equation (4.2) 

(with σ=αp) with respect to r, and ensuring that the two results are consistent.  In this 

manner, we obtain 
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and 

 
)()exp(),( αλλασ hrIzCzr o=        .       (4.28) 

 
 
In order to completely specify the shear stress and the pressures, it remains only to 

determine the constant of integration C. 

Constant C is determined by integral force balance (4.16).  With p(r,z) given by 

equation (4.27), the integration yields, 
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With C determined in this fashion, equations (4.26), (4.27), and (4.28) completely specify 

the r- and z-variations of the dimensionless shear stress, axial pressure, and radial 

pressure throughout a solid cylindrical compact.  Each of these quantities is scaled by the 

as yet undetermined average pressure po applied to the top surface of the compact. 

A dimensionless measure βpo of the average pressure is determined by balance of 

mass (4.21).  With the density ratio ρ/η given by equation of state (4.19), the 

dimensionless pressure p(r,z) given by equation (4.27), and λ determined by equation 

(4.25), the balance of mass determines the variation of βpo with H/L, h≡H/Ro, µo, and α. 

If expression (4.27) for p(r,z) is employed in equation of state (4.19) for ρ/η, and 

the intermediate result is substituted into the balance of mass (4.21), then it is possible to 
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carry out all the z-integrations and some of the r-integrations explicitly.  In this manner, 

we obtain 

 

∫












+

+












−=








−

1

0 )(1

)(1
ln1

2
1 rdr

hrbI

hrIbeM

H

L

o

o

αλ

αλ

ηλ

λ

       ,     (4.30) 

 
 
in which the constant b is defined in terms of the unknown βpo by, 
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For prescribed values of h, H/L, η, M, µo, and α, equation (4.30) may be solved by 

numerical integration and Newton-Raphson iteration to determine b.  With b known, the 

dimensional pressures (pop and poσ) and shear stress (poτ) are fixed to within a prescribed 

factor β of compressibility.  Finally, and perhaps most importantly, with βpo and p(r,z) 

completely determined, the density distribution ρ(r,z) is fixed by equation of state (4.19). 

 

4.5 Hollow Cylindrical Compacts 

For hollow cylindrical compacts, Coulomb friction conditions (4.7) and (4.8) 

apply at r=1 and r=a, respectively.  As in the case of solid cylinders, condition (4.7) at 

r=1 yields exponential solution (4.23) for Z(z).  But now, an additional expression for 

Z(z) can be determined by substituting the product (4.9) into the Coulomb friction 

condition (4.8) at r=a.  In this manner, we obtain, 
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with solution, 
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By comparing the three expressions (4.12), (4.23) and (4.33) for Z(z), we conclude that 

Qo=Qi=A, B=0, and 
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If equation (4.13) for R(r) is employed in the first of equations (4.34), then the result is 
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In a similar manner, the second of equations (4.34) yields: 
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Equations (4.35) and (4.36) simultaneously determine the dependence of λ and D on 

µo√α, µi√α, and a.  Solutions are obtained numerically via Newton-Raphson iteration. 
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With B=0, the product (4.14) for τ(r,z) reduces to, 

 

[ ])()()exp(),( 11 αλαλλτ hrKDhrIzCzr +=        .     (4.37) 

 
 
The corresponding expression for the pressure p(r,z) is obtained by integrating axial 

equilibrium equation (4.1) with respect to z, integrating radial equilibrium equation (4.2) 

(with σ=αp) with respect to r, and ensuring that the two results are consistent.  In this 

manner, we obtain 
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and 
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With D and λ determined by equations (4.35) and (4.36), the dimensionless shear stress 

and pressures are known to within a constant C. 

Constant C is determined by integral condition (4.16).  With p(r,z) given by 

equation (4.38), the integration yields, 
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With C determined in this fashion, equations (4.37), (4.38), and (4.39) completely specify 

the r- and z-variations of the dimensionless shear stress, axial pressure, and radial 

pressure throughout the compact.  Each of these quantities is scaled by the as yet 

undetermined average pressure po applied to the top surface of the compact. 

A dimensionless measure βpo of the average pressure is determined by balance of 

mass (4.21) in a manner similar to that employed for the solid cylinder.  With the density 

ratio ρ/η given by equation of state (4.19), the dimensionless pressure p(r,z) given by 

equation (4.38), and λ and D determined by equations (4.35) and (4.36), the balance of 

mass determines the variation of βpo with H/L, a≡Ro/Ri, h≡H/Ro, µo, µi, and α. 

If expression (4.38) for p(r,z) is employed in equation of state (4.19) for ρ/η, and 

the intermediate result is substituted into the balance of mass (4.21), then it is possible to 

carry out all the z-integrations and some of the r-integrations explicitly.  In this manner, 

we obtain 
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in which the constant b is defined in terms of the unknown βpo by equation (4.31).  For 

prescribed values of a, h, H/L, η, M, µo, µi, and α, equation (4.41) may be solved by 

numerical integration and Newton-Raphson iteration to determine b.  With b known, the 

dimensional pressures (pop and poσ) and shear stress (poτ) are fixed to within a prescribed 
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factor β of compressibility.  Finally, with βpo and p(r,z) completely determined, the 

density distribution ρ(r,z) is fixed by equation of state (4.19). 

 

4.6 Results and Discussion 

In this section we present results obtained in the manner described above.  In all 

that follows, we take the initial fill aspect ratio L/Ro=10 and the relative apparent density 

η/M=.45 unless otherwise specified.  In the cases that we consider, as compaction 

proceeds, H/L decreases from 1 to .5.  The corresponding aspect ratio h≡H/Ro decreases 

from 10 to 5. 

In Figure 4.2, we show the variation of the dimensionless axial pressure p=p*/po 

with radial location r=r*/Ro, at the top (z=z*/H=1) of the compact, for coefficients of 

friction µi=µo=.75, powder fluidity α=.5, and radii ratio a=Ri/Ro=.5.  Non-uniformities 

throughout the compact are caused by the friction between the powder and the core rod, 

and between the powder and the outer die wall.  Because the coefficients of friction are 

relatively high, the resulting axial and radial non-uniformities are rather severe and are 

probably greater than those that would be produced in an actual powder compact.  In this 

case, (as indicated on the figure) there is an 18.89% variation in the pressure at z=1 from 

its minimum value at r=.7 to maximum value at r=1.  The pressure is relatively high near 

the core rod and the die wall in order to balance the friction forces generated there.  As 

guaranteed by integral (4.16), the average value of p(r,z=1) is always equal to 1.  Of 
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Figure 4.2: The variation of p with r at z=1 for µi=µo=.75, α=.5, a=.5, L/Ro=10, and η/M=.45.  Also shown 
is the percent variation from minimum to maximum value. 

 
 

Radial Location ( r )

0.5 0.6 0.7 0.8 0.9 1.0

Sh
ea

r S
tre

ss
 ( 

τ  
)

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

 
Figure 4.3: The variation of τ with r corresponding to Figure 4.2. 
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course, the value of po and the overall magnitude of the dimensional pressure p*≡pop will 

increase monotonically as H/L decreases from 1. 

In Figure 4.3, we show the corresponding variation of shear stress τ.  

Interestingly, at the top of the compact (z=1), neither the dimensionless pressure nor 

shear stress varies with H/L, although both contain explicit dependence on 

h=(H/L)×(L/Ro).  Mathematically, this is because (according to equations (4.37), (4.38), 

and (4.40)) the quantities p(z=1) and τ(z=1) depend on both λ and h only through the 

combination λ/h, which (according to equations (4.35) and (4.36)) is independent of H/L.  

Physically, this is because 1/λ, which is a characteristic axial length over which the 

stresses decay, scales with h, which is a measure of the current height of the compact.  At 

axial locations other than z=1, both p and τ do depend on H/L. 

In Figure 4.4, we show the corresponding radial variations in relative green 

density ρ/M at z=1 for a succession of heights H/L=1, .9, .8, .7, and .5.  When H/L=1, the 

compact is not yet compressed, and the density ρ/M has a uniform value equal to the 

relative apparent density η/M=.45.  As compaction occurs, the height h≡H/Ro decreases, 

the densities increase, and nonuniformities develop.  On each curve in Figure 4.4, we 

have indicated the percentage variation in densities from the minimum to the maximum 

value at each height H/L.  Interestingly, the variations in density are considerably smaller 

than the corresponding variation in the pressure.  In the early stages of compaction, the 

density becomes progressively more nonuniform but in the later stages (H/L<.9) this 

trend is reversed.  The reversal occurs because, according to equation of state (4.19), at 
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Figure 4.4: The variations of ρ/M with r for H/L=1, .9, .8, .7, .6, and .5 corresponding to Figure 4.2.  Also 
shown are the percent variations from minimum to maximum value. 
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relatively high pressures equal pressure differences give rise to density differences that 

decrease with increasing pressure.  The profiles in Figure 4.4 are typical in that they 

demonstrate that the densities vary only slightly in the radial direction.  This is true even 

though the values µi=µo=.75 probably overestimate the actual coefficients of friction 

between the powder and the containing surfaces with which they interact.  For this 

reason, we show no more radial variations, and instead focus on axial variations due to 

frictional effects, geometry changes, and changes in fluidity. 

In order to focus on axial variations of the pressure and the density, we compute 

the average pressure P(z) and the average density d(z) at any distance z from the bottom 

of the compact.  The quantities P(z) and d(z) are defined by integrals (4.15) and (4.20) 

respectively.  Because the radial variation in density is quite small, we expect that the 

average density d(z) at any height z does not vary appreciably from the density ρ(r,z) at 

any radial location r at the same z. 

In Figures 4.5 and 4.6, we show axial profiles of the average pressure P and the 

average density d/M for µi=µo=0, .25, .5, and .75 when α=.25, a=.5, and H/L=.5.  When 

the core rod and the die wall are frictionless (µi=µo=0), both the pressure and the density 

are uniform throughout the compact.  In fact, the uniform value of the average density 

(d/M=.9) in the frictionless case is equal to the average value of d/M in each non-uniform 

frictional case.  As expected, the axial variations of both the pressure and density increase 

as the frictional forces at the core rod and die wall increase.  As the coefficients of 

friction µi and µo increase from .25 to .5 to .75, the top-to-bottom decrease in the pressure 

increases from 71.6% to 92.2% to 98.1%, while the corresponding top-to-bottom 
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Figure 4.5: The variations of P with z for µi=µo=0, .25, .5, and .75 when α=.25, a=.5, H/L=.5, h=5, and 
η/M=.45. 
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Figure 4.6: The variations of d/M with z corresponding to the four cases shown in Figure 4.5. 
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decrease in the density increases more modestly from 10.7% to 20.0% to 27.9%.  The 

observation that large variations in pressure yield relatively small variations in density 

demonstrates the fact (described by the equation of state) that at high pressures the 

density changes only slightly with relatively large changes in pressure. 

In Figures 4.7 and 4.8, we show axial profiles of the average pressure P and the 

average density d/M for a≡Ri/Ro=0, .25, .5, and .75 when µi=µo=.25, α=.25, and H/L=.5.  

For fixed values of the outside radius Ro, as the geometric parameter a increases, the 

surface area of the core rod increases.  This in turn increases the friction forces at the core 

rod, even though the coefficient of friction between the powder and the core rod remains 

unchanged.  As the friction forces increase, the inhomogeneities in average pressure and 

average density caused by friction also increase.  Consequently, increasing a has the 

same qualitative effect on the pressure and density variations as does increasing the 

coefficient of friction at the core rod. 

In Figures 4.9 and 4.10, we show axial profiles of the average pressure P and the 

average density d/M for α=0, .25, and .5 when µi=µo=.25, a=.5, and H/L=.5.  When α=0, 

no radial pressure is developed, no friction forces are established between the powder and 

either the die wall or the core rod, and both the pressure and the density are uniform 

throughout the compact.  As α increases, the radial pressures induced by the applied axial 

pressure also increase.  This in turn increases the Coulomb friction forces that develop at 

the core rod and the die wall.  Increasing the friction force increases the axial variations 

of average pressure and average density in the compact.  Consequently, increasing α has 
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Figure 4.7: The variations of P with z for a=.25, .5, and .75 when µi=µo=.25, α=.25, H/L=.5, h=5, and 
η/M=.45. 
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Figure 4.8: The variations of d/M with z corresponding to the three cases shown in Figure 4.7. 
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Figure 4.9: The variations of P with z for α=0, .25, and .5 when µi=µo=.25, a=.5, H/L=.5, h=5, and 
η/M=.45. 
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Figure 4.10: The variations of d/M with z corresponding to the three cases shown in Figure 4.9. 
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the same qualitative effect on the pressure and density variations as does increasing the 

coefficients of friction at the core rod and die wall. 

In Figure 4.11, we show the variations of the dimensionless average applied 

pressure βpo with scaled compaction height H/L for µi=µo=0, .25, .5, and .75 when α=.25 

and a=.5.  As expected, in all cases the required pressure increases as the height of the 

compact decreases.  At first, the pressure increases gradually as the height decreases from 

H/L=1, and increases rapidly as H/L approaches its minimum value (i.e. the value at 

which the density approaches its maximum).  In this case, the minimum value of H/L is 

equal to η/M=.45.  When µi=µo=0, the required pressure is due entirely to the 

compressive resistance of the powder.  As µi and µo increase from zero, the frictional 

forces at the core rod and die wall increase, as does the pressure required to overcome 

them.  By comparing the curve for µi=µo=0 to the curve for µi=µo=.25, we can conclude 

that even for coefficients of friction as low as .25, a significant fraction of the total 

applied pressure is required to overcome the friction forces exerted by the die wall and 

the core rod. 

In Figure 4.12, we show the variation of the dimensionless average applied 

pressure βpo with compact height H/L for a=.25, .5, and .75 when µi=µo=.25 and α=.25.  

The dependence of applied pressure on H/L has already been described in Figure 4.11.  

At any height H/L, the required pressure increases with increasing radii ratio a, even 

though µi and µo are the same for each value of a.  This is because increasing a 

corresponds to increasing the surface area of the core rod, which in turn increases the 

friction force there and the pressure required to balance it. 
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Figure 4.11: The variations of βpo with H/L for µi=µo=0, .25, .5, and .75 when α=.25, a=.5, L/Ro=10, and 
η/M=.45. 
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Figure 4.12: The variations of βpo with H/L for a=.25, .5, and .75 when µi=µo=.25, α=.25, L/Ro=10, and 
η/M=.45. 
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In Figure 4.13, we show the variation of the dimensionless average applied 

pressure βpo with compact height H/L for α=0, .25, and .5 when µi=µo=.25 and a=.5.  As 

fluidity α increases, the radial pressure and the induced friction forces at the core rod and 

the die wall also increase.  Consequently, for fixed compaction heights H/L, the effect of 

increasing α on the required compaction pressure is qualitatively similar to that of 

increasing the coefficients of friction µi and µo. 

Rather than detailed density profiles, in Figure 4.14, we show the variation of 

average density d/M with aspect ratio h≡H/Ro at five distinct axial locations (z=0, .25, .5, 

.75, and 1) when µi=µo=.25, α=.1, a=.5, and H/L=.5.  For a fixed value of outside radius 

Ro, as the compact becomes taller, the surface areas of the core rod and the die wall get 

larger, and the total friction between the powder and its containing surfaces increases.  

Therefore, as h increases, the average density varies more widely between the top (z=1) 

and bottom (z=0) of the compact.   

The percent top-to-bottom density decrease measures the drop in average density 

(from z=1 to z=0) relative to the density at z=1.  This percent decrease is a quantitative 

measure of nonuniformity in a powder metal compact.  In Figures 4.15, 4.16, and 4.17, 

we show how the percent top-to-bottom density decrease varies with aspect ratio h≡H/Ro.  

In Figure 4.15, for example, we consider three pairs of friction coefficients (µi=µo=.25, 

.5, and .75) for fixed values α=.1, a=.5, and H/L=.5.  In Figure 4.16, we consider three 

values of the geometric parameter a (a=.25, .5, and .75) for fixed values µi=µo=.25, α=.1, 

and H/L=.5; and in Figure 4.17, we consider three values of fluidity α (α=.1, .3, and .5) 
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Figure 4.13: The variations of βpo with H/L for α=0, .25, and .5 when µi=µo=.25, a=.5, L/Ro=10, and 
η/M=.45. 
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Figure 4.14: The variations of d/M with h for z=0, .25, .5, .75, and 1 when µi=µo=.25, α=.1, a=.5, H/L=.5, 
and η/M=.45. 



 123 

 
 
 
 

Aspect Ratio ( h )

0 2 4 6 8 10

Pe
rc

en
t T

op
-to

-B
ot

to
m

D
en

si
ty

 D
ec

re
as

e

0

5

10

15

20

25

µi = µo = .75

.5

.25

 
Figure 4.15: The variations of percent top-to-bottom density decrease with h for µi=µo=.25, .5, and .75 
when α=.1, a=.5, H/L=.5, and η/M=.45. 
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Figure 4.16: The variations of percent top-to-bottom density decrease with h for a=.25, .5, and .75 when 
µi=µo=.25, α=.1, H/L=.5, and η/M=.45. 
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Figure 4.17: The variations of percent top-to-bottom density decrease with h for α=.1, .3, and .5 when 
µi=µo=.25, a=.5, H/L=.5, and η/M=.45. 
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for fixed values µi=µo=.25, a=.5, and H/L=.5.  As expected, in all cases, the variation of 

density throughout the compact increases with increasing aspect ratio.  Moreover, for 

fixed values of aspect ratio, the net influence of friction and therefore the density 

variations also increase with increasing µi=µo, a, or α. 

Thus far, we have focused on cases in which the coefficients of friction at the core 

rod and the die wall have been equal.  This obscures an inherent asymmetry with respect 

to the separate effects of µi and µo.  In Figure 4.18, for example, we fix the coefficient of 

friction of the die wall (at µo=.25) and show how the percent top-to-bottom density 

decrease varies with the coefficient of friction of the core rod µi for a=.01, .25, .5, and .75 

when α=.25 and H/L=.5.  In general, the density variation increases with increasing µi, as 

expected.  For a fixed value of outside radius Ro, when a is small (i.e. a=.01), the surface 

area of the core rod is small, and increasing µi therefore has almost no effect on the 

density variation throughout the compact.  As a increases, the surface area of the core rod 

increases, and the degree to which µi effects the density variation increases as well. 

By contrast, in Figure 4.19, we fix the coefficient of friction of the core rod (at 

µi=.25) and show how the percent top-to-bottom density decrease varies with the 

coefficient of friction of the die wall µo for a=.01, .25, .5, and .75 when α=.25 and 

H/L=.5.  In this case, even when a is small, the surface area of the die wall is large.  

Consequently, the density variation increases rapidly as µo increases.  As a increases, so 

too does the surface area of the core rod and the friction force developed there.  This 

causes the density variation to increase as well.  However, the degree to which µo effects 
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Figure 4.18: The variations of percent top-to-bottom density decrease with µi for a=.01, .25, .5, and .75 
when µo=.25, α=.25, H/L=.5, L/Ro=10, and η/M=.45. 
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Figure 4.19: The variations of percent top-to-bottom density decrease with µo for a=.01, .25, .5, and .75 
when µi=.25, α=.25, H/L=.5, L/Ro=10, and η/M=.45. 
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the density variation does not change appreciably as a increases, because the outside 

radius of the compact is fixed. 

To verify the validity of the model developed in this chapter, we must compare 

our theoretical predictions with data obtained by experiment.  Trasorras and 

Parameswaran [1999] experimentally constructed axial density profiles for two identical 

valve guides made by the double punch compaction of an iron powder, Distalloy AE, 

supplied by Hoganas.  A valve guide is a hollow cylindrical part used in internal 

combustion engines to guide the movement of intake and exhaust poppet valves.  The 

apparent density η of the powder is 3.04 g/cm3.  The maximum density M reported by 

Pavier and Doremus [1999] for Distalloy AE is 7.33 g/cm3.  The average density in each 

valve guide was 6.80 g/cm3.  The initial fill height L of the iron powder can be calculated 

according to L=(6.80/3.04)H.  The compacted valve guide had a height H of 4.05 in 

(=102.87 mm), an inside radius Ri of .152 in (=3.861 mm), and an outside radius Ro of 

.375 in (=9.525 mm).  With these parameters specified, the relative apparent density of 

the powder η/M is equal to .415, the geometric parameter a≡Ri/Ro is equal to .405, the 

relative compaction height H/L is equal to 3.04/6.8=.447, and the initial fill aspect ratio 

L/Ro is equal to (H/Ro)/(H/L)=12.08. 

The axial density profiles were constructed by successively machining annular 

disks of known thickness away from the valve guide, and by weighing the remaining part 

after each machining operation.  In this manner, the mass and density of each removed 

disk was determined.  Calculated in this manner, the density is actually an average of the 
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point-to-point density that varies radially in the removed disks.  This density is precisely 

the average density d(z) defined by equation (4.20) that our model can predict. 

The valve guide used by Trasorras and Parameswaran [1999] was produced by 

double punch compaction.  To compare our theoretical results for single punch 

compaction to their experimental results, we approximate the double punch compaction 

as two simultaneous single punch compactions.  In doing so, we interpret the axial 

density variation from the midplane to the top of the compact and from the midplane to 

the bottom of the compact as two separate profiles that might result from the single punch 

compaction of a part that is half the height of the parts produced by Trasorras and 

Parameswaran [1999].  In Figure 4.20, we show the experimental profile of average 

density d for the top half of the first valve guide.  Here z*=0 corresponds to the center of 

the valve guide and z*=51.435 mm corresponds to its top surface. The corresponding 

profile for the bottom half of the first valve guide is shown in Figure 4.21, in which z*=0 

identifies the center of the valve guide and z*=51.435 mm identifies its bottom surface.  

In Figure 4.22 and 4.23, we show the axial density profiles corresponding to the top and 

bottom halves of the second valve guide, respectively.  In these four profiles, the density 

decreases by an average of 9.7%. 

In constructing the profiles shown in Figures 4.20, 4.21, 4.22, and 4.23, Trasorras 

and Parameswaran [1999] machined slices that were .1 mm thick within 3 mm of the top 

or bottom of the compact, .5 mm thick between 3 mm and 13 mm of the top or bottom, 

and 2 mm thick beyond 13 mm of the top or bottom.  In presenting the experimental 

results, we have omitted the wide fluctuations in density that were measured within the 
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Figure 4.20: The variation of d with z* for the top half of the first valve guide used in the experiment by 
Trasorras and Parameswaran [1999]. 

 
 

Average Density, d ( g / cm3 )

5.75 6.25 6.75 7.25 7.75

A
xi

al
 L

oc
at

io
n,

 z*  ( 
m

m
 )

0

10

20

30

40

50

 
Figure 4.21: The variation of d with z* for the bottom half of the first valve guide used in the experiment by 
Trasorras and Parameswaran [1999]. 
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Figure 4.22: The variation of d with z* for the top half of the second valve guide used in the experiment by 
Trasorras and Parameswaran [1999]. 
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Figure 4.23: The variation of d with z* for the bottom half of the second valve guide used in the experiment 
by Trasorras and Parameswaran [1999]. 
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first 3 mm of the top or bottom surfaces of the compacts.  It is possible that these 

fluctuations in density are due to small errors in the measured thickness (and volume) of 

the slices.  Even with the widest fluctuations removed, there is still considerable scatter in 

the experimental data where the slices are .5 mm thick, and there is much less fluctuation 

where the slices are 2 mm thick. 

To compare theoretical density profiles to those obtained by experiment, we need 

to know the values of µi, µo, and α.  These values are not known for the experiment, but 

if we assume that µi is equal to µo, then we can infer the values of µi, µo, and α based on 

our observation that the top-to-bottom density decrease is 9.7%.  In Figure 4.24, for 

example, we show how the percent top-to-bottom density decrease varies with 

coefficients of friction µi=µo for α=.1, .2, .3, and .5 when the parameters a=.405, 

H/L=.447, L/Ro=12.080, and η/M=.415 are chosen match the experimental conditions.  

As expected, the variation in density increases as µi=µo and α increase.  Figure 4.24 

demonstrates that there is a range combinations of µi=µo and α that yield a fixed density 

variation.  To show these combinations explicitly, in Figure 4.25 we show the locus of 

points in the α-µi=µo plane that yield four top-to-bottom density variations (2%, 5%, 

9.7%, 15%) when a=.405, H/L=.447, L/Ro=12.080, and η/M=.415. 

Finally, we focus on the darkened solid curve in Figure 4.25 corresponding to a 

density variation of 9.7%.  In particular, we consider three points that lie on the curve: 

α=.25 and µi=µo=.423, α=.5 and µi=µo=.213, and µi=µo=.75 and α=.139.  In Figure 4.26 

we plot the density profile that corresponds to each point.  It turns out that not only do 

these three profiles have the same overall density variation of 9.7%, as they must, but the 
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Figure 4.24: The variations of percent top-to-bottom density decrease with µi=µo for α =.1, .2, .3, and .5 
when a=.405, H/L=.447, L/Ro=12.08, and η/M=.415. 
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Figure 4.25: The variations of α with µi=µo for density variations of 2%, 5%, 9.7%, and 15% when a=.405, 
H/L=.447, L/Ro=12.08, and η/M=.415. 
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Figure 4.26: The variation of d with z* for α=.5 and µo=µi=.213, α=.25 and µo=µi=.423, and α=.139 and 
µo=µi=.75 when a=.405, H/L=.447, L/Ro=12.08, and η/M=.415.  The three combinations of µi=µo and α are 
chosen to yield a 9.7% top-to-bottom density decrease.  Superposed is the experimental data from Trasorras 
and Parameswaran [1999] shown in Figure 4.21. 
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details of the profiles are indistinguishable.  We have also superposed the density profile 

experimentally determined by Trasorras and Parameswaran [1999] shown in Figure 4.21.  

For the appropriate choice of µi=µo and α, there is excellent agreement between theory 

and experiment. 
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CHAPTER 5 
 

Conclusion 
 
 
 
 

The focus of this thesis was on developing relatively simple models for powder 

compaction in order to clarify the physical mechanisms that govern the process, and to 

study the effects of fill conditions on the final green state.  In Chapter 2, we focused on 

the effects of varying powder properties on pressure distributions, density distributions, 

and radial movements of powder in cylindrical dies.  We isolated the effects of dissimilar 

powder properties by neglecting the influence of die wall friction.  In this manner, any 

pressure and density variations in the green compact were necessarily due to initial fill 

variations.  We focused specifically on radial variations of the powder properties, and 

employed a simple model in which the cylinder is initially filled with n distinct powders, 

each of which occupies successive annular regions about the centerline of the cylinder.  

The powders were distinguished by their compressibilities, their fluidities, and their 

apparent densities. 

Of special interest were two sub cases of the n-powder model.  In the first case, 

we set n=2 in order to study the compaction behavior of two-powder parts.  Here, the dies 

were initially filled with an inner powder at the core of the cylinder and an outer powder 

that occupies the remaining annular region of the cylinder.  For prescribed values of the 

properties of each powder, we computed the inward or outward radial movement of the 

interface that separates the powder, the fraction of the total compaction load that is 

supported by each powder, and the final densities of the powders.  The interface 
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movement, and how it depended on the mismatch in properties of the two powders 

provided insights into how local nonuniformities in powders properties produce 

corresponding inhomogeneities in green densities. 

In the second case, we set n equal to twenty, to approximate a single powder with 

properties that vary continuously in the radial direction.  Following (by analogy) the two-

powder cases, when the properties of all twenty powders were specified, we computed 

the pressures and densities in each powder, and in this manner we constructed the 

pressure and density profiles throughout the green compact. 

In Chapter 3, we developed a model for a single powder with continuously 

varying powder properties, and demonstrated how it could be obtained by taking the 

appropriate limit of the discrete powder model developed in Chapter 2.  We employed 

this model to study the effects of initial nonuniformities by prescribing initial radial 

variations of compressibility, fluidity, and apparent density and by predicting the final 

density and pressure distributions in the green compact.  The radial variations represent 

uneven fill conditions, and the nonuniformities in green density were due entirely to these 

undesirable but unavoidable pre-compaction conditions.  Perhaps of greatest interest were 

solutions to the inverse problem, in which, we calculated a variety of initially nonuniform 

fill states that guarantee perfectly uniform green densities.  These pre-compaction states 

were typically characterized by combinations of radially varying compressibilities, 

fluidities, and apparent densities that were calculated to exactly balance one another in 

the final state. 
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In Chapter 4, we included the effects of friction between the powder and the outer 

die wall, and between the powder and the inner core rod to compute the final pressure 

and density distributions of parts pressed in hollow cylindrical dies.  The hollow 

cylindrical geometry is of practical importance in the production of such parts as 

bushings and valve guides. 

Our primary focus was on the forward problem, in which the pre-compaction fill 

was perfectly uniform and the densities became distorted during compaction.  We 

predicted how the pressures and green densities depend on the coefficient of friction 

between the die wall and the powder, the coefficient of friction between the core rod and 

the powder, the ratio of the inside radius of the green part to its outside radius, the 

compressibility of the powder, the fluidity of the powder, and the aspect ratio of the green 

compact. 

Our secondary focus was on comparing the results predicted by the model to the 

experimental results of Trasorras and Parameswaran [1999].  In order to make the 

comparison, we matched the percent top-to-bottom density variations in the experiments 

to those predicted by the theory.  In this manner, we could infer possible values for the 

coefficients of friction and fluidity, which were not measured.  For those parameters that 

give agreement between the experimental and theoretical top-to-bottom density 

variations, the details of the axial variations in density predicted by the theory agreed 

remarkably well with those obtained experimentally. 

In Chapter 4, we restricted our attention to uniform initial fill densities.  In 

practice, because of uneven powder flow into the die, shadow effects from the core rod, 
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and imperfect feed shoe mechanisms, the pre-compaction density (η) could vary in the 

radial (r), axial (z), and tangential (θ) directions.  Incorporating the dependence of η on r 

and z is straightforward and would involve little modification to the model.  Incorporating 

θ-dependence is more complex, because the fundamental equilibrium equations were 

based on rotational symmetry.  Without rotational symmetry, the model developed in 

Chapter 4 would have no closed-form solution.  A solution could only be obtained by 

implementing an elaborate finite element scheme. 

In the context of hollow cylindrical dies with friction, it would also be of interest 

to study inverse problems, in which variations of initial density are computed in such a 

way to guarantee perfectly uniform green densities.  Given the distortive effects of 

friction in the powder compaction process, it may be entirely possible that such solutions 

do not exist, or that such solutions contain impractically large variations in fill densities.  

In these cases, it would be possible to solve for variations of initial density that yield a 

minimum variation in the green density. 

The coefficients of friction at the core rod and the die wall were assumed to be 

constant in Chapter 4.  In practice, the manner in which powder particles interact with the 

core rod and the die wall will change fundamentally as the density of the powder 

increases.  To account for these effects, it would be necessary to model the coefficients of 

friction at the die wall and the core rod as functions of density. 

For simplicity, we have also assumed that fluidity is constant in all our 

compaction models.  However, the degree to which the applied pressure induces a 

corresponding radial pressure will vary according to the density of the powder.  In fact, 
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the fluidity α is an increasing function of density whose value approaches unity as the 

density approaches it theoretical maximum.  A more elaborate model would incorporate 

this complication as well. 
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