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Abstract

A heterogeneous, non-overlapping domain decomposition, explicit, finite volume method (HT-
NODDE-FVM) is developed to solve numerically a 3D advection-diffusion process-state hybrid
estimator. The HT-NODDE-FVM is applied to real-time estimation problems of 3D unsteady
advection-diffusion plume fields produced by stationary and moving sources. The field
measurements are taken by a sensor onboard a guided sensing aerial vehicle (SAV). The hybrid
Luenberger-naive estimator uses those field measurements to compute the plume field in real-
time and guide the SAV to locations that provide optimal information to the hybrid estimator. A
structured and uniform grid is used to divide the computational domain of interest into multiple
non-overlapping subdomains. In the subdomain where the SAV resides, a Luenberger estimator
in the form of a 3D advection-diffusion partial differential equation is used to estimate the plume
field. In the remainder of the subdomains, a naive observer of a similar form i1s used. The
transmission conditions are used on the interfaces between adjacent subdomains for data
communication. The spatial discretization of the hybrid Luenberger-naive estimator is conducted
by the HT-NODDE-FVM with Total Variation Diminishing (TVD). Continuity and flux balance
transmission conditions are enforced at the interfaces of adjacent subdomains when conducting
the FVM-TVD discretization. The resulting semi-discrete equations are integrated by a 4™ order
Runge-Kutta method. OpenMP parallel paradigm is implemented to parallelize the HT-NODDE-
FVM estimator. The verification and error analysis of the NODDE-FVM are performed with two
benchmark tests. One is the 3D advection of different initial density distributions, the other is the
3D advection-diffusion of instantaneous gaseous releases under constant wind speed and eddy
diffusivities for a range of Peclet numbers. The verification and error analysis of the HT-
NODDE-FVM hybrid estimator are also conducted on an instantaneous release by a stationary
source in a large domain with constant atmospheric properties. The impact of grid resolution,

sensor model, estimation gain, and numerical data, on the L!, L2, and L* norms of the estimation



error are examined by those test cases. Parallelization efficiency analysis of the OpenMP
implementation of the hybrid estimator is also presented. Finally, the hybrid estimator and the
HT-NODDE-FVM are applied to estimate the gaseous plumes released from stationary and
moving sources in a km-scale computational domain under realistic atmospheric conditions and
SAV parameters. Real-time estimation analysis is also conducted by comparing the wall clock
time of completing an iteration over all the subdomains with the maximum allowable numerical
time step for the temporal integration. The simulation results show that the hybrid estimator and
the HT-NODDE-FVM can achieve real-time estimation of the advection-diffusion field in very

fine grid settings.
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Chapter 1 Introduction

The problem of interest in this work arises from the need to estimate in real-time the
concentration profile of a plume generated from a stationary or moving aerial source (intruder).
The estimation is provided by a sensing aerial vehicle (SAV) carrying a concentration sensor.
The problem is depicted in Figure 1.1 and has a wide range of practical applications. Such
dynamic sensing platforms with real-time, data-driven, state estimators can provide the spatial
resolution of systems described by various partial differential equations (PDEs) including the
unsteady advection-diffusion equation considered in this work. These state estimators use data
from static or mobile sensors and, in order to be real-time implementable in large-scale

applications, require fast and robust computational algorithms.

Credit of background city picture: britannica.com

Figure 1.1 An SAV is estimating in real-time the gaseous plume released by an airplane (intruder) and also

tracking it.
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The process-state in our case, i.e. the concentration field of the trace gaseous contaminant, is
modeled by the unsteady advection-diffusion PDE. The hybrid estimator is implemented onboard
a dynamic sensing platform, a sensing aerial vehicle in our case, which obtains a single
pointwise concentration measurement in the field and provides in real-time the spatial resolution
of the field in the entire domain, while repositions the sensing platform to locations that optimize
the performance of the state estimation. The hybrid process-state estimator is modelled by a
heterogeneous PDE of similar PDE form, and accounts for different observers in different

regions of the spatial domain as shown in Figure 1.2.

Q)
/
SAve a0
Ly £ i,
Source
Ly

Z, Top
‘[ Y, North
X, East
Figure 1.2 The physical domain of the hybrid estimator model. The Luenberger estimator applies in the shaded
region and the naive estimator elsewhere.
The goal in this work is to develop a numerical method for the hybrid estimator based on a
heterogeneous domain decomposition method (DDM). The new method must be executable in

real-time and be applicable to km-scale computational domains with realistic SAV and

atmospheric conditions.

1.1 Background and Literature Review

Previous work at WPI addresses various aspects of the real-time estimation problem. Demetriou
et al. [2013 and references therein] modeled the process (plume) by a 2D advection-diffusion
PDE. The process-state estimator is based on a Luenberger observer and its numerical solution is

based on an adaptive, multigrid, Finite Volume Method (FVM) with upwinding. The SAV
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dynamics is modeled in 2D and the guidance is derived with a Lyapunov redesign method which
provides the control inputs (torques) to the SAV. Egorova et al. [2016 and references therein]
modeled the process-state (plume) with the 3D advection-diffusion PDE and the process-state
estimator is based on a Luenberger observer. The numerical solution of the 3D estimator is based
on a FVM with TVD using locally adapted grids centered at the location of the SAV. The SAV
is modeled as a point mass with a sixth degree of freedom nonlinear dynamic model. The
Lyapunov-redesign method provides the control signal (velocities) to the SAV. Hu and
Demetriou [2019] presented a hybrid process-state estimator for the 2D advection-diffusion
equation along with a guidance law of a point-mass moving sensor. The 2D hybrid estimator
applies a Luenberger model in the subdomain where the SAV resides and a naive estimator in the
remainder of the subdomains. Gatsonis et al. [2020] expanded the process model and the
process-state hybrid estimator from 2D to 3D. The numerical solution of the hybrid estimator is
accomplished by a new heterogeneous non-overlapping domain decomposition explicit (HT-

NODDE) method in order to achieve real-time computation.

Domain decomposition methods (DDMs) are used to solve linear or nonlinear systems of
equations arising from the discretization of partial differential equations (PDEs). By
decomposing the domain (or a data structure) into subdomains (or into data pieces) and sending
them to different CPUs or threads, DDMs accomplish fast computation and ability to handle
large scale problems. DDMs can also be used as preconditioners for Krylov subspace method
based linear system solvers [Smith et al., 2004]. In homogenous DDMs the entire domain and its
subdomains are modeled by one type of PDE; in heterogeneous DDMs different PDEs apply to
parts of the domain. DDMs are also characterized on whether the adjacent subdomains are
overlapping (ODDM) or non-overlapping (NODDM). In the former case, the overlapped region
is used to transfer data between the adjacent subdomains. Common ODDMSs are classical
Schwarz methods and multilevel Schwarz methods [Smith et al., 2004]. In NODDMSs, the data
transfer or communication between the adjacent subdomains involves proper transmission
conditions at the interface, which can be of Dirichlet-Neumann (D-N), Neumann-Neumann (N-

N), and the Robin-Robin (R-R) type [Rivera et al., 2003].

For homogeneous DDMs, one PDE is solved for all subdomains and most implementations are

of the NODDM type [Lube et al., 1998; Achdou and Nataf, 1997; Rivera et al., 2003; Wang et
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al., 2005; Zheng et al., 2008; Acebron et al., 2009; Stolk, 2013; Kumar and Kumar, 2017]. In
heterogeneous DDMs, which is of interest in this work, different PDEs apply to various regions
of the domain and their subdomains. The most common heterogeneous problems involve an
advection-dominated region coupled with an advection-diffusion dominated region. Gastaldi et
al. [1990] developed a NODDM for a steady advection and advection-diffusion coupled
problem. Their iterative algorithm uses spectral Chebyshev collocation discretization. The
transmission conditions enforce continuity on the inflow interface pointing to the advection
subdomain and enforce flux balance on the entire interface. Quarteroni et al. [1992]
implemented the method developed by Gastaldi et al. [1990] on a steady boundary layer
problem. Quarteroni et al. [1998] developed a NODDM for unsteady inviscid/viscous coupled
problems based on the Euler/Navier-Stokes equations, using FVM and a standard explicit four-
stage integration scheme. The transmission conditions enforce equality of the inviscid advective
flux with the combined viscous advective and diffusive fluxes; in addition, they enforce
continuity of density on the inflow interface pointing to the inviscid subdomain. Quarteroni et al.
[1998] applied their method to a quasi-one-dimensional nozzle flow, laminar flow over a flat
plate, compressible flow over an airfoil, and turbulent flow over a RAE 2822 airfoil. Gander et
al. [2007] developed a NODDM for an unsteady advection/advection-diffusion coupled problem.
They implemented the same transmission conditions as in Quarteroni et al. [1998]. Their method
involved a rapidly converging iteration algorithm which lead to an optimized Schwarz waveform
relaxation method. Halpern et al. [2012] developed a heterogeneous NODDM based on Schwarz
waveform relaxation algorithm for solving advection-diffusion-reaction problems with strong
discontinuities. The Ventcell transmission conditions were used to achieve data communication
between subdomains. Spatial discretization was performed with the generalized mortar finite
elements and temporal discretization with the discontinuous Galerkin. This method was
implemented on an advection-diffusion-reaction problem with different diffusivities in two non-
overlapping subdomains and with the advection velocity normal to the interface in one
subdomain and tangential to the interface in the other subdomain. Li et al. [2015] developed a
NODDM to solve a coupled kinetic-heat system where a transport equation was solved in the
kinetic region and a diffusion equation was solved in the fluid region. First the kinetic problem
was solved with the boundary conditions on the interface given by a half-space problem with the

Albedo operator. Then the results on the interface were used to solve the diffusion problem.
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Birgle et al. [2018] developed a NODDM to solve a coupled problem of non-isothermal
compositional Darcy flow and a RANS gas flow. The Darcy problem was solved by a two-point
flux approximation scheme and the RANS model was solved by a staggered Marker and Cell
scheme. Time was advanced by an implicit Euler scheme. The resulting nonlinear systems were
solved by a Newton algorithm and a Quasi Newton algorithm, respectively. The R-R type
transmission conditions were used on the interface to transfer data between the free flow and the

flow in a porous medium.

In this work we present a new theoretical and numerical framework for the process-state hybrid
estimator based on domain decomposition to achieve real-time implementation of the algorithms.
The new theoretical framework involves a formal derivation of the process model equation for
the contaminant concentration. The new process-state estimator is hybrid and involves a
Luenberger estimator which applies in a region surrounding the SAV and a naive estimator in the
rest of the domain. The theoretical issues of such hybrid estimators are addressed in detail by Hu
et al. [2020] and which examine the sparsity of the filter kernels. Enforcing sparsity of the filter
kernels ensures the nullity of the filter kernel in the outer subdomain, thus guaranteeing the
estimator in the outer subdomain is rendered naive. Such manipulation of kernels was examined
in Akhtar et al. [2015] in the context of sensor selection for the dual problem of control feedback
kernels. The use of mobile sensors for filtering of partial differential equations is presented by

Burns and Rautenberg [2015].

A new numerical framework is also presented in this work, based on a non-overlapping fully
explicit heterogeneous domain decomposition (HT-NODDE) approach (Gatsonis et al, 2020).
The spatial discretization in NODDE follows an FVM with TVD approach and the time
integration of the semi-discrete equations is obtained with a Runge-Kutta algorithm, resulting in
a method referred here and on as HT-NODDE-FVM. Transmission conditions are enforced
through a barrier synchronization. The guidance of the SAV which is modeled as a point mass is
based on a Lyapunov redesign and the control inputs to the SAV are based following recent work
by Tian et al. [2020]. The resulting HT-NODDE-FVM is implemented using Open MP to allow
use of readily available multi-core systems. An extensive set of validation and verification
benchmark tests of the HT-NODDE-FVM and hybrid estimator are presented. Simulations using

km-scale domains, SAVs with parameters from existing UAVs, and realistic ambient
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atmospheric wind conditions demonstrate that the HT-NODDE-FVM estimator achieves real-
time computation of the plume. The method can be applied to any application requiring

heterogeneous domain decomposition.

1.2 Research Goals, Objectives, and Approach

The primary goal of this work is to estimate in real-time the concentration profile of a stationary
or moving gas source by using a hybrid estimator with the heterogeneous non-overlapping
domain decomposition explicit finite volume method (HT-NODDE-FVM). To achieve this goal,
mathematical models and numerical models need to be derived and the developed method needs

to be implemented on realistic problems.
The objectives and approaches used to accomplish the goal are as follows:

1. Derive the process model, the hybrid estimator model, and the sensor model.

a. Describe the atmosphere and the released gas with the Navier-Stokes equations of
a multi-component system together with the continuity equation of single species;
use the Boussinesq approximation for the lower atmospheric layer, use the
Reynolds-averaged equations to account for turbulent effects, assume the released
species is a single trace species and is in the diffusion regime, assume the
molecular diffusion fluxes and their gradients are negligible compared with the
turbulent ones, and assume the principal axes of eddy diffusivity tensor coincide
with the coordinate axes, then we arrive at the 3D advection-diffusion equation of
a single released trace species in the atmosphere.

b. The hybrid estimator uses a Luenberger observer in the domain where the SAV
resides and a naive observer in the region outside.

c. Use a sensor model which is based on Lagrangian sensing technique.

d. Use two different approaches to guide the SAV. One is the modified Lyapunov
guidance law and the other is the Lyapunov guidance law with six degree-of-
freedom fixed-wing aircraft dynamical model.

2. Develop the HT-NODDE-FVM with TVD and Runge-Kutta (RK) method for the hybrid

estimator model.
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a. Discretize the computational domain with a structured grid and divide the entire
domain into multiple subdomains with each subdomain having same number of
cells for optimal load balancing. The Luenberger estimator model is solved in the
subdomain where the sensor resides while the naive estimator model is solved in
the rest of subdomains.

b. For each subdomain, use a second order FVM with TVD scheme for the spatial
discretization.

c. Impose transmission conditions on the interfaces between adjacent subdomains
using second order discretization that results in a non-overlapping explicit DDM.

d. Use an explicit 4™ order Runge-Kutta method for temporal integration of the
semi-discrete equations.

e. Allocate each subdomain to a distinct CPU thread.

f. Solve the estimator model equations in all the subdomains using an OpenMP
parallel implementation.

3. Verification and error analysis of the NODDE-FVM with TVD-RK algorithm.

a. Apply the method on homogeneous non-dimensional 3D advection and
advection-diffusion equations and compare the numerical solution with analytical
solutions. Evaluate the order of accuracy by performing grid sensitivity analysis.
For the non-dimensional 3D advection equation, four initial density
configurations are used for the simulations including a continuous Gaussian
density distribution, two piecewise Gaussian distributions, and a cubical density
distribution. The order of accuracy is calculated by using the L! norm of the error
between numerical and analytical solutions for each initial density distribution
case. For the non-dimensional 3D advection-diffusion equation, three different
Peclet numbers are used and cover diffusion dominated to advection dominated
flows. The initial density distribution used in the simulations follows the
analytical solution at certain time instance. The L' norm of the error between
numerical and analytical solutions for each Peclet number case is used to calculate
the order of accuracy.

b. Apply the method on the heterogenous hybrid estimator to study the effects of

estimation gain and grid resolution on estimation results. The L? norm of the
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estimation error as functions of estimation gain and grid resolution is plotted to

study those effects.

4. Perform parallelization efficiency analysis for the OpenMP implementation of the

NODDE-FVM with TVD-RK method.

a.

Study the speedup and efficiency by recording the average elapsed wall-clock
time of completing one single time level for different tests with different number

of threads.

5. Implement the HT-NODDE-FVM with TVD-RK method on realistic estimation

problems.

a.

Use city-scale domains of km-size and realistic atmospheric conditions for the
ambient wind profiles and diffusivities.

Generate sensor data by solving the process model in the same domain size used
for the hybrid estimator.

Use conditions for SAVs that correspond to existing UAVs and aerial intruders.
Perform simulations for cases of instantaneous gaseous release and long-pulse
gaseous release. Compare the estimated concentration profile with the process
model concentration profile and track the source.

Evaluate the real-time computational ability of the HT-NODDE-FVM with TVD-
RK method. The study of real-time computation or estimation is conducted by
comparing the wall clock time of completing an iteration over all the subdomains
At,s; with the maximum numerical time step At,,,, used for the temporal
integration. To achieve real-time estimation, it is required that the ratio of
Atosi /At must be less than one. The real-time estimation analysis is
conducted by varying the grid resolution as well as the number of subdomains (or
threads) for both the process model and the hybrid estimator. The performance of
the HT-NODDE-FVM with TVD-RK method is shown by plotting the ratio of
Atoge/Atqx as functions of the number of threads (or subdomains) and number

of cells.

This thesis is organized as follows: Chapter 2 presents the mathematical models for process

model, hybrid estimator model, SAV guidance model, and sensor model. Chapter 3 addresses the

development of the HT-NODDE-FVM with TVD-RK algorithm including the computational
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domain decomposition and parallelization, the HT-NODDE-FVM discretization for the hybrid
estimator, the Runge-Kutta temporal integration, numerical stability analysis, verification and
error analysis for the HT-NODDE-FVM, and the parallelization efficiency analysis. Chapter 4
shows the implementation of the hybrid estimator and the HT-NODDE-FVM method on realistic
simulations and demonstrates the capability of achieving real-time estimation of the developed

method. Finally, Chapter 5 presents the conclusion and recommendations for future work.
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Chapter 2 Process Model, Process-State Hybrid
Estimator, and Sensing Aerial Vehicle Dynamics and

Guidance Model

This chapter presents the mathematical model for the process of a gas released by a stationary or
moving point source at the lower atmosphere and the mathematical model for a 3D process-state
hybrid estimator. It also briefly introduces the SAV guidance and dynamical model, as well as

the sensor model.

2.1 Process Model

The process model used in this work is based on the unsteady advection-diffusion equation of a
trace species in the atmosphere with source terms. It provides the basis for the estimator model
as well as the numerical data used by the estimator model in simulations. In a real application
these numerical data will be replaced by measurements. The detailed derivation of the unsteady
advection-diffusion equation is provided here for completeness and follows Bird et al. [2006],

Seinfeld and Pandis [2016], Kundu et al. [2015], and Arya [1999].

Assume there are s species in the atmosphere, the global continuity equation is

dop
Frin =V - (pv) (2.1)

where p(r,t) is the mass density of the multi-component system, kg/m3. It is a function of

position and time,
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p= ips (2.2)
s=1

In the above, p,(r,t) is the mass density of a single species s, kg/m3. It is also a function of
position and time; r = Xi + Yj + ZK is the position vector in Cartesian coordinates; v is the mass

averaged velocity of the multi-component system, m/s

A +pavo + o+ pyVy N PV

2.3)
p1tpz+ -t py p

where v; is the flow velocity of a single species s, which is the average velocity of all the

particles in the single species s, m/s.

The global momentum equation is

]
5;(PV) =~V (pvv) —Vp -V T+ pg (2.4

where p is the pressure on the multi-component system when the fluid is at rest, N/m?; g is the
gravitational acceleration, m/s?; T is the stress tensor due to the viscosity when the fluid is

moving, N/m?. It has the form of

Y ax; ' ax;) T \37 ™ y

where i,j = X,Y,Z; §;; is the Kronecker delta, §;; = 0 when i # j, §;; = 1 when i = j; p is the
dynamic viscosity, N -s/m?; u, is the dilatational viscosity, N -s/m?, it is known from the
kinetic theory that p,, is zero for monatomic gases at low density and also the Stokes assumption
(1, = 0) is found to be accurate in many situations because either the fluid’s p, or the fluid’s

dilatation rate is small [Bird et al., 2006], so Eq. (2.5) becomes

an avl-
Tij = —H

2

The global energy equation is
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el (0317

=—V-[p(f]+%|v|2)v]—V-q—V-(pv)—V-(Ft-v)+pv-g e

where U is the internal energy per unit mass, J/kg; pU is the internal energy per unit volume;

1 . o . :
> p|v|? is the kinetic energy per unit volume; q is the heat flux vector, ]/(m? - s).

The energy equation (2.7) contains both the mechanical and thermal energy terms [Bird et al.,
2006]. A separate equation for mechanical energy can be obtained from taking dot product of

velocity vector v with the momentum equation (2.4) and using continuity equation (2.1),

0

1 1 .
g(zplvlz) =-V. (Eplvl2 v) +pv-g=V-(pv) —p(-V-v)-V-(T-V) 29

—(-T:Vv)

where the symbol “:”” denotes the double dot product between tensors. Subtracting Eq. (2.8) from
Eq. (2.7) yields the equation for thermal energy,

2, . -
a(pU)=—V-(pUV)—V-q—pV-V—‘?:Vv 2.9)

For the internal energy per unit mass, U, it is a function of pressure p and temperature T. If
assume ideal gas, then U is a function of temperature T only and has the form of U = C, T,
where €, is the specific heat capacity at constant volume, ]/ (kg - K). We use Fourier’s law for
the heat flux, q = —kVT, where k is the thermal conductivity, J/(s-m - K). Then Eq. (2.9)
becomes, for real gas,

Q. _
a(pU)=—v-(va)+kv2T—pv.v—%:VV (2.10)

and for ideal gas,

J, . \
a(pCVT) =-V-(plyTv)+kV?T —pV-v—T: Vv (2.11)
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The term pV - v is the heating due to the volume expansion. The term T : Vv is the heating due to

the viscous dissipation of energy, it has the form of

dv; ov; 1 2
0 ﬁ——(V-v)&J-l — (V- v)? (2.12)

o= |
TYVETRGx Tax, T3

If the Stokes assumption (u,, = 0) applies, then Eq. (2.12) becomes

dv; Odv; 1 2
TYVETRGx T ax, 3¢ Vw”] 2.13)

Equations (2.1), (2.4), and (2.10) are the global continuity equation, global momentum equation,
and global energy equation, respectively. They represent five equations for the six unknowns vy,
Vy, Uz, D, P, and T. One more equation is needed for the closure of the system of equations. For

ideal gas, the ideal-gas law can be used for the closure.

pM = pRT (2.14)

where R = 8.3144598 | /(K - mol) is the gas constant; M is the molar mean molecular weight of

the multi-component system, kg/mol

M=B=lev=1ps= 521 Ps 51
c YN . ¢ 21!:1% (2.15)
S

where c is the molar density of the multi-component system, mol/m3; c; and M, are the molar
density and molar weight of a single species, respectively. Then equations (2.1), (2.4), (2.11),
and (2.14) can be solved for velocity, pressure, density, and temperature for the multi-component

system with proper boundary conditions and initial conditions.

For each single species, they must satisfy the continuity equation over a control volume at each

instant

0
ais ==V (psVs) + Sg + R (2.16)
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where s = 1,2,:--, N is the number of species; S;(@,,t) is the rate of addition of species s at
location O, = (X.(£),Y,(t),Z.(t)) and time t, kg/(m®-s); O, = (X.(0),Y.(£), Z. (1)) is the
centroid of the source; Ry(pq,:*+,pn,T) is the rate of generation of species s by chemical

reaction, kg/(m?3 - s). Equation (2.16) can be rewritten as

9ps

E =-V. [Ps(vs —Vv+ V)] + Ss +Rs=-V- [ps(vs - V)] -V (PSV) + Ss + Ry (2'17)

where v, — v is the flow velocity of species s relative to the mass averaged velocity of the multi-
component system, which is also called the diffusive velocity of species s in the multi-
component system [Bird et al., 2006]; p,v is the advective flux of species s due to the flow of

the multi-component system, kg/(m? - s).

Define

js = ps(vs — V) (2.18)
as the diffusive flux of species s in the multi-component flow due to the molecular diffusion

[Bird et al., 2006], kg/(m? - s). Then Eq. (2.17) becomes

9
%z—v-js—v-(psv)+Ss+Rs (2.19)

Fick’s law can be applied to calculate the diffusive flux due to the molecular diffusion,

js = —Ds Vpq (2.20)

where D; is the molecular diffusivity of species s in the carrier fluid namely the atmosphere,

m?/s. Substitute Eq. (2.20) into Eq. (2.19), yields

d
%:V- (Ds V,DS)—V' (psv)+Ss+Rs (2'21)

which is the advection-diffusion equation of a single species generated by a point gas source in
the atmosphere. With equations (2.1), (2.4), (2.11), (2.14), and (2.21), we can obtain the density

or concentration distributions of each species releasing by point sources in the atmosphere.
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Because we concentrate on solving the advection-diffusion problem in the lower atmosphere
layer, equations (2.1), (2.4), and (2.11) can be simplified using the Boussinesq approximation
[Seinfeld and Pandis, 2016]. The validity of such simplification has been proved by Spiegel and
Veronis [1960]. The Boussinesq approximation suggests that the density changes in the fluid can
be neglected except where the density p is multiplied by gravitational acceleration g. The other
properties of the fluid such as dynamic viscosity u, thermal conductivity k, specific heat capacity
at constant volume Cj,, and specific heat capacity at constant pressure f'p are also constants in
Boussinesq approximation. The Boussinesq approximation applies if the Mach number of the
flow is small, propagation of sound or shock waves is not considered, the vertical scale of the
flow is not too large, and the temperature differences in the fluid are small. It is commonly useful

for analyzing oceanic and atmospheric flows [Seinfeld and Pandis, 2016].

Under the Boussinesq approximation, for perfect gases, equations (2.1), (2.4), and (2.11) become

V.v=0 (2.22)
ov 1
—=-V-(w) ——Vp+£Vzv+ [1—a(T —-Tylg (2.23)
at Po Po
. 0T R 5
poCy5r = =PoCpV - (VT) + kV3T (2.24)

where p, is a reference density corresponding to a reference temperature T, which can be taken

to be the mean temperature in the flow or the temperature at an appropriate boundary; a =

] . . . . A . .
— % (ﬁ) is the thermal expansion coefficient, K~!, and a = % for ideal gas; C,, is the specific
P

heat capacity at constant pressure, ]J/(kg - K).

For the derivation of Eq. (2.23) from Eq. (2.4) underlying Boussinesq approximation, the density
p multiplied by gravitational acceleration g was replaced by p = po[1 — a(T — Ty)]. For the
derivation of Eq. (2.24) from Eq. (2.11) underlying Boussinesq approximation, we assumed ideal
gas, so that the ideal-gas law and other expressions related to ideal gas can be used. Also, the
heating due to viscous dissipation of energy is negligible under Boussinesq approximation i.e. T :

Vv = 0, because it is important only in flows with enormous velocity gradients.
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The Boussinesq approximation was not applied to the single species continuity equation (2.21).
When we focus on the system of multiple species mixing with the lower atmosphere, the changes
of the density of the system can be neglected because the amounts of the atmospheric trace
species are so small (in ppm) that they cannot affect the meteorology significantly [Seinfeld and
Pandis, 2016]. But when we just focus on single species, the changes of density of a single

species with location and time cannot be neglected anymore.

Equations (2.22), (2.23), (2.24), and (2.21) can be solved for the fluid velocities, pressure, and
temperature at lower atmosphere and the density or concentration distributions of each species
releasing by point sources in the lower atmosphere. But the flows of interest are always turbulent
at the lower atmosphere [Seinfeld and Pandis, 2016]. Turbulent flows are random, so the
variables in these equations are random functions. Thus, solving any of these equations exactly is

impossible, we must resort to some statistical properties of the variables.

In particular, a turbulent field quantity, ¢, is commonly separated into its first moment and its

fluctuations, ¢ = ¢ + ¢', which is known as the Reynolds decomposition [Kundu et al., 2015].

The m™-moment or the m™ ensemble average is defined as

N

1
N

n=

pm(r,t) = [p(r, ¢ : m)]™ (2.25)

where N is the number of realizations of random variable ¢ in the ensemble. A collection of
independent realization of a random variable, which is obtained under identical conditions, is
called an ensemble. An ensemble average is the ordinary arithmetic average over the collection

and 1s denoted by an over bar.

The first moment is obtained when m = 1, which is the simplest statistical property of a random

variable,

N
1
o) = NX O(r,t : ) (2.26)
n=1
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For oceanic and atmosphere field measurements, it is impossible to realize the identical
conditions for each measurement. Thus, the ensemble average of the flow variable at r is usually
replaced by the time average of the flow variable at r [Kundu et al., 2015], which is defined as

At

2

¢™m(r) = — f ¢™(r,t) dt (2.27)

when At is large enough. Note that theoretically Eq. (2.27) is only valid for the case when the
flow is stationary in time, which means its statistics are not dependent on time, but it is still
accurate enough to use a finite-duration time average of a single realization to approximate the
ensemble average of many realizations even when the flow changes with time [Kundu et al.,

2015]. In this case, Eq. (2.27) may be rewritten as

e+5t

dm(r,t)(t) = — f o™ (r, t") dt’ (2.28)

t‘?

Using Reynolds decomposition, the averaged equations of global continuity, global momentum,
global energy, and single species continuity with random flow variables can be derived. The
starting point is the Boussinesq equation set (2.22), (2.23), and (2.24), and the single species
continuity equation (2.21). It is convenient to rewrite these equations in summation convention

for deriving the averaged equations

av;
=0 (2.29)
% + aixj(vjvi) - —%;’—5 —gll—a(l ~Tlsa + - ?, X"; (2.30)
Po p[at ax, v T)] kaxz 2.31)
aapts - a(j(i( ng(si) ax; Psv) ¥ 55+ Ry (232)
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Under Reynolds decomposition, the random flow variables can be written as

v =V +v, p=p+p T=T+T", ps=ps+p; (2.33)
Substitute Eq. (2.33) into equations (2.29), (2.30), (2.31), and (2.32) accordingly, average each

term, and use the fact that the average of variable fluctuation is zero, ¢’ = 0, yields

av;

=0 (2.34)
%Jraix U_f”_i)Jra(j( (v77) = —%g—;— [1—a(T - Ty)]6: +:—Og;? (2.35)
65 - a(j(i <D s gi—j) B aii (Ps0i) = aiXi(@) o 2.37)

+Rs(p1+ o1 Pu + Py T+ T)

Equations (2.34), (2.35), and (2.36) are the Reynolds averaged global continuity, momentum,

and energy equations, while Eq. (2.37) is the Reynolds averaged single species continuity

equation. This system of equations is not closed, since new unknowns of pov]f v; (when multiply

both sides of Eq. (2.35) by py), poépv{T’, and pgv; are introduced. The terms povjv; are the
Reynolds stresses (turbulent momentum fluxes), the terms p, va{ T' are turbulent heat fluxes,

and the terms Ivl’ are turbulent mass fluxes of single species [Kundu et al., 2015]. More
equations regarding these new unknowns are needed to close the system of equations, but
unfortunately even more new unknowns will be introduced if we do so, which means the
Reynolds averaged system of equations is a closure problem. Thus, empirical models are
preferred for the turbulent momentum, energy, and mass fluxes to close the system of equations.
The most popular and widely used models for turbulent transport are the mixing-length models

[Arya, 1999],
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o7,

Vv = _KM,jia_Xi (2.38)

— oT

V[T = _KT'ika_Xi (2.39)
0

pivl = _K“‘a_xsi (2.40)

where Ky j; is the eddy viscosity or turbulent momentum diffusivity, m?/s; Kr g is the eddy

viscosity for heat transfer, m?/s; K, is the eddy diffusivity, m?/s. In general, they are functions
of location and direction, and their values or functional forms are usually determined empirically

or experimentally.

Substitute equations (2.38), (2.39), and (2.40) into equations (2.35), (2.36), and (2.37),

respectively, yields

ov, 0 __, 0 ov; 1 dp _ u 8%%;
—too %) sy (Kujizy | = —— 5y — 911 — (T —To)[0is + —=5
ot +axj(v, v axj< W ji axi> ax, 91— alT = To)]8is + w7 24D
. [oT _oT @ oT 52T
STt Vis - =k=— 2.42
pOCp Iat + V; aXl aXl <KT,Lk aXl>l k aXlz ( )
dps _ 0 ops\ 90 ___ @ 0D,
ot 0x, (Dsaxi ax; Ps v * g \ K gy, ) 55

(2.43)

+Ry(p1 +p1, . Py + pp, T+ T')

Equations (2.34), (2.41), (2.42), and (2.43) can be solved for averaged global velocities,
averaged global pressure, averaged global temperature, and averaged density or concentration
distributions of species releasing by point sources in the atmosphere, with proper boundary
conditions, initial conditions, values or functional forms of the diffusivity terms, and functional
forms of the reaction term. In general, the coupled equations (2.34), (2.41), (2.42), and (2.43)
need to be solved simultaneously to obtain the changes in velocities v, temperature T, and
species concentration pg and the effects of these changes on each other. As mentioned before, the
amounts of the atmospheric trace species are so small (in ppm) that they cannot affect the

meteorology significantly, thus the species continuity equation (2.43) can be solved
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independently of the global equations (2.34), (2.41), and (2.42), which means the global
equations can be dropped. With such assumption, the complete description of the behavior of the

releasing species in the lower atmosphere can be obtained by Eq. (2.43) only.

Suppose there is only one chemically inert species (so that the reaction term in Eq. (2.43) can be
dropped) releasing in the lower atmosphere, so the system fluid has two components — releasing
gas species and atmosphere. Denote the density or mass concentration of the releasing gas and

atmosphere as p, and p,, respectively. Then Eq. (2.43) becomes

op- a [ ap\ o ___ d ap:
—— (b - )+ —— | Ky =r 2.44
at axi< rax;) " ax, Prvd) F oy (Kugy |+ S (249

Rewrite Eq. (2.44) in vector form as

apr

P =V-(D,Vp) -V -(p, V) +V-(K-Vp;)+S, (2.45)

where K is the eddy diffusivity tensor. From Eq. (2.3), the mass averaged velocity of such binary

mixture of a releasing gas and the atmosphere, v is

PrVr + PaVa
vVe—/——

2.46
Pr + Pa (2.46)

where v, is the velocity of the releasing gas; v, is the velocity of the atmosphere namely the
wind velocity. Since the amount of the trace gas is so small, we can assume p, < p,. Then Eq.
(2.46) becomes
P
Ve —Vv, 4V, (2.47)

Pa

Assume the transport and dilution of the releasing gas are controlled by the atmosphere i.e. at the

diffusion regime [Court, 2012], then we have v, < v,, so Eq. (2.47) becomes

vav, (2.48)

which means the mass averaged velocity of the mixture of a releasing gas and the atmosphere
can be approximated by the atmosphere velocity itself with the assumptions mentioned above.
Substitute Eq. (2.48) into Eq. (2.45), yields

30



dpr

at
where v, is the averaged atmosphere velocity or the averaged wind velocity. In general, it is a
function of position and time.

=V-(D,Vp) -V (V) +V- (K- Vp,)+S, (2.49)

The eddy diffusivities are of order 1 to 100 m? /s for different atmospheric conditions of stable,
neutral, and unstable [Arya, 1999; Seinfeld and Pandis, 2016], while the typical value of the
molecular diffusivity of air is 1.5 X 1075 m?/s [4rya, 1999]. So, we can assume the diffusive
fluxes due to the molecular diffusion is negligible compared with the turbulent fluxes due to the

turbulent atmospheric flow,

V-(D,Vp,) <V-(K-Vp;) (2.50)

Denoting p, as C and with the assumption of Eq. (2.50), Eq. (2.49) becomes

ac _
Ez—V-(Cv_a)+V-(K-VC)+Sr (2.51)

For the eddy diffusivity tensor K, its principal axes coincide with the coordinate axes, so only
three diagonal elements Kyy, Kyy, and K, are nonzero [Seinfeld and Pandis, 2016]. Then Eq.
(2.51) can be rewritten in summation convention as
% _i(cv_ai) +i(Kiia—C
Jt 0X; 0X; 0X;
Expanding either Eq. (2.51) or Eq. (2.52) yields

) +S, (2.52)

ac 0 _ 0 _ 0 _ 0 ac 0 oc
En = —ﬁ(c Vax) —W(C Vay) —ﬁ(c Vaz) +§<Kxxﬁ> +W<KYYW)
P ac (2.53)
+ a7 (e 7) * 5

Denoting the averaged wind speed in X, Y, and Z directions vy, V,y, and v,z as U, V, and W,

Eq. (2.53) can be rewritten as
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T = 2 CU) (V) = (W) (K o) + (K o)

at Yoy
0 (K (’)C) S
+6_Z 2255 + 5y

(2.54)

If the atmosphere is incompressible, V - v, = 0, then equations (2.51), (2.52), and (2.54) become

aC

- =" Va:VC+V- (K- VC)+S5, (2.55)

oc _ —6C+ a(K aC)+S 2.56

ot~ Velgx, T ax\igx,) o (2.56)
GC_ Uac Vac WGC d (K 66) d (K 66>+ d (K 66>+S (2.57)
ot~ 90X oY a9z ' ax\"*oax) T ay\"ay) T az\"%% 57 r '

Equation (2.54) or (2.57) can be solved with proper boundary conditions, initial conditions, wind
speed profiles, and values or functional forms of eddy diffusivities for the density or

concentration distribution of a chemically inert gas species releasing in the lower atmosphere.

In summary, the constitution equation of the process model for the plume concentration in the

domain depicted in Figure 2.1 is the well-known advection-diffusion equation

aC(r, t)
ot

where L is the advection-diffusion operator,

=LC(r, t) +5(0.(t),t), VreQcR? (2.58)

L<p=—aiX(U<p)—(;iY(V<P)— Wo) +—= ° (KXXZ)(Ig)-I_i(K a_(p)

X oy \"YY gy
d do
+ ﬁ(KZZ ﬁ)

@ is an arbitrary physical variable; S(0.(t), t) is the moving (or stationary) source; 0.(t) =

(2.59)

(Xc(t), Y.(t), Zc(t)) is the source location at time t. Equation (2.58) is supplemented with

boundary conditions depending on the type of the physical boundary (i.e. absorbing, reflecting)

such as Dirichlet

C(r,t)=0, Vr € 0Qp (2.60)
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or Neumann

aC(r, t) B

- 0, Vreay 2.61)

where n is the outward normal on boundaries, together with the initial conditions

C(r,0)=0, VreQcR? (2.62)

The process model Eq. (2.58) can be rewritten in state-space form as

C, = LC +S(0,(D), t) (2.63)

where the subscript t means the partial derivative with respect to time t.

Q
a0
LZ =4 t‘i tO
Source
Ly

Z, Top
\ Y, North
X, East
Figure 2.1 The process model describing a moving source releasing trace species with rate u (kg/s) in the lower
atmosphere.

In Figure 2.1 () designates the entire domain of interest, () the boundary of domain Q and Ly,
Ly, and L, the domain lengths in X-, Y-, and Z-direction, respectively. The process model
equations (2.58) — (2.62) can be solved numerically in domain Q to provide the numerical data

used by the estimator model in simulations.

2.2 Process-State Hybrid Estimator

The domain of interest is decomposed into N;; non-overlapping subdomains with each

designated by Q), m = 1,2,---, Ngq as shown in Figure 1.2. At time ¢, the SAV is at O4(t) =
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(X (D), Ys(t), Z s(t)) in subdomain m;, positioned there by the guidance model discussed in the
next subsection 2.3. Figure 1.2 also shows the location of the source at time t. Our real-time
estimator is hybrid and is based on a Luenberger estimator in the subdomain m; where the SAV
resides and a naive estimator in the rest of the subdomains, m = 1,2,---, Ngg (m # m,), as
indicated in Figure 1.2 [Hu and Demetriou, 2019]. The hybrid estimator uses a point
measurement of the concentration Cy,)(r, t) taken at the location of the SAV and provides
(once executed on the SAV’s computer), in real-time, at time t the estimated concentration
Camy(r, t) at all locations r in the domain of interest shown in Figure 1.2. The hybrid estimator
[Hu and Demetriou, 2019] consists of the Luenberger estimator with the source term of the
advection-diffusion equation replaced by an output injection term which depends on the sensor

location,

d é(m) (r, t)

. = LCom(r, t) + R(O4(¢), t), form =m,Vre€ Quy c QcR® (2.64)

and a naive observer

GC( )(I‘, t) ~
I = Ll (1, ©),
t (2.65)
form =1, 2,-,Ngg (m # my),Vr € Qg c A c R3

The above equations (2.64) and (2.65) are subject to transmission conditions that enforce

continuity of concentration and conservation of fluxes on interfaces between subdomains [Blayo

et al.,2007],

é(p)l"(r' t) = C(q)l"(r' t),

2.66
vrel;T' = a.Q(p) N aﬂ(q);p, q=1, 2,--, Ngq andp *q ( )
and
V) - M) Cpyr(r, £) = K VCpr(r, £) - ny
= V(g) " N LigrT, t) = Ky Vipr(r, t) -ne, (2.67)

Vrel; I'=0Q4)NoQy;p, q=1, 2,+, Njgandp # q
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where v, and v(,) are the velocity fields, K,y and K4 are the eddy diffusivities, and n,) and
n(g) are the outward normal on the interface I' of two adjacent subdomains p and q, respectively.

The transmission conditions also serve as the consensus protocol between the Luenberger and
naive observers and ensure that the naive observer receives process information [Hu and

Demetriou, 2019].

The estimators are also supplemented with Dirichlet boundary conditions

Comy(, ) =0,  VreaQu, Ny (2.68)

or Neumann boundary conditions

OC’(m) (r, t) _

0, Vre€dQuNoQy (2.69)
on
together with the initial conditions
Comy(, 0)=0, VreQucQcR3 (2.70)

The output injection term in Eq. (2.64) is

R(Os(®), ©) =A-8(X — X;(£))8(Y — Y:(0)8(Z — Z,(1))

, 2.71
[c@5®), t) — C(05(1), D] (2.71)

where A > 0 is the user-defined estimation gain; 6(-)8(-)8(+) is the 3D Dirac delta function with
the  property  of  [TO[TC [P F(X,Y,Z)8(X — Xo)S(Y — Yo)6(Z — Z,) dXdYdZ =
f(Xo, Y0, Zo); C(O4(t), t) is the sensor measurement model which is based on the Lagrangian
sensing technique [Bennett, 2006; Fiorelli et al., 2006],

Lx rLy Lz
C(O,(t), t) = f f f CX,Y,Z,)6(X — X:(0)8(Y — Y;(©)8(Z
o Jo Yo (2.72)

— Zs(t)) dzdydx

C(04(t), t) is the estimated concentration at the sensor location,
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Ly rly rLz
C(e4(t), t) = f f f CX, Y, Z )§(X — X;()8(Y — Ys(©)5(Z
— Z(t)) dzdydx

If we denote the observation operator as

Ly rly rLz
Co(X,Y,Z,t) = f f f e(X,Y,Z,0)8(X — X;(£)8(Y — Ys())8(Z
= Zs(1)) dzdvdX = @(X;(1), Ys(£), Zs(8), ) = 9(05(D), )

and its adjoint operator as

C*=86(X—X;())8(Y - Y:(0)8(Z — Zs(1))

then the Luenberger estimator model can be written in state-space form as

C,=LC+cac(c-C)

and the naive estimator model can be written in state-space form as well

CAt=LC\

2.3 SAYV Guidance Model and Sensor Model

(2.73)

(2.74)

(2.75)

(2.76)

(2.77)

Two different approaches are used to guide the SAV. One is the modified Lyapunov guidance

law and the other is the Lyapunov guidance law with six degree-of-freedom fixed-wing aircraft

dynamical model. Sensor model is also briefly introduced at the end of this subsection.

2.3.1 Modified Lyapunov Guidance Law

The SAV is approximated in this approach as a point mass and the guidance model is based on

the modified Lyapunov guidance law proposed by Hu and Demetriou [2019]. The desired

Cartesian velocity components of the SAV are given by
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Ud = X¢ = ky - sign(e(?)) - sign(ex(t))
VA =YE = ky - sign(e(t)) - sign(ey (t)) (2.78)
Wit = Z§ = ky - sign(e(t)) - sign(ez (1))

where UZ or X& is the desired velocity in X-direction; V,¢ or Y& is the desired velocity in Y-

direction; W& or Z¢ is the desired velocity in Z-direction; ky > 0, ky > 0, and k; > 0 are user-

defined constant guidance gains; £(t) is the state-estimation error at the sensor location,

e(t) = e(0,(1),t) = C(0,(t),t) — C(O4(t), t) (2.79)

and &;(t) is the gradient of the state-estimation error at the sensor location,

de(0,(0), t)

, i=XYZ (2.80)
ai

& (t) =

Integrating Eq. (2.78) the desired Cartesian velocities of the SAV with respect to time results in
the desired location of the SAV,

ty t, [
X84 = j uddt, Y&-= f vadt, z¢=| wédt (2.81)
t t

1 1 tq
2.3.2 Lyapunov Guidance Law with SAV Dynamical Model

In this approach we follow Egorova et al. [2016]. The SAV is considered as a fixed-wing aircraft
with a point-mass M subjected. The thrust T, drag D, and lift force L are shown in Figure 2.2
[Beard and McLain, 2012]. The SAV is climbing at flight path angle y and bank angle ¢. y is
the course angle in an inertial reference frame with X, Y, and Z pointing to north, east, and the

center of the earth, respectively.
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Lcos¢

X, north Mg Mg cosy
% Y, east
Z,into the earth center

Figure 2.2 Free-body diagram of the forces acting on the SAV in the climbing coordinate turn.

The equations of motion of the SAV are

X5 =Vycosycosy
Y, = V; cosy sin y

Zs = —Vgsiny
o1 .
ngﬁ(T—D—Mgsmy) (2.82)

1
)'/=M—Vg(Lcosqb—Mgcosy)

. Lsingcos(y —)
A= MV, cosy

where X;, Y;, and Z, are the velocity components of the SAV relative to the inertial reference
frame in X-, Y-, and Z-direction, respectively; i is the heading angle of the SAV; 1} is the
magnitude of the ground velocity Vg which is the SAV’s velocity relative to the inertial reference
frame. The ground velocity is related with the wind velocity V,, which is relative to the inertial

reference frame and the air velocity V, which is the SAV velocity relative to the wind velocity

by the wind triangle defined as

V=V, +V, (2.83)
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The components of the wind velocity V,, are U, V, and W used in Eq. (2.59).

In Eq. (2.82) the drag and lift forces are expressed as

1

1 2.85
where p is the air density, V, is the airspeed with is the magnitude of the air velocity V,, S is the
planform area of the SAV wings. The relation between the drag coefficient Cp and the lift

coefficient Cj, is

Ct

2.86
meAR ( )

CD =CDp+

where C, D, is the parasitic drag caused by the shear stress, AR = b?/S is the aspect ratio of the
wing, b is the wing span of the SAV, e is the Oswald efficiency factor [Beard and McLain,
2012; Anderson, 2005].

The control inputs to the SAV dynamical model Eq. (2.82) are the thrust T, bank angle ¢, and
the lift coefficient C;. The SAV is guided by a Lyapunov redesign method based guidance law
[Egorova et al., 2016],

U =X3& = —ky-e(t) - ex(t)
=V = —ky - e(0) - & (D) (2.87)
Wi =78 = —kz - &(t) - &2(t)
where U2 or X2, V& or Y&, W& or Z2, ky, ky, k,, €(t), ex(t), ey (t), and £,(t) are the same as

in Eq. (2.78).

The control inputs are calculated starting from the desired Cartesian velocities as shown in Eq.

(2.87). First, with the desired Cartesian velocities, the desired ground speed ng, desired flight

path angle ¥¢, and the desired course angle y¢ are calculated using the first three equations of

Eq. (2.82)
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= () + (1) + ()’

Wd
y% = arcsin (— —sd) (2.88)
Ve

x% = atan2(V4, U%)
Then the corresponding accelerations are obtained by the first-order model from Beard and
McLain [2012]
V' = by (V' = V)
y¢=b,?-v) (2.89)
¥ =b,(x*—x)

where ng, by, and b, are user-defined positive constants. Lastly, combining equations (2.82),

(2.84), (2.85), (2.86), (2.88) and (2.89) yields the control inputs for the SAV

cosy?
¢ = arctan2 I)'(d cosy4, <]’/d 4+ 7 de )cos()(d — l/))l
g

. cosy?
Mng <yd + g de )
¢, = A (2.90)

%pVaZS cos ¢

Ct

neAR

a1 d
T =MV +§PVaS CDp+ + Mg siny

In the above, the control inputs are assumed to stay within certain rages

0<T< Tmaxr |¢| < ¢max: ¢ = b(,b (¢ - ¢previous) < (bmax: 0< CL < CL max (291)

where T ax, Pmax> and Cp max are constants depending on a specific SAV. Ty,.x 1s usually found

in the engine specifications. C; . 1S the lift coefficient when the airplane is in the stall

condition. ¢, depends on the load factor defined by n = MLg. The maximum allowable load
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factor ny,.x is typically equal to 1.5 [Anderson, 2005]. Then ¢, is determined when y =y =
0 in the fifth equation of Eq. (2.82)

1 L
—_ =< 2.92
cos ¢)max Mg nmax ( )

In Eq. (2.91) the rate of change of the bank angle is also constrained to ensure reasonable poses

of the SAV. ¢ is the bank angle at the current time instance, ¢previous 18 the bank angle at the
previous time instance, by is a user-defined positive constant which is defined from Beard and

McLain [2012], ¢pmax is the maximum rate of change of the bank angle.
2.3.3 Sensor Model

The sensor model in this work is assumed to be ideal and provides instantaneous readings (no
delays) without errors [ Demetriou et al., 2013]. The spatial distribution of the sensor is modeled

as a 3D spatial Dirac delta function

y(04(t), t) =j Xj Yj ZC(X, Y,Z,0)8(X — X;(£)8(Y — Ys(0))8(Z
o Jo Jo (2.93)

— Z(t)) dzdvdx

The sensor response is modeled as

0) C(@s(t)r t) < Cmin
y(@s(t), t) = C(Gs(t); t); Cmin < C(es(t)' t) < Cmax (2-94)
Cmax' C(@s(t)' t) > Cmax

where Cy,jy, 1 the sensor working threshold, C,,« 1S the sensor saturation.
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Chapter 3 Heterogeneous Non-Overlapping Domain
Decomposition Explicit Finite Volume Method,
Verification and Error Analysis, Parallelization

Efficiency

In this chapter, a heterogeneous non-overlapping domain decomposition explicit finite volume
method (HT-NODDE-FVM) is developed to solve in parallel the hybrid estimator described in
Chapter 2. This chapter presents the detailed algorithmic steps of the computational domain
decomposition and parallelization, the detailed FVM-TVD spatial discretization in one of the
subdomains, and the 4™ order Runge-Kutta temporal integration. It also presents the numerical
stability analysis. The verification and error analysis for the HT-NODDE-FVM with TVD-RK
method and hybrid estimator is also presented. At the end of this chapter, the parallelization
efficiency analysis of the NODDE-FVM-TVD-RK method is conducted. Results have been
presented in Gatsonis et al. [2020] and Tian et al. [2020].

3.1 Computational Domain Decomposition and Parallelization

The hybrid estimator equations (2.64) and (2.65), transmission conditions equations (2.66) and
(2.67), and the guidance model equations (2.78) — (2.81) and (2.82) — (2.92) for the SAV are
solved numerically with the HT-NODDE-FVM. The overall computational procedure is shown
in Figure 3.1.
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distinct conditions over subdomain where the subdomain in parallel FVM-TVD the fluxes on interfaces
thread to = ineach time sensor resides ! ki€, > forspatial > between subdomains and
each subdomain level Naive estimator — all _j ’ 12 (m])v' discretization satisfy transmission
subdomain in parallel n the other subdomains m=Lar N conditions explicitly
i |

HT-NODDE-FVM [

RK4 time
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each subdomain
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!

Output estimated
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Figure 3.1 A flow chart showing the major elements of the HT-NODDE-FVM scheme.

Also, the overall computational cycle is implemented using OpenMP parallel paradigm

[Chandra et al., 2001] and is listed as follows:

S-1.

S-2.

S-5.

S-6.

Generate a grid for entire domain based on the inputs Ly, Ly, L, Ny, Ny, N, with cell

SiZCS AX = Lx/Nx, AY = Ly/Ny, and AZ = Lz/Nz.

Divide the entire domain into Nppx X Nppy X Npp, subdomains with each subdomain

having the same number of cells.

Obtain a distinct thread ID for each subdomain using the OpenMP runtime routine

thread;, = OMP_GET_THREAD_NUM().

Set up the loop indices in each subdomain.

Apply initial conditions Eq. (2.70) in each subdomain in parallel.
For t™ = nAt < total simulation time,

SAV patrols the domain and sensor reads concentration data from the process model

where the measured concentration is CI'(OF,t™).
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S-8. If C*(OF,t™) > sensor threshold, then go to steps S-9 — S-16, otherwise the SAV keeps
its initial patrolling trajectory and go to step S-6.

S-9. Calculate the error between measured concentration CI'(OZ,t™) and estimated
concentration CI*(O7F, t™) using Eq. (2.79) and the error gradients at the sensor location
using Eq. (2.80), then reposition the sensor to ©%** using Eq. (2.81) or equations (2.82)
—(2.92).

S-10. Activate the Luenberger estimator model Eq. (2.64) for the subdomain where the SAV
resides and activate the naive estimator model Eq. (2.65) for the remainder of the

subdomains.
S-11. In each subdomain Q ), loop for k), jom), and i),

S-12. Use the FVM-TVD (Total Variation Diminishing) scheme for spatial discretization and
to evaluate the fluxes on interfaces between adjacent subdomains and satisfy the

transmission conditions equations (2.66) and (2.67).
S-13. Go to step S-11 until all the temporal iterations are completed.

S-14. A barrier-type synchronization point ensures all the FVM-TVD related calculations are

finished in each subdomain within current time level.

S-15. Integrate the semi-discrete equations with respect to time by using 4" order Runge-

Kutta method to get C 8;')1.

S-16. Go to step S-6.

A structured grid is generated for the entire computational domain having lengths Ly, Ly, and L,
by using Ny, Ny, and N, number of finite volumes (or cells) in each direction. The resulting cell
sizes are AX = Ly /Ny, AY = Ly /Ny, and AZ = L;/N,. Then the entire domain is discretized

using Nppy X Nppy X Nppz cuboidal subdomains with each subdomain having the same number

N N N ) ) .
X x —~X x —%- We use the same number of cells in each subdomain to assist in
ppx Nppy Nppz

of cells

load balancing [Chandra et al., 2001]. An example is shown in Figure 3.2 (a). Each subdomain
is assigned to a distinct CPU thread with a distinct thread identity number obtained by using the
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OpenMP runtime function OMP_GET_THREAD_NUM(). Then the loop indices in each

subdomain are set up using the algorithm shown as follows

thread,, = OMP_GET_THREAD_NUM()

+1

I —INT( thread,p ) N,
start NDDX ' NDDY NDDZ

thread N
Konag = [INT (—’D> +1|- 2

Nppx - Nppy Nppz
(: thread;p Ny
Jstart = MOD [INT (m) INDDY] ' m +1 3.1
, thread;p Ny
Jend = {MOD [INT (—) ,NDDY] + 1} .
Nppx Nppy
. Ny
lstart = MOD(threadID,NDDx) — 1 1
Nppx
, Ny
leng = [MOD(thread;p, Nppx) + 1] -
Nppx

The initial conditions Eq. (2.70) are applied in each subdomain in parallel and then the
computation follows the steps as mentioned above. All the calculations in the FVM-TVD
implementation are conducted in parallel. A barrier-type synchronization point is used to make
sure all the iterations in all the threads have completed before moving to the next time level.
After the NODDE-FVM-TVD spatial discretization is performed, the semi-discrete equations are
integrated over time by using 4" order Runge-Kutta method [Hirsh, 2007]. Then the output data
for estimated concentrations are generated and the iteration continues until the final simulation
time is reached. During the parallel implementation, to satisfy the transmission conditions
equations (2.66) and (2.67) the data of the outermost two layers of cells in each subdomain (the
region with solid gray hatched lines shown in Figure 3.2 (b)) are needed by the adjacent
subdomains to calculate the fluxes on the subdomain interfaces when using the FVM-TVD
scheme. Since OpenMP is a type of shared-memory parallel implementation, the whole memory
can be accessed by each thread, no extra coding is needed to handle the data communication

between different threads.
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(a) (b)

Figure 3.2 (a) An example of the domain decomposition discretization (bold black lines indicate the locations of
the subdomain interfaces). The Luenberger estimator models the subdomain with blue boundary lines where the
SAV resides. All the remainder subdomains are modeled by the naive estimator. (b) The cells are shown in 2D
for better visualization. The shaded cells are needed to calculate fluxes on subdomain interfaces when applying

transmission conditions by using FVM-TVD scheme.

3.2 The HT-NODDE-FVM for the Hybrid Estimator

3.2.1 FYM-TVD Spatial Discretization

The hybrid estimator equations (2.64) and (2.65) along with the transmission conditions

equations (2.66) and (2.67) applied to a subdomain in Figure 1.2 can be expanded as

oy _ (V) 3(CamV) 3(CamW) 0 ( aé(m))

ot 0X oy oZ ax \"** ax
0 0Cem)\ 0 0Cm)
+ a3y (KYY v ) + 37 <KZZ o7 (3.2)
4 {R(mL)(GS(t), ), for Luenberger estimator
0, for naive estimator

Integration of Eq. (3.2) follows the FVM implementation with TVD and Runge-Kutta Integration

[Egorova et al., 2016]. Integrating over a finite volume ;) as shown in Figure 3.3 and using

the Gauss theorem
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ﬂfv-FdﬂzﬁF-ﬁdA (3.3)
Q A

yields

0 . .
a ff] Cijk(m) dQ + # Fijk(m) -dA
Q

ijk(m) Agjk(m)

f f f Rijk(m,) dQ, for Luenberger estimator 3.4

Yijk(mp,)
0, for naive estimator

where the indices i, j, k in each subdomain m follow the global ordering.

ijk+1
ij+1k

i-1,7.k W ki ’ i+1,4.k
° - . .. ™

B

Z i k-1

Figure 3.3 An arbitrary finite volume €;;x () in subdomain m used in evaluation of advective and diffusive
fluxes.

Apply the finite volume discretization to Eq. (3.4), the volume integrals will be expressed as the
averaged values of the physical quantities over the finite volume and the surface integrals will be

expressed as the sum of the physical quantities over all the boundary surfaces of the finite

volume
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~ 6
9Cijk(m) o
Qijkemy —¢  + Z(Fijum) 1) A,
=1

_ {Qijk(mL)Rijk(mL), for Luenberger estimator
0, for naive estimator

In Eq. (3.5), F; Jk(m) is the flux vector,
ﬁijk(m) = FX,ijk(m)i + FY,ijk(m)i + Fz,ijk(m)k

= (f)éijk(m) + le?ijk(m))i + (ff,lijk(m) + fYD,ijk(m))i

o .
+ (fz,ijk(m) + fZ[,)ijk(m))k

(3.5)

(3.6)

where the superscripts A and D mean the advective and diffusive fluxes, respectively. The

advective flux components are

FA _A FA _A A _A
fX,ijk(m) = Cijk(m)U' fy,ijk(m) - Cijk(m)V' fZ,ijk(m) - Cijk(m)W

and the diffusive flux components are

iy aéijk(m) 7 aéijk(m)
f)gijk(m) = —Kxx ox fY[,)ijk(m) = _KYYTI
N 6C’l-jk(m)
frijuem = _KZZT
Substitute Eq. (3.6) into Eq. (3.5), yields
9C;jram)
dat - -Qijk( ) ( Jk(m)Ale(m) Fl]k(m)Al]k(m) + ij(m)AUk(m)

£S s B B
= FjeamyAiieamy + FlireamyAljkam) = Fikam Abikam))
4 {Rl-jk(mL), for Luenberger estimator

0, for naive estimator

where F

L

Flitqmy 1s for the top surface, and F,

ij k(m) is for the bottom surfaces
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(3.7)

(3.8)

(3.9)

ijk(m) 1s the total flux on the east surface of the control volume Q;jy (), and similarly

F %(m) is for the west surface, ijk(m) 18 for the north surface, E} ijk(m) 18 for the south surface,



Flivom = Fleemy + i lljkemy, 1 =E,W,N,S,T,B (3.10)

Afjk(m) is the area of the east surface of the control volume ;jx (), and similarly for A‘{'}k(m),

A%k(m), Afjk(m), Al-Tjk(m), and Afjk(m); Rijkm,) is the output injection term Eq. (2.71) in

discretized form

0, 0s(t) ¢ (i,j, k)

Rijims) = {QimmL)A[C 05(0), ) —=C(B4(t), )], 05 € (i,), k) G.1D)

The advective flux on a finite volume surface and on an interface between two subdomains is
approximated using the total variation diminishing (TVD) scheme [Thuburn, 1997]. For a finite
volume which is not located at any of the computational domain boundaries, the advective fluxes

are approximated as follows:

In X-direction, if U > 0, then

A \E A 1 . .
fXAlijk(m) = Cijxm)Uijxm) + EE(TEL)(Ci+1,j,k(m)Ui+1,j,k(m) — Cijeem) Ui jjem))
~ w ~
fXAlijk(m) = Ci—1,jx(m)Ui-1,j,k(m) (3.12)
1 . .
+ > E@(Cjrem Ui jkem) — CicrjkemyUi-1,jem))

and if U < 0, then

2alE _ A
By = Cirveam Ui jicmy
1. .
+ EE(TE )(Ci,j,k(m) Ui jkem) — Cit,jk(m) Ui+1,j,k(m)) (3.13)

AW A | A A

fo|i]-k(m) = Cijxm)Uijxm) + Ef(rw)(ci—u,k(m) Ui-1,jkm) = Cijsecmy Ui jjecm))

In equations (3.12) and (3.13), 7 is the ratio of local upstream concentration gradient to the local
downstream concentration gradient, and the superscripts “+” and “—" denote the positive and
negative wind speed directions respectively, while the subscripts “E” and “W” denote the wind

speed across the east surface and west surface of the finite volume Qi m) respectively.
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A A P A

Cijrem) — Ciz1,jk(m) Ci1,jkm) — Ci2,j k(m)

+ Xijkm) = Xi1jk(m) +_ Xic1jkm) — Xiz2,jk(m)
T =— < , T =—% -
Civ1,jkem) — Cijr(m) Cijrm) — Ciz1,jk(m)
Xitv1,jkem) — Xijjkm) Xijrem) — Xiz1,jk(m)
(3.14)
Cis2,jkm) — Cis1,jk(m) Civ1,jkm) — Cijkm)
_ Xiv2,jkem) — Xis1,jk(m) X — Xijkem)
Ty = — - , Ty = — -
Civ1,jkem) — Cijkm) Ci jkem) — Cim1,jk(m)
Xitv1,jkm) — Xijk(m) Xijkem) — Xiz1,j,k(m)

0 <&(r) <1 is the limiter function of the ratio r associated with the TVD scheme. When

§(r) =0,

P

fAlE _ { Ci jem)Uijk(m)» U>0
i) =N Ciiy jkemy)Uier jeemy, U <0
(3.15)
“A|W _ {éi—l,j,k(m)Ui—Lj,k(m), U>0
P jeom) = CijnemUijkamy, U<O0

which is the first order upwind scheme. The first order scheme has the dissipation effect at

discontinuities, which will deviate the numerical solution from the analytical solution. When

§(r) =1,

1
74 E _ A A
fx |l-jk(m) = E(Ci,j,k(m)Ui,j,k(m) + CivrjpeemUisrjkm), U >00rU <0
(3.16)
oW 1, . .
i |ijk(m) = E(Cz—l,j,um) Ui—1jkem) + CijremUijkomy), U >00rU <0

which is the second order central difference scheme. The second order scheme has the dispersion
effect which will cause ripples at discontinuities. This will reduce the accuracy of the numerical
solution. So, there could exist discontinuities in the numerical solutions obtained from the TVD
scheme. To mitigate the negative effects of the dissipation stemming from the first order scheme
and the dispersion stemming from the second order scheme, the limiter function &(r) is
employed. For the numerical implementation in this thesis, the limiter function is chosen as the

Min-Mod [Kurganov and Tadmor, 2000]
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£(r) = {min(r, 12): : ; 8

Similarly, in Y-direction, if V' > 0, then
AN . 1 A .
¥ |ijk(m) = Cijkm)Vijkm) + Es‘(TN)(Ci,j+1,k(m)Vi,j+1,k(m) = Ci jem)Vijjem))
1S .
¥ |ijk(m) = Cij-1.m)Vij-1,k(m)

1 . A
+2¢ () (CijeamVijkem) — Cij=1eemVij—1,eam))
and if V < 0, then
~ N ~
fYAlijk(m) = Ci j+1,e(m)Vij+1,k0m)
1. )
+3 E) (Cojaeem)\Vijieem) = Cojaviecm)Vij+1k(m))
sl . 1 .
7 eemy = Ciikm)Vijgm) + Ef ) (Cijo k) Vi j-1.0am) = Cijoream)Vijiem))

where

A A ~ A

Cijxm) — Cij-1,k(m) Cij—1,k0m) — Cij—2,k(m)
+_ Yijrem) = Yie1jk(m) +_ Yijmikom) = Yij—2k(m)
™ = — _ ) rd = — ~
Cijr1km) — Cijrom) Cijxem) — Cij-1,k(m)
Yijirieem) — Yijkom Yiikem) = Yij-1,km)
éi,j+2,k(m) - Ci,j+1,k(m) éi,j+1,k(m) - éi,j,k(m)
_ Yok — Yijrikm Yk = Yijrm)
TN == ~ ~ ) rs — ~
Cijjs1,eem) — Cijkm) Ci jkem) — Cij—1,k(m)
Yijis1eem) — Yijkem) Yijkem) = Yij—1,k0m)

The limiter function is the same as Eq. (3.17).

In Z-direction, if W > 0, then

AT A 1 A .
sz|i]-k(m) = Ci jrem)Wijxm) + ES;(T;)(Ci,j,k+1(m)Wi,j,k+1(m) — Cijkm)Wi j k(m))
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(3.18)

(3.19)

(3.20)

(3.21)



a B ~
J: ZA|ijk(m) = Cijk-1m)Wijk-10m)
1 A A
* Ef(rg ) (Cokem)Wajieem) = Cijk-10m Wi jk-10m)
and if W < 0, then

T A
deemy = Cuiker1emWijger1om)

£
1 P R
+ Ef(rr )(CijkemWijkem) — Cijksr1amWijks10m))
~4|B A 1 . R
2| = CijeamWijkm + €@ (Cojk-10mWijk-10m) — CijremyWi jkam))
ijk(m) 2

where

PN A PN PN

Cijrem) — Cijk—10m) Cijk-1m) — Cijk—20m)
v+ Zijkm) ~ Zijk-1m) v+ Zijk-10m) — Zijk—2(m)
== _ ) ry = —% _
Cijrem) — Cijk+10m) Cijkem) — Cijk—1(m)
Zijkem) — Zijk+10m) Zijkem) — Zijk-1(m)
Cijkvaam) — Cijrvicm) Cijkv1am) — Cijkem)
_ Zijk+2m) — Zijk+1(m) _ Zijk+1im) — Zijk@m)
TT = ” ~ ) TB = = A~
Cijxk+10m) — Cijjkm) Cijkm) — Cijk-10m)
Zijk+1(m) — Zijk(m) Zijkm) — Zijk-1(m)

The limiter function is also the same as Eq. (3.17).

(3.22)

(3.23)

The diffusive flux on a finite volume surface and on an interface between two subdomains is

approximated using the central differencing scheme. For a finite volume which is not located at

any of the computational domain boundaries, the diffusive fluxes are approximated as follows:

In X-direction,

A P

fD |E - K |E Ci+1,j,k(m) - Ci,j,k(m)
s -_ XXlii

X lijk(m) ijk(m) Xi+1,j,k(m) _ Xi,j,k(m)

fD|W = K| éi.j.k(m) - éi—l,j,k(m)
X Aij(m) ijk(m) Xi,j,k(m) —_ Xi—l,j,k(m)
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where Kxxlfjk(m) and KXXIIiAj/k(m) are the eddy diffusivities on the east and west surfaces of the

finite volume, respectively. They are approximated by

. Xi+1,j,k(m) - Xsurf,i+1,j,k(m)

Kyx|% = Kxx.ijx
Ljk(m) Xiv1,jkem) — Xijjk(m) A Re(m)

Xsurfi+1,7,k(m) — Xi je(m)

Kyxit1ik
Xiv1,jkm) — Xijjk(m) Ji+1,j,k(m)

(3.25)
Kool = Xijkem) — Xsurfi,j,k(m) K
W = 1k
XX 1ijk(m) Xi,j,k(m) _Xi—l,j,k(m) XX,i—1,j,k(m)
Xsurf,i,j,k(m) - Xi—l,j,k(m) K
XX,i,j,k
Xijkm) = Xi-1,j,k(m) bikGm)
where the subscript “surf” means the coordinate of the finite volume surfaces.
In Y-direction,
fDlN R |1v éi.j+1,k(m) B éi,j,k(m)
Y | = —Ryyljj
Ljke(m) UMY, et k) = Yijjeam)
(3.26)

A ~

Cijreem) = Cij-1,k(m)

A 1S S
fD . = —Kyyl;;
Y |1]k(m) jk(m) Yiikem) = Yij—1,km)

where Kyyl?;k(m) and Kyylisjk(m) are the eddy diffusivities on the north and south surfaces of the

finite volume, respectively. They are approximated by

K |N _ Yi,j+1,k(m) - Ysurf,i,j+1,k(m)
YYlijk(m) —

KYY i,j,k
Yijirieem) — Yijkom) ,J,k(m)

Ysurf,i,j+ 1,k(m) — Yi,j,k(m)

KYY i,j+1,k
Yi,j+1,k(m) - Yl;].k(m) ,l,]+ ) (m)

(3.27)
Yi,j,k(m) - Ysurf,i,j,k(m)

Kyy irecmy = Kyy i j—1,k(m)

Yi,j,k(m) - Yi,j—l,k(m)

Ysurf,i,j,k(m) - Yi,j— 1,k(m)

Koo - -
Yi:]',k(m) - Yi,]'—l,k(m) YY,i,jk(m)

In Z-direction,
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Coierrom — G
#p|T _ T i,jk+1(m) i,j,k(m)
fz |ijk(m) o _KZZ|ifk(m)Z

ijk+10m) — Zijk(m)
(3.28)

Corom = Co i
/p|B _ B i,j,k(m) i,j,k=1(m)
fz |ijk(m) o _KZZ|ifk(m)Z

ijk(m) — Zi,jk—1(m)

where K ZZliTjk(m) and Kzzlg-k(m) are the eddy diffusivities on the top and bottom surfaces of the

finite volume, respectively. They are approximated by

Zi jk+1(m) — Zsurfi,jk+1(m)

Kzz |iTjk(m) = Kzz,i, J,k(m)

Zijk+1(m) — Zijk(m)

Zsurf,i,j,k+ 1(m) — Zi,j,k(m)

Kzzijk+1
Zijk+1m) — Zijk(m) 4, k+1(m)

(3.29)
Zi,j,k(m) - Zsurf,i,j,k(m)

Kzz |?jk(m) = KZZ,i,j,k—l(m)

Zijkm) — Zijk—1(m)

Zsurti,je(m) ~ Zi,jk—1(m)

Kzzijk
Zijk(m) — Zijk-1(m) 4k (m)

Substitute equations (3.10) — (3.29) into Eq. (3.9), yields

aél]k(m) 1 E ~ w " N .
at Q. (ail'k(m)c”l’j,k(m) + Ak m) Cim1,j,k(m) T Aijiem) Cij+1,k(m)
ijk(m)

S A T A B A
+ Ak m) Cij-1.k(m) T Aijrcem) Cij e+ 10m) T Aijreem) Cijke—10m)
c A DC (3.30)
+ A my Cijeamy) + Shrm)
4 {Rijk(mL), for Luenberger estimator
0, for naive estimator

E w N S T B c .
where @iy im)> Qijrem)s Aijkm)> Fjkem)s Lijk(m)> Fijkem)» and Qijecm) are the weights generated

from the FVM discretization,

E
Kxx| ijk(m)

Aieemy = |MIN(Uisr,j(my, 0) — Afirem) (3.31)

Xiv1,jkm) — Xijk(m)
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Kxx | ixm
Afe(m) = l— max(U;_1 j i(m) 0) — e S AL,

Lk — Xicvjkemy| 2 k(m)
KYYll'V'
N . Uk(m) N
a:: = Imin(V: ; ,0) — A
ijk(m) [ ( i,j+1,k(m) ) Yi,j+1,k(m) — Yi,j,k(m) ijk(m)
(3.32)
s
a = |- maX(V- ; 0) — KYYlijk(m) AS
ijk(m) i,j—1,k(m) Yi,j,k(m) _ Yi,j—l,k(m) ijk(m)
KZZlT'
T . Uk(m) T
a; = Imin(W: ; ,0) — A
ijk(m) [ ( i,j,k+1(m) ) Zi,j,k+1(m) — Zi,j,k(m) ijk(m)
(3.33)
B
ab =|— max(W- ; O) — KZZIijk(m) AB.
Lik(m) B ey — Zijge—1qmy] | OEO
afjk(m) = —Qji(m) ~ Ujkm) ~ Ujkm) — afjk(m) = Ajkm) ~ Wjkm)
+ [maX(Ui,j'k(m), 0) + min(UHlJ'k(m), O)]Agk(m)
— [max(Ui- 1 my, 0) + min(Uy j x(my, 0)]ATcm)
+ [max(V; j xmy, 0) + min(Vi j414e6my» 0) 1A
(3.34)

- [maX(Vi,j_l,k(m), 0) + min(Vi,j,k(m)' 0)]Aisjk(m)
+ [maX(Wi,j,k(m), 0) + min(mli,j,k+1(m)’ 0)]A?jk(m)

- [maX(Wi.j.k—l(m)' 0) + min(Wi,j,k(m)' 0)]Agk(m)

S 3,5("1) is the deferred correction source term generated by the TVD scheme,
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1 1 A
Shieam) = — Din ){E [apE (i) — (1 = ) a1 (Civs,jktm) Ui ke m)
ijk(m

~ Cjaeom) Ui jemy ) Al e am)

1 ,\
—3 [aw &) — (1 — aw)E@DI(Cijkem) Ui jkem

— Ci_1,jk(m) Ui—l,j,k(m))AIiAj(k(m)

1 A
t3 [anE(ri) — (1 = ap)E@OICijr1km)Vi jr1(m)
— Cijk(m) Vi,j,k(m))AIi\;'k(m)

1 .
—3 [asé (1) — (1 — ag)ErI(Cjkemy) Vi jkm)
(3.35)

A s
- Ci.j—l.k(m)Vi.j—l.k(m))Aijk(m)

1 A
+ > laré(rf)—(1— aT)f(rT_)](Ci,j,k+1(m)mli,j,k+1(m)

~ Ci jkmyWi j e(m) ) ALjecm)

1 A
3 [apé(g) — (1 — as)f(TB_)](Ci,j,k(m)Wi,j,k(m)

where

{1: Uis1,jkem) > 0
OfE = )

{1, Ui—l,j,k(m) >0
) aW =
0,  Uit1,jkm) <0

0,  Ui-1jkm) <0

1, v, >0
ay = { LitLk(m) = " (3.36)

{1, Vij—1kem) >0
0,  Vijtikmm) <0’

0, Vij—ikmm <0

= {1, Wijksim) >0 w = {1, Wijk-1(m) > 0
T 0, Wi,j,k+1(m) <0’ B 0, Wi,j,k—l(m) <0

For a finite volume which is located at one of the computational domain boundaries, the
boundaries are treated by using Leonard mirror node extrapolation [Versteeg and Malalasekera,

2007]. For a finite volume which is located on the west boundary of the computational domain,
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the advective fluxes on the west surface of the finite volume ;i) in equations (3.12) and

(3.13) become, for Dirichlet boundary conditions as shown in Figure 3.4 (a),

Fa W A . .
oy = Uws e Cws,  withi =1 (3.37)

And for Neumann boundary conditions as shown in Figure 3.4 (b), Cyyp is not given directly.

Instead, Cyyp is approximated from the given Neumann boundary condition as follows,

aC Cijaeem) = €
ol _ Lpk(m)  “WE N withi=1 (3.38)
X WB Xijrm) — Xsurfi,jk(m)
Equation (3.38) can be rewritten as
Cwp = éi,j.k(m) — Nws (Xi,j,k(m) - Xsurf»i»j,k(m))‘ with =1 (3-39)

Substitute Eq. (3.39) into Eq. (3.37), yields

~ w A . .
fo|i jk(m) = Uws,jkam [ Cijkam) — Nwe(Xij ko) — Xsurgijeemy)],  withi =1 (3.40)

The wind speed at the west boundary Uy j k(m) in equations (3.37) and (3.40) is approximated

by

Xi,j,k(m) - Xsurf,i,j,k(m)
Uws,jkm) = Ui jrm) — X

i+1,j,k(m) i,j,k(m) (3.41)

withi=1

The ratio 7§ in Eq. (3.14) becomes, for Dirichlet boundary conditions,

éi,j,k(m) - éWB

X X .
rt = LI TSWHUEID - yith i =1 (3.42)

Cis1,jkem) — Cijkm)
Xitv1,jkm) — Xijjk(m)

and for Neumann boundary conditions,
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N
TE = — WEB , withi =1

Ci+1,j,k(m) - Ci,j,k(m)
Xi+1,j,k(m) - Xi,j,k(m)

(3.43)

15 keeps the same equation but with i = 1. The 7}, and 7y, are no longer needed because the

advective fluxes on the west surface have been approximated by Eq. (3.37) or Eq. (3.40).

West Boundary West Boundary
/] /
/] /]
/] /]
/ /
/] /]
/] /]
/] /
/] /]
/] /]
/ . /] .
5 1,j,k 5 1,7,k
/ /]
/ /]
/ /]
/ /]
/]
/ /]
/ ” /]

[}
S
]

|
|

S
]

(a) (b)

Figure 3.4 Finite volumes at west boundary with (a) Dirichlet boundary condition and (b) Neumann boundary

condition (shown in 2D).

The diffusive flux on the west surface of the finite volume Q;jxm) in Eq. (3.24) becomes, for

Dirichlet boundary conditions,

Ci,j,k(m) - CWB

An (W
P17 = —Kyxl¥ ,  withi=1 (3.44)
X |le(m) XX1ijk(m) Xijrm) — Xsurfi,jk(m)
and for Neumann boundary conditions,
21 = Ky N withi =1 (3.45)
X iji(m) XX 1ijk(m)WB? '

The KXX”'/;{k(m) in Eq. (3.25) becomes
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Xi,j,k(m) - Xsurf,i,j,k(m)

(Kxxis1, jkem) — Kxxi, j,k(m))r

KXX”'A](k(m) = Kxx,ijkm) — X —x..
i+1,j,k(m) i,j,k(m) (3.46)

withi =1

Then the corresponding results for the finite volumes on west boundary are the same as Eq.

(3.30) except that al-/}/k(m) = 0 and a new term Sg-i(m) appears on the right-hand side of the
equation,
9Cijicmy 1 A NoA s A
- Qurom (afieemCirkam) + Areamy Cijr1im) + @jieam) Cij1k(m)

A A C A DC
+ @jeem) Cojk+ 10m) + ey Cijk-10m) + ey Cijkmy) + Sijeamy  (3.47)

Rije(my),
+SEeom + { R
Ljk(m) 0, for naive estimator

for Luenberger estimator

where Sf;-g(m) is the boundary condition source term resulting from the treatment for the

boundary finite volumes, for Dirichlet boundary conditions,

gBC 1 l (U KXXlIi/;/k(m) >AW ¢ l

o = — — ik + A ,

Ejk(m) Qijk(m) WB,j k(m) Xijrm) — Xsurfi,jk(m) ke Gm) “W8 (3.48)

withi =1
and for Neumann boundary conditions,
BC  _ 1 w w
Sijkm) = — 0 [Uws, ey (X jeem) = Xsurti,jkem)) + Kxxl ey At jcmy Nwss

Ljk(m) (3.49)
withi =1

The Sf},ﬁ(m) is the same as Eq. (3.35) but with é(r3),) = 0 and é(ry,;) = 0. The afjk(m) is the same
as Eq. (3.34) except that ag-/k(m) =0 and the term multiplied by A'{'j(k(m) is replaced, for

Dirichlet boundary conditions, by

w
Kxxlijiam)

, withi =1 (3.50)
Xi,j,k(m) - Xsurf,i,j,k(m)
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and for Neumann boundary conditions, by

—Uws,jk(m) (3.51)

Similarly, we can derive the equations for the finite volumes located at east, north, south, top,
and bottom boundaries and at the corners formed by south-west, north-west, north-east, south-
east, south-top, north-top, north-bottom, south-bottom, south-west-top, north-west-top, north-
east-top, south-east-top, south-west-bottom, north-west-bottom, north-east-bottom, and south-

east-bottom surfaces after proper boundary treatments.

For a finite volume at the east boundary of the computational domain, the advective fluxes on the
cast surface of the finite volume €;jx ) in equations (3.12) and (3.13) become, for Dirichlet

boundary conditions,

r E A . Il
fXAlijk(m) = UEB,j,k(m)CEB: Wlthl’ = NX (352)

And for Neumann boundary conditions, Cgp is not given directly. Instead, Cgp is approximated

from the given Neumann boundary condition as follows,

Py ~ A

aC Cgg — Cy
aicl _ EB i,j,k(m) = Ngj, with i = Ny (3.53)
0X EB Xsurf,i+1,j,k(m) - Xi.j.k(m)
Equation (3.53) can be rewritten as
CEB = Ci,j,k(m) + Ngp (Xsurf,i+1,j,k(m) - Xi,j,k(m))' with i = Ny (3.54)

Substitute Eq. (3.54) into Eq. (3.52), yields

~1E ~ . .
B ey = Usm.gieam [ Cojieemy + Npg(Xsurtien jemy = Xojeam)],  withi =Ny (3.55)

The wind speed at the east boundary Ugg j x(m) 1n equations (3.52) and (3.55) is approximated by

Xsurf,i+1,j,k(m) - Xi,j,k(m) (U

- —U. ,
Xijuem — Xicvjeamy ~ KT Lkcm) (3.56)

Ugg,jkm) = Uijkem +
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The ratio 1y, in Eq. (3.14) becomes, for Dirichlet boundary conditions,

Cep = Cij1eem)
X e —X..
e = sgrf,l+1,j,k(m)’\ i,j,k(m) ’ with i = Ny (3.57)
Cijkem) = Ci=1,j,k(m)

Xijrem) — Xiz1,j,k(m)

and for Neumann boundary conditions,

N
Tw = = E}f , with i = Ny
Cijrem) — Ciz1,jkm) (3.58)

Xijk(m) = Xi=1,j,k(m)

1w keeps the same equation but with i = Ny. The 77 and r; are no longer needed because the

advective fluxes on the east surface have been approximated by Eq. (3.52) or Eq. (3.55).

The diffusive flux on the east surface of the finite volume Q;jx () in Eq. (3.24) becomes, for

Dirichlet boundary conditions,

éEB - éi,j,k(m)

~pIE
el = —Kxlf; ,  withi=N (3.59)
X lijk(m) XXlijk(m) Xsurf,i+1,j,k(m) _ Xi,j,k(m) X
and for Neumann boundary conditions,
7D |E _ E e
1 jeemy = ~KxxlGjeemyNes, - with i = Ny (3.60)

The KXXIfjk(m) in Eq. (3.25) becomes

Xsurf,i+ 1,j,k(m) — X

i,j,k(m)
(KXX,L', jk(m) — KXX,i—l, j,k(m))'

KXXll:::'k = KXX,', j,ke(m)
ijk(m) L rim Xijrm) — Xiz1,jk(m) (3.61)

Then the corresponding result for the finite volumes on east boundary is the same as Eq. (3.30)
except that ag-k(m) = 0 and a boundary condition source term Sg-i(m) appears on the right-hand

side of the equation, for Dirichlet boundary conditions,
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BC  _ 1 KXlejk(m) e .
Sijk(m) = — Q Ugs,jkm) — Y Aijkem)CeB |

ijk(m) surfi+1,j,k(m) ~ Xi,jk(m) (3.62)
with i = Ny
and for Neumann boundary conditions,
BC  _ 1 E E
Sijkm) = RN [Ucs,j kmy (Ksurtirsjem) — Xijrm)) — KXXIijk(m)]Aijk(m)NEB'
tjk(m) (3.63)
with i = Ny

The S}},‘j(m) is the same as Eq. (3.35) but with é(r7) = 0 and () = 0. The afjk(m) is the same
as Eq. (3.34) except that af}-k(m) = 0 and the term multiplied by A‘fjk(m) is replaced, for

Dirichlet boundary conditions, by

Kxxlijiem)

, withi =N (3.64)
Xsurfi+1,jk(m) — Xijk(m) x
and for Neumann boundary conditions, by
UkB, jk(m) (3.65)

For a finite volume at the south boundary of the computational domain, the advective fluxes on
the south surface of the finite volume €;jxy) In equations (3.18) and (3.19) become, for

Dirichlet boundary conditions,

rad S A . .
P ey = VismieomyCopr - with j =1 (3.66)

and for Neumann boundary conditions,

~ S A . .
jin = Vispam|Cijkem) — Nsg (Yijkem) — Ysurtijkem)) ] withj =1 (3.67)
ijk(m)

The wind speed at the west boundary V; sg x(m) 1n equations (3.66) and (3.67) is approximated by
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Yi,j,k(m) - Ysurf,i,j,k(m)

Visgkem) = Vijkm) — Vij+ieem) — Vi, j,k(m))r

Yijs1eem) = Yijkom)

withj =1

The ratio ry in Eq. (3.20) becomes, for Dirichlet boundary conditions,

C’;i,j,k(m) - C’;SB
Y, kom — Yourtis
7"1?]_ _ i,],k(m) surf,t,],k(m) ’ withj = 1
Cij+1km) — Cijkm)
Yijrrkm) = Yijram)

and for Neumann boundary conditions,

N
== 5B ,  withj=1

Cijr1,kem) — Cijkm)
Yi,j+1,k(m) - Yi,j,k(m)

(3.68)

(3.69)

(3.70)

ry keeps the same equation but with j = 1. The rg" and rg are no longer needed because the

advective fluxes on the west surface have been approximated by Eq. (3.66) or Eq. (3.67).

The diffusive flux on the south surface of the finite volume Q;jxm) in Eq. (3.26) becomes, for

Dirichlet boundary conditions,

Ci,j,k(m) - CSB

An1S S . .
ian = —Kyylj ,  withj=1
Y |Uk(m) Y¥lijk(m) Yi,j,k(m) - Ysurf,i,j,k(m)
and for Neumann boundary conditions,
2p S S 1 s
fYDll-jk(m) = _KYYlijk(m)NSB' withj =1

The Kyylfjk(m) in Eq. (3.27) becomes

Yi,j,k(m) - Ysurf,i,j,k(m)

Kyy|i5jk(m) = Kyy,ijkm) — (Kyyij+1kem) — Kvv.ijeam)s

Yij+1k0m) — Yijkem)

withj =1
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Then the corresponding result for the finite volumes on south boundary is the same as Eq. (3.30)

S

B
ijk(m ij

except that a ij

y = 0 and a boundary condition source term § i(m) appears on the right-hand

side of the equation, for Dirichlet boundary conditions,

1 Kyy | iecm) A
SEe = — l—(v kamy + : A omCss |
T Qeemy L\ T iom) — Yourtaeomy) KO0 (3.74)
withj =1
and for Neumann boundary conditions,
1
Sgi(m) = - D) [Vi,SB,k(m) (Yi,j,k(m) - Ysurf,i,j,k(m)) + KYYl?jk(m)]Afjk(m)NSB;
ijk(m) (3.75)

withj =1

The S}},‘j(m) is the same as Eq. (3.35) but with (") = 0 and é(rg") = 0. The afjk(m) is the same

s
ijk(m

S

as Eq. (3.34) except that a y =0 and the term multiplied by A7y is replaced, for

Dirichlet boundary conditions, by

S
Kyy| ijk(m)

,  withj=1 (3.76)
Y jkem) = Ysuri,jk(m)

and for Neumann boundary conditions, by

—VisBk(m) (3.77)

For a finite volume at the north boundary of the computational domain, the advective fluxes on
the north surface of the finite volume (;jxm) in equations (3.18) and (3.19) become, for

Dirichlet boundary conditions,

F N A . .
fYAlijk(m) = VinBk(m)Cnp with j = Ny (3.78)

and for Neumann boundary conditions,

AN N . .
' km) = Vingem) [ Cijecm) + Nyg (Yourtijerkem = Yojkem)],  withj =Ny (3.79)
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The wind speed at the north boundary V; yg k(m) In equations (3.78) and (3.79) is approximated
by

A —Y..
surf,i,j+1,k(m) i,j,k(m) (Vi,j,k(m) . Vi,j—l,k(m))r
Yijaeam) = Yij-1k(m) (3.80)

Vingkm) = Vijkm)

The ratio rg~ in Eq. (3.20) becomes, for Dirichlet boundary conditions,

Cvg—C i,j,k(m)

Y. .. -Y
r = Slirf,l,j+1,k(m)/\ i,j,k(m) , Withj =Ny (3.81)

Ci jkem) — Cij—1,k(m)
Yiikem) = Yij-1,km)

and for Neumann boundary conditions,

N
re == oL ,  withj =Ny
Ci jkem) — Cij—1,k(m)

Yiikem) — Yij-1,km)

(3.82)

s keeps the same equation but with j = Ny.. The ry and ry are no longer needed because the

advective fluxes on the north surface have been approximated by Eq. (3.78) or Eq. (3.79).

The diffusive flux on the north surface of the finite volume Q;jx () in Eq. (3.26) becomes, for

Dirichlet boundary conditions,

P

éNB - Ci, Jj,k(m)

An|N
Pl = =Ky ,  withj=N (3.83)
Y |Uk(m) V¥ lijk(m) Ysurf,i,j+1,k(m) - Yi,j,k(m) Y
and for Neumann boundary conditions,
AnIN . .
fYDlijk(m) = —KyylijimyNns,  withj = Ny (3.84)

The Kyyl?;'k(m) in Eq. (3.27) becomes

65



Ysurf,i,j+ 1L,k(m) — Yl

,J,k(m)
(KYY,i,j,k(m) - KYY,i,j—l,k(m))r

YY z]k(m) YY,i,j, (m) Yz,],k(m) —_ Yi,j—l,k(m) (3.85)

with j = Ny
Then the corresponding result for the finite volumes on north boundary is the same as Eq. (3.30)

except that ag’-k(m) = 0 and a boundary condition source term Sg-i(m) appears on the right-hand

side of the equation, for Dirichlet boundary conditions,

§BC 1 KV KYYlli\;'k(m) )AN ¢ l

B =—  NBK(m) — N )

Ejk(m) Qi [\ P Yt s kom) — Yojkemy) | SETNE (3.86)

with j = Ny
and for Neumann boundary conditions,
BC  _ 1 N N
Sijk(m) == Q.. [Vi.NB.k(m)(Ysurf.i,j+1,k(m) - Yi.j.k(m)) - KYYIijk(m)]Aijk(m)NNB'

ijk(m) (3.87)
with j = Ny

The Sg,g(m) is the same as Eq. (3.35) but with é(ry) = 0 and &(ry) = 0. The aicjk(m) is the same

N

as Eq. (3.34) except that a;j; () =0 and the term multiplied by Aﬁ-k(m) is replaced, for

Dirichlet boundary conditions, by

Kyv |y

, with j = Ny (3.88)
Ysurf,i,j+1,k(m) - Yi,j,k(m)
and for Neumann boundary conditions, by
ViNBk(m) (3.89)

For a finite volume at the bottom boundary of the computational domain, the advective fluxes on
the bottom surface of the finite volume Q;jx(n) in equations (3.21) and (3.22) become, for

Dirichlet boundary conditions,

~ B ~ .
12 jegmy = WismmomyCom, - with k=1 (3.90)
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and for Neumann boundary conditions,

B A .
Lkmy = WijBBGm) [Cijrcm) = Nog(Zijem) = Zsurtijeemy)],  withk =1 (3.91)

f#
The wind speed at the bottom boundary W; ; gg(m) in equations (3.90) and (3.91) is approximated

by

Zi,j,k(m) - Zsurf,i,j,k(m)

Wijkrram) = Wijieam):
Zijrrrom) — Zijremy 0 R (3.92)

withk =1

Wi jsm) = Wijkm) —

The ratio r7 in Eq. (3.23) becomes, for Dirichlet boundary conditions,

Ci,j,k(m) - CBB
7 — 7
pt = Sk Zswrblpk(m) o ith e = 1 (3.93)
Cijkr1em) — Cijkom)

Zijk+1(m) — Zijk(m)

and for Neumann boundary conditions,

N
= — 5B . withk=1
Cije+10m) = Cijkm) (3.94)

Zijk+1m) — Zijk(m)

r7 keeps the same equation but with k = 1. The rj and r5 are no longer needed because the

advective fluxes on the west surface have been approximated by Eq. (3.90) or Eq. (3.91).

The diffusive flux on the bottom surface of the finite volume Q; k) in Eq. (3.28) becomes, for

Dirichlet boundary conditions,

éi,j,k(m) - éBB

~n|B
Pl = —Ky,lE ,  withk=1 (3.95)
z |”k(m) 2Z1ijk(m) Zi,j,k(m) - Zsurf,i,j,k(m)
and for Neumann boundary conditions,
An1B .
fZDlijk(m) = _Kzzlfjk(m)NBB; withk =1 (3.96)

The KZZ'?jk(m) in Eq. (3.29) becomes
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Zi,j,k(m) - Zsurf,i,j,k(m)

(Kzz jk+1m) — Kzzi, j,k(m))r

KZleigjk(m) = Kzz,i,jk(m) ~ 7. — 7.
l,],k+1(m) l,],k(m) (3.97)

withk =1
Then the corresponding result for the finite volumes on bottom boundary is the same as Eq.

(3.30) except that afjk(m) = 0 and a boundary condition source term Sg-i(m) appears on the right-

hand side of the equation, for Dirichlet boundary conditions,

1 KZZl?'k(m) A
SBE = — l— <W- : + ! AB. o Coil,
T Qe R T 7 wmy = Zsurtagram ) KR (3.98)
withk =1
and for Neumann boundary conditions,
BC  _ 1 B B
Sijk(m) == Q.. [Wi.j,BB(m) (Zi.j.k(m) - Zsurf,i.j,k(m)) + KZZlijk(m)]Aijk(m)NBB'
tjk(m) (3.99)
withk =1

The Sg,g(m) is the same as Eq. (3.35) but with é(r7) = 0 and (r5) = 0. The aicjk(m) is the same

B

as Eq. (3.34) except that a;j () =0 and the term multiplied by A?jk(m) is replaced, for

Dirichlet boundary conditions, by

K2z 5y

) withk =1 (3.100)
Zi,j,k(m) - Zsurf,i,j,k(m)
and for Neumann boundary conditions, by
_Wi,j,BB(m) (3101)

For a finite volume at the top boundary of the computational domain, the advective fluxes on the
top surface of the finite volume €;jx ) in equations (3.21) and (3.22) become, for Dirichlet

boundary conditions,

AT . )
fZAll'jk(m) = Wi,j,TB(m)CTB: with k = NZ (3102)
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and for Neumann boundary conditions,

AT A
sz|ijk(m) = W, e Cijeem) + Nrg (Zsurtijjer 16m) = Zijeam)) |
(3.103)

The wind speed at the north boundary W;;rpm) in equations (3.102) and (3.103) is

approximated by

Zsurf,i,j,k+ 1(m) — Z

L, j,k(m)
Z _ Z l (Wl,],k(m) - Wl,],k—l(m))’
i,j,k(m) i,j,k=1(m) (3.104)

Wi jrem) = Wijkam)

The ratio r5 in Eq. (3.23) becomes, for Dirichlet boundary conditions,

CTB - éi, Jj,k(m)

7 iy — 7
ry = Slirf,l,j,k+1(m)/\ i,j,k(m) , with k = N, (3.105)

Cijkm) = Cijk—10m)
Zijkm) — Zijk-1(m)

and for Neumann boundary conditions,

N.
g = — Tlf , with k = N,
Cijkm) = Cijk—1(m) (3.106)

Zi jie(m) — Zijk-1(m)

r5 keeps the same equation but with k = N,. The r# and r; are no longer needed because the

advective fluxes on the top surface have been approximated by Eq. (3.102) or Eq. (3.103).

The diffusive flux on the top surface of the finite volume Q;jx(m) in Eq. (3.28) becomes, for

Dirichlet boundary conditions,

A

éTB - Ci,j,k(m)

AT
Pl = —Kylk ,  withk=N (3.107)
z |”k(m) #211jk(m) Zsurf,i,j,k+1(m) - Zi,j,k(m) z
and for Neumann boundary conditions,
anT .
FPlijeomy = ~KzzllmyNrs,  with ke = Ny (3.108)

69



The Kz jxmy in Eq. (3.29) becomes

Z P —7Z; ;
s;rf,b],k+1(m% i,j,k(m) (KZZ,i,j,k(m) _ KZZ,i,j,k—l(m))l
Likm) = Zi,jk=1(m) (3.109)

Kzzijkmy = Kzz,ik(m)
Then the corresponding result for the finite volumes on top boundary is the same as Eq. (3.30)

except that aiTjk(m) = 0 and a boundary condition source term Sg-i(m) appears on the right-hand

side of the equation, for Dirichlet boundary conditions,

1 KZZ I’{k(m) A
ijk(m) Qjicemy I\ 7" Zguntijierrom) = Zijieemy) - E0 T (3.110)

and for Neumann boundary conditions,

1

[Wi,j,TB(m) (Zsurf,i,j,k+1(m) - Zi,j,k(m))

Sieam) =~
2 m
: thijetm) (3.111)

- Kzz|iTjk(m)]AiTjk(m)NTB. with k = N,

The Sf},i(m) is the same as Eq. (3.35) but with é(r#) = 0 and () = 0. The afjk(m) is the same

as Eq. (3.34) except that al-Tjk(m) =0 and the term multiplied by Al-Tjk(m) is replaced, for

Dirichlet boundary conditions, by

KZZ I’Zk(m)

, with k = Ny (3.112)
Zsurf,i,j,k+1(m) - Zi,j,k(m)
and for Neumann boundary conditions, by
Wi jrB(m) (3.113)

For the finite volumes located at the corners of the computational domain, the results are the

same as Eq. (3.30) except that the weights are zeros on the corresponding boundary surfaces. The

BC

additional boundary condition source term Sjjy(m,

y on the right-hand side of the equation is the
combination of two or three of equations (3.48), (3.62), (3.74), (3.86), (3.98), and (3.110) for
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Dirichlet boundary conditions, or equations (3.49), (3.63), (3.75), (3.87), (3.99), and (3.111) for
Neumann boundary conditions, according to which boundaries the control volume is located on.

The Sg,g(m) is the same as Eq. (3.35) but with zero limiter functions on the domain boundary

¢

surfaces where the finite volume resides. The weight a;,

) is the same as Eq. (3.34) except that

the weights are zeros on the corresponding boundary surfaces and the terms multiplied by the

areas of the finite volume surfaces that are on the domain boundaries are replaced by equations
(3.50), (3.64), (3.76), (3.88), (3.100), or (3.112) for Dirichlet boundary conditions, or equations
(3.51), (3.65), (3.77), (3.89), (3.101), or (3.113) for Neumann boundary conditions, accordingly.

For example, if a finite volume is located at the corner formed by south-west boundaries, the

result is the same as Eq. (3.30) except that a}/}’k(m) =0 and aisjk(m) = 0, and the additional

boundary condition source term S gi(m) on the right-hand side of the equation is the combination
of Eq. (3.48) and Eq. (3.74) for Dirichlet boundary conditions, or the combination of Eq. (3.49)

and Eq. (3.75) for Neumann boundary conditions. The Si%(m) is the same as Eq. (3.35) but with

E(rp) =0,8(ry) =0,8(r) =0, and é(r5) = 0. The aicjk(m) is the same as Eq. (3.34) except
that a}’}’k(m) =0and aisjk(m) = 0 and the terms multiplied by A‘gk(m) and Aisjk(m) are replaced by
Eq. (3.50) and Eq. (3.76) respectively for Dirichlet boundary conditions, or replaced by Eq.
(3.51) and Eq. (3.77) respectively for Neumann boundary conditions.

Another example, if a finite volume is located at the corner formed by south-west-top

w

S
ijk(m ]

boundaries, the result is the same as Eq. (3.30) except that a ijk(m

y=0, a y =20, and
aiTjk(m) = 0 and the additional boundary condition source term ngi(m) on the right-hand side of
the equation is the combination of equations (3.48), (3.74), and (3.110) for Dirichlet boundary
conditions, or the combination of equations (3.49), (3.75), and (3.111) for Neumann boundary
conditions. The sf},i(m) is the same as Eq. (3.35) but with é(ryp) = 0, é(ryy) =0, E(rH) = 0,
§(rg)=0, (rf)=0, and é(r;) = 0. The aicjk(m) is the same as Eq. (3.34) except that
ag-/k(m) =0, afjk(m) =0, and aiTjk(m) = 0 and the terms multiplied by A‘gk(m), Aisjk(m), and
aiTjk(m) are replaced by Eq. (3.50), Eq. (3.76), and Eq. (3.112) respectively for Dirichlet
boundary conditions, or replaced by Eq. (3.51), Eq. (3.77), and Eq. (3.113) respectively for

Neumann boundary conditions.
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The transmission conditions equations (2.66) and (2.67) are satisfied explicitly when conducting
the FVM-TVD spatial discretization. As an example, consider the east, north, and top finite
volume surfaces as shown in Figure 3.3 are the interfaces between adjacent subdomains, assume

positive wind speeds in each direction and diffusion out from the finite volume €;j ). The

transmission conditions are satisfied on the interfaces on volume Q; jx(m),

FAE £D|E _ FAW FD W

f Gy + € eemy = — e, ko (mey = B Vi, j e (mE)

FAIN £D N _ FAIS £D S

fy |ijk(m) +fYD|ijk(m) =—fy Ii,j+1,k,(mN) - fyD|i,j+1, k,(mV) (3.114)
FAIT £D T — FA|B DB

12 lijeemy * 12 lijiemy = —1Z' 15 j, kan(mr) = T2 15 j, ks (m)

where mZ, m¥, and m” are the subdomain numbers which are adjacent to the east, north, and top

of the interfaces on finite volume Q;jx ().

The entire set of Nyn) X Ny(m) X Nz(m) finite volumes in each subdomain i, j, k € Q) are

mapped to a 1D vector as follows,

Py = MPam) (A, J, k) =i+ (G — DNxany + (kK — 1) Ny Nym)
(3.115)
i = 1, 2, teey NX(m); j= 1, 2, oty NY(m); k= 1, 2, teey NZ(m)

The estimated concentration in a finite volume is C; jk(m) = Anp(m) and the semi-discrete Eq.

(3.9) can be written in state space form as

K(my (1)

= Prymam)&m) (@) + SP€ + Prypamy &y ()

N {Q(mL)(t)A[C(G)S(t), t) — C(04(¢t), t)],  for Luenberger estimator (3.116)
0, for naive estimator

= Prysm) (t)

where X(;) () = é(m) (X,Y,Z,t) is the estimated concentration state,
R R R ) R T
C(m) = [Cl(m)r CZ(m)l Tty Cnp(m): ) CN(m)] ’ N(m) = NX(m) X NY(TH) X NZ(m) (31 17)
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Prym@m) 1s a 7-diagonal sparse matrix resulting from the FVM-TVD spatial discretization of the
advection-diffusion operator; S5¢ is an N,y X 1 vector arising from the boundary conditions;
Prypm) 1s a 7-diagonal sparse matrix resulting from the multiplication by the limiter functions
of TVD scheme. The output injection term of the Luenberger estimator model is expressed as
Q(mL)(t)A[C (0,(1), t) — C(04(), t)] which is the product of sensor location vector Qp,)(t),
the user-defined estimation gain A, and the state-estimation error at the sensor location,
C(04(t), t) — C(04(t), t). The eclements Anp oy (t) of sensor location vector Qgp,)(t) is,

an(mL), Os(8) & P where ()

np is the volume of the finite volume (or
0, O4(t) & npm,) (my)

an(mL) t) = {

cell) where the sensor resides.
3.2.2 Runge-Kutta Temporal Integration

The state-space form Eq. (3.116) is integrated with respect to time by using 4™ order Runge-
Kutta method [Hirsh, 2007] as follows,

3

R(my = Kmy + “4Atz @ Physm) (3.118)
1=0

where n is the time level, Prygmy) is the right hand side of Eq. (3.116), and the coefficients are

1
a0=1, a1=2, a2=2, a3=1, a4=g.

For the modified Lyapunov guidance law, Eq. (2.81) is also implemented by using the 4™ order
Runge-Kutta method,

3

s G a4AtSZ NL ..o (3.119)
=0

where 1 (t) = [X¢ Y& Z4]T, At is the integration time step of the SAV and in most cases

Aty = At, Npys = [UE V& W2]T is the right hand side of Eq. (2.81), and the coefficients a;
are the same as appearing in Eq. (3.118).
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For the Lyapunov guidance law with SAV dynamical model, Eq. (2.82) is also integrated by
using the 4" order Runge-Kutta method,

3
NmH = N7 4 a4AtsZ Rl s (3.120)
1=0
where N=[Xs Y Zs Vg ¥ X7, Rgus=[Xs Yo Z, V, 7 %] is the right hand
side of Eq. (2.82), At, and «a; keep the same values as in Eq. (3.119).

3.2.3 Numerical Stability

The time step At in Eq. (3.118) must be smaller than the maximum allowable time step At
that satisfies the numerical stability condition. The At,,,, can be determined by Von Neumann

method for stability analysis [Hirsh, 2007].

Substitute equations (3.31) — (3.36) into (3.30), assume constant wind speeds U, V, and W and
constant eddy diffusivities Kxx, Kyy, and Kz, assume uniform grid such that X 1 jxm) —
Xijrm) = Xijreem) = Ximpjrem) = AXm), Yijrrkam) = Yijkem) = Yijrm) = Yij-1eem) =
AYomy, Ziji+10m) ~ Zijjem) = Zijem) ~ Zijr-1m) = Dy, and ijieam) =
AX ) AYm)AZimys  Afkm) = Aljkem) = M DZany:  Aljkem) = Aijremy = DX AZam),
Al-Tjk(m) = Afjk(m) = AX(m)AY(m), ignore the output injection term for the purpose of numerical

9Cijkemy _

stability analysis, and use the first order differencing for the temporal derivative o

ot —Ch . : D . .
%t”k(m). For limiter function &(r) = 0, which is the first order upwind scheme for advective

flux, if U > 0,V > 0, and W > 0, then yields
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A 1 _ ~ A A A A
Z}-;(m) = Cir}k(m) - O-X(m)(Cir,lj,k(m) - Cin—l,j,k(m)) - GY(m)(Cir,lj,k(m) - Cir,lj—l.k(m))
— O0z(m) (éi?,qj,k(m) - CAiT,lj,k—l(m))

+ Bram) (Cli 1 kemy = 20 kemy + Gl jikcm))

) ) ) (3.121)
+ Byom) (Cl1kemy = 2CT i kemy + Cliz k)
+ ﬁz(m)(éfj,kﬂ(m) - ZCA‘ir,lj,k(m) + éir,lj,k—l(m))
UAt VAt WAt KxxAt KyyAt
where o =— 0 =—— 0 =— =— = , and
X(m) = gy OYem) = gy 0zGm) = a7 Bxam) o)’ Byam o)’
_ KzzAt
Pm) =z

Substitute into Eq. (3.121) a Fourier mode in the form of (7} () = V"e!*®e/¥e!*8 where @, 1),

and O are phase angles and use e’®* = cosa + Isina and e /* = cosa — I sina, then the

amplification factor is

Wn+1

VTl

G = =1—oxmm)(1 —cos@ +1sinp) — oy (1 — cosyp + Isiny)
— 0zm)(1 —cos B +1sin @) + 2Pxm) cOS @ + 2Py(m) COSYP (3.122)

+ 2B7(m) €05 8 — 2(Bx(m) + Brim) + Bzam))

The Von Neumann stability condition is

Gl <1 (3.123)

Foro =9y =0 =m,

G =1—2(0oxm) + Ovam) + 0zam)) — 4(Bxem) + Bremy + Bzamy) (3.124)

Substitute Eq. (3.124) into Eq. (3.123), yields

1

12
AXU + A)E/ + A;/V + 2 KXX > + KYY > + KZZ > (3 5)
(m) (m) (m) (BXm)” (BYam)”  (AZgm)

Aty <

For ¢ =1 = 0 = 0, the Von Neumann stability condition Eq. (3.123) is satisfied automatically.
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IfU <0,V <0,and W < 0, then we have

+1 A A A A
Clintmy = Cliiemy = 0x ) (Cli s jkamy = Clikemy) — vy (Cliv 1 ieamy = Clikmy)

- O-Z(m)(CZLj,k+1(m) - CiT,lj,k(m))

+ Bram) (Clrjkemy = 2CT kemy + Clv k)

X X X (3.126)
+ ﬁY(m)(CiT,ljﬂ,k(m) - ZCiT,lj,k(m) + Ci7,1j—1,k(m))
+ Bzem) (Cl wrimy = 2C05kemy + Cllik=10m))
then the amplification factor is
Wn+1
G = v 1 —ox@m)(cose +Ising — 1) — oygy)(cosy + Isiny — 1)
— 0z(m)(€0s O +1sin O — 1) + 2Bxn) €0S @ + 2By ) cOSYP (3.127)

+ 2B7(m) €05 0 — 2(Bx(m) + Brim) + Bzam))

For ¢ =y = 60 = m, substitute Eq. (3.127) into Eq. (3.123), we have the same time step
condition as Eq. (3.125) where the U, V, and W are all absolute values for the case of U < 0,
V<0,and W <0. For ¢ =3 =60 =m, we have G = 1 which satisfies the Von Neumann
stability condition Eq. (3.123) automatically.

For limiter function é(r) = 1, which is the second order central difference scheme for advective

flux, if U > 0,V > 0, and W > 0, then we have

CTl+1 AN O-X(m) (C

L]k(m) = Yijk(m) — i+1,j,k(m) — Cin—l,j,k(m))

UY(m) Z(m)
(C11+1 k(m) — l] 1 k(m)) (Cl] k+1(m) — Ci1,1j,k—1(m))

+ 'BX(m)(CiT-ll-l,j,k(m) - ZCiT,lj,k(m) + Cin—l,j,k(m)) (3.128)
+ Bym) (Cl11kemy = 2CTkemy + Cliz k)

+ By (€T ks 10my = 2CT5 kemy + Cllik—10my)

The amplification factor is
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Wn+1
G = v

=1- Ox(m) I sin<p — Oy(m) I Sinl/J — Oz(m) [sin @ + Zﬁx(m) Cos @

(3.129)

+ 2By(m) C0S Y + 2B7(my €08 0 — 2(Bx(m) + Bram) + Bzm))

Foro =y =0 =m,

G =1—4(Bxm) + Brem) + Bzem)) (3.130)

Substitute Eq. (3.130) into Eq. (3.123) and use 2(Bx(m) + Bran) + Bz(m)) — On(m) — Ovem) —

OFmy = 0 [Hirsh, 2007], yields

and

1
At, <
Kxx ; Kyy 4 Kzz ; (3.131)
(MXm)”  (AYmy)”  (AZmy)
KXX KYY KZZ
+ 2+ 2
(AX( ))2 (AYomy)"  (BZ(m))
At; < Uz’” Vzm W;” (3.132)

2 2 2
(BXm)”  (AYm)”  (AZmy)

For ¢ =9y =6 = 0, we have G = 1 which satisfies the Von Neumann stability condition Eq.

(3.123) automatically.

IfU <0,V <0,and W < 0, we have exactly the same results as those for the case of U > 0,

V>0,and W > 0.

In summary, the time step At in Eq. (3.118) must satisfy

At < At = min(max At , max At, , max At3) (3.133)
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3.3 Verification and Error Analysis for the HT-NODDE-FVM

3.3.1 Non-Dimensional 3D Advection Equation

The first test provides the verification of the NODDE-FVM with TVD-RK applied to the 3D
pure advection equation. Equation (2.58) with zero diffusivities and zero source term is non-
dimensionalized using C = C*Cy, t = t*Ly/Vy, U=U"Vy, V=V*Vy, W =W*Vy, X = X"Ly,
Y=Y"Ly, and Z = Z*L,,, where Cy, Ly, and V,, are reference concentration, length, and wind
speed, respectively, and becomes

ac* ac* ac* ac*

* * * = 3.134
6t*+U ax*+V 6Y*+W 57 0 ( )

Four initial density configurations are used for the simulations. Case la corresponds to a

*2

continuous Gaussian density distribution with C* = exp (— z ), r? =X —X)%+

R*2

(Y*=Y)?+ (Z* — Z})? where X;, Y, and Z; are the coordinates of the center, and R = R*L,,.

*2

Cases 1b and 1c correspond to a piecewise Gaussian distribution C* = exp (— . ) for r** < R*2

R*?
and C* =§ for r** > R*?. Case 1d corresponds to a cubical density distribution C* = 1 for
ri? <R*Z and ry® < R*2 and 132 < R*2, and C* = 0 for 3> > R*? and ry* > R*2 and ;3% >
R*2, where ry° = (X* = X)2, rp° = (Y* = Y")?, and r;° = (Z* — Z})?. The widths of the

distributions are shown in Table 3.1.

Table 3.1 3D pure advection cases and results

Order p Order p
Case Initial Condition
L! from Eq. (3.135) | L' form Eq. (3.136)
la | Gaussian, R** = 0.005 1.5340 1.5284
1b | Piecewise Gaussian, R** = 0.005 1.1515 1.1374
lc | Piecewise Gaussian, R*? = 0.04 1.2930 1.2914
1d | Cubical, R**> = 0.005 0.7886 0.7886
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For the simulations, we use a domain with Ly =Ly, =L, =1, U" =1, V' =W* =0, X; =
0.25, Y, = Z; = 0.5. Dirichlet boundary conditions are enforced with C* = 0 for Case la and
1d, and C* = 1/e for Case 1b and 1c. The computational domain is divided into 40 subdomains

with Nppx = Nppy = 2 and Npp, = 10. The simulations were run with grid resolutions between

50 x50 x50 < AL—:? X AL—i X AL—;Z* < 400 X 400 x 400 and a constant At* = 0.002 forup to t* =

0.5. Results are used to evaluate the L' norm of the error following LeVegue [2007]. For uniform
finite volumes and using the cell-centered values for both the numerical and the analytical

solutions the g-norm is

QR

N q
Li(c*) = AX*AY*AZ*Z " * (3.135)

NPnumerical NPanalytical
np=1

Using the continuous function for the analytical solution within each finite volume np, the g-

norm becomes

N

1
Lq(C*) = Z (AX*AY*AZ*)EC;pnumerical
np=1
1 (3.136)
q
1-q
— (AX*AY*AZ*) 1 ij C;;panalytical dQ
Qnp
The order of accuracy is evaluated by
log|Li(Cx+ )| — log|La(Cr+
_ log[L7(c3;)] - log[L7(C3,)] (3.137)

log(47) — log(43)
The L norm of the error is shown in Figure 3.5 and the order of accuracy is shown in Table 3.1
for all the cases considered. The results show that for smoothly varying functions the NODDE-

FVM becomes between order 1 and 2, which is consistent with the results of single-domain

FVM-TVD method [Prabhakaran and Doss, 2015].
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{
{
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AX =AY =aZ’ AX =AY =AZ

(a) (b)

Figure 3.5 L! norm of the error between NODDE-FVM and analytical solutions of the advection PDE as a
function of grid resolution for conditions shown in Table 3.1. (a) L! norm calculated by Eq. (3.135); (b) L* norm

calculated by Eq. (3.136).
3.3.2 Non-Dimensional 3D Advection-Diffusion Equation

The second test provides the verification of the NODDE-FVM with TVD-RK applied to the 3D
advection-diffusion equation. The process model Eq. (2.58) assuming constant winds and
uniform diffusivities, is non-dimensionalized using C = C*Cy, t =t* Ly/Vy, U =U"V,, V =
VVo, W =Wy, X =X"Ly,Y =Y"Ly, Z =Z"Ly, Kxx = KxxKo, Kyy = KyyKoy, K77 = K;;K,,

Vol . : e .
and Pe = % The non-dimensional advection-diffusion equation becomes
0

oct  ,.9CT ,.0C 0ct 1 9%t 1, 0% 1 9%
ac ' axt ' v 9Z* Pe *¥gx:2 Pe "oyt Pe 97?7  (3138)

=0

An analytical solution of Eq. (2.58) for an instantaneous point gas release at location X,., Y,., Z,
and time t, with wind speeds U # 0 and V = W = 0, and boundary conditions C(X,Y,Z,t) =0
for X,Y,Z — +oois given as [Arya, 1999]
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3
(2m)20x0y0,

{X - [Xr + U(t - tr)]}z (Y - Yr)z (Z - Zr)z
Fexp {_ 20% 202 202 }

CX,Y,Z,t) =

(3.139)

In the above gy = /2Kyx(t — t,.), oy = \/2Kyy(t — t,.), and o, = /2K,,(t — t,); Q is the
released mass in kg. The non-dimensional analytical solution Eq. (3.139) for Kyy = Kyy =

K;; = K can be written as

C (T ,t ) = —§ exp _R*Z (3140)
(nR2)?

where 4° = —£%__exp (B2), 12 = (X" = X + U (& = D] + (V" = %)% + (2" = )%,
sy

R*2 = 4K*(t* —t}), and t; = 0. For the simulations, we use A* = 107°, Ly =L}, = L, = 1,

Ur=1,V"=W"=0,X;=0.1,Y" =7, =0.5, and K* = 0.0025. The initial density used in

the simulations follows Eq. (3.140) with t* = 0.1. Three different Peclet numbers are used and

cover diffusion dominated (Case 2a) to advection dominated flow (Case 2¢) as shown in Table

3.2. Dirichlet boundary conditions with C* = 0 are applied to all boundaries. The simulations

. . . L} Ly
were run with grid resolutions between 50 X 50 X 50 < A—)’(‘* X A—;’* X =

L2 < 400 x 400 x 400

and times steps are shown in Table 3.2. The simulations were run for up to t* = 0.6. Results are
used to evaluate the L' norm of the error defined by Eq. (3.136) and the order of accuracy
defined by Eq. (3.137). Figure 3.6 shows the L* norm of the error as a function of grid resolution.
Table 3.2 shows that the NODDE-FVM with TVD achieves near second order of accuracy for all

the cases considered.
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Table 3.2 3D advection and diffusion cases and results

Order p
Case | Peclet Number Time Step
L! form Eq. (3.136)
2a Pe =0.5 At* = 0.00016 1.9850
2b Pe=1 At* = 0.00025 1.8475
2¢ Pe =2 At* = 0.000625 1.5993
107
—@—Case 2a
—&—Case 2b
—=a— Case 2¢
10-10 L
©
10-11 L
1072
1073 1072 107

AX =AY = AZ

Figure 3.6 L' norm of the error between NODDE-FVM and analytical solutions of the advection-diffusion PDE

as a function of grid resolution and Peclet number shown in Table 3.2.

3.3.3 Verification of the Hybrid Estimator with HT-NODDE-FVM

The third benchmark test provides verification of the HT-NODDE-FVM estimator equations
(2.64) — (2.67) and examines the impact of grid resolution, sensor model, and estimation gain A
in Eq. (2.71) on the L? norm of the estimation error evaluated from Eq. (3.136). The case
involves an instantaneous release by a stationary source in a large domain with constant
atmospheric properties, which is depicted in Figure 3.7 and has an analytical solution given by

Eq. (3.139).
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Figure 3.7 Benchmark case used for verification and error analysis of the HT-NODDE-FVM estimator. A
stationary source releases instantaneously a gas in a domain with uniform atmospheric parameters and constant
wind in the X-direction. The SAV performs real-time estimation of the plume concentration.

The computational inputs are listed in Table 3.3. The SAV parameters and estimator inputs are
listed in Table 3.4. The SAV starts patrolling from its initial location on a helical trajectory.
When the SAV sensor detects a concentration above the threshold, the HT-NODDE-FVM
estimator equations (2.64) — (2.67) provides the estimated concentration and control inputs to the
guidance law equations (2.78) — (2.81) which reposition the SAV. Two different approaches are
used to generate the numerical sensor data at the location of the SAV. In the first approach, the
cell value of the concentration is calculated by the analytical solution Eq. (3.139) at the cell
center and assigned to the SAV location. In the second approach, the concentration at the SAV
location is calculated directly from the analytical solution Eq. (3.139). A coarse and fine grid
resolution is used with Ny = 300, Ny = 75, N, = 30 cells and Ny = 600, Ny = 150, N, = 60
cells respectively. The total number of subdomains is 27 with Nppxy = Nppy = Nppz = 3 for
both grid resolutions. A series of simulations were carried out by varying the estimation gain A.
The time step used for both grid resolutions is 1s which satisfies the numerical stability

condition Eq. (3.133). The simulation time is 1300 s.
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Table 3.3 Computational inputs for benchmark tests of the estimator

Parameter Value
Domain length (Ly, Ly, L;), km 20,5,2
Wind speed (U,V, W), m/s 10,0,0
Eddy diffusivity (Kxx, Kyy, Kz7), m?/s 100, 100,40
Mass of release at initial time (Q), kg 100
Location of the initial release (X, Yy, Zp), km 4.1,25,1

Table 3.4 SAV parameters and estimator inputs

Parameter Value
SAV initial location (X, Y50, Z50), kKm 10.4,2.5,0.55
SAYV patrolling linear velocity (vg), m/s 70 [Writer, 2019]
Helix center of SAV patrolling (Xs¢¢, Yscer Zscc), Km 8,2.5,0.55
Helix radius of SAV patrolling (7), km 2.4
Pitch of the helix, rad 120w
Sensor threshold (Cp,ip, ), kg/m3 (or ppb) 1x 1072 (or 1 ppm)
Guidance gains (ky, ky, k) 50,50,4

Figure 3.8 plots the L? norm of the estimation error evaluated from Eq. (3.136) at t = 1300 s as
a function of the estimation gain A. It is shown that for both the coarse and fine grid resolutions
there is an optimum gain that minimizes the estimation error. Figure 3.8 shows that the
numerical sensor data approach does not impact the estimation error. Figure 3.8 also shows that
the coarse grid has better estimation error than the fine grid due to the larger sensor volume of

the former.
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Figure 3.8 Verification of the HT-NODDE-FVM estimator. L* norm of the estimation error from Eq. (3.136)
as a function of estimation gain for a coarse and fine grid. Sensor data are taken form the analytical solution Eq.

(3.139).
3.3.4 Error Analysis of the Hybrid Estimator with HT-NODDE-FVM

The fourth benchmark test provides further error analysis of the HT-NODDE-FVM estimator
equations (2.64) — (2.67) and examines the impact of grid resolution, estimation gain and
numerical data. All the input simulation conditions for the gas release and ambient conditions are
the same as the third benchmark case as shown in Table 3.3 and Table 3.4. The grid resolutions
and optimal estimation gains used in the simulations are listed in Table 3.5. The estimator error
norms L', L?, and L*® are evaluated using Eq. (3.136) and plotted in Figure 3.9 and Figure 3.10.
In Figure 3.9 the errors are evaluated between estimated concentration and numerical sensor data
obtained from the NODDE-FVM of the process model Eq. (2.58). In Figure 3.10 the errors are

evaluated between estimated concentration and the analytical solution Eq. (3.139).
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Table 3.5 Grid resolutions and corresponding optimal gains used for error analysis for the estimator model in

benchmark cases

Number of cells in each | Total number Cell size Optimal estimation
direction (Ny, Ny, Nz) of cells (AX = AY = AZ, m) gain (A)
600, 150, 60 5.4 x 10° 33.33 4x107°
300, 75,30 6.75 X 10° 66.67 5x107°
240,60, 24 3.456 x 10° 83.33 3x107°
180, 45,18 1.458 x 10° 111.11 1x107°
120,30,12 4.32 x 10* 166.67 4x1077
60,15,6 5.4 x 103 333.33 4%x10°°

Figure 3.9 shows that as grid resolution coarsens the process state knowledge increases due to
the increase in sensor volume and as a result the estimator error decreases. In the limit of a
single-cell domain the error would be identically zero because the sensor would have knowledge
of the entire state. Figure 3.10 shows that the errors decrease with increasing grid size, reach a
minimum and then increase in contrast with the monotonic behavior of Figure 3.9. This behavior
is due to the compound effects of increased state knowledge and reduced numerical fidelity as
cell size increases. This benchmark test, therefore, decouples the impact of these two competing

effects.
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(a) (b) (c)
Figure 3.9 Error analysis of the HT-NODDE-FVM estimator model. (a) L', (b) L?, (c) L* norm of error

evaluated between estimated concentration and numerical sensor data (process-model concentration obtained

with HT-NODDE-FVM).
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Figure 3.10 Error analysis of the HT-NODDE-FVM estimator model. (a) L!, (b) L2, (¢) L* norm of the error

evaluated between estimated concentration and true sensor data (analytical concentration).

3.4 Parallelization Efficiency Analysis

In this section the parallelization efficiency analysis of the OpenMP implementation of NODDE-
FVM method is performed. The NODDE-FVM simulations were performed for an instantaneous
gas release described in Eq. (2.58). The input conditions are domain lengths Ly =Ly, =L, =
30 m, wind speeds U=1m/s and V =W =0, eddy diffusivities Kyy = Kyy = K;; =
0.5 m?/s, and an instantaneous gaseous release of 1 kg at time t = 0 s and at location X, = 6 m,
Yo = Zy = 15 m. The domain was divided with Ny = Ny = N, = 240 for a total of 1.3824 X
107 cells. The number of subdomains in X- and Y-direction was fixed as Nppx = Nppy = 2, and
the number of subdomains in Z-direction was varied from 1 to 10, Npp, = 1, 2,---,10. The time
step was set At = 0.001 s. The simulations were run on a dual socket node with two Intel Xeon
Silver 4114 CPUs with total number of 20 physical cores (10 cores per CPU). The hyper-
threading, a technology that allows two streams of operations to be executed on the same core,
was enabled so that there are 40 threads (logical cores) in total. The NODDE-FVM was
compiled using the Intel Fortran Compiler 11.1 on Red Hat Enterprise Linux Server release 7.6
(Maipo). The average elapsed wall-clock time of completing one single time level were recorded
for all the tests with different number of threads. We use two metrics to evaluate parallel
performance as number of threads increases: first is the speedup, defined as the ratio of the
average elapsed wall-clock time of completing one single time level for one thread test to that for
multiple threads test; second is the parallel efficiency, defined as the ratio of the actual speedup

to the theoretical speedup. Figure 3.11 shows the speedup and parallel efficiency as a function of
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the number of OpenMP threads. The theoretical speedup is a linear function of the number of

threads as shown in Figure 3.11(a).
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Figure 3.11 Speedup (a) and parallel efficiency (b) of the NODDE-FVM-TVD-RK simulation of the
instantaneous gas release in the atmosphere as a function of the number of OpenMP threads.

As the number of threads increases to 20, the speedup keeps increasing but not as greatly as the
theoretical speedup and the speedup keeps getting away from the line of the theoretical speedup.
This could be due to the non-uniform memory access (NUMA) architecture in which the
operation system must coordinate the accesses to the memory from different CPUs. Such
coordination workload keeps increasing as the number of threads increases, which causes the
slowdown of the speedup and the decreasing of the parallel efficiency. When the number of
threads is greater than 20, the hyper-threading is activated resulting in some of the cores
executing two streams of operations which leads to the drop of the speedup and parallel
efficiency as shown in Figure 3.11. As the number of threads keeps increasing to the fully loaded
case of 40 threads, the increasing of the speedup shows up again and the maximum speedup
happens when the node is fully loaded because all the resources are used for computing and the

full load on all cores eliminates the negative effects of the NUMA architecture.
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Chapter 4 Applications of the HT-NODDE-FVM to

Large Scale Simulations

This chapter presents the applications of the hybrid estimator and HT-NODDE-FVM on real-
time estimations of the advection-diffusion fields in a city-scale domain with realistic
atmospheric conditions and SAV parameters. Instantaneous and long-pulse gas release cases are
considered to demonstrate the capability of the hybrid estimator and HT-NODDE-FVM for real-
time estimations. In these simulations, we also study the effects of different guidance laws and
different SAVs on the estimation results. We also conduct the real-time estimation analysis at the

end of this chapter. Results have been presented in Gatsonis et al. [2020] and Tian et al. [2020].

The hybrid estimator and the developed HT-NODDE-FVM method are used for simulations in a
domain that is city-scale as shown in Figure 3.7. The computational domain has Ly = 20 km,
Ly =5km, L; = 2 km and is discretized with Ny = 300, Ny = 75, N; = 30 finite volumes.
The number of subdomains is 27 with Nppy = 3, Nppy = 3, and Npp; = 3 in X-, Y-, and Z-

direction respectively. The wind speed model in X-direction follows the power-law profile

[Seinfeld and Pandis, 2016]

7 p
U= Ur(z—) ,  ZI<1Z, @.1)
u, Z>1Z,

where Z,. is the reference height, Z,, = 500 m, and U, is the corresponding reference wind speed,
U.=10m/s or 5m/s for different simulations; the exponent p depends on the surface
roughness and stability conditions, and for well-developed urban areas, p = 0.4. The eddy
diffusivities with the assumption of unstable atmospheric condition are Kyy = Kyy = 100 m? /s,

K;; = 40 m?/s. Numerical sensor data are generated by solving the process model Eq. (2.58)
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with the NODDE-FVM using a grid Ny = 300, Ny = 75, and N; = 30. The aerial intruder is
releasing a contaminant gas and is assumed to represent a helicopter or a light aircraft. The SAV
parameters are representative of the Aerosonde UAV (slow) and Sky Warrior UAV (fast). The
SAV is positioned at t = 0 at X,y = 10.4 km, Y5, = 2.5 km, Z;, = 0.55 km, and is patrolling on
a helical trajectory along the Z-direction with center X;.. = 8 km, Y., = 2.5km, Z;.. =
0.55km, radius r =2.4km, and pitch 120m. The SAV’s patrolling linear velocity
(counterclockwise) is vg = 30 m/s for Aerosonde [Maurer, 2002] and 70 m/s for Sky Warrior
[Writer, 2019]. The sensor threshold is set to 1 X 107? kg/m? (1 ppb). The estimation gain is
A =5 % 107° and the guidance gains are ky = ky = 21, k, = 4 for Aerosonde and ky = ky =
50, k, = 4 for Sky Warrior. The time step used in all the simulations is 1 s.

4.1 Instantaneous Gas Release

4.1.1 Modified Lyapunov Guidance Law Without SAV Dynamical Model,
Slow and Fast SAVs

We consider first an instantaneous gas release from an intruder in a city-scale domain and
examine the effects of fast and slow SAVs when using modified Lyapunov guidance law without
SAV dynamical model in a configuration depicted in Figure 3.7. The intruder releases 100 kg of
contaminants at t = 0 s and at X, = 4.1 km, Y, = 2.5 km, Z. = 1 km, then it keeps hovering.

The reference wind speed is U, = 10 m/s. The simulation time is 480 s.

The simulation results at the final simulation time are shown in Figure 4.1 and Figure 4.2. The
red and blue dots denote the intruder and SAV, respectively. The blue lines denote the SAV
trajectory. The intruder (red dot) releases 100 kg of contaminants at ¢ = 0 s and keeps hovering
at its initial location. The SAV keeps patrolling on the helical trajectory until it detects a
concentration value which is greater than or equal to the sensor threshold, then the hybrid
estimator starts working to estimate the concentration profile and guide the SAV. The random
blue line shows the SAV trajectory after it is guided by the hybrid estimator. The SAV trajectory
(blue line) is also shown in the process model profile to aid in the comparison between the

process model concentration profile and estimated concentration profile and show where it is in
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the “true” plume. The results show that the estimation result of the fast SAV is better. Because
the fast SAV can patrol more region in the plume and get more information about the

concentration, which is critical to the estimation result.
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Figure 4.1 The simulation results of the instantaneous gas release for slow SAV (Aerosonde) guided by the

modified Lyapunov guidance law without SAV dynamical model at time 480 s.
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Figure 4.2 The simulation results of the instantaneous gas release for fast SAV (Sky Warrior) guided by the
modified Lyapunov guidance law without SAV dynamical model at time 480 s.
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4.1.2 Lyapunov Guidance Law with SAV Dynamical Model, Slow SAV

Next, we consider using the Lyapunov guidance law with the SAV dynamical model included.
The simulation conditions are the same as in Section 4.1.1 except for the additional slow SAV
(Aerosonde) parameters: the mass of the SAV is 13.5 kg, the wing planform area is 0.55 m?, the
wing span is 2.9 m, the ground speed range is 27-33 m/s, the maximum thrust is 50 N, the
maximum bank angle is 0.5 rad, the lift coefficient in stall condition is 1.5, the Oswald
efficiency factor is 0.9, the parasitic drag coefficient is 0.0437, the initial patrolling flight path
angle and course angle of the SAV are y, = 0.0524 rad and y, = 1.5708 rad. The simulation

result is shown in Figure 4.3.
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Figure 4.3 The simulation results of the instantaneous gas release for slow SAV (Aerosonde) guided by the
Lyapunov guidance law with SAV dynamical model at time 480 s.

By comparing Figure 4.3 with Figure 4.1, we can see that the result of the Lyapunov guidance
law with SAV dynamical model is better than that of the modified Lyapunov guidance law
without SAV dynamical model, which means with the Lyapunov guidance law and SAV
dynamical model included even the slow SAV (Aerosonde) can patrol more region in the plume.
It can also be seen from Figure 4.3 and Figure 4.2 that the result is very close to the result of fast
SAV (Sky Warrior) guided by the modified Lyapunov guidance law without SAV dynamical

model.
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4.2 Long-Pulse Gas Release

4.2.1 Modified Lyapunov Guidance Law Without SAV Dynamical Model,
Slow and Fast SAVs

Next, we consider a long-pulse gas release and examine the effects of slow and fast SAVs when
using modified Lyapunov guidance law without SAV dynamical model. This problem is
depicted in Figure 4.4. The reference wind speed is U, = 5 m/s. The intruder starts releasing
contaminants at the initial location X, = 0.1km, Y, = 2.5km, Z., = 1 km and at time t = 80 s
and lasts for 200 s with a release rate of 0.5 kg/s. The intruder has velocity components of vy =

50 m/s, vy = 0 m/s, v; = 0 m/s. The simulation time is 1300 s.

Intruder

2 km

Figure 4.4 An intruder is releasing contaminants over a city and an SAV is estimating the concentration of the
contaminants and tracking the intruder.

The simulation results at the final time are shown in Figure 4.5 and Figure 4.6. In this simulation
the intruder (red dot) starts the release at t = 80 s and then keeps moving until it reaches the
boundary of the domain. The gas release forms a cylindrical plume. The SAV keeps the initial
helical patrolling trajectory and starts activating the hybrid estimator until it detects a
concentration value greater than or equal to the sensor threshold. Then the hybrid estimator starts

estimating the concentrations of the plume and the SAV is guided by the modified Lyapunov
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guidance law. The comparison between Figure 4.5 and Figure 4.6 shows clearly that the fast
SAV has the better estimation results. This is due to the fact that the faster SAV catches up the

region with large concentration values and performs a better estimation.
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Figure 4.5 The simulation results of the long-pulse gas release for slow SAV (Aecrosonde) guided by the
modified Lyapunov guidance law without SAV dynamical model at time 1300 s.
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Figure 4.6 The simulation results of the long-pulse gas release for fast SAV (Sky Warrior) guided by the
modified Lyapunov guidance law without SAV dynamical model at time 1300 s.

94



4.2.2 Lyapunov Guidance Law with SAV Dynamical Model, Slow SAV

Finally, we consider using the Lyapunov guidance law with the SAV dynamical model included
for the long-pulse gas release case. The simulation conditions are the same as in Section 4.2.1
and the SAV parameters are the same as in Section 4.1.2. The simulation results at the final time
t =600 s are shown in Figure 4.7. In this simulation, the SAV is guided by the Lyapunov
guidance law with SAV dynamical model. We can see from Figure 4.7 that the SAV can track
the plume well and the hybrid estimator is trying to reproduce the shape of the cylindrical plume.
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Figure 4.7 The simulation results of the long-pulse gas release for slow SAV (Aerosonde) guided by the

Lyapunov guidance law with SAV dynamical model at time 600 s.

4.3 Real-Time Estimation Analysis

To achieve real-time estimation by the SAV using the HT-NODDE-FVM hybrid estimator, it is
required that the wall clock time of completing an iteration over the entire domain (all
subdomains) At,g is smaller than the maximum numerical time step At,,,, calculated by Eq.
(3.133). A series of simulations are conducted using the scenario of instantaneous gas release
with the wind profile and the computational conditions and guidance law as in Section 4.1.1.
Real-time estimation analysis is conducted by varying the grid resolution as well as the number
of subdomains (or threads) for both the process model and the hybrid estimator model. The

results in Figure 4.8 show the performance of the HT-NODDE-FVM hybrid estimator by
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plotting the ratio of At,.g /At qx as @ function of the number of subdomains (or threads) and
number of finite volumes. To achieve real-time estimation the ratio of At,s /At 4, Must be less
than 1. Figure 4.8 shows that even with 6 threads the HT-NODDE-FVM can accomplish real-
time implementation for all discretization cases considered. The real-time hybrid estimator has
been implemented without sensor delays and SAV dynamics. Inclusion of these processes will
provide additional time margins (longer time scales) that can improve the real-time estimation

performance and allow use of even more refined grids for improved accuracy.

4 T
3.8737 Number of Cells
—&— 675,000
a5l —A— 1,852,200 |
—=— 5,400,000
5l i
25+ i
3
E
a0 i
2
<
15 i
1 0.97357 079518
742 )
0 36 0.67272 0.67067 ,0.65486
05F i
0.17048 0.13856
. !0.036894 0.03145
27 40

Number of Threads

Figure 4.8 Real-time estimation analysis as functions of number of subdomains (threads) and number of finite

volumes (resolution).
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Chapter 5 Summary, Conclusions, and

Recommendations

5.1 Summary and Conclusions

This work is devoted in the development of a hybrid estimator and its numerical solutions via a
new heterogeneous nonoverlapping domain decomposition explicit finite volume method with
total variation diminishing (TVD) and a Runge-Kutta integrator (HT-NODDE-FVM). The HT-
NODDE-FVM for a is developed to perform real-time estimation of a contaminant plume
released by a stationary or moving gaseous source in three-dimensional domains under
prescribed atmospheric conditions and guides a sensing aerial vehicle (SAV) to positions in the

plume that optimize the performance of the estimator.

The process model was derived starting from the Navier-Stokes equations of multi-component
system together with the continuity equation of single species. By using the Boussinesq
approximation for the lower atmosphere layer, using the Reynolds averaged equations to account
for turbulent effects, assuming the released species is a single trace species and is in the diffusion
regime, assuming the molecular diffusion fluxes and their gradients are negligible compared with
the turbulent ones, and assuming the principal axes of eddy diffusivity tensor coincide with the
coordinate axes, the process model arrived at the well-known advection-diffusion equation of a

single species in the atmosphere

ac d d d d ac d ac
36 = =35 €V = 37 V) = 37w + 55 (K 5) + 55 (K 37)
P ac (5.1)
+ ﬁ (KZZ ﬁ) + ST'
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The estimator model used in this work is hybrid, it is based on the advection-diffusion equation
and involves a Luenberger observer in the vicinity of the SAV and a naive observer in the rest of
the region, resulting in a hybrid advection-diffusion type of particle differential equation with

transmission conditions between the two regions.

The spatial distribution of the sensor is modeled as a 3D spatial Dirac delta function based on
Lagrangian sensing technique. The sensor is assumed to be ideal and provides instantaneous

readings (no delays) without errors.

Two different guidance methods for the SAV were implemented. One is the modified Lyapunov
guidance law without SAV dynamical model, the other is the Lyapunov guidance law with six
degree of freedom fixed wing aircraft dynamical model. It was assumed that the SAV has the
knowledge of concentration and the concentration gradient at its location and it moves following

the guidance law to minimize the estimation error.

In this work we developed a new HT-NODDE-FVM for the numerical solution of the hybrid
estimator and was implemented with total variation diminishing (TVD) filter and a Runge-Kutta
integrator, in parallel. The entire computational domain is discretized with a structured grid and
is divided into multiple subdomains with each subdomain having the same number of finite
volume cells. The transmission conditions are imposed explicitly when performing the FVM-
TVD spatial discretization without the need for iterations as common in implicit domain
decomposition methods. The HT-NODDE-FVM is parallelized by using the OpenMP paradigm
such that each subdomain is handled by a distinct CPU thread. All estimator model equations in
all the subdomains are solved in parallel. A barrier-type synchronization point is applied to
ensure all the FVM-TVD related calculations are finished in each subdomain within current time

level before moving to the next time level.

The verification and error analysis of the NODDE-FVM were conducted by solving non-
dimensional 3D advection and advection-diffusion equations. The numerical solutions were
compared with the corresponding analytical solutions. When applied to advection or advection-
diffusion equations, the method becomes homogenous non-overlapping domain decomposition
method. For the non-dimensional 3D advection equation, four initial density configurations were

used for the simulations including a continuous Gaussian density distribution, two piecewise
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Gaussian distributions, and a cubical density distribution. The order of accuracy was calculated
by using the L' norm of the error between numerical and analytical solutions for each initial
density distribution case. The results showed that for smoothly varying functions the NODDE-
FVM becomes between order 1 and 2, which is consistent with the results of single-domain
FVM-TVD method. For the non-dimensional 3D advection-diffusion equation, three different
Peclet numbers were used and covered diffusion dominated to advection dominated flows. The
initial density distribution used in the simulations followed the analytical solution at certain time
instance. The L' norm of the error between numerical and analytical solutions for each Peclet
number case was used to calculate the order of accuracy. The results showed that the NODDE-

FVM with TVD achieves near second order of accuracy for all the cases considered.

The method was also applied on the hybrid estimator to study the effects of estimation gain, grid
resolution, and sensor model on estimation results by studying the L? norm of the estimation
error. This case involved an instantaneous release by a stationary source in a large domain with
constant atmospheric properties. Two different grid resolutions were used for the simulations.
Results showed that for both the coarse and fine grid resolutions there is an optimum gain that
minimizes the estimation error. Results also showed that the coarse grid has better estimation
error than the fine grid due to the larger sensor volume of the former. Another simulation was
conducted to study further the impact of grid resolution, estimation gain, and numerical data on
the estimation error. Different grid resolutions and different optimal estimation gains were used
for this simulation. The estimator error norms L, L?, and L* were evaluated and plotted. The
estimation error was evaluated in two ways — one was evaluated between estimated
concentration and numerical sensor data obtained from the NODDE-FVM of the process model,
the other was evaluated between estimated concentration and the analytical solution. Results of
the first way showed that as grid resolution coarsens the process state knowledge increases due
to the increase in sensor volume and as a result the estimator error decreases. In the limit of a
single-cell domain the error would be identically zero because the sensor would have knowledge
of the entire state. Results of the second way showed that the errors decrease with increasing grid
size, reach a minimum and then increase. This behavior is due to the compound effects of

increased state knowledge and reduced numerical fidelity as cell size increases.
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Parallelization efficiency analysis for the OpenMP implementation of the NODDE-FVM-TVD-
RK method was conducted to study the speedup and efficiency of the parallelization by
recording the average elapsed wall-clock time of completing one single time iteration for
different tests with different number of threads. Results show the expected behaviors of the non-
uniform memory access (NUMA) architecture and the full load of all the logical computer

threads.

The HT-NODDE-FVM with TVD-RK method was implemented on realistic estimation
problems for instantaneous and long-pulse gaseous release cases in a km-scale domain with
realistic atmospheric conditions and SAV parameters. These simulations were used to study the
impacts of different guidance methods and different SAVs on the estimation results. Results
show that fast SAV can provide better estimation results than slow SAV because the fast SAV
can patrol more plume region. Both of the two guidance methods can provide good estimation
and tracking results, although the Lyapunov guidance law with SAV dynamical model shows

better estimation results in the instantaneous gaseous release case.

The real-time estimation analysis was conducted by comparing the wall-clock time of
completing a single time iteration over all the subdomains (At,g;) with the maximum allowable
time step derived from the numerical stability analysis (At,,4). The relation between the ratio of
At /At ax and the number of subdomains (or threads) for different grid resolutions for both
the process model and the hybrid estimator model was used to evaluate the capability of the real-
time estimation. All the simulations using km-scale domain under realistic ambient atmospheric
conditions demonstrate that the hybrid estimator with the HT-NODDE-FVM method achieves

real-time computation of the advection-diffusion field.

5.2 Recommendations for Future Work

The focus of this work was on the development of the HT-NODDE-FVM with TVD-RK method
to solve the hybrid estimator to achieve real-time estimation of the advection-diffusion fields. In
the future, the estimation results could be improved, and the experimental work may be needed

to validate the numerical results.
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In this work, we used one single sensor to measure the concentration. Using multiple
sensors on board multiple SAVs with a fixed flying formation to measure the
concentrations and evaluate the concentration gradients could improve the estimation
results and relax the assumption of gradient knowledge imposed in the current derivation.
Another way to improve the concentration gradient evaluations could be to implement a
grid adaptation algorithm such that the subdomain where the sensor resides has higher
grid resolution than the other subdomains. Such grid adaptation algorithms have been
developed and implemented in a 2D hybrid estimator simulation [Hu et al., 2021] and in
3D homogenous estimators [Egorova et al, 2016].

In order to improve the accuracy of the Luenberger-naive estimator, a more
computationally expensive estimator based on the Riccati equations can be used in the
subdomain where the sensor resides.

To validate the hybrid estimator and the HT-NODDE-FVM, set up of experiments is
needed. One example can employ a sensing ground vehicle and execute the estimator on
a computer that communicates with it. The set up requires a harmless gaseous source
which can be stationary or mobile. Such setups have been under construction [Barney
and Rivard, 2016; McGrath et al., 2018]. These ground tests can be expanded using small
UAVs.
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