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ABSTRACT

This work introduces formulae of Fresnel type related to reflection and trans-
mission of a plane electromagnetic wave from a moving boundary separating two
isotropic dielectrics. The dielectrics themselves remain immovable, so, the ensuing
material formation represents an example of an activated dynamic material assem-
bled from the LC-arrays serving as the discrete versions of each dielectric.



INTRODUCTION

In this work, we consider a planar electromagnetic wave that travels in 3D
through the half-space occupied by immovable isotropic dielectric with material
properties €9, ps. The wave arrives at a general angle and exhibits reflection from
and transmission through a planar interface S between half-space 2 and half-space
1 occupied by another isotropic dielectric 1, with properties €;, pq; this dielectric is
also assumed immovable.

We suppose that the planar interface S is brought into a uniform motion at ve-
locity V, in the direction of its normal. This assumption will be implemented if some
parts of material 1 are converted to material 2, and vice versa. Such property trans-
formation may become materialized once we apply switches in a discrete version of
both dielectrics manufactured each as an array of LC-cells. By properly manipu-
lating the switches one may choose either the (L;, Cy)-pair representing material 1,
or the pair (L, Cy) representing material 2. It is essential that no material motion
is involved in this spatio-temporal arrangement, so, by terminology of [Lur06|, we
have a pure activation case.

We obtain and discuss the formulae expressing the Snell’s law in the presence of
motion of the interface, and study the influence produced by such motion onto the
total reflection and the Brewster phenomenon.

Chapter 1 exposes the classical results reproduced only for reference [Str41]. The
original results related to the case of moving interface are exposed in Chapter 2.



Chapter 1

Non-moving interface

1.1 Snell’s law and field vectors

Two dielectric materials are separated by an immovable planar interface S. At a
basic level, the primary electromagnetic wave, also called a wave of incidence, col-
lides with a static interface. The basic underling assumption in this case is all the
waves are planar. Once the primary wave hits the interface two secondary waves are
produced. One secondary wave is transmitted through the interface into the mater-
ial on the opposite side. The other wave is reflected back into the original material
where the primary wave originated. Without loss of generality, let the primary wave
start in material 2 meaning the reflected wave travels back in material 2, and the
transmitted wave travels forward into material 1.

There are some basic formulas which govern this reaction. Namely for the inci-
dent wave, the electric and magnetic field vectors, E and H, are defined as

E; = :E()Gikono.r*i{"}t7 H; = ﬁno x Ej. (11)
W2
Above in the equations, Eq is the amplitude of the wave of incidence, and ng is
the unit vector describing the direction of propagation of the incident wave. The
plane known as the plane of incidence is defined by ng and the unit vector n normal
to the interface. The transmission and reflection waves are defined respectively by
the formulae

, , k
Et — Elezklnlorfzwt’ Ht — 71111 X Et7
e (1.2)
Er — Ezeikgngor—iwt’ Hr — 72n2 % Er~
W2

In equations (1.1) and (1.2), kong, k1ny, and kongy are, respectively, the wave
vectors of the incidence, transmission, and reflection waves. The tangential compo-
nents of the resulting vector fields E and H are continuous across the plane S, that



is defined as x = 0 (Figure 1).
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The frequency w is preserved across the immovable interface, so

w w w
ko=—, ko=—=ko, ki=— (1.3)

a2 a2 ay '

Here, a; = 1/,/€;11;, t = 1,2 denote the phase velocity of light in materials 1 and 2,
respectively.

The relationships

konper = kgna er = kjn; er (1.4)

should hold at all points on the interface x = 0; assuming that the zy-plane is the
plane of incidence, equations (1.4) can be represented as

koy cos ag = ko(y cos g + z cos By) = kq(y cos oy + z cos fBy).
Here «; and f3; denote direction angles of n;, « = 0,1, 2, with regard to y and
z-axes. These equations should hold for all values of y and z, thus
cos By = cos 31 = 0,
ko cos ag = ko cos ag = Ky cos o .

The first line shows that all four vectors n, ng, n;, and ns belong with the
xy-plane. The second line indicates that (see Figures 1 and 1a)
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]{70 sin 90 = ko sin 92 = ]{71 sin 61, (15)
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From the first of equation (1.5), it can be concluded that

0, = 6. (1.6)

because the second solution, 6, = m — #y, reproduces the incident wave. The second
equation,

kg sin@o = k‘l siné’l, (17)

may have, along with the solution ¢, € [0, 7/2], also the solution © — ¢;. The first
is relevant to the transmitted wave with phase departing from the separating plane
S; the wave vector of such a wave points away from the origin and into the first
quadrant of the xy-plane (Figure 1). The second solution is associated with the
transmitted wave with phase arriving towards the separating plane S from the in-
finity; the wave vector of such a wave points towards the origin through the fourth
quadrant of the xy-plane (Figure 1a). The right choice between the two solutions is
decided by the direction of energy flow that should be away from the interface.



In order to find a relationship between the amplitudes of Eq, E;, and Es, of the
incident, transmitted and reflected waves, respectively, the boundary conditions are
implemented at all points on the surface S:

nx (E0+E2) =n X El,

nx (HO -+ Hg) =nx Hl. (18)
k
From equations (1.1), Hy = —~—ng x Eo, and from equations (1.2), Hy =
W2
k
—0n2 X Eg, Hy = —lnl x Eq1. We use these formulae to eliminate Hgy, Hy, and
Wl W
H, from the second equation (1.8); it then reduces to
ko k1
nx (no XEO+H2 XEz)fan (n]_ XE]_)*. (19)
H2 H1

The consequences of equations (1.8) and (1.9) will be listed below for two linearly
independent polarizations of the incident wave, namely, the electric and magnetic
polarizations.

Case 1: Eg is normal to the plane of incidence (electric polarization)
In this situation, the electric vectors of the transmitted and reflected waves are
parallel to Eg, and thus perpendicular to the plane of incidence. In this polariza-

tion, the electric vectors possess components in the z-direction alone, whereas the
magnetic vector show both z- and y-directions, see Figure 2.
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Therefore,

I’IQEOZI’IOOEOZO.

Because both dielectrics, 1 and 2, are isotropic, the transmitted wave traveling
through material 1 and the reflected wave traveling through material 2 must have
electric vectors parallel to Eg and thus also normal to the plane of incidence. There-
fore, ne E; = n e Ey = 0. Thus, from this information and as seen in Figure 1, the
relations hold:

nengy = cos(m — 6y) = — cos by,
nen; = cos(m — ;) = —cos by, (1.10)
nens = cosfs.

Once the first equation (1.8) is cross multiplied by n, the result is

E0+E2 :El-

Next, the vector identity a x (b x ¢) = (a® c)b — (aeb)c applied to equation
(1.9) yields:

(neEg)ng — (neng)Eg + (neEs)ny, — (neny)Es = <ZZZ?> (neE;)n; — (neng)E,],

or

k
cos OpEqg — cos 6, Eqy = 142 cos 0 E;.
kopu1

With reference to (1.6), the boundary conditions receive the form

Eo + E; = Eq,

K pio cos 0, (1.11)

Ey — E; = .
0 2 kopy cos by !

Equations (1.11) yield

E, 2ko 1 cos b

B k1 pig cos 01 + kopuy cos By o

10



or

E, = 2hopi €05 b —E,, (1.12)
(kop1 cos Oy) + pigy/k? — k2 sin? 0
and
E, — ko1 cos Oy — ki cos 0y ..
k1 o cos 601 + ko cos 6y
or

Ko cos 8y — pioy/ k3 — k2 sin? 0
E, — oM 0 — M2y\/ ~1 0 0 E,.
(kopuy cos 0) + poy/ k3 — k2 sin? 0,

Case 2: Hj is normal to the plane of incidence (magnetic polarization)

(1.13)

This is the situation when the magnetic vectors Hg, Hy, Hy are normal to
the plane of incidence and thus parallel to the surface S. In this polarization, the
magnetic vectors possess components in the z-direction alone, whereas, the electric
vectors show both x- and y-directions, see Figure 3.
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Similarly to Case 1, the magnetic field in both transmitted and reflected waves
remain parallel to Hg. With the reference to equations (1.1) and (1.2), the boundary
conditions (1.8) will then be represented as

nx (HO—I—Hz) =n X Hl,

n X <w]52n0><H0)—l—n>< <QZL2I12XH2):HX (WIIlXHl),

0 0 kl

or, equivalently, as

Ho + Hy, = Hy,
I 0 (1.14)
H, — H, = oM1 COS 1H1.
k1 pio cos 0
These equations apply to Case 2 just as equations (1.11) apply to Case 1.
We arrive at the formulae:
2k o cos B
Hl = 0>
(kop cos by + ks cos Bp)
or
2k? )
H, — 112 €05 %0 Ho, (1.15)
(k3 g cos 0y) + prkoy/k? — k2 sin® 6,
and
k1 pio cos By — koptq cos 6,
H2 = 0,
kopty cos 01 + kqpuo cos By
or

k2 15 cos 0y — k k? — k2sin% 6
H, — 22000 7 Py R 7 0P Ty (1.16)
k3 p1a cos O + kopn\/ k3 — k2 sin® 6,

The above equations are similar to (1.12) and (1.13).

When the angle of incidence 6 is zero, both polarizations become the same, and
the amplitudes of the transmitted and reflected waves reduce to:

2kopuy

e Ko + k1o

0,

(1.17)
. ko — kipin

2 Ko + k1o

12



and

2k g

e Fipg + kopi

0,

(1.18)
. Fipo — kz/hH

2 Fipg + ko

13



1.2 The energy flow and Brewster phenomenon

If material 1 and material 2 are perfectly transparent so that the permeabilities 1
and po hardly differ from each other, then Snell’s Law from equations (1.3), (1.6),
and (1.7) can be written as

s?n@l = s%n@l = \/g = o = N1z, (1-19)
sinfy sinf, €1 Qs

where a; and ay are the phase velocities in materials (1) and (2), respectively, and
nyo their relative refraction index. If €; > €5, then nyy < 1, and for every real angle
of incidence 6, there is a corresponding transmission angle #; . On the other hand,
if € > €1, then nys > 1 and 6, is real only for the range of 6y where nissinfy < 1.

When nq5sinfy > 1, then sinf; > 1 and no real transmission wave is produced, and
this phenomenon is known as the total reflection.

With egs. (1.19) taken into account, egs. (1.12) and (1.13) become

~ 2costysin b,

N sin (91 + 00) ”

sin (01 — 90) (120>

" sin (61 +60)

When it comes to magnetic polarization, equation (1.19) becomes, with reference
to (1.11),

2 cos 0 sin 0

E =
B sin(6, + 6p) cos(6y — 61)

nNg X Eo,

tan(@o — 91) (121>

tan(@o + 01)

The mean flow of energy is given by

ny X Ey = n0XEO.

_ 1 —
Si = §E1 X Hi = \/25E§n0,

S = @EQn

2 141,

§:@E2n

9 2112,

_ 1 _ __
where S is the real part of the complex vector §E x Hj, and Hj is the complex

conjugate of the magnetic vector. The symbol E denotes the magnitude of E.

14



The primary energy incident per second on a unit area of the interface is the

NG

normal component of S;: neS; = _TES cosfy. Similarly, the energies leaving

by the reflection and transmission are

NG

S, \/QEESCOSQO, nogt:—TEfcosel.

nesS, =

In order to be in line with known principles of energies, the energy flow across
the surface must be continuous,

ne (S, +5;)=neS, (1.22)
thus
Ve B2 cos by = \/ea B3 cos Oy + /&1 E? cos 0. (1.23)

The reflection and transmission coefficients are defined to be

_ [ercost; E3
~ Veycosby B}

Certainly, R +T = 1. When Eg is normal to the plane of incidence (electric
polarization), these coeflicients become

neS;

= — T:

nesS;

. Sil’l2 (61 — 60) . sin 290 sin 201

R — _ S o SN =V 1.24
= SiIl2 (01 + 00) ’ = SiIl2 (01 + 00) ’ ( )

and when Hy is normal to the plane of the incidence (magnetic polarization), they
are expressed as

. tan2 (60 — 91) T — sin 290 sin 261
= tan2 (00 + 91)’ = Sin2 (91 + 90) cos? (90 — 91)

(1.25)

Under the special circumstance when incidence wave vector is normal to the
plane of separation, meaning 6, = ¢, = 0, the coefficients become

15



R— (\/6_2—\/6—1>2 _ ("12 - 1>2
\/6 + \/a N2 + 1 ’
. 4\/@ . 4nqo
(va+va) (D
The reflection coefficient is zero under the very special condition that if
(6o + 61) —7/2 then the tan(fy + 6;)—o0, and then and only then R — 0. In

this situation, the reflected and transmitted waves are normal to each other, so
n; eny = 0 and sin#; = sin (7/2 — ), implying that

tan 6y = a_ Nay. (1.26)
€2

The angle which satisfies equation (1.26) is the Brewster angle. As illustrated
above, an incident wave can be separated into two parts, one polarized in the direc-
tion of the normal and the other parallel to the plane of incidence. A consequence of
this is that the reflection coefficients become different based on the angle of the in-
cidence. For example, if the incidence angle is equal to the Brewster angle, then the
reflection wave is polarized entirely in the direction normal to the plane of incidence.

16



1.3 Total reflection

The phenomenon of total reflection occurs when the there is no transmission wave
traveling into material 1, instead, there arises the surface wave traveling along S on
the side of it that is occupied by material 1. This phenomenon occurs only when 6,
is such that

. . €2 .
sinth = nigsinty =,/ —sinby > 1,
€1

and the only values of #; to satisfy this equation are complex. A complex angle of
transmission implies a shift in the phase as well as an attenuation factor.

Suppose sin#; > 1, then cos#; is purely imaginary, such that

)
cosfy = ——1\/easin® By — €, = injg\/sin? Oy — nd;. (1.27)
Vel

The radical produces two roots. Bearing in mind that the field must always be
finite, the root which allows for this condition will be chosen. By letting the surface
S be at x = 0 and assuming p; = po, the phase of the transmitted wave becomes

kinyer = w,/é;ui(xcosb + ysinb)

= w,/€lln (x\/sin2 0y — n% + ysin 00> ,

and for z > 0 the field intensity of the same wave is then

Et — Ele—ﬁx-i—iay—iwt’ (128)

with «, (3, defined as follows

a = wy/epiasinby, [ = wy/eapizy/sinby — n3;.

To illustrate that the positive root from (1.27) is the correct choice in this situ-
ation, observe that as x — 400, the field defined in (1.28) goes to zero.

Assuming that sinf; > 1, we apply equations (1.12) and (1.13) showing the
amplitudes of reflected and transmitted electric fields

17



2 cos 6
E, = 0 Eo.,

iy/sin’ 0y — n3, + cos by
) 2 (1.29)
cos By — 14/sin” 6y — n3;
Eq = Eo..
iy/sin® 6 — n3; + cos by

Using eqs. (1.3), egs. (1.15) and (1.16) show the amplitudes of the reflected and
transmitted magnetic field

2n91 cos By
n; X E]_H = » — 5 ng X E0||,
Nap €os By + i4/sin” 6y — n3,
A 1.30
n2, cos By — ir/sin’ By — n2 ( )
o x Fo — 21 0 0 2R
2 2 = 0 o|-
H n2, cosfy + iy/sin® 6, — n?2 H
21 0 0 — Ny

It can be seen that the transmitted and reflected waves are out of phase with the
incident wave since the coefficients of Eg are complex. From eqgs. (1.29) and (1.30)
and given the definition of the reflection coefficient to be R = E, ¢ E5/EZ, we find
that

R, =Rj=1, T, =T =0 (1.31)

The energy in the incident wave appears to be exactly equal to the energy of
reflected wave meaning there is no energy flow into the material of lesser refractive
index. However, this does not mean that the field intensity in material 1 is zero. In
the case of total reflection, the transmitted wave produced does not travel through
material 1, but instead is bound to travel along the surface of the interface.

18



Chapter 2

Moving interface

2.1 Snell’s law

Again, without loss of generality, we will continue to refer to material 1 on the
left and material 2 on the right of the interface and throughout the whole work, it
will be assumed as; < a;. For simplicity reasons, we shall allow E to be kE and

Y = Yher— wt, with @ = 1/,/€u; then the general formulae for the electric and

magnetic field vectors described in equations (1.1) and (1.2) become

Ei = kEoeigoO, Hi = ng X Eia
H2a2

EI- = kE2€i¢2, Hr = ns X Er> (21)
H2a2

Et = kEleigm’ Ht = n; X Et-
Hn1ay

As in Chapter 1, we have two dielectric materials separated by a planar interface,
S. The difference here is that the planar interface is not static; instead, the interface
is assumed to be moving at velocity iV. With this interface, we associate a new
(“primed”) frame as a frame moving at velocity V = iV relative to the laboratory
(non-primed) frame.

On the interface z = V't. This along with the observation that

ng = icosfy + jsin 6y,
ny = —icosfy + jsin by,

n; = icosf; + jsinby,

19



and r = iz + jy + kz, allow the ¢’s to become

Yo = ag[y sin Oy + (V cos Oy — aq)t],
2

0y = %[y sin By — (V cos Oz + as)t], (2.2)
2

©1 = %[ysin@l + (Vcosty — ay)t].
1

Now we have the equalities

ﬁSiﬂ@o = ﬂsineg = ﬂSin€1,
) a2 ai
(2.3)
K(VCOSHQ —ag) = —g(Vcosﬁg —ag) = ﬂ(Vcosﬁl —ay).
as as ai

Since the quantities V, aq,as,w, 8y are known, the above equalities should be
solved for wy, ws, 61, 05. We have

sin 6y B sin 6y
Vecoshy—ay  Vcosby+as
sin 60 . sin 01
Vecosby —as Vcosb —a;’
(2.4)
sin 00
Wy = W——,
sin 6,
sin 6y aq
W1 = W— —.
sin 64 as
To further solve for #; and 6,, let A be defined as
sin 6,
—_— 2.5
V cosOy — as (2:5)
then
0, —1+/1-X2(af—V2)
tan — = ,
)\(0,1 + V)
(2.6)

b, —1%/1-)2(a3—V2)
2 - )\(CLQ—V>

20



0 )
Taking tan 51 and tan 52 separately, the roots for each are described explicitly

below.
V2 4+ a2 — 2Vas cos by — a?sin 6,
-V 0 2 1
-1+ \/1 — N(af = V?) _ cosbo -+ az + \/ V2 cos? 0y — 2V ay cos By + a3
Aay +V) B (ay + V) sinb,
tan;l =
V2 4+ a2 —2Vaycosby — a?sin® 6,
-V 9 o 2 1
—1 - \/1 — M(af = V?) B coso =+ a2 \/ V2 cos? 0y — 2V ay cos Oy + a3
AMap +V) B (a1 + V) sinb,
(2.7)
—1+\/1—)\2(a%—V2)  V+a tan@
p /\(CLQ—V) _ag—V 27
2
tan — = (2.8)
2 “1-1-X(@ -V Vg oo
Aaz = V) (ag — V) tanio 2

When V' = 0, the above formulae reduce to the situation of a non-moving inter-
face as described in Section 1.3.

21



2.2 Field vectors and Brewster phenomenon with
moving interface

The Lorentz transformation:

E, = I(E+puV xH), (2.9)
H = (H-e¢VxE), '

H, = I'(H—€eVxE),,

V2
where, I' = 1/ \/: , express the field components in a primed frame through
c

their values in a non-primed frame. When the field is electrically polarized, the
primed electric components are expressed as

/ |4 A
E,=FEg,+ —ix (ng xk)Eye'”* 0i=0,

Qg
1 V. i .
fEiy = By + ;21 X (ng x k)FEpe'?* 0 j =0, (2.10)
Ly 4 ~ V cos 6 |
7Ezz = Ezz + —ix (no X k)Eoew?O ok = (1 — oS 0) Eoeup()7
r as o
E,, =0,
Bry =0 (2.11)
lEl _ B V cos b, B, it
Tz a2 ,
E;,:E - 07
B =0 (2.12)
" V cos 6, .
—F_=11- EL et
r ( a1 ) 1e

The magnetic vectors of the electric polarization are expressed in the prime frame
as

! ] .
H, =H;, = Eye'*° sin 6y,

H2a2
H;y = H;, — V(i x k) @ jea Ege™? = e3(V — ay cos 0y) Ege™°, (2.13)
1
r

1
T
H, = H;, —V (i x k) e key Ege'# = 0,

22



! y .
H._ =H,= E5e'? sin 6,

H2a2
ery = H,, — V(i x k) @ jea Ese'¥? = &3(V + ay cos O3) Ese'??, (2.14)
1 _
“H =0
F (74 Y

1 )
! .
H, =H, = Eie'*t sin 6y,

1 H1ay

th/y =e1(V —ay cos ) Ere, (2.15)
1_
thz = 0.

In electric polarization, the boundary conditions to ensure continuity across the
interface are

/

E’Zz + E;z - Etz?
Hiy + H’I”y = th.

The second case to be dealt with is about magnetic polarization of the field.

(2.16)

The electric vectors in this situation are expressed in the prime frame, with
reference to the Lorentz transformation, as:

/

Eil‘:EifE7
1., 1%
_E = E ix H.k)ej=(1—-— L (2.17)
r v y 2 (Vix Jei ( agcos%) v

E, =0,

E;x:Erza
1., 1%
“E =E ixH. klej=(1+—)E (2.18)
r—m Ty+u2(V1X rz )..] < +CL2C0862) Y

E,. =0,

ng:Etan
Ly _ g Vix H.k)ej= (1 v E (2.19)
Tt~ ty+ 1 (Vix Hik)ej= T aicosf,) W

E,, =0.

The magnetic vectors of the same polarization are expressed in prime frame as

23



Hiy =0, (2.20)
Ly —w (Vix Eyj) ek L v)E
—H,, =H;; — € 1 i) @ kK = —€ s
r - 2 vl lsascosly Y
H,, =0,
. Hry =0, ) (2.21)
~“H_=H,—(VixE,jek=—|——+e&V|E,,
= €2 ( 1 X yJ) b <ﬂ2a2 coSs 02 + €2 ) Y
H, =0,
Hiy =0, (2.22)
1, _ , 1
thz =H;, — e (Vix Ety.]) ok = m — eV | By,

In magnetic polarization, the boundary conditions to ensure continuity across
the interface are

Efy + E,:y = Etly, (2.23)
Hiz + Hrz = th'
We are specifically interested in how the Brewster phenomenon is affected by
the motion of the interface. To this end, we examine the magnetic polarization.

The boundary conditions for such polarization can be explicitly written as

1% V 1%
1— B+ (1 E,=(1- B,
< a9 COS 60) v ( + as COS 92> Y ( @y COs (91) W

1 1 1
—— =V |E, — | ——— VIE, =|——aV | E,,.
<u2a2 cos 6y © ) Y <u2a2 cos 6o te ) Y (ulal cos 6, “ ) i

Eliminating E;, from the above equations yields

% 1 1 V
E; 1— —gqV]| - —m — 1—
Y l( Q9 COS 90) (,ulal cos 6, “ ) (,LLQCLQ cos 0, 62‘/) ( ay cos 0 )]

1

Vv V 1
E, _— 1— — (1 -V
Y <u2a2 cos 0o 62V> ( aq Cos 91) ( + Q9 COS 92) (,ulal cos 6, ‘1 ﬂ
(2.24)

24



If we introduce symbols

1 1
N = (1— 4 > — eV — 6V (1— 4 ) ,
as cos Oy [1a1 cos 6y 20 COS O aq cos 6
and
1 1
PO (N N Y N B el
[loGg COS O aq cos 6 Qo cos O, [t1aq cos 0y

then the reflection coefficient, equation

(1.25), in the primed frame now becomes

V 2
/ 1
R— E, 2:( +a200582) N? (2.25)
E; VoM '
Qs cos B,

The reflected wave is absent when R = 0, thus we must examine when N is zero,
ie.

pa(agcosby — V(1 — eV pyay cos0y) — py (1 — €2V pgas cos 8y)(ag cosy — V)
{11 flo @y as cos By cos 6

— (2.26)

1
Since a =

3

1

(1 —Vepay cosby) = —a—(V costy —ay), (2.27)
1
1

(1 — Vegpoag cos by) = —a—(V cos By — az), (2.28)
2
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and the equation (2.26) can be written as

—&(@ cosby — V)(Vcosb, —ay) + &(al costhy —V)(Vcosby —az) =0,

ai ag

or

11 (Vcosty —ay)
0 — a2)[Z(V — 0 oy
(V cos g a2)[a1 (V' = as cos ) (Vcosby —az) as

(V —ajcosy)] = 0. (2.29)

The conditions defined in equation (2.4) allow for

(Vcosty —a1) sinb,

= 2.30
(Vcosby —az) sinby’ (2:30)
thus, equation (2.29) becomes
Vcosby — as o ) U1 .
amdy a—l(V — ag cosby) sin by — a—2(V —ajcosfy)sinfy] =0.  (2.31)

By using (2.30) to eliminate V', we obtain

1 .
V- a9 COS 90 = " : [CLI S111 80
cos 6 sin 6y — sin 8, cos

— agsinfy — as cos by (cos b sin 6y — sin 6, cos by)]

sin 6, . .
= . : [a1 — as cos By cos B — ag sin O sin 0]
cosfy sin 8y — sin 01 cos 6y
sin 90
= : : [a1 — ag cos (01 — 60)],
cosBy sin 8y — sin 0, cos 6y

(2.32)

and, similarly

1 .
V —ajcosty = - - [ay sin 6y
cos 0, sin 6y — sin 0, cos b,

— agsinf; — a; cos b (cos by sin By — sin 6 cos Oy)]

sin 61 . .
= — - - l[as — a; cos By cos By — ay sin 0y sin Gy)
cosb sin By — sin 0, cos 6y
sin 00
= - . . las — ay cos (01 — 6p)] .
cosB sin 8y — sin 0, cos 6y

(2.33)
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We now use (2.32) and (2.33) to transform (2.31) as follows:

VcosOy—a ] . ' .
sin 6 sin 590 _291) {Zf sin 6 sin 6o [a1 — ay cos (6o — 01)] + Z; sin 6y sin O [aa — a1 cos (6y — 91)]}

V cosBy — as) sin 6 a a

_ — 2) 1{M1+u2—<u22+u11>COS(00—91)}=0
sin (6 — 01) a a3

(2.34)

This equation shows that

(p1 + p12) arag

cos (01 — b6y) =
6 0) poas + pyai

=K, (2.35)
which is V —independent. Together with (2.30), it constitutes a system to determine
the angles of 6, and #; related to Brewster phenomenon; particularly the value of

6y, traditionally termed the Brewster angle, will be V-dependent. The system is
rewritten as

Vsin(0p —601) = aisinfy — agsin by,
(2.36)
COS (61 — 90) = K.
If we define (6y — 0;) as 7, then
Vsint = (a; — agcosT)sinby + agsin 7 cos by, (2.37)
COST = K.

Thus the Brewster phenomenon (no reflection wave), when the interface is mov-
ing at a velocity V, occurs at the special instant when

a1 — ask
V1— K2

In conclusion, although the difference in the cos (6 — ;) is V-independent, the ana-
logue of Brewster angle (equation (1.26)) in the primed frame is velocity dependent
and is given by (2.38).

V= sin By + ag cos 6. (2.38)

V
As we define 6 to be — and v to be %, equation (2.38) becomes
ag a1

11—k

ﬁ Sin 90 —+ cos 60 — (5 = O (239)
— KR
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As previously stated, the permiabilities of material 1 and material 2 are nearly
identical, thus we assume p; = p2 and equation (2.39) becomes

(24D
o
(y+1)°

sinfy 4+ cos by — d = 0. (2.40)

Figure 4 is a graph of the left hand side of the above equality as a function of
0o, 0 < 0y <, for v defined to be 1/2 and a set of values of parameters 4.

2_

e bo
- i 5 =-1
i 5 =102
2 k. a=0
T peap
3 Bl

Figure 4

The Brewster phenomenon occurs when the graph of the function in equation
(2.40), crosses the abscissa. Compared to the case of an immovable boundary, the
motion of it in the same direction as the incident wave decreases the Brewster
angle, whereas, the motion of the opposite direction increases it.
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2.3 Total reflection in the case moving interface

Total reflection occurs when there is no forward traveling wave into material 1 from
0
material 2. This is to say, ; is imaginary and the discriminant of tan 51 is negative,

ie. 1—MA(a? —V?) <0, or 1< A(a? —V?). The reference to (2.4) reveals that
when V' < aq, this discriminant is only negative when either

sin 6
e a?—V2>1, Vcosby—ay >0,

V cosby — as
or
a? —V2>1, Vecosby—ay <0.

\/7
sin 0 \/7

as — V cos b

: V :
Defining 6 to be —, the latter case can be written as
az

2
a
1 %252

a% sin 90
a2 1 — 6 cos b

ai

i > 1. (2.41)

Figure 5 is a graph of ¢ as a function of 6y, 0 < 0y < g, for v = 1/2 and a set

of values of parameter 9.
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Figure 5

As Figure 5 illustrates, as 6 — 1 the intersection point between the graphs of
the functions of ¢ and the line y = 1 approach the y-axis. The interpretation of
this observation is that when V' = a,, total reflection becomes the only possibility
and thus will always occur. However, for values of V' < as, there exists a range of 6,
values such that total reflection will not occur. In Figure 5, the ranges of 6, where
total reflection is absent can be seen as the segments of the 6y-axis related to the
part of the curves under the line ¢» = 1. The length of such segments approaches
zero as 0 approaches unity. We see that motion of the interface in the direction of
the incident wave facilitates the total reflection.

In conclusion, the case when V' > a; should be examined. As previously stated,
with V' > ay, total reflection occurs when 6, is imaginary, thus 1 — A\?(a? — V?) < 0.
We observe that in this region 1 — A\?(a? — V?) is never less than zero and total
reflection does not occur at all.
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