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ABSTRACT

Slovenia became an independent republic with its own constitution passed on December
23, 1991. The important step that led to the independence of Slovenia was the December
1990 plebiscite. It was at this plebiscite that the citizens of Slovenia voted for a sovereign
and independent state. A public survey called Slovenian Public Opinion (SPO) survey was
taken by the government of Slovenia for the plebiscite. The plebiscite counted ‘YES voters’
only those voters who attended and who voted for independence. Non-voters were counted as
‘NO voters’ and ‘Don’t Know’ survey responses that could be thought of as missing data that
was treated as ‘YES’ or ‘NO’. Analysis of survey data is done using non-parametric fitting
procedure, Bayesian ignorable nonresponse model and Bayesian nonignorable nonresponse
model. Finally, a sensitivity analysis is conducted with respect to the different values of a
prior parameter. ‘'he amazing estimates of the eventual plebiscite outcome show the validity
our underlying models.



1 Introduction

Handling ‘Don’t Know’ in the analysis of survey data is an an extremely important topic
In many areas of Social Sciences, Medicine, Epidemiology, Engineering and other Natural
Sciences. In this project we focus on a case of Slovenian Plebiscite. The Slovenian Public
Opinion (SPO) Survey of November /December 1990 was used by the Government of Slovenia
to prepare for the plebiscite. The plebiscite counted ‘YES voters’ only those voters who at-
tended and who voted for independence. Non-voters were counted as ‘NO voters’ and ‘Don’t
Know’ survey responses that could be thought of as missing data that must be treated as
‘YES' or ‘NO”.

The entire Slovenian population is 2.00 million with 1.46 million eligible voters; more
than 1.28 million voted for independence from Yugoslavia. To prepare for the results of
the plebiscite, the Slovenian government collected data on its possible outcome by inserting
questions into an administration of the SPO survey. The SPO survey which was carried
out 4 weeks prior to the plebiscite, is a face-to-face survey with a standard three-stage (Yes,
No, ‘Don’t Know’) item. The number of participants were 2085 Slovenians in 139 randomly
chosen primary sampling units of similar size with 3 secondary sampling units per primary
sampling unit, and 5 individuals within each secondary sampling units.

Although the SPO survey asked questions about many aspects of Slovenian life as well
as a number of questions about independence and constitution, we will focus on the three
questions concerning the plebiscite.

1. Are you in favor of Slovenian’s secession from Yugoslavia?
2. Will you attend plebiscite?

3. Are you in favor of Slovenian independence?

The answers were recorded as Yes, No, or Don’t Know (DK). The results of 2074 re-
sponses on these three questions are given in Table 1.

A common parameter of interest is the proportion 8 of the population planning to attend
and vote in favor of independence. The true value of ¢ is .885.

The overview of the sections are as follows. Section 2 will use non-parametric fitting
procedure to count these 'Don’t Know Cases’ as ‘Yes’ or ‘No’. In sections 3 and 4, we
will analyze the estimate using ignorable nonresponse model and nonignorable nonresponse
model respectively. Sensitivity analysis of the estimate with respect to prior parameter will
be discussed in section 5. Finally, overall conclusion, references and the R-code will follow



Table 1: The available Case

Independence

Secession Attendance | Yes No Don’t Know
Yes (1191 8 21

Yes No 8 0 4

Don’'t Know | 107 3 9

Yes 158 68 29

No No 7 14 3

Don’t Know 18 43 31

' Yes 90 2 109

Don’t Know No 1 2 25

Don’t Know | 19 8 96

the analysis sections.



2 Non-Parametric Estimates

In this section we will use the sample data, from 2074 responses, to estimate the propor-
tion 6, taking into account of the Don’t Know (DK) responses. This is a Missing at Random
{(MAR) non-parametric model.

We take the whole available case of Secession, Attendance and Independence that have
value of ‘Yes’, ‘No’ and ‘DK’. For the sake of analysis, we will denote these cells occupied by
this model as Y/N/D. Thus, we will have 3*3*3=27 cells in total. The ordering is always as
SATI where S stands for Succession, A for Attendance, and I for Independence. The following
table shows the places of these cells.

Table 2: Cells for available case in terms of Y/N/D

Independence
Secession Attendance | Yes No DK
Yes | YYY(a;) YYN(ay) YYD
Yes No YNY(az) YNN(ay) YND
DK YDY YDN YDD
' Yes ‘NYY(as) NYN(ag) NYD
No No NNY(a;) NNN(ag) NND
DK NDY NDN NDD

' Yes | DYY DYN DYD
DK No DNY DNN DND
DK DDY DDN DDD

The approach we will take to estimate # is by accommodating the DK responses in a
proportionate manner to the complete case where all (Secession, Attendance and Indepen-
dence) responses are either Yes or No.

We categorize the the whole available array into the complete array (that contains Y/N
only responses) denoted by a,..ag, and other arrays that contain DK elements. These arrays
are conveniently written in the following subsequent tables.

o



2.1 The Complete Array

As mentioned before, we denote the complete array, i.e. the YYY, YYN, YNY, YNN, NYY,
NYN, NNY, NNN values of the available array by a;..ag respectively. Thus the complete
array can be written in a simplified form as given in Table 3.

Table 3: The Complete Array Formula

Independence
Secession Attendance | Yes No
Yes Yes ay Q2
No a3 a4
No Yes as Qg
No a7 ag

1454

Using the values of (ay, az, a3, a4, as, as, a7, 2¢) = (1191, 8, 8, 0, 158, 68, 7, 14) respec-
tively, the complete array can be written in terms of the values as :

Table 4: The Complete Array values

Independence
Secession  Attendance | Yes No
Yes Yes 1191 8
No 8 0]
No Yes 158 68
No 7 14

1454




2.2 Allocating the Independence DKs

Our first other array is the Don’t Know array associated with the Independence variable.
The cells associated in the available array are (YYD, YND, NYD, NND), and has the values
of (21, 4, 29, 3) respectively. Our goal is to take each of these cells and allocate in terms
of cells that contain only Y/N. For instance the value of the cell in YYD need to be filled
in proportion to their weights in YYY and YYN. Thus value of YYD can be allocated as
YYyY YY

((YYY+YYN)’ 1YYY+)1‘\"Y_N)) *YYD.

In other words, using the non-parametric fitting procedure, we need to impute the ele-
ments given the Independence DK values (21, 4, 29, 3) as shown in the table below.

The formula for imputing is given below:

_Table 5: Formula for allocating the Independence DKs

Independence
Secession Attendance Yes No | DK
Yes Yes (a._:}{-la_g) % 21 m‘}fa x21 | 21
No ﬁ?m %4 (a—s‘:‘}m *4 4
No Yes Gﬁ5a—6) * 29 ﬁa—‘ﬂ x*29 | 29
No @rtag) *3  Grrag *S| 3
] 57

Using the values of a,..as, we get after simplification the following table:

Table 6: Values of the independence DKs

Independence
Secession Attendance | Yes No | DK
Yes Yes 21 0] 21
No 4 0 4
No Yes 20 91 29
No 1 2 3
57

We could use similar techniques to populate other tables that follow.



2.3 Allocating the Attendance DKs

Using the non-parametric fitting procedure, we impute these unknown values as given in the

following table.

Table 7: Formula for allocating the Attendance DKs

Independence
Secession Attendance Yes No | DK
Yes Yes —-—1—( al‘fma) * 107 —2—(32}%) * 3
aa i
No {a1+e3) * 107 {az+aq) *3
DK 107 31110
No Yes ﬁa—” * 18 @E:Ts) * 43
No (as+a7) * 18 (as+as) 43
DK 18 43| 61
171

Using the values of a,..as, we get after simplification the following table:

Table 8: Values of the Attendance DKs

Yes

No

Independence
“Secession Attendance | Yes No | DK
Yes 106 3
No 1 0
DK 107 3110
Yes 17 36
No 1 7
DK 18 43| 61
171




2.4 Allocating the Secession DKs

Using the non-parametric fitting procedure, we impute these unknown values as given in the

following table.

Table 9: Formula for allocating the Secession DKs

Independence
Secession  Attendance Yes No | DK
Yes Yes (mﬁjas) * 90 (a;faﬁ) *
No (a;fa?) *1 (04?:'18) *2
No Yes k90 D
No (aa?lfa?) *1 (a;jfaa) *2
DK Yes 90 2
No 1 2
95

Using the values of a,..ag, we get after simplification the following table:

Table 10: Values of the Secession DKs

Independence
Secession Attendance | Yes No | DK
Yes Yes 79 0 B
No 1 0
No Yes 11 2
No 0 2
‘DK Yes 80 2
No 1 2
. 95




2.5 Allocating the Attendance-Independence DKs

Using the non-parametric fitting procedure, we impute these unknown values as given in the
following table.

Table 11: Formula for allocating the Attendance-Independence DKs

Independence
Secession Attendance Yes No | DK
Yes Yes Gratara * ) tateia * 9
a ag
No {a1+az+tastas) *9 (a1 +az+az+tas) *9
DK 9
No Yes (a5+a;|-a7+aa) * 31 (as+a5?|-a7+as) * 31
ay ag
No (as+ac+a7+as) * 31 (as+as+ar+as) *31
DK 31
40

Using the values of a;..as, we get after simplification the following table:

Table 12: Values of the Attendance-Independence DKs

Independence

Secession Attendance | Yes No | DK
Yes Yes 9 0

No 0] 0

DK 9
No Yes 20 8 |

No 1 2

DK - 31

10



2.6 Allocating the Secession-Independence DKs

Using the non-parametric fitting procedure, we impute these unknown values as given in the
following table.

Table 13: Formula for allocating the Secession-Independence DKs

Independence
Secession Attendance Yes No | DK
Yes Yes mﬁ * 109 (a_|+T;+2a5+—as) x 109
By Gaataydarian * 20 Gayro parvany * 25
No Yes ma—;?m * 109 —j—(a; +a2ia5 Fag) * 109
e tmierten) * 20 Govmtarim) * 20
DK Yes 109
No 28
134

Using the values of a,..as, we get after simplification the following table:

Table 14: Values of the Secession-Independence DKs

Independence

Secession Attendance | Yes No | DK
Yes Yes 91 1
No 7 0
‘No  Yes 12 5
No 6 12

DK Yes 109

No 25

' 134

11



2.7 Allocating the Secession-Attendance DKs

Using the non-parametric fitting procedure, we impute these unknown values as given in the

following table.

Table 15: Formula for allocating the Secession-Attendance DKs

Independence
Secession  Attendance Yes No | DK
Yes Yes W—aﬂm *19 W—a:_‘i_zm * 8
No GEmiamten * 19 retertes) * 8
No Yes (aTa;ﬁasi—_‘n) *19 mﬁm * 8
No (a1+asia5+a7) * 19 (a2+a4cf|-ae+as) * 8
DK DK 19 8
27

Using the values of a,..ag, we get after simplification the following table:

Table 16: Values of the Secession-Attendance DKs

Independence

Secession Attendance | Yes No | DK
Yes Yes 17 1
No 0 0

No Yes 2 6 N

No 0 1
DK Yes 19 8

27

12



2.8 Allocating the Secession-Attendance-Independence DKs

Using the non-parametric fitting procedure, we impute these unknown values as given in the
following table.

Table 17: Formula for allocating the Secession-Attendance-Independence DKs

Independence
Secession Attendance Yes No | DK

Yes Yes fiﬁ * 96 21:%:7' * 06
No E:?-_ﬁz + 96 2,‘.‘:41? * 96
No Yes 21“%:'7! * 96 Zf;: * 96
No l_“_l o * 96 Z—&i? * 96

DK DK 96
96

Using the values of a,..as, we get after simplification the following table:

Table 18: Values of the Secession-Attendance-Independence DKs

Independence
Secession Attendance | Yes No | DK
Yes Yes 79 1
No 1 0
No Yes 10 4
No 0 1
DK DK 96
96

13



2.9 Computing ¢

To compute the proportion, (f), of voters who are planning to attend and vote in favor of
independence, first we need to add all individual tables 1-8 as computed in the preceding
section. We eventually get the following table, after all DKs has been absorbed in the all
Y/N cells.

Table 19: Computation of Theta

Independence
Secession Attendance Yes No
Yes Yes 11914-21+...+79=1593 84+0+..+1=13
No 8+4+...+1=21 0+0+...+0=0
No Yes 1584+20+...410=251 G84-9+...4+4=138
No T+14+...+0=17 14424.. . +1=41
2074

From the table, the number of voters who attended and voted in favor of independence
is given by: ¢ = (1593 + 251)/2074 = 0.889

2.10 Results and conclusion

The results show that the proportion of voters who planning to attend and vote in favor of
independence is theta = 0.889. Also it shows that the percent explained by complete cases
is 70.11% and the percent explained by missing data is 29.89%.

14



3 Ignorable Nonresponse Model

In the previous chapter we have used non-parametric fitting procedure to compute the miss-
ing data and to estimate §. In this section, we will use an ignorable nonresponse model that
in turn uses Gibbs sampling techniques to compute the missing data and 6. the proportion
of voters who are planning to attend and vote in favor of independence.

3.1 Notations

As in nonparametric fitting procedure case, we will deal with the complete (observed) data
and missing(unobserved) data in terms of 4 x 2 categorical tables. Let the 8 cells of each of
these tables be denoted by a vector with elements j=1..8 read row-wise from left to right and
then top to down. Let Ij; = 1 if the I*® voter falls in the 7** cell and 0 otherwise. Also, let
Jo = 1if I voter falls in the table s(s=1: complete case; s=2..8 missing data tables whose
rows or columns or combination of rows/columns follow some distributions}, and 0 otherwise.

Let p; be the probability that a voter belongs to the cell (5) a table, and let Tg; be the
probability that a voter belongs to the s® table, given the cell status (§). The ignorable
model assumes that my; = m,, i.e. the probability that an individual belongs to a st table
is independent of the cell status (7). Then,

Lip e Multinomial(1, p),
where Z?:l pi=1, p; 20.

We take p as the prior density from the Dirichlet distributions:

p~Dirichlet(l,...,1),
where E?=1 pi=1, p; > 0.

3.2 Finding the posterior density

For the ignorable nonresponse model, we take

Ji|w “ Multinomial(1, 7)

Then the augmented likelihood for p, 7, Ymis|Uoss is proportional to

n!
8 8
Hs—l Hj=1 Yi

where y;{®) is the data in the 5** cell of the st* table.

8
()1 I1 (meps)” @
et

15



3.3 Inference about =

For the ignorable model a posterior = and p are independent.

Hence inference about the parameter 7 can be obtained easily from the above expression:

s 8
n|p, y~Dirichlet(> ;™M +1,..., 3 ;@ +1)

j=1 i=1

which simplifies to

|p, y~ Dirichlet(1455, 58, 172, 96, 41, 135, 28, 97)

This is independent of p, since we know the sum of data for each individual table.

3.4 Inference about p

Similarly, inference about the parameter p can be obtained as a conditional probability:

e 8
p|w,y~Dirichlet(d> y,® +1,..., 3y + 1)

a=1 s=1

3.5 Inference about Missing Data in Table 2(with Independence
Don’t Know data array as constraint)

Since the missing data follow some kind of constraints, we can easily infer about these miss-
ing data using the appropriate Binomial or Multinomial model.

For example, let us analyze the constraints for the missing data for the table 2, the table
containing the Independence Don’t Know data. The missing data g1, ® and y2® add up to
21, y3® and y4® add up to 4, y5@ and y6® add up to 29 and y»(® and ys@ add up to
3. Now

1 8
(2) v3 (2)
yolpyy, o — [T (a2p;)
e H?:l yj(z)!j—l !

(‘ﬂ'2P1 )y1 2 (szz)yz (@
ROTIRET

(pl)y1(2)(p2)21—y1(2)
o
11 @1(21 — y{?)!
~Binomial(21, p1_)
P11+ p2

16



Hence,
161 P2

)
p1+p2 p1+ pe
Other missing data in this table 2, follow a Multinomial distribution as given below:

93(2)5 Y4 (2) |p, Y, a~Multinomial (4, E L ] Pa )
Ps + P4 Ps+ Pa

Ds Ps

P5+P6,P5 ‘|"P6)

v, ys®|p, y, T~ Multinomial(3, B 1 2

p7+ps’p7+p;)

1Y, 2P |p, y, -~ Multinomial (21,

ys®, 6 |p, v, m~Multinomial(29,

3.6 Inference about Missing Data in Table 3(with Attendance
Don’t Know data array as constraint)

In a similar manner, we could see that the distribution of missing data in other tables 3 to
8, i.e. the tables containing missing data for Attendance Don’t Know data, Sccession Don't
Know data, Don’t Know data taken as a pair and Don’t Know data taken as a triplet follow a
Multinomial distribution too. The missing data for table 3 have the following distributions:

P1+DPs p1+Ps

¥:®, y4®|p, y, T~ Multinomial (3, — 22—, P4

P2+ P4 P2+ Dy
Ps P'r_

Ps +pr’ ps + pr

DPs _Ps )
Ps +P8’P6+Ps

¥, yr®|p, y, T~ Multinomial (18,

v6®, ¥s®|p, y, *~Multinomial (43,

3.7 Inference about Missing Data in Table 4(with Secession Don’t
Know data array as constraint)
D1 Ps

)
P1+DPs P1+ Ps
P2 Ps

)
P2+ Pe P2 + Pe
D3 y il

)
Ps+ pr D3+ pr
P4 Ps

P4+P3’P4+P8)

19, ys9|p, y, *~Multinomial (90,

¥ yeW|p, v, w~Multinomial(2,

v, 4:|p, v, w~Multinomial(1l,

¥4, ys¥|p, y, T~ Multinomial(2,

17



3.8 Inference about Missing Data in Table 5(with Attendance-
Independence Don’t Know data array as constraint)

, . M P2 Pa P4
yl(s) ’ yZ(S) 3 y3(5) s y4(5) |P, Y, ﬂwMulttnomzal(Q, 4 oy )
Dj ZJ 1 pJ J-—1 Pj Zj:l Pi
¥, 46®, ¥, ys®|p, y, T~ Multinomial (31, sps L P i )

S y =2 g
Zj=5 Pj E?=5pj Ej:s P Zj—s Pj

3.9 Inference about Missing Data in Table 6(with Secession-Independence
Don’t Know data array as constraint)

M D2 Ps Ps
19, 12, 5@, 56 p, y, T~ Muli(109, g : .
i=1,256 P 2j=1,256Pi 23=1,256Pi 2j-1,2,56P;
Ps P4 Pr Ps
ys®y y © y3(6)|p y, m~Mult(25, )

b b 3
Zj—3,4,7,8 P Zj=3,4,7,8 Pj Zj—3,4,7,8 b; Zj—3,4,7,8 P;

3.10 Inference about Missing Data in Table 7(with Secession-
Attendance Don’t Know data array as constraint)

Y41 P3 Ds b7
'yl(T)a 'ysm, y5(7)’ '97(7)|ps y,ferult(lg, 3 ’ 3 )
2i=1,357Pi Lj=1,857Pi i=1,857Pj ;=157 P;
P2 P4 Pe Ps
12",y ", 6™, ys M |p, y, T~ Mult(8, )

b ¥ b
Ej—2,4,6,8 Dy Zj_2,4,6,8 Pi 2j—24,68D5 Zj_2,4,6,8 P

3.11 Inference about Missing Data in Table 8(with Secession-
Attendance-Independence Don’t Know data array as con-

straint)
1@, 12, y®, g ® s ® g ® y ® e ®p, g
~ Mult‘inomial(QG, y 241 P2 D3 Pa Ds D p7 Ps )

’ ) 3 3 ' =8
28—1 Pj ZJ 1P E?_lpj z?—1pj Z?=1p:i 2?:11’3' Z?:l Pi Xj=1P;

3.12 Simulation and Gibbs Sampling

We use three-stage Gibbs sampler that creates a Markov Chain from a joint distribution.
Initially the parameters 7 (probability for each table) and p (Probability for each cell) were
populated using Dirichlet distributions. Once inside the simulation loop, these probabilities
were used to compute the missing data inside the tables with their individual constraints.
These missing data in conjunction with drawing from posterior Dirichlet distributions gives
the next level of cell probabilities. This process is continued until the specified number of
simulation ends. The whole simulation results were stored in a vector for further processing.

18



3.13 Computation of 8

Once we get the vector containing the simulation results, we compute @, the proportion of
voters who are planning to attend and vote in favor of independence. After 10000 simulations
we get the value as 0.882 (which of course changes from simulations to simulations). But
this is very close (0.889) to that obtained using the non-parametric approach of imputing
the missing data inside the tables.

A histogram of theta along with its kernel density is shown. Also shown is the trace plot
of MCMC object for theta. Finally, the autocorrelation diagram of theta shows a rapid con-
vergence during the lags 1 to 20.. The 90% credible interval is found to be (0.877,0.888).

19
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4 Nonignorable Nonresponse Model

4.1 Notations

As in the ignorable nonresponse model, for the nonignorable nonresponse model we will deal
with the complete (observed) data and missing{unobserved) data in terms of 4 X 2 categori-
cal tables. Let the 8 cells of each of these tables be denoted by a vector with elements j=1..8
read row-wise from left to right and then top to down. Let I = 1 if the I** voter falls in the

3% cell and 0 otherwise. Also, let Jy = 1 if I*® voter falls in the table s(s=1: complete case;
s=2..8 missing data tables whose rows or columns or combination of rows/columns follow
some distributions), and 0 otherwise.

Let p; be the probability that a voter belongs to the cell (§) a table, and let 7,; be the
probability that a voter belongs to the s** table, given the cell status (7). In the nonignor-
able model my;, i.e. the probability that an individual belongs to a s** table is dependent
of the cell status (5). Then,

I|p o) Multinomial(1, p),
where 2585:1 p;=1p; 20

We take p as the prior density from the Dirichlet distributions:

p~Dirichlet(1,...,1),
where $°2_, p; = 1, p; > 0.

4.2 Finding the posterior density
For the nonignorable nonresponse model, we take

Sl =1,1;,=0,5 # 5/, m;} i Multinomial(1, ;)
Then the angmented likelihood for p, @, Yrnis|Uobs is proportional to

()"

y; N

8 8
I1 I1
8=1j=1

where y;(® is the data in the §** cell of the s** table.

8
H (pJ)Zf=1 y:i(.) y
j=1

Note that for the nonignorable model, the parameters m; and p; are not identifiable.

20



If we assume m; comes from a common distribution with known parameters, we could be
able to estimate them. We assume that:

75|ty T~ Dirichlet(p, 7, pat, ooy pa7)

where 8_ w9 =1, ;0 > 0.

As the parameters p and 7 are not identifiable, a natural way to proceed is to attempt
to use some of the data already observed, like the data from the ignorable nonresponse model.

4.3 Estimation of p and ~
We estimate g as the mean of the probability table obtained in ignorable model:

p®? = mean(P|, 1)),
where T8 p(8) = 1.

To estimate 7, first we find the variance-covariance matrix of P and set it to the formula
for variance and covariances. If

(ﬂj(l), 71',-(2), vooy 13~ Dirichlet(p W7, u® 7, ..., 1®r)
then,
Bl ] = )/

Varlm;®] = u@(1 = u®)/(r,s +1)

Cov[m; ), m; = ~puOul) f (1 +1),8 # &

Next we estimate 7 by taking the geometric mean of all the solved 7s from above:

85 8
r =] I] )/

g=1g'=1
Then the joint posterior density of the parameters m, p, gt and 7 and the latent variable
Ymis EIVEN Yops 18 proportional to:

(PJTI' (5))93 Hg_l (Tl'g(s))”( Ye—1
I e =500

]

21



4.4 Inference about p and =

The inference about the parameter p can be obtained as a conditional probability:

8 8
ply~Dirichlet(3 1 +1,.., 3 3= + 1)
s=1

s=1

Similarly, the inference about the =r; is given by,

|, T, y~Dirichlet(y; ") + pMr, ., 4;® + 1®7)

with independent over j = 1..8.

4.5 Inference about Missing Data in Tables

Like the ignorable nonresponse model, the missing data for nonignorable nonresponse model
follows exactly same kind of constraints. We can easily infer about these missing data using
the appropriate Binomial or Multinomial model. The only thing to keep in mind that the
7; for a table is dependent on the cell status 7.

4.6 Simulation and Gibbs Sampling

We use three-stage Gibbs sampler that creates a Markov Chain from a joint distribution.
Initially the parameters w (probability for each table) and p (probability for each cell} were
populated using Dirichlet distributions. Once inside the simulation loop, these probabilities
were used to compute the missing data inside the tables with their individual constraints.
These missing data in conjunction with drawing from posterior Dirichlet distributions gives
the next level of cell probabilities. This process is continued until the specified number of
simulation ends. The whole simulation results were stored in a vector for further processing.

4.7 Computation of 0

Once we get the vector containing the simulation results, we compute @, the proportion of
voters who are planning to attend and vote in favor of independence. After 10000 simula-
tions we get the value as Theta for nonignorable Model = 0.885 (which of course changes
from simulations to simulations). But this is very close (0.889) to that obtained using the
non-parametric approach of imputing the missing data inside the tables, and close to the
ignorable nonresponse model.

A histogram of theta along with its kernel density is shown. Also shown is the trace

plot of MCMC object for theta. Finally, the autocorrelation diagram of theta shows a rapid
convergence during the lags 1 to 20. The 90% credible interval is found to be (0.879, 0.891).
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5 Sensitivity Analysis

As described in the above section, for the 'n'j(") we center the nonignorable nonresponse
mode] on the ignorable nonresponse model:

;| T~Dirichlet(py T, pat, ..., paT)

where the parameter T tells us about the closeness of non-ignorable nonresponse model to
the ignorable nonresponse model. For example, if 7 is large, the 7r; will be similar and con-
verge to the « of a ignorable nonresponse model, and if 7 is small, the ;5 will be different.

In this section we will take a uniform prior on g and vary T to study sensitive analysis.
The joint conditional posterior density of s and 7, p(u!®), 7|m;,5 = 1...8) is

) l—Ig (6 ’_‘(")‘T
p(u®, T|m,§ = 1...8) oc =L 27 2)

{D(pr)}s °
Tiul =1,u > 0,5 =1..8,7 > 0 where
2 To; T (1)
b, = ) and D(ur)= -1 7
° 3'1;[1 El I I‘(T)

is the Dirichlet function.

By letting p!*) denote the vector of all components of g except p(®), we have the posterior
density

(9)r w8
5 P

{T(p)7)} {T (B T)}8
where 0 < p(®) <1 — E:,zl,s,;ﬁs pl s =1.7.

pp@pl, 7w, 5 =1...8)

A grid was used to draw a sample from p(u(®|ul®), 7, 7;,5 = 1...8). Dividing the
range of '), (0,1 — E:,=1,8,¢3 p#), into 100 interval of equal width we form pmf of
1,8 = 1..7. Next, a cdf is computed, from which we draw a uniform deviate in these

intervals. Finally, u® is computed by taking p® =1 — PIRT N

5.1 Simulation and Gibbs Sampling

We extend the three-stage nonignorable nonresponse Gibbs sampler by including & function
that computes the p for a given 7 using the joint conditional distribution of p(®) given .
All other functions of the nonignorable non-response remains same.
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5.2 Computation of &

Once we get the vector containing the simulation results, we compute 6, the proportion of
voters who are planning to attend and vote in favor of independence. We have taken 7 to
vary from as low as 5 to as high as 2100. After 10000 simulations, we get the value as 0.889,
for a T value of 2100. Note that this is exactly the same value (0.889), that obtained using
the non-parametric approach of imputing the missing data inside the tables, close to the
ignorable non-response model as well as close to nonignorable non-response model.

A histogram of theta along with its kernel density, a trace plot of the MCMC object
for theta and the autocorrelation diagram of theta showing a rapid convergence during the
lags 1 to 20 are included. When = = 2100, the 90% credible interval of @ computed to be
(0.883,0.894).

By varying T from very low values of 5 to high values of 2100, we see that the 8 is
ncreasing and eventually stabilizes after 7 > 600. The following table of values of 8 vs. T
as well as the attached diagram shows this feature implying that our model is robust with
the choice of the prior g and choice of 7.

Table 20: Sensitivity of @ with

T o SD | 90% credible Interval

5 0.844 | 0.016 {0.814, 0.870)

10 | 0.865 | 0.012 (0.844, 0.880)
20 | 0.879 | 0.008 (0.860, 0.883)
50 | 0.878 | 0.010 (0.865, 0.886)
75 | 0.880 | 0.006 (0.870, 0.887)
100 | 0.883 | 0.005 (0.874, 0.889)
600 | 0.889 | 0.009 (0.882, 0.894)
1100 | 0.889 | 0.005 (0.883, 0.895)
1600 | 0.889 | 0.005 (0.882, 0.895)
2100 | 0.889 | 0.005 (0.883, 0.894)
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6 Concluding Remarks

We have shown how to estimate the proportion of voters who attended and voted for inde-
pendence in the Slovenia Public Opinion survey by treating the ‘Don’t Knows’ response as
Missing data. Primarily we have used three separate models and compared the estimated
proportion @ for each case. First we have used non-parametric MAR model and found the
to be 0.889. Secondly, we have used the Bayesian ignorable nonresponse model to estimate
@ which comes to be 0.882. We have used Markov Chain multi-stage Gibbs sampler for this
simulation. The output data from the results of the ignorable model have been used to esti-
mate prior parameters T and p vector of the model. This in turn is fed into the nonignorable
model to estimate the proportion 8 which comes to be 0.885. Histogram, Autocorrelation
Function, the MCMC trace plots and the 90% credible interval computation have been made
in each case. Finally, the sensitivity analysis shows that the proportion @ stabilizes after =
is greater than 600. The close results from all three models as well as the stabilization of
the & by the varying r suggest we have a robust underlying model.
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APPENDIX - R Code

rm(list=1s(all=TRUE))
#library(LearnBayes)
library(MCMCpack)

HHtg R Define the arrays Hi####aRHESHHHHERIIY
comp_arr = c{1191, 8, 8, 0, 158, 68, 7, 14)

i_dk_arr = ¢(21, 4, 29, 3)

a_dk_arr c(107, 3, 18, 43)

s_dk_arr = c(90, 2, 1, 2)

ai_dk_arr = ¢(9,31)

si_dk_arr = ¢(109, 25)

sa_dk_arr = ¢(19, 8)

sai_dk_arr = ¢(96)

nl = comp_arr[1] + comp_arr(5]

N1 = sum(comp_arr)

N2=(sum(i_dk_arr) + sum(a_dk_arr) + sum(s_dk_arr) + sum(sa_dk_arr)
+ sum(si_dk_arr) + sum(ai_dk_arr) + sum(sai_dk_arr))

w = N1/(N1+N2)

HHHHEH R R R RS R R S R S S S A R S S R R R B
# (1) Non-Parametric Method Functions #
HHHHEH RN Calculate the arrays ##st#####HHHHEHHHEHEHTY
calc_arr = function (a,s,p)
{
#cat("a=[",a,"],s=[",s,"]J\n")
len = length(s)
temp_arr = ¢(0,0,0,0,0,0,0,0)
for(i in 1:1emn)
{
sl=toString(s[i])
#cat("s1=",s51,"\n")
lenl = nchar(sl)
total=0
for (j in 1:leni)
{

k = as.numeric(substr(si,j,j))

## sum up the individual needed elements of the
##complete array
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total = total+pl[k]
}

#cat ("total=",total,"\n")

for (j in 1:lenl)
{
k = as.numeric(substr(sl,j,j))
# prorate the don’t care elements according to the Y/N
# weights in the complete array

temp_arr(k] = (plk]/total)=*a[il
}
}

return (temp_arr)

}

HAR BB R AR R S R I
doNonParametric=function()
{
## In each of these routines, the elements of the second
## vector are the elements of the complete_array that need
## summed up to get the individual totals. The individual
## elements when divided by the totals will give the
## probability. The probability is multiplied by the don’t
## care arrays to get their prorated values.
it
sat_arr = calc_arr(i_dk_arr, c(12,34,56,78), comp_arr)
sti_arr = calc_arr(a_dk_arr, ¢(13,24,57,68), comp_arr)
tai_arr = calc_arr(s_dk_arr, c(15,26,37,48), comp_arr)
stt_arr = calc_arr(ai_dk_arr, c(1234,5678), comp_arr)
tat_arr = calc_arr(si_dk_arr, <(1256,3478), comp_arr)
tti_arr = calc_arr(sa_dk_arr, c(1357,2468), comp_arr)
ttt_arr = calc_arr(sai_dk_arr, c(12345678), comp_arr)

i RR#EH Print the arrays #HHHEHHHEHREHE BRI

#cat("comp_arr=",comp_arr,",sum=",sum(comp_arr),“\n")
#cat ("sat_arr=",sat_arr,",sum=",sum{sat_arr),"\n")
#cat("sti_arr=",sti_arr,",sum=",sum(sti_arr),"\n")
#cat("tai_arr=",tai_arr,",sum=",sum(tai_arr),"\n")
#cat("stt_arr=",stt_arr,",sum=",sum(stt_arr),"\n")
#cat("tat_arr=",tat_arr,",sum=",sum(tat_arr),"\n")
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#cat("tti_arr=",tti_arr,",sum=",sum{tti_arr),"\n")
#ecat ("ttt_arr=",ttt_arr,",sum=",sum(ttt_arr),"\n")

#rounded values

#cat ("comp_arr=",comp_arr,",sum=",sum(comp_arr) ,"\n")
#cat("r_sat_arr=",round(sat_arr),",sum=",sum(round(sat_arr)),"\n")
#cat("r_sti_arr=",round(sti_arr),",sum=",sum(round(sti_arr)),"\n")
#cat("r_tai_arr=",round(tai_arr),",sum=",sum(round{tai_arr)),"\n")
#cat("r_stt_arr=",round(stt_arr),",sum=",sum(round{stt_arr)),"\n")
#cat("r_tat_arr=",round(tat_arr),"”,sum=",sum(round(tat_arr)),"\n")
#cat("tti_arr=",round(tti_arr),",sum=",sum(round(tti_arr)),"\n")
#cat("ttt_arr=",round(ttt_arr),",sum=",sum{round (ttt_arr)),"\n")

BESHEEHEEHNEE Calculate theta ##E#B#SRS#HHHH S RHERE G AR SRR A48
#iHH# theta = (n1+n2)/(N1+N2) = wx(nl/N1) + (1-w)*(n2/N2)
#### where w = N1/(N1+N2)

oth_arr = sat_arr + sti_arr + tai_arr + stt_arr +
tat_arr + tti_arr + ttt_arr

#cat ("oth_arr=",round(oth_arr),",sum=",sum{round(oth_arr)),"\n")
#cat("all_arr=",round(comp_arr+oth_arr),"sum=",sum(round(oth_arr+comp_arr)),"\n")

#nl = comp_arr([1] + comp_arr(5]

n2 = oth_arr[1] + oth_arr[5]

#N1 = sum(comp_arr)

#N2 = sum(oth_arr)

#w = N1/(N1+N2)

cat ("Percent explained by complete cases=",w#(n1/N1)},
"and by missing data =", (1-w)*{(n2/N2},"\n")

theta = w*(n1/N1) + (1-w)*(n2/N2)

#cat("Non-Parametric theta=",theta,"\n")

return (theta)

}
HUHBHHRR R R R R R R R R R
#### (2) Ignorable Model Functions it

HEHHREHEER AR R R HHRHER R R

HEHHHEAEEEEEEE Calculate the arrays ###HEHRG SR
calc_arr2 = function (a,s,p)
{
#cat("In calc_arr: p=",p,"\n")
#cat("a=[",a,"],s=[",s,"]\n")
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len = length(s)
temp_arr = ¢(0,0,0,0,0,0,0,0)
for(i in 1:1len)
{
sl=toString(s[il)
#cat("s1=",s1,"\n")
lenl = nchar(sl)
total=0
for (j in 1:lenl)
{

k = as.numeric{substr(sl,j,j))

## sum up the individual needed elements of the
##complete array

total = total+p (k]
}

#icat("total=",total,"\n")
temp2_arr = c{(rep(0,lenl))
k_arr=c(rep(0,lenl))
for (j in 1:lenl)
{
k = as.numeric(substr(si,j,j})
k_arr[jl=k
# prorate the don’t care elements according to the Y/N
# weights in the complete array

#temp_arr[k] = (plkl/total)*a[i]
temp2_arr[j] = (plkl/total)
#cat ("temp_arr=",temp_arr,"\n")
}
#cat ("k_arr, temp2=",k_arr, temp2_arr,"\n")
w=rmultinom(1,ali],temp2_arr)
#eat ("w=" , w,"\n")
temp_arr [k_arr]=w
}
return (temp_arr)

}

BRHHHEHEHER AR R SRR R
#HHt Get the Y data values using the Probability values
HBRHER R SRR AR R R

getY=function(PI,p_vec)
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# PIA is the array of Prob. for the tables.
#cat ("PI=",PI,"\n")

#cat ("p_vec=",p_vec,"\n")
comp_arr2=rep(0,8)
#m=matrix(p_vec, nrow=8, ncol=8, byrow=T) d#matrix of probabilities

#cat("in getY p_mat([2,]=",p_vec(9:16],"\n")

#cat ("BP-start\n")

sat_arr2 = calc_arr2(i_dk_arr, c(12,34,56,78) ,PI[2]*p_vec)
sti_arr2 = calc_arr2(a_dk_arr, ¢(13,24,57,68),PI[3]*p_vec)
tai_arr2 = calc_arr2(s_dk_arr, c(15,26,37,48),PI[4]*p_vec)
stt_arr2 = calc_arr2(ai_dk_arr, c(1234,5678),PI[5]*p_vec)
tat_arr2 = calc_arr2(si_dk_arr, <(1256,3478),PI[6]*p_vec)
tti_arr2 = calc_arr2(sa.dk_arr, c(1357,2468),PI[7]#*p_vec)
ttt_arr2 = calc_.arr2(sai_dk_arr, c(12345678),PI[8])*p_vec)

#cat("sat_arr2: 12,34,56,78=[",sat_arr2,"]",i_dk_arr,"\n")
#cat("sti_arr2: 13,24,57,68=[",sti_arr2,"]",a_dk_arr,"\n")
#cat("tai_arr2: 15,26,37,48=[",tai_arr2,"]",s_dk_arr,"\n")
#cat ("stt_arr2: 1234,5678=[",stt_arr2,"]",ai_dk_arr,"\n")
#cat ("tat_arr2: 1256,3478=[",tat_arr2,"]",si_dk_arr,"\n")
#cat ("tti_arr2: 1357,2468=[",tti_arr2,"]",sa_dk_arr,"\n")
#cat ("ttt_arr2: 12345678=[",ttt_arr2,"]",sai_dk_arr,"\n")
#icat ("BP~end\n")

return(c(comp_arr, sat_arr2, sti_arr2, tai_arr2,
stt_arr2,tat_arr2, tti_arr2, ttt_arr?2))
}
RRHHHHEHE R R R R R R R R R R S A S R
#### Get the Probability P values using the datavalues
HHABHE R R R R R S R R R R R R 4
getP=function(y_vec)
{
#cat("y_vec=",y_vec,"\n")
m=matrix(y_vec, nrow=8, ncol=8, byrow=T) #matrix of data
temp=NULL
for (i in 1:8)
{
temp=c(temp, sum(m[,i]) + 1)
#temp=c(temp, sum{m[i,1]) + 1)
}
#temp=c(temp, rdirichlet(1, sum(m[,i]) + 1))
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#cat ("col_sum+1=",temp,"\n")
return(rdirichlet(1,temp))

LSS i S S S S R s T T R
getVi=function(yy)

{
s1=sb5=NULL
for (j in 1:8)
{
sl=c(sl,yy[8%(j-1)+1])
#cat("s1=",sum(s1),"\n")
s5=c(s5,yy[8%(j-1)+5])
#cat ("s5=",sum(s5),"\n")
}
Vi=(sum(s1)+sum(s5))
return(vi)
}

HHURRIRR R RS R R R R R R R

getPI=function()
{

alpha=c(1454+1, B57+1, 171+1, 95+1, 40+1, 134+1, 27+1, 96+1)
return(rdirichlet (1, alpha))

HHEBHRAA R R R R R R R S R R

getMU=function(P)

{
### Estimate mu’s from the previously run data from Probability tables.
mu=NULL;
for (s in 1:8)
{
mu[s] = mean(P(,s])
¥
#cat ("MU=",mu, "\n")
return (mu)
}

i s e S R R g T L e B R
getTAU=function(P, mu)
{
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# Get the variance covariance matrix for P

# For dirichlet distribution, if

# (X1,X2,X3,...,X8) " Dirichlet(mu[1]*tau, mu[2]*tau,...,mu[8]*tau)
# and when mu[1]+mu[2]+...+mu[8]=1, then

# E[Xi] = mu(il/tau, var(X[il) = (mu[il*(1-mu(i]))/(1+tau),

# cov(Xi,Xj)=—mulil*mu[j]/{1+tau)

#

T=NULL # T=tau
k=0
vevm=cov(P)
vevm
for (i in 1:8)
{
for (j in 1:8)
{
k=k+1
if (i==j)
Tlkl=(muli]l *{1-mu(il))/vevm[i,i]l -1
else
Tlkl=(-1)*(mu(1)*mu[jl) /vevm[i, j] -1

}

## Take the geometric mean of T to get tau
#cat ("vevm=",vcvm,"\n")

#cat("T=",T,"\n")

tau=(prod(T)) " (1/64)

ficat ("TAU=",tau, "\n")

return (tau)

}

HHRHHEREHH R R R S B R SR R R R R S R SRR}
doIgnorable=function(Nsim)

{

AR R R R R R R RS S S R G S R R R B R 3
## Use GIBBS Sampler with dirichlet as prior and multinomial as likelihood
HHHRHI AR R R R R S S R S R R SR R 1
#Nsim=10000

unitv8=c(rep(1,8))

PI=rdirichlet(1,unitv8)

#unitv8

#Y=matrix(0,nrow=Nsim,ncol=64,byrow=T)

V=rep(0,Nsim)

P=matrix(0,nrow=Nsim,ncol=8, byrow=T)
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#P[1,)=rdirichlet(1,unitv8)
pp=rdirichlet(l,unitv8)
#set.seed(100)
for (i in 1:Nsim)
{
yy = getY(PI,pp)
#cat ("yy=",yy,"\n")
pp = getP(yy) ## posterior pp
PI = getPI() ## posterior PI
## save the data
P[i,] = pp
#Cat(llpp=ll’Pp,ll\nll)
#Y({i,] = yy
V[i] =getVi(yy)
#cat("V[",i,"]=",V[i],"\n")

}
#eRARHA#ERER Calculate theta For Ignorable Model ##H####-HHHHEHERHEHHIIR S RIMY
####% theta = (n1+n2)/(N1+N2) = wx(nl/N1) + (1-w)*(n2/N2)

#HH## where w = N1/(N1+N2)

#oth_arr = sat_arr + sti_arr + tai_arr + stt_arr + tat_arr + tti_arr + ttt_arr

#nl = comp_arr[1] + comp_arr{5]

#N1 = sum(comp_arr)

#N2=(sum(i_dk_arr) + sum(a_dk_arr) + sum(s_dk_arr) + sum(sa_dk_arr)
#+ sum(si_dk_arr) + sum(ai_dk_arr) + sum(sai_dk_arr))
#w = N1/ (N1+N2)

# n2 = oth_arr[1] + oth_arr(5]

#V=getV(Y)

n3=mean(V) ## sum of nl and n2

#cat ("Percent explained by complete cases=",w*(n1/N1),
# "and by missing data =", (1-w)*{(n2/N2),"\n")

#theta = wx(nl/N1) + (1-w)*{n2/N2)

theta=n3/ (N1+N2)

#cat ("Theta for Ignorable Model =",theta,"\n")

muVec = getMU(P)

tau = getTAU(P,muVec)

#cat ("MuVec =" ,muVec, "tau=",tau,"\n")
#list (muVec, tau, V)

#c(theta, muVec, taun, V)

c{muVec, tau, V)
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it Histogram and Kernel density ####4##4#84#R8RHS11Y
plotHTA=function(st,V, what, tstr)

{

Nsim=length(V)

V1=V [st:Nsim]

x <= Vi

if (what=="H’)

{
header = c("Histogram of Theta:", tstr)
hist(x, main=header, xlab="Theta", freq=FALSE)
#hist(x, main="Histogram of Theta: ", tstr, freq=FALSE)
lines(density(x), col = "red", lwd = 2)

}

else if (what==’'T’)

{
header = c("Traceplot of Theta:", tstr)
plot(mcmc(x))
traceplot (mcmc (%), main=header)

}

else if (what==’4’)

{
header = c("ACF Plot of Theta:", tstr)
plot(memc(x))
acf(x, 20, main=header) # for 20 lags

}
}

W R AR B R R R R R R
# (3) NonIgnorable Method Functions #
PR RIHHEHHEHHHERHHE AR B R R R R

WA SRR T S R I S R R R R R B H 4
#i###h Get the Y data values using the Probability values
HHEHH AR R R R R S S SR
getYNI=function(PIM,p_vec)
{

# PIA is the array of Prob. for the tables.

#cat ("PI=",PI,"\n")

#cat ("p_vec=",p_vec,"\n")
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comp_arr2=rep(0,8)

m=matrix(PIM, nrow=8, ncol=8, byrow=T)

#cat("in get¥YNI m{,21=",m[,2],"\n")
#cat("BP-start\n")

#matrix of probabilities

sat_arr2 = calc_arr2(i_dk_arr, ¢(12,34,56,78) ,m[,2]*p_vec)
sti_arr2 = calc_arr2(a_dk_arr, c(13,24,57,68),m[,3]*p_vec)
tai_arr2 = calc_arr2(s_dk_arr, c(15,26,37,48),m[,4])*p_vec)
stt_arr2 = calc_arr2(ai_dk_arr, ¢(1234,5678),m[,5)*p_vec)
tat_arr2 = calc_arr2(si_dk_arr, c(1266,3478),m[,6])*p_vec)
tti_arr2 = calc_arr2(sa_dk_arr, c(1357,2468) ,m(,7])*p_vec)
ttt_arr2 = calc_arr2(sai_dk_arr, ¢(12345678),m[,8]}*p_vec)

#cat("sat_arr2: 12,34,56,78=[",sat_arr2,"]",i_dk_arr,"\n")
#cat ("sti_arr2: 13,24,57,68=[",sti_arr2,"]1",a_dk_arr,"\n")
#cat("tai_arr2: 15,26,37,48=[",tai_arr2,"]",s_dk_arr,"\n")
#icat ("stt_arr2: 1234,5678=[",stt_arr2,"]",ai_dk_arr,"\n")
#cat("tat_arr2: 1256,3478=[",tat_arr2,"]",si_dk_arr,"\n")
#cat("tti_arr2: 1357,2468=[",tti_arr2,"]",sa_dk_arr,"\n")
#cat ("ttt_arr2: 12345678=[",ttt_arr2,"]",sai_dk_arr,"\n")

#cat ("BP-end\n")

return(c(comp_arr, sat_arr2, sti_arr2, tai_arr2,
stt_arr2,tat_arr2, tti_arr2, ttt_arr2))

HEFEH AR R S R R S S SR S R R R
getPIM=function(mu, tau, yy)

{

m=matrix{(yy, nrow=8, ncol=8, byrow=T)
PIM=matrix(0,nrow=8,ncol=8,byrow=T)
for (i in 1:8)

{
#cat("In getPIM m[",j,")=",m[j,1)
temp=NULL
for (j in 1:8)
{
temp=c(temp, m[j,i] + mu[jl*tau)
}
#cat("temp=", temp)
PIM[i,] = rdirichlet(1, temp)
}

return (PIM)
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SRS AR R A R R AR B A B R S S E R R R R R
doNonIgnorable=function(Nsim, mu, tau)

{

#mu = getMU(P)

#tau = getTAU(P,mu)

#mu=c( 0.7589292, 0.006613945, 0.01036109, 0.001731849, 0.1208561, 0.06826119,
#0.008097546, 0.025149 )

#tau=730

#Nsim=10000

unitv8=c{rep(1,8))
PIM=matrix(0,nrow=8,ncol=8,byrow=T)
for (i in 1:8)

{
PIM[i,]=rdirichlet(1,mu*taun) # Different for different cells, i=cell id
cat("bpPIM[",i,"]=",PIM[i,], "\n")

}

#icat ("PIM=",PIM, "\n")

#unitvs

#¥=matrix(0,nrow=Nsim,ncol=64,byrow=T)

=rep(0,Nsim)

P=matrix(0,nrow=Nsim,ncol=8,byrow=T)

#P[1,)=rdirichlet(1,unitv8)

pp=rdirichlet(1,unitv8) # same for both Ignorable and Non-ignorable
#set.seed(100)

for (i in 1:Nsim)

{
yy = getYNI(t(PIM),pp)
#cat("yy=",yy,"\n")
PP = getP(yy) ## posterior pp
PIM = getPIM(mu, tau, yy) ## posterior PI
## save the data
P[i,1 = pp
#cat("pp=" ,pp’ u\nn)
#Y[1,] = yy
V[i] =getVi(yy)
#cat("V[" s i s n]=n ,V[l] , "\Il")
}
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##HHH Theta for the non-ignorable model #HHHHH#H####EH]

#n3=mean(V) ## sum of nl and n2
#theta=n3/(N1+N2)

#cat ("Theta for Non-Ignorable Model =",theta,"\n")
#V1=V[500:Nsim] /2074

# c(theta,V)

return(V)

HHHEREHEH R R RS S R R SR R R R S
logGamma=function(r)
{
if (r < 100)
val = log(gamma(r))
else
{
sum = Q
while (r > 100)
{
r=r-1
sum = log(r) + sum
}
val = sum + log{gamma(r))
}

return (val)

RO R AR R R R R A
getMuFromPMF=function(ngrid, bottom, ungg, wing)
{

## Since wing is a logarithm value, first find the max out of it.
## This will act as a proporticnal constant for the posterior density

term® = wing(1]
if (term0 !=-Inf)

{
for (it1 in 1:ngrid)
{
term0 = max(termQ,wingl[it1])
}
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## Sum the expoential of these to get the real value except by a const.

asum = 0
for (itl in 1:ngrid)
{

asum = asum + exp(wing[it1]-term0)
}

#cat ("asum=",asum, "\n")

probg=c(rep{(0,ngrid))
## Then find the prob density by dividing by the sum
for (itl in 1:ngrid)
{
probg(itl] = exp(wing[itl]-term0)/asum
}
}
else
probg=c(rep(0,ngrid))

## Next the cumulative pdf
probgc=c(rep(0,ngrid))
for (itl in 1l:ngrid)

{
if (it1==1)
probgc[itl] = probgliti)
else
probgc[itl] = probgeclit1-1] + probg[iti]
}

#cat ("probge=",probgc,"\n")

## Next use a random number to get the interval in which it belongs to
uu = runif(1)
#cat("uu=",uu,"\n")
ipick = 1
for (itl in 1l:ngrid)
{
if (itl1 > 1)
{
if (( uu > probgc{it1-1]) & (uu <= probgclit1])) ipick = itl
}
#else cat("Unknown value", uu,"\n")
s
if (ipick == 1)
rval = bottom + (ungg[ipick]-bottom)*runif(1)
else
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rval = ungglipick-1] + (ungglipick]-ungg[ipick-11)*runif (1)
#cat ("rval=",rval,"\n")
return(rval)

HPRE R R AR R R S 3 B R SR RS R R S R R R
getMuVecSA=function(PIM, tau, muVec)

{
ngrid=100
NewMuVec=c(rep(0,8))

m=matrix(PIM, nrow=8, ncol=8, byrow=T) #matrix of probabilities
sum7 = sum{muVec) - muVec[8]

mt8 = (1 - sum?)*tau # shall we take -17
g8 = (prod(m([,8]))~(1/8)
1nh8= mt8*log(g8) - logGamma(mt8)

for (j in 1:7)
{

#cat ("bp2PIM(column", j,"])=",m[,j], "\n")
g = (prod(m{,j1))"(1/8) # 8th root of (delta = prod of cell prob.)

mu= 1 - (sum? - muVec[j])

muGrid=c(rep(0,ngrid))
mt=c(rep(0,ngrid))
Inpmf=c(rep(0,ngrid))

for (i in 1:ngrid)
{
muGrid[i] = i*mu/ngrid
mt[i] = muGrid[i]l+*tau # shall we take -1 7
lnpmf [i] = 8*(mt[i]l*log(g) - logGamma(mt({i]) + 1nh8)
#cat ("muGrid[il=",muGrid[i],"mt(",i,"]=",mt[i], "lnpmf=", lopmf[i], "\n")
}

NewMuVec [jl=getMuFromPMF(ngrid, 0, muGrid, lnpmf)

}
NewMuVec[8] = 1 - (sum(NewMuVec)) ## only 1-7 are filled up
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c(NewMuVec)

HRRURHEHA SRR R R R R R R 1
# (4) Sensitivity Analysis With Grid Functions #
HHHHR AR R R R R R R R R R R S R R
doSensitivityAWithGrid=function(Nsim, tau)

{

muVec=c(rep(0.125,8))

unitv8=c(rep(1,8))}
PIM=matrix(0,nrow=8,ncol=8,byrow=T)
for (i in 1:8)
{
PIM[i,]=rdirichlet{1,muVec*tau) # Different for different cells, i=cell id
cat("bpPIMi[",i,"]=",PIM[i,], "\n")
}
#cat("PIM=",PIM, "\n")
V=rep(0,Nsim)
P=matrix(0,nrow=Nsim,ncol=8,byrow=T)
pp=rdirichlet(1,unitv8) # same for both Ignorable and Non-ignorable
#set.seed (100)
for (i in 1:Nsim)
{
muVec=getMuVecSA(t (PIM), tau, muVec)
#cat ("muVecAfter=",muVec,"\n")
yy = getYNI(t(PIM),pp)
#cat("yy=",yy,"\n")
PP = getP(yy) ## posterior pp
PIM = getPIM(muVec, tau, yy) ## posterior PI
## save the data
Pli,] = pp
#Cat(“pp=",pp,"\n")
VIil =getVi(yy)
#cat("VE,i,"]=",V[i],"\n")

#i#tititi# Theta for the SA model ##H####HH#H##H
#n3=mean (V)

#theta=n3/(N1+N2)

#c(theta, V)

return(V)
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BRIEHEHRE R R R R R R
R MAIN ROUTINES HHHHARE R R R R
S T S D D T D e e R e e e e T S T T e B T s T

HH#HRHEHE Y

# (1)Non-Parametric

BRI

#theta=doNonParametric()

#cat("Theta for Non-Parametric Model =", theta,"\n")

FHHEBERHE

# (2)Ignorbale Model

it R R

Nsim1=10000

z=doIgnorable(Nsiml)

muVec=z[1:8]

tau=z[9]

V=z[10: (Nsim1+9)]/(N1+N2)

theta=mean (V)

cat("Theta for Ignorable Model =",theta,"\n")

plotHTA(100,V, "H", "Ignorable Non-response Model")
plotHTA(100,V, "T", "Ignorable Non-response Model")
#plotHTA(100,V, "T", "Ignorable Non-response Model")

## 90% credible interval
#quantile(V,c(.05,.96))/(N1+N2)

# muVec = 0.758852619 0.006591329 0.010346730 0.001628363 0.120930036
# 0.068257136 0.008085182 0.025308606
# tau = 894, 547

HHHHHHHER HRARERA R A
# (3) Non-Ignorable Model
HHRIH SRR
#for (i in 1:5)

#{

Nsim2=10000

#use the muVec and tau obtained from Ignorable model
z=doNonIgnorable(Nsim2,muVec, tau)

V=z/(N1+N2)

theta=mean(V)
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cat("Theta for Non-Ignorable Model =",theta,"\n")

plotHTA(100,V, "H", "Non-ignorable Non-response Model")
#plotHTA(100,V, "T", "Non-ignorable Non-response Model™)
#plotHTA(100,V, "A", "Non-ignorable Non-response Model")

## 90% credible interval
#quantile(V,c(.05,.95))/(N1+N2)
# 1}

RS S R R E R R R R
#(4)doSensitivityAWithGrid()
RHF AR H R R

#tau=100

thetaVec=rep(0,10)

sdVec=rep(0,10)

credVec=matrix(0, nrow=10, ncol=2,byrow=T)

#tauVec=seq(100, 2100, by=500)
tauVec=c¢(5,10,20,50,75,100,600,1100, 1600,2100)

i=0

for (tau in tauVec)

{

i=ji+l

Nsim2=1000

#muVec=c(0.7589668, 0.006723437, 0.01017159, 0.001670488, 0.1205841, 0.06831049,
# 0.00810527, 0.02546785)

#tau=674.5044

z=doSensitivityAWithGrid(Nsim2, tau)

V=z/(N1+N2)

theta=mean (V)

thetaVec[il= theta

sdVec[i]=sd (V)

credVec[i,]l=quantile(V,c(.05,.95))

cat("Tau=",tau, "Theta for Sensitivity Analysis Model", theta,"\n")
cat ("Tau=",tau, "sd=",sdVec[il,"credInt=", credVec[i,],"\n")

plotHTA(100,V, "H", "Sensitivity Analysis")
plotHTA(100,V, "T", "Semsitivity Analysis™)
#plotHTA(100,V, "A", "Sensitivity Analysis")

## 90% credible interval
#quantile(z,c(.05,.95))/(N1+N2)
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}

thetaVec=rep(0,5)
tauVec=tauVec=seq(100, 2100, by=500)
#thetaVec=c(0.8857639, 0.8854624 , (.8856851, 0.8855564, 0.8855910)
plot(tauVec, thetaVec, xlab="Tau", ylab="Theta",

main="HBensitivity of Theta with Tau")
w2=cbind(tauVec,thetaVec,sdVec, credVec)
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