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Uniform Gaussian Bounds for Subelliptic Heat Kernels
and an Application to the Total Variation Flow of
Graphs over Carnot Groups
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1. Introduction

Models of image processing based on total variation flow
0ru = div(Vu/|Vul)

have been first introduced in by Rudin, Osher, and Fatemi in [44], in order to perform edge preserving denoising. We refer
the reader to the review paper [19] where many recent applications of total variation equation in the Euclidean setting
are presented. The flow ¢ — u(-, t) represents the gradient descent associated with the total variation energy [ |Vul| and
as such has the property that both the total variation of the solution t — u(-, t) and the perimeter measure of fixed level
sets {u(-, t) = const} are non-increasing in time. Aside from its usefulness in image processing, the flow also arises in
connection with the limit of solutions of the parabolic p—Laplacian d;u, = div(|Vu,[P~>Vu,) as the parameter p — 1*.
In the case where the evolution of graphs S; = {(x, u(x, t))} is considered, i.e. d;u = div(Vu/~/1+|Vul?), then in
both the total variation flow and the closely related mean curvature flow d:u = /1 + |Vu|2div(Vu/{/1 + |V u|?), given
appropriate boundary/initial conditions, global in time solutions asymptotically converge to minimal graphs. For further
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results, references and applications of the Euclidean total variation flow we refer the reader to [1], [2], [5] and for an
anisotropic version of the flow to [37].

In this paper we study long time existence of graph solutions of the total variation flow in a special class of degenerate
Riemannian ambient spaces: The so-called (sub-Riemannian) Carnot groups [26], [47]. Such spaces are nilpotent Lie
groups endowed with a metric structure (G, gp) that arises as limit of collapsing left-invariant Riemannian structures
(G, g). The results in this paper are restricted to the study of the total variation flow in Carnot groups of step two. The
restriction on the step is motivated by the lack of a sufficiently large set of barriers functions in higher step groups (see
below). Our motivations are twofold:

(@) On the one hand, minimal surfaces and mean curvature flow in the Carnot group setting (and in particular in the
special case of the Heisenberg group) have been the subject of numerous papers in recent years, leading to partial
solutions of long-standing problems such as the Pansu conjecture’. Despite such advances little is known about
explicit construction of minimal surfaces. Since the asymptotic limit of graphical mean curvature flow provide
minimal surfaces in the Riemannian setting it is only natural to follow the same approach in the sub-Riemannian
setting. However this avenue runs into considerable (so far unsolved) technical difficulties due to the combined
effect of the degeneracy of the metric and the non-divergence form aspect of the relevant PDE. In the present
work we provide the basis for the construction of sub-Riemannian minimal graphs through the asymptotic behavior
as t — oo of solutions of the sub-Riemannian total variation flow. For previous work on a similar theme see the
work of Pauls [41] and Cheng, Hwang and Yang [14].

(b) A new class of image processing models based on the functionality of the visual cortex have been recently
introduced in Lie groups. With a generalization of the classical Bargmann transform studied by Folland (see [27])
which lifts a L? function to a new one, defined on the phase space, an image can be lifted to a Lie group with
a sub-Riemannian metric. The choice of the Lie group depends on the geometric property of the image to be
studied: in [18], and [23], [24] 2D images are lifted to surfaces in the Lie group of Euclidean motions of the plane
to study geometric properties of their level lines, in [25] cardiac images are lifted in the Heisenberg group to
study their deformations, in [4] moving images are lifted in the Galilei group. The image processing is performed
in these groups with algorithms expressed in terms of second order subelliptic differential equations. In particular
sub-Riemannian mean curvature flows or total variation flows can be applied to perform image completion or
impainting in this setting.

Our approach to the existence of global (in time) smooth solutions is based on a Riemannian approximation scheme: We
study graph solutions of the total variation flow in the Riemannian spaces (G, o) where G is a Carnot group and o is
a family of tame Riemannian metrics that ‘collapse’ as € — 0 to a sub-Riemannian metric gy in G. The main technical
novelties in the paper are a series of different a-priori estimates, which are stable as ¢ — 0:

(1) Heat kernel estimates for sub-Laplacians and their elliptic reqularizations (see Proposition 2.2). These estimates
are established in the setting of any Carnot group, with no restriction on the step, and provide a parabolic
counterpart to the time-independent estimates proved by two of the authors in [16].

(2) Uniform Schauder estimates for second order, non-divergence form subelliptic PDE and their elliptic regulariza-
tions (see Proposition 4.4). These estimates are established in the setting of any Carnot group, with no restriction
on the step.

(3) Interior gradient estimates for solutions of the total variation flow (see Proposition 3.2). These estimates are
established in the setting of any Carnot group, with no restriction on the step.

(4) Boundary gradient estimates for solutions of the total variation flow (see Proposition 3.4). These estimates are
established only in the setting of Carnot group of step two.

We remark that (3) and (4) can also be proved, with similar arguments, for solutions of the sub-elliptic mean curvature

2

flow?. We reiterate that the limitation to Carnot groups of step two in (4) is due to the fact that for step three and

1 See for instance [9, 10, 13-15, 21, 38, 41, 42, 46] and references therein
2 For more references on the sub-Riemannian mean curvature flow see [8, 12, 22, 36]
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higher there no known suitable barrier functions, or in other words, the class of known explicit minimal graphs is not
sufficiently large.
In order to state our results we need to introduce some notation.

1.1.  Carnot group structure

Let G be an analytic and simply connected Lie group with topological dimension n and such that its Lie algebra G
admits a stratification G = V' @ V2@ .. @ V', where [V, Vi]= VIt if j=1,...,r—1,and [VK,V']=0,k=1,...,r.
Such groups are called in [26, 28, 47] stratified nilpotent Lie groups. Set H(0) = V', and for any x € G we let
H(x) = xH(0) = span(Xj, ..., Xi)(x). The distribution x — H(x) is called the horizontal sub-bundle H.

The metric structure is given by assuming that one has a left invariant positive definite form gy defined in the sub-bundle

H. We fix a orthonormal horizontal frame Xj, ..., X, which we complete to a basis (Xi,..., X,) of G by choosing for
every k = 2,...,r a basis of V. If X; belongs to V4, then we will define its homogeneous degree as
d(i) = k. (1.1)

We will denote by xX = Y [, x.X; a generic element of G. Since the exponential map exp : G — G is a global
diffeomorphism we use exponential coordinates in G, and denote x = (xy,...,x,) the point exp (XX). We also set
Xt = (X1, ..., Xn). Define non-isotropic dilations as 6,(x) = (s9?x;), for s > 0.

We let Vo = (Xi,...,X,) denote the horizontal gradient operator. If ¢ € C=(G) we set Voo = Y I Xi$X; and
IVodl? = 1 (Xi).

We denote by (Xj,...,X,) (resp. (X{,...,X])) the left invariant (resp. right invariant) translation of the frames
(X1, ..., Xa)-

The vectors Xj, ..., X, and their commutators span all the Lie algebra G, and consequently verify Hormander's finite
rank condition ([32]). This allows to use the results from [40], and define a control distance dy .(x, y) associated with the
distribution X, ..., X, which is called the Carnot-Carathéodory metric (denote by d, o the corresponding right invariant
distance). We call the couple (G, do ) a Carnot Group.

We define a family of left invariant Riemannian metrics g, € > 0 in G by requesting that

(XS, X=Xt Xy €Xst - €X0}

is an orthonormal frame. We will denote by d. the corresponding distance functions, see definition in (2.2). Correspond-
ingly we use V,, (resp. VI) to denote the left (resp. right) invariant gradients. In particular, if ¢ € C*(G) we set

Vep =311 XfX7 and [Veo|? = 31 (Xf¢)”
We conclude by recalling the expression of the left invariant vector fields in exponential coordinates (see [43])

Xi=0i+ Z Z P{k(X)aj' (1.2)

k=d(i)+1 d(j)=k

where p{k(x) is an homogeneous polynomial of degree k — d(i) and depends only on x,, with d(1) < d(h) < k — d(i).

1.2. The total variation

The total variation flow is characterized by the fact that each point of the evolving surface graph moves in the direction
of the upward unit normal with speed equal to the mean curvature times the volume element. In the setting of the
approximating Riemannian metrics (G, g.) and in terms of the functions t — u(-, t) : Q C G — R describing the evolving
graphs, the relevant equation reads:

Oug : € €yE
oL =he=)_X > ay(Veu )X Xfu, (1.3)

i=1 i,j=1
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for x € Q and t > 0, with u(x,0) = ¢(x), h. is the mean curvature of the graph of u(-, t) and

. 1 &g
W2=1+|Veul =14+) (Xu)’ and a;;(8) = —=— |0 — — = |. (1.4)
> VIR TP
for all & € R", where | - | denotes the Euclidean norm in R".
In the sub-Riemannian limit e = 0 the equation reads
du u Xiu
o _ [ X ) (15)
ot ; '\/1 +|V0U|2)

for x € Q and t > 0, with u(x, 0) = ¢(x).
We will be concerned with uniform (in the parameter € as € — 0) estimates and with the asymptotic behavior of solutions
to the initial value problem for the mean curvature motion of graphs over bounded domains of a Carnot group G,

{awzm inQ=Qx(0,T) 16

Uc=¢ on 0d,0.

Here 9,0 = (Q x {t = 0}) U (9Q x (0, T)) denotes the parabolic boundary of Q.

Given appropriate hypothesis on the data, for instance convexity of Q) and ¢ twice continuously differentiable, the
classical parabolic theory yields local existence and uniqueness for smooth solutions u. of (1.6), see [34, Chapter 5].
However classical parabolic theory will only provide estimates involving constants that degenerate as € — 0 (in the
transition from parabolic to degenerate parabolic regime). Our main goal consists in proving stable estimates.

Our first result consists in showing that if the initial/boundary data is sufficiently smooth then the solutions of (1.6) are
Euclidean Lipschitz function up to the boundary uniformly in € > 0.

Theorem 1.1.

(Global gradient bounds) Let G be a Carnot group of step two, Q C G a bounded, open, convex’ set and ¢ € C?(Q).
For 1 > e > 0 denote by u. € C*(Q x (0, T)) N C'(Q x (0, T)) the non-negative unique solution of the initial value
problem (1.6). There exists C = C(G, ||¢|[c2q) > 0 such that

sup |Veu| < sup |[Viu <C, (1.7)
ax(0,7) ax(0,7)

where ¥V is the full o,—Riemannian gradient.

Remark 1.2.

The hypothesis of the Theorem above can be slightly weakened by asking that G is a step two Carnot group, ¢ € C%(Q),
Q C G bounded open set, but that 0Q be required to be convex in the Euclidean sense only in a neighborhood of its
characteristic locus £(9Q) and that its mean curvature h%* < —§ < 0 in 9Q \ Z(3Q).

Having established Lipschitz bounds, it is easy to show that the right derivatives X/u. of the solutions of (1.6) are
themselves solutions of (3.1), a divergence form, degenerate parabolic PDE whose weak solutions satisfy a Harnack
inequality (see [11] and Proposition 3.8 below). Consequently one obtains C''“ interior estimates for the solution u,

3 We say that a set Q C G is convex in the Euclidean sense if exp™'(Q) C G is convex in the Euclidean space G. In a
group of step two this condition is translation invariant.
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which are uniform in e > 0. At this point one rewrites the PDE in (1.6) in non-divergence form* of the total variation
flow equation diue = a;;(Veue) X Xfue and invokes the Schauder estimates in Proposition 4.4 to prove local higher
reqularity and long time existence. Since all the estimates are stable as € — 0 one immediately obtains smoothness
and the consequent global in time existence of the solution for the sub-Riemannian case € = 0.

Theorem 1.3.
In the hypothesis of Theorem 1.1 (or Remark 1.2) one has that there exists a unique solution u, € C*(Q x (0,00)) N
L>=((0, o), C1(Q)) of the initial value problem

Jiue=h, inQ=0Qx(0,00) (18)
Ue=¢ on 9,Q ’
and that for each k € N there exists C, = Ci(G, @, k,Q) > 0 not depending on € such that
[luellerg) < G (1.9)

Since the estimates are uniform in € and in time, and with respect to €, we will deduce the following corollary:

Corollary 1.4.

Under the assumptions of the Theorem 1.1, as € — 0 the solutions u. converge uniformly (with all its derivatives) on
compact subsets of Q to the unique, smooth solution uy € C*(Q x (0, 00)) N L=((0, 00), C'(Q)) of the sub-Riemannian
total variation flow (1.5) in Q x (0, 00) with initial data ¢.

Corollary 1.5.
Under the assumptions of Theorem 1.1, as t — oo the solutions u.(-, t) converge uniformly on compact subsets of Q to
the unique solution ii. of the minimal surface equation

he=0 inQ

with boundary value ¢, while i1y = lim._o i, € C*(Q) N Lip(Q) is the unique solution of the sub-Riemannian minimal
surfaces equation hy = 0 in Q, with boundary data ¢.

Acknowledgements The authors are grateful to the two anonymous referee for their careful reading of the manuscript
and for many useful suggestions. We also wish to thank Manuel Ritoré for his encouragement in this project.

2. Structure stability in the Riemannian limit

The Carnot-Carathéodory metric dy . is equivalent to a more explicitly defined pseudo-distance function, that we will
call (improperly) gauge distance, defined as

roomg

W =35 x|, and dolx, y) = |y 'xlc. 21)

k=1 i=1

* This is possible since for € > 0 the solutions u. are sufficiently smooth
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The ball-box theorem in [40] states that there exists A = A(G, dp) such that for each x € G,
A7 x|6 < do(x,0) < Alx|c.

If x € G and r > 0, we will denote by
B(x,r)={y € G| do(x,y) <r}

the balls in the gauge distance. For each € > 0 we also define the distance function d. corresponding to the Riemannian
metric o,

1
de(x,y) = inf{/ [V'|o.(s)ds with y 1 [0,1] = G a Lipschitz curve s. t. y(0) = x, y(1) = y}, (2.2)
0

where |-|,, denotes the norm with respect the Riemannian metric g, as well as the pseudo-distance dg (x, y) = Ne(y~"x)

with
NZ(x) = Y x?+min { S ey x,?}. (2.3)

d(i)=1 i=2 d(k)=i d(i)>2

Note that in the definition of d, if the curve for which the infimum is achieved happens to be horizontal then d.(x, y) =
do.cc(x, y). In general we have sup,.q de(x, y) = doc(x,y) and it is well known® that (G, d.) converges in the Gromov-
Hausdorff sense as € — 0 to the sub-Riemannian space (G, do.). The ball-box theorem in [40] and elementary
considerations yield that there exists A = A(G, gy) > 0 independent of € such that for all x,y € G

A dce(x,y) < dc(x,y) < Adge(x, y) (2.4)

(see for example [11]).

2.1. Stability of the homogenous structure as e — 0

If G is a Carnot group, d. is the distance function associated with o, we will denote
Be(x,r) = {y € Gld(x,y) < r}.

If we denote by dx the Lebesgue measure and by |Q| the corresponding measure of a subset Q, then Rea and two of
the authors have recently proved in [11] that

Proposition 2.1.
There is a constant C independent of € such that for every x € G and r > 0,

|Be(x,2r)] < C|Be(x, r)|.

Having this property the spaces (G, d., dx) are called homogenous with constant C > 0 independent of € (see [20]).

Let 7 > 0 and consider the space G = G x (0, 7) with its product Lebesgue measure dxdt. In G define the pseudo-
distance function

de((x, 1), (y, 5) = max(de(x, y), /]t = s|). (2.5)

Proposition 2.1 tells us that (G, d., dxdt) is a homogeneous space with constant independent of € > 0.

In the paper [11] it is also shown that a Poincaré inequality holds with a choice of a constant which is stable as ¢ — 0.
The stability of the homogenous space structure and of the constant in the Poincaré inequality are two of the key factors
in the proof of Proposition 3.8.

5> See for instance [30] and references therein
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2.2. Stability in the estimates of the Heat Kernel

The results in this section are of independent interest and concern uniform Gaussian estimates for the heat kernel
associated with elliptic reqularizations of the Carnot group sub-Laplacians. They will be used in this paper in connection
with the Schauder estimates and the higher regularity of the total variation flow. We will deal with non-divergence form
operators similar to those in (1.3), but with constant coefficients. More precisely we will consider the operator

Lea=0; — Z ayXEXF (2.6)

i,j=1

where A = (ajj)ij=1,..n is @ symmetric, real-valued n x n matrix, such that for some choice of constants A, G;, ¢; > 0 and
for all & € R" one has

1ZEZ+C1ZE <Za,,6,f,</\ZEZ+CzZE (27)
d(i)= d(i)>1 i,j=1 d(i)= d(i)>1

The constants G, G, A (independent of €) provide A—uniform coercivity of (2.6) in the horizontal directions. Formally,
in the sub-Riemannian limit € — 0 the equation becomes

La=0r—) ayXX. (2.8)

ij=1

In order to ensure that the operator L. 4 (resp. La) is uniformly elliptic (reps. subelliptic), we will assume that the matrix
A = (a;j) belongs to a set of the form

My ={A:Aisa symmetric n x n, real valued constant matrix, satisfying (2.7) for some choice of C; and G}

for some fixed A > 0.

Heat kernel estimates in Nilpotent groups are well known (see for instance [33] and references therein). We also refer
to [6] where a self contained proof is provided. In our work we will need estimates which are uniform in the variable €
as € — 0, in the same spirit as the results in [16]. We will denote "¢ a(x, t) the fundamental solution of (2.6), with matrix
(aij) in Mp, and [ 4(x, t) the fundamental solution of (2.8).

Proposition 2.2.
There exists constants Cy > 0 depending on G, gy, \ but independent of € such that for each e > 0, x € Gand t > 0
one has

—C de(xo|2 de(x 0)

Mealx, 1) < G (2.9)

|B(o\f)| IBO\f)I
For s € N and k—tuple (i1, ...,iy) € {1,...,n}* there exists C,, > 0 depending only on k,s, G, g, \ such that

 de(x,0)

@XE - oo, )] < G, prkz & (2.10)

€. Fea)(x, " .
o ! C B0 V)

for all x € G and t > 0. For any A1, A; € My, s € N and k—tuple (i, ..., i) € {1,...,m}* there exists C,x > 0
depending only on k, s, G, gy, \ such that

_ de(x0)
S s s e
105X, -+ Xi Ten ) (6 1) = (05X, -+ Xo Ten) (0 )] < [|A1 — Ag]| Gyt =52 BV’ (211)
where ||A|? := Zl/ ’ a2
Moreover, for s € N and k—tuple (iy, ..., i) € {1,...,m}k as € — 0 one has
Xy Xy, 0l ea = Xy - X, 071 4 (2.12)

uniformly on compact sets and in a dominated way on all G.

261

Brought to you by | Worcester Polytechnic Institute
Authenticated
Download Date | 2/28/18 8:51 PM



VERSITA

L. Capogna, G. Citti, M. Manfredini

The proof of our result is directly inspired by the proof in [16, Theorem 1.1}, where the time independent case was
studied by two of us, and where a general procedure was introduced for handling the dependence on e and obtaining
independent estimates in the sub-Laplacian case.

Let us consider the group G = G x G defined in terms of n new coordinates y € G, so that points of G will be denoted
X = (x,y). Denote by Y;,...,Y, a copy of the vectors X, ..., X,, defined in terms of new variables y. The vector fields
(X)) and (Y;) are defined in the product algebra G = G x G.

In G we will consider two different families of sub-Riemannian structures:

e A sub-Riemannian structure determined by the choice of horizontal vector fields given by

X0, X0 ) = (X, X Ya, L Y. (2.13)

The sub-Laplacian/heat operator associated with this structure is

m+n

Loa=0,—) ayX'X)=0,— Zal,xx Za,,w (2.14)

ij=1 ij=1 i,j=1

We complete the horizontal frame to a basis of the whole Lie algebra by adding the commutators of the vectors
(X)): (X1, ---X,). We denote the exponential coordinates of a point x around a point %y in terms of the full
frame through the coefficients (v2, w?) which are defined by

X =e ZVOX+ZWY—|—Z Xi | (%0)-

i=m+1

e For every € € [0,1) consider a sub-Riemannian structure determined by the choice of horizontal vector fields
given by
(X Ko = (X0, X Vi oo Yo Xt Vit XS o). (2.15)

The sub-Laplacian/heat operator associated with this structure is

Lea=0,— Za,jxx Zauw— Y ayX+ X+ Y)).

i,j=1 i,j=1 i>m or j>m

Analogously, the exponential coordinates associated with L. 4 will depend on the given horizontal frame (2.15)
and the family (X141, ... X,). The coordinates of a point x are the coefficients v{ and w; satisfying

n

x=e vax +Zw Y+ Z WEXE+ Y+ ) vEX ] (o). (2.16)

i=m+1 i=m+1

We denote by g4 and . 4 the heat kernels of the corresponding heat operators. In both structures we define associated
(pseudo)distance functions do(X, §) and d.(X, §) that are equivalent to those defined in (2.1) and that assign unit weight
to the corresponding horizontal vectors while (X411, ..., X;) will be weighted according to their degree d(i).

Definition 2.3.
For every € > 0 and X, % € G define

n

m m n
el o) = 3_Ivil+Q_Iwil+ 3 min (Jwil, Jwf["™0) + 3 _ w0,
i=1 i=1

i=m+1 i=m+1
For e =0 and x, Xy € G define
n
aO(XrS(O) — Z |WO|1/d(1) + |V |1/d(1
i=1

We will denote by B, and By the corresponding metric balls.
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Lemma 2.4.
There exists constants Cy > 0 depending on G, gy, \ but independent of € such that for each € > 0, x € Gandt>0
one has
P o defro?
Gl ——— <Tealx, ) < G\ (2.17)
" 1B, V) |B.(0, V1)

For s € N and k—tuple (i1, ..., i) €{1,...,n+ m}" there exists Csy > 0 depending only on k, s, G, gy, \ such that

5 ver w2 € ag&?)z
(O3 X5 -+ X Tea)(x, )] < Coxt ™ 1.0,V (2.18)
for all x € G and t > 0. Moreover, for s € N and k—tuple (i1,...,ix) € {1,...,m}* as e — 0 one has
Xe - KT on— X0 X000 4 (219)
uniformly on compact sets, in a dominated way on all G.
Proof. In order to estimate the fundamental solution of the operators .4 in terms of Ly, we define a volume

preserving change of variables on the Lie algebra and on G: Define a Lie algebra automorphism F, : G — G as
Fe(x) = exp(Tc(log(x)) with
T(X?) = X fori=1,....,m+n.

By definition the relation between the distances dy and d. is expressed by the formula

Q

de(%, %0) = do(Fe(%), Fe(%0)). (2.20)

Analogously we also have
Cea(x, t) = Toa(Fe(x), 1), (2.21)

X eal%, t) = XiFoa(Fe(%), 1), fori=1,---,m

and
(XF 4+ YO ea(x, t) = Yiloa(Fe(x), 1), fori=m+1,--- ,n,

with similar identities holding for the iterated derivatives.

In view of the latter, assertions (2.17) and (2.18) immediately follow from the well known estimates of [ 4 (see for instance
the references cited above or [6, Theorem 2.5]). The pointwise convergence (2.19) is also an immediate consequence
of (2.20) and (2.21). In order to prove the dominated convergence result we need to relate the distances dy and d.:

Expressing the exponential coordinates v¢, wf in terms of v?, w? one easily obtains

m n

delx,50) = (14wl + 3 (199 = ew?] 0 winjuf], w0
i=1 i=m+1
so that for all® x,% € G
do(X, o) — Go < dc(X, %) < do(%, %) + Co (2.22)
where G is independent of . The latter and (2.18) imply dominated convergence on G. O

6 This estimate indicates the well-known fact that at large scale the Riemannian approximating distances are equivalent
to the sub-Riemannian distance
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Lemma 2.5.
Fors € N and k—tuple (i, ..., i) € {1,..., m}k there exists Cs; > 0 depending only on k, s, G, gy, \ but independent
of € such that for each Ay, Ay € My, € >0, x € G and t > 0 one has

_ de(x0)
S Y E YET < S VE YET < —5— e N
[(OFXE -+ X Tea ) (%, t) = (97XE - XETe ) (%, )] < [|A1 — Ag|| Gt k/2m~ (2.23)

Proof.  In view of (2.20) and (2.21) it is sufficient to establish the result for [, and [ga4,, thus eliminating the
dependence on e.

Although the vector fields X2, i = 1,...,m + n are not free, we can invoke the Rothschild and Stein lifting theorem [43]
and lift them to a new family of free vector fields in a free Carnot group. For the sake of simplicity we will continue to
use the same notation X?, i = 1,...,m + n to denote such family of free vector fields. To recover the desired estimate
(2.23) for the original vector fields one needs to argue through projections down to the original space, exactly as done
in [40] and [16]. A standard argument (see for instance [6, Theorem A)) yields that for every A € M, if we set A as in
(2.14) then there exists a Lie group authomorphism F4 such that

(> _(A"),XP)(u o Fa) = (X;u) © Fa,

j=1

and
I;O,A()_(r t) = |detA”2|Fo,,(FA()'<), t)

where | denotes the identity matrix. The authomorphism Fj is defined by

m+n

Fa(x) = exp(Ta(log(x)), with Ta(X?) = Z(A1/2),-,-)'<,° fori=1,...,m

J=1

and is extended to the whole Lie algebra as morphism (see the Appendix for more details). As in (2.16), we denote by
(vi, w;) the canonical coordinates of Fy, (X) around Fy, (), then the Mean Value Theorem yields

(X0 -+ KT (Fay (%), ) = (@3X0 - XOT)(Fay (%), 1) = D (viXe + wiY)(@; XD - X0 T1)(g, 1).
i=1

By the result in the Appendix, the operators v;.X; + w;Y; are zero order differential operators whose coefficients can be
estimated by [|A; — Az||. The conclusion follows by virtue of Proposition 4.5. O

We conclude this section with the proof of the main result Proposition 2.2.

Proof of Proposition 2.2. From the definition of fundamental solution we have that
Foalx, t) = / Foallx,y). t)dy, and  Fealx, 1) = / Ceallx y), t)dy,
G G

for any x € G and t > 0. In view of the (global) dominated convergence of the derivatives of I'. 4 to the corresponding
derivatives of [ as € — 0, we deduce that

j Foalle, y), )dy — / Foal(x, y). 1)dy
G G
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as € — 0. The Gaussian estimates of [ 4 follow from the corresponding estimates on .4 and the fact that in view
of (2.22),

de((x, y), (X0, yo)) > do((x, y), (x0, yo)) — Co > do(x, x0) + do(y, yo) — Co > de(x, X0) + de(y, yo) — 3Co.

Indeed the latter shows that there exists a constant C > 0 depending only on G, gy such that for every x € G,
zx, L(x0. gx,x gu gx,x
/ efdg(( :00-%0) dy < Ceid x0) / e*d (9:0) dy < Cefd (t 0).
G G

The conclusion follows at once. O

3. Gradient estimates

In this section we prove Theorem 1.1. The proof is carried out in two steps: First we use the maximum principle to
establish interior L bounds for the full gradient of the solution ¥V u of (1.6) with respect to the Lipschitz norm of v on
the parabolic boundary. Next, we construct appropriate barriers and invoke the comparison principle established in [8]
to prove boundary gradient estimates. The combination of the two will yield the uniform global L* gradient bounds.

3.1. Interior gradient estimates

In order to prove L* bounds on the horizontal gradient of solutions of (1.6) one cannot differentiate equation (1.3) with
respect to the left inariant frame, because these vector fields do not commute. On the other hand the right invariant
vector fields XI-’ commute with the left invariant frame X;, i = 1,...,n. Hence it is easy to show through a direct
computation the following result.

Lemma 3.1.
Let u. € C3(Q) be a solution to (1.3) and denote vy = d;u, v = X/u for i = i,...,n. Then for every h =0,...,n one
has that v, is a solution of

v = Xf(aipXivp) = ayi(V eu) XEX v + 0g 0y (V et) XEXFue Xivi, (3.1
where a;; is defined in (1.4).

From here we can deduce the following

Proposition 3.2.
Let u. € C*(Q) be a solution to (1.6) with Q bounded. There exists C = C(G, ||¢||c2q) > 0 such that for every compact
subset K CC Q one has

sup |Vqu| < Csup(|Vqul| + |0:ul),
Kx[0.7) 30

where V4 is the full oy—Riemannian gradient.

Proof.  The proof is similar to the argument in [8, Proposition 5.1]. By lemma 3.1 any right derivative X/u of u is
solution of equation (3.1). By the weak maximum principle applied to (3.1) we obtain

sup [ X{ul < sup |X[u| < sup(|Vqul + [0:ul), (32)
Kx[0.T) 30 %»Q

since the right hand side contains a complete basis of the Riemannian tangent space. Again using the fact that the left

invariant basis of vector fields can be expressed in terms of the right invarian one, we obtain:

n

sup |Viu| < C sup Z [X[u| < Csup(|Vqu| + |0:ul).
9,0

Kx[0,T) Kx[0,7) 7
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3.2. Linear barrier functions

In [8, Section 4.2] it is shown that, in a step two Carnot group, coordinate hyperplanes (i.e. images under the exponential
of level sets of the form x, = 0) solve the minimal surface equation hg = 0. In the same paper it is also shown that this
may fail for step three or higher. In the construction of the barrier function we will need the following slight refinement
of this result,

Lemma 3.3.
Let G be a step two Carnot group. If f : G — R is linear (in exponential coordinates) then for every € > 0, the matrix
with entries X XF1 is anti-symmetric, in particular every level set of f satisfies h. = 0.

Proof.  We need to show that for f(x) =Y i, aix;,

{5, = XX Y xexer — o 33

,-,-Z:1 ij — T VAR T (33)

We recall the expression (1.2) for the vector fields X;, d(i) = 1 in terms of exponential coordinates X; = d, +

Zd(j):1,d(h):2 c{;x,axh. The Campbell-Hausdorff formula implies the anti-symmetry relation CZ = —c;'i. It is immediate to
observe that, if d(k) = 2 one has

Xi(xe) = Z cix;, and XiX(x) = cf, for d(i) = d(j) =1, (3.9)

d(j)=1

if either d(i) = 2 or d(j) = 2 it is easy to check X X[ (xc) =0 for all k =1,...,n. Since (5,7 — é’glfvx’efIZ) is symmetric
in i, j it follows that
t “ XEEXEf
_ t / €ye _
(P ELpE (‘5"’ EENZ 9

O

3.3. Boundary gradient estimates

We say that a set Q C G is convex in the Euclidean sense if exp™'(Q) C G is convex in the Euclidean space G. In a
group of step two this condition is translation invariant.

Proposition 3.4.

Let G be a Carnot group of step two, Q C G a bounded, open, convex (in the Euclidean sense) set and ¢ € C?(Q). For
€ > 0 denote by u, € C*(Q x (0, T))N C'(Q x (0, T)) the non-negative unique solution of the initial value problem (1.6).
There exists C = C(G, ||¢||c2(q)) > 0 such that

sup |Veue| < sup |Viu < C. (3.6)
a0 x(0,T) 00x(0,T)

We start by recalling an immediate consequence of the proof of [8, Theorem 3.3].

Lemma 3.5.
For each € > 0, if U, is a bounded subsolution and V, is a bounded supersolution of (1.6) then U.(x,t) < V.(x,t) for
all (x,t) € 0.

266

Brought to you by | Worcester Polytechnic Institute
Authenticated
Download Date | 2/28/18 8:51 PM



Uniform Gaussian Bounds and Total Variation Flow VERSITA

Let u. € C?(Q) be a solution of (1.6), and express the evolution PDE in non-divergence form

Qe =he=) ay(Veu)X Xfu,. (37)

ij=1

Set v = u. — ¢ so that v, solves the homogenous 'boundary’ value problem
O0tve = 0ij(VeVe + V@) XEXfve + b in Q=Qx (0, 7)

j (38)
ve=0 on 0,0,

with b¢(x) = aie(Veve(x) + Ve(x)) X7 XF @(x). We define our (weakly) parabolic operator for which the function v, is a
solution
Qv) = a;j(Veve + Vep)XEX ve + b — 0,v. (3.9)

In the following we construct for each point pg = (xo, to) € 9Q x (0, T) a barrier function for Q, v.: i.e,
Lemma 3.6.

Let G be a Carnot group of step two and Q) C G convex in the Euclidean sense. For each point py = (xo, ty) € 0Qx (0, T)
one can construct a positive function w € C?(Q) such that

Q(w) <0 in VN Q with V a parabolic neighborhood of py, (3.10)
w(po) =0 and w > v in 3,V N Q.

Proof.  In the hypothesis that Q is convex in the Euclidean sense we have that every xo € dQ supports a tangent
hyperplane P defined by an equation of the form MN(x) = Y 7, a;x; = 0 with 1 > 0 in Q, M(x) = 0, and normalized
as Zd([):u a? = 1. Following the standard argument (see for instance [35, Chapter 10]) we select the barrier at
(x0, to) € 9Q x (0, T) independent of time with

w = ®(N) (3.11)
with ® solution of
" + v(9')2 =0, (3.12)
in particular
d(s) = 1; log(1 + ks), (3.13)

with k and v chosen appropriately so that conditions (3.10) will hold. We choose a neighborhood V = O x (0, T) such
that PN O NaQ = {x}. By an appropriate choice of k sufficiently large we can easily obtain w,(pg) = 0 and w, >
Ve in 0,V N Q.

To verify Q(w,) < 0 we begin by observing that w satisfies

"

[)
Qw) = ¥ a;(Vew + Vep) XX T+ W}' + be, (3.14)

with F = a;{(Vew + V€<p)Xfw)(fw.
We will show:

a;j(Vew + V@) XX <0 (Claim 1)
q)ll .
@]—' +b.<0 (Claim 2)
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in a parabolic neighborhood of py.
The first claim holds with an equality as a;; is symmetric and XfX(T1 is anti-symmetric in view of Lemma 3.3. To
establish (Claim 2) we first note that Lemma 3.3 implies

%s Za,,e Y a) <[V =

d(i)= d(k)=1

2
= Z (ai+ Z c! akx/) + € Z ai < C(G)(1+ €%,

d(i)=1 d(k)=2,d(j)=1 d(k)=2

for some constant C(G) > 0. Consequently, for ' >> 1 sufficiently large one finds

|Vewl?
1+ + [VepP)n

2
|Vew| > C(G)

> C(G)e*> > 0, 3.15
20+ [Vew + Vel = (G)e” > (3.15)

with C(G) > 0 a constant depending only on G (not always the same along the chain of inequalities). In view of the
definition of b, and (3.12) with an appropriate choice of v = v(G, €, ¢) > 0 and k = k(G, ¢) >> 1 in (3.13), we conclude

s F +be < ( - +v)]-' 0. (3.16)
(®)? (@)
O
In view of Lemma 3.5, a comparison with the barrier constructed above yields that
vebot) o wbot) gy (3.17)

= disty, (x,x0) T disty (x, x0)

in V' N Q, with dist, (x, xo) being the distance between x and xp in the Riemannian metric 0y, concluding the proof of
the boundary gradient estimates.

The proof of Theorem 1.1 now follows immediately from Proposition 3.2 and Proposition 3.4.

Having established uniform global Lipschitz bounds one now notes that equation (3.1) satisfies horizontal coercivity
conditions uniformly in € > 0. Such conditions are among the main hypothesis of the Harnack inequality in [11]. In
this paper, G. Rea and two of the authors have proved that given a homogenous structure and a Poincaré inequality,
then a sub-elliptic analogue of Aronson and Serrin's Harnack inequality [3] for quasilinear parabolic equations holds.
As a consequence one obtains for some a € (0, 1) that the solutions u, to (1.6) satisfy C'* Hélder estimates, uniform
ineec(0,1).

Definition 3.7.
Let 0 < a <1, Q C R™" and u be defined on Q. We say that u € CZ,(Q) if there exists a positive constant M such
that for every (x, t), (xo, to) € Q

lu(x, t) — u(xo, to)] < Md®((x, t), (xo, to))- (3.18)
We put
lollcryo = sup abufzuboldl g,p
t)#o.t0)  dZ((x, 1), (X0, o)) 0
Iterating this definition, if k > 1 we say that v € Cek,')‘(’(Q) ifforalli=1,...,m Xu € Ck 1‘I(Q), where we have set

Cex(Q) = Cx(Q).
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Corollary 3.8.
(Interior Cj('a estimates) In the hypothesis of the previous results, letting K be a compact set K CC Q, there exist
constants a € (0,1) and C = C(K, a) > 0 such that for all i =1, ..., n one has that v = Xfu satisfies

IVIlce ) + IV evllizp) < C,

uniformly in e € (0,1).

4. Regularity properties in the Ck spaces

In this section we will prove uniform estimates for solution of (1.3) in the Cek)‘(’ Hélder spaces. This is accomplished by
using the uniform Gaussian bounds established in Section 2.2 to develop new uniform Schauder estimates for solutions
of second order sub-elliptic differential equations in non divergence form

Leu=0u—) aj(x, )X Xfu=0
ij=1

in a cylinder Q = Q x (0, T) that are stable as € — 0 As usual we will make use of the associated linear, constant
coefficient frozen operator:

n
Le(xo,to) U = Ortt — Z ag(xo, o)X X u,
ij=1
where (xg, tp) € Q.

As a direct consequence of the definition of fundamental solution one has the following representation formula

Lemma 4.1.
Let w be a smooth solution to L.w = f in Q C. For every ¢ € C§°(0Q),

(we)(x, 1) = /(grfm,,o)((x, 1), (4, T (Leo.to) = Le) (W D)y, T)dyd T+ (4.1)

+/Qrfx0,to)((x, 0, (g, (o +wlep+2)  aly, )X wX/)(y, )dydr,
ij=1

where we have denoted by r(f «, the heat kernel for of L¢ ;,1)-
x0.10) X0 fo

We explicitly note that for € > 0 fixed the operator L., ) is uniformly parabolic. Its heat kernel can be studied through
standard singular integrals theory in the corresponding Riemannian balls. Hence, as noted in [29, Chapter 4], one is
allowed to differentiate twice the kernels defined in (4.1) with respect to any right or left invariant vector field.

Proposition 4.2.

Let 0 < a < 1 and w be a smooth solution of L.w = f € C2y(Q) in the cylinder Q. Let K be a compact sets such
that K CC Q, set 20 = do(K, 0,Q) and denote by K5 the d—tubular neighborhood of K. Assume that there exists a
constant C > 0 such that for every € € (0,1)

llaglce ikp < C-

There exists a constant C; > 0 depending on 0, a, C and the constants in Proposition 2.2 such that

Wllezg < G (I1Fllceyin + Wllcrgi)
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Proof.  The proof follows the outline of the standard case, as in [29, Theorem 4, Chapter 3], and rests cru-
cially on the Gaussian estimates proved in Proposition 2.2, and the fact that the functions (Le,(xo,to) - Le) (w ¢), and
(f¢p+wlegp+ ZGUXIEWXEQ[)) are Holder continuous.

Choose a parabolic sphere” B.; CC K where d > 0 will be fixed later and a cut-off function ¢ € C$°(R"*") identically 1
on B 52 and compactly supported in B 5. This clearly implies that for some constant C > 0 depending only on G and gy,
|[Vep| < Co7', |L¢¢p| < €672, in Q. Next, invoking (4.1) one has that for every multi-index / = (i1, i) € {1,..., m}?

and for every (xo, ty) € Be,s
X X5 (we)(xo, to) = / XEXET (01 (0 T oto) (Leso.to) — Le) (W D)y, T)dyd T+ (4.2)

/Xfx [ (9, ) | F + wi ¢+ZZ¢7UXwa€¢ (y, T)dydr.
ij=1

The uniform Hélder continuity of af;, with Proposition 2.2 and Lemma 2.5 yield

de(xg.9)?
€ yere € yere C o ( t()) Te C/\'(T yfgj
|X X r(x t) (X' t),(y,T)) X X r(xo to)((Xo' t()),(y,T))l < de((x' t)'(XO'tO |B 0 \/TTtO |

with C > 0 independent of €. In view of the latter, using basic singular integral properties (see [26, Theorem 6.1]) and
proceeding as in [29, Theorem 2, Chapter 4], we obtain

| [ XeXET il (00 DML = L) 8y, Dy

< C1H(Le — Le o t0)

(4.3)

oy (Bes)

=Gy ||, to) = af() X X (w )]
ij

ng e.5)

oy (Beg)

~1 6a||al€j||cg)((5€,6)||w¢||C€2")C(((Bev6)'

where G, and C} are stable as € — 0. Similarly, if ¢ is fixed, the Holder norm of the second term in the representation
formula (4.2) is bounded by

I j XEXET b i (bx0n o), (4, D) (Fbly, ) + willy, 1) + 205X wX( §) dyd

oy (Be.s)

< G (IMllzyn + 5 Wtz |- (4.4

From (4.2), (4.3) and (4.4) we deduce that

||W¢||CZH(B(5) > CZ 6a||W¢||C2“(B(S) +G (Hf”CGX(Ka) + o |W||C1“

52 | (Ks)

Choosing 0 sufficiently small we prove the assertion on the fixed sphere B.s. The conclusion follows from a standard
covering argument.

O

7 That is a sphere in the group G = G x R in the pseudo-metric d. defined in (2.5).

270

Brought to you by | Worcester Polytechnic Institute
Authenticated
Download Date | 2/28/18 8:51 PM



Uniform Gaussian Bounds and Total Variation Flow VERSITA

The Holder estimate of the second order derivative of a solution u obtained in the previous lemma, are a direct general-
ization of the analogous procedure in the Euclidean setting. In that classical case any derivative v = 9;u is a solution of
a second order equation, so that the Holder estimates of the second order derivatives of v provide an estimate of the third
order derivatives of the solution u, and so on. As we noted at the beginning of Section 3.1, in our setting the vector fields
do not commute, and the gradient of the solution is not a solution of a new second order differential equation, expressed
solely in terms of left invariant vector fields. Even the method of differentiating along right invariant derivatives, as we
did in Section 3.1, does not work here. In fact in this instance we are not evaluating the full Riemannian gradient, but
only the left derivatives belonging in the first layer, which can not be represented in terms of right derivatives lying
in the first layer. These difficulties call for a different technique to establish higher order estimates for solutions. We
observe that a new representation formula for derivatives of any order can be derived directly from (4.1). Specifically,
differentiating the representation formula (4.1) yields

Lemma 4.3.
Let w be a smooth solution to L.w = f in Q C. For every ¢ € C°(Q), for any k—tuple (ir, ..., i) € {1,...,m}¥,

X5 XE (wo)(x, 1) = [O Ca (0 0 (g, 7)) @l = a0, 1)) X5 -+ Xe XEXS (w @)y, T)dyd T
+ / [o0((% 1), (4, 7)) Bw ¢)(y, T)dydT
Q

+ /O Moo (06 0 (6, TDXS - X (Foly, 7) + whegly, 1) +2 Y afXewX(g)dydr,

i,j=1
where B is a differential operator of order k + 1, depending on horizontal derivatives of af/- of order at most k, such that

X X (Lepoi — L) = Y (afj — a5 (x, to))x,.j XEXEXE + B
i,j=1

Consequently, applying to this representation formula the same procedure as in Lemma 4.2 we obtain

Proposition 4.4.
Let w be a smooth solution of Lw = f on Q. Let K be a compact sets such that K CC Q, set 20 = do(K,9,Q) and
denote by Ks the 0—tubular neighborhood of K.Assume that there exists a constant C > 0 such that

<C,

||at'ej||C:')‘(7(K6) >

for any € € (0,1). There exists a constant C; > 0 depending on a, C, 0, and the constants in Proposition 2.2, but
independent of €, such that

||W||C:;2'°(K) <G (||f||cgk'v)‘(’(/<6) + ||W||C:;1'U(K5)) .

Proof of Theorem 1.3. We will prove by induction that for every k € N and for every compact set K CC Q there
exists a positive constant C such that
||u€||cek'v)‘(’(l<) <C, (45)

for every € > 0. The assertion is true if k = 2, by Corollary 3.8 and Proposition 4.2. If (4.5) is true for k + 1, then
the coefficients in (1.3) satisfy af; € Cek)? uniformly as € € (0,1) and (4.5) thus holds at the level k + 2 by virtue of
Proposition 4.4. O
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Appendix

Let us assume that G is a free nilpotent Lie group, and let G = V' @ ... @ V" be its associated Lie algebra. Denote by
Xi,..., X a basis of the first layer of the Lie algebra. and by X,11,..., X, a list of vectors which complete a basis
of the tangent space. If u(x) is an homogeneous polynomial of order p and X is a differential operator of degree g we
will call u(x)X differential operator of degree g — p. If a;; = (A); is a real valued, constant coefficient, m x m positive
definite matrix , one can define a Lie algebra automorphism

Ta: V= VY with Ta(X) =) a;X;
j=1

for every i =1,...,m and extend it to the whole Lie algebra as a morphism

m

TalXe, Xj] = [Ta(X0), Ta(X))] = Z aina e[ X, Xi]-

h,k=1

Note that T4 can be represented as a block matrix A = A; @ A;--- @ A,, with A; = A and where the block A;j act on
vectors of degree j, and its coefficients are polynomial of order j of the coefficients of A;. In particular T4(X) and X
have the same degree. Via the exponential map T, induces a group automorphism on the whole group

Fa: G — G, defined by Fa(x) = exp(Ta(log(x)).

In terms of exponential coordinates (around the origin)

n

x = exp()_viXi)(0) (A1)

i=1

one has

Falx) = exp(Q_viTalX))(0) = exp(_ »_ wi(A);X))(0),
i=1 s=1 d(i)=d(j)=s
where d(i) denotes the homogenous degree defined as in (1.1). Since v;X; is a zero order homogeneous operator then
also v; T4(X;) is a differential operator of order zero.

Proposition 4.5.
Let (w;)i=1,..n denote the canonical coordinates of Fa(x) around Fg(x), and (v;)j=1,.., the coordinates of x around 0,

as in (A1). There exists M € N depending only on the group structure; constants c1, ..., cy depending only on the

group structure; zero-order differential operators Yy, ..., Ya depending only on the group structure, on the coefficients
(vj)j=1,..n and their derivatives along vector fields up to order r — 1 (but independent on A and B), and a constant
C = C(||All.11B]]. G) > 0 such that

’

n M
Y wiXi=) ¥ and|c| < ClIA=B|| for[=1,...,M. (A2)
i=1 =1

Proof. By definition

n

D wiXp =D viTalX)* (=) viTs(X)
j=1 i=1

i=1
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where x is the Baker-Campbell-Hausdorff operation (see for instance [43] and references therein). This formula allows
to represent the left-hand side as a finite® sum of terms involving commutators (up to order r) of the two terms on the
right-hand side. Let us consider separately the terms in this representation starting with those involving no commutators,

S uTaX) -y wlsX)=Y > Vz((As)ij - (Bs)fj)Xj'
i=1 i=1

s=1 d(i)=d(j)=s

ie.

Clearly this expression is in the same form as (A2). Next we consider the second term in the Baker-Campbell-Hausdorff
sum, i.e. that involving commutators of the form

D whY_wTsl=Y_ Y (ABu[wXwx] =
i=1 h=1

ps=1d()=d(j)=d(h)=d(k)=s

(A5 Bk = (Apdas(Bo)i ) [ v ]

N —

p.s=1d(i)=d(j)=d(h)=d(k}=s
It is evident that the coefficients of the commutators above are Lipschitz functions of A and B, vanishing for A = B, and
consequently the whole sum satisfies (A2). To conclude the proof we note that all further terms of the Baker-Campbell-
Hausdorff sum involve operators as in (A2) and zero order operators of the form Y7, v; Ta(X:) or — Y I, v; Tg(X;). Such
commutators give rise to differential operators of zero order whose coefficients are polynomials in A and B and vanish
when A = B. O
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