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Abstract

The objective of this project was to quantify the difference between two planar
domains with finitely prescribed matching points. To this end, we use gradient flows
to obtain a homotopy of quasiconformal mappings between the two shapes, find a
canonical minimizer for maximal infinitesimal stretching and rotation, and take the
distortion of the minimizer as a measure of the difference between the two planar
shapes. In our approach, numerical implementation is applied to get better insight

of the long-time behavior of the gradient flow.
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2 Introduction

In the book On Growth and Form by the Scottish mathematical biologist D’Arcy
Wentworth Thompson [Thompson, 1942], a theory of transformation was introduced
to characterize the change of shape and size during the growing process of an organism.
In this theory, a grid method was applied to capture the descriptive and predictive
properties underlying biological shapes via grid coordinates deformations.

The objective of this project was to generalize Thompson’s problem mathematically
and to come up with a new method to quantify the difference between two planar shapes
(domains) with finitely prescribed matching points. To this end, we use quasiconformal
maps between two planar shapes, preserving the landmark points. More specifically, the
image of an infinitesimally small circle under such a map yields information on its local
shear and distortion, and we consider various functional of these quantities to measure
the difference in shapes between the two regions through the map.

Since there are infinitely many quasiconformal maps relating two given shapes,
we need to find a canonical choice for such map to eliminate any ambiguity. In our
approach, we use gradient flows to obtain a homotopy of quasiconformal mappings and
simultaneously computing their maximal infinitesimal stretching and rotation at each
time. As the flow decreases the mean distortion of the map, plausibly it may be used to
find a canonical minimizer for such a functional. Once this is accomplished, we finally
use the quasiconformal map with the smallest measure of shear as the optimal map,
and we take the corresponding distortion as a measure of the difference between the
two planar shapes. This approach is based on work of Capogna and Raich [Capogna
and Raich, 2012], where the short time existence of the flow is proved. Since there are
no results on the long time behavior we resort to numerical experiment to gain better
insight on this problem.

There is a broad scientific literature on this problem. In particular, we were inspired
by a recent paper of Gareth Wyn Jones and L. Mahadevan. In Jones and Mahadevan’s
work [Jones and Mahadevan, 2013], they aim to find a quasiconformal map that varies
as little as possible in space and also minimizes an integrated squared-gradient of both
shear and distortion. In the absence of any rigorous existence result, they use numerical

experiments to analyze the problem.
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3 Preliminaries on Quasiconformal Mappings in Plane

In this section we introduce the elementary definitions and important facts of conformal
mappings and quasiconformal mappings. As most of our discussions are in complex
forms, some basic review of complex variables and functions are also covered. The
standard reference for this section includes [Ahlfors, 1953], [Ahlfors and Earle, 1966],
[Capogna, 2014], [Jeffrey, 2005], [Jones and Mahadevan, 2013], [Recktenwald, 2004}, and
[Vuorinen, 1988].

3.1 Conformal Mappings

We shall start with the definition of conformal mappings in plane. The terminologies
and the complex notations introduced in this subsection will be frequently used through

this essay.

3.1.1 What is a Conformal Mapping in Plane

Definition 3.1. Let v : Q — €' be a homeomorphism, where ©,€ C R? are two
domains in the plane. Suppose u(z,y) = (u'(z,y),u*(x,y)). We say u is conformal if
it satisfies the following conditions:
(1) u € CY, i.e., all first order partial derivatives of u = (ul,u?) are
continuous in 2.

(2) The Jacobian determinant of u is non-zero for all points in €2, i.e.,

V(z,y) € D,
dul  oul
Ju(,y) = det [;;2 ;;z] (x,y) # 0.
Oz Oy
(3) V(z,y) € D,Vh € R,
|du(z, )k = |du(z,y)], |7, (3.1)

where du is the Jacobian matrix of w.

Remark. The matrix norm in equation (3.1) is referring to the operator norm. For a
given 2 X 2 matrix A, the corresponding operator norm |A|, is defined via
(A, == sup || A7].

[|17]|=1
TER?
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The somewhat more familiar matrix norm to most us is the Hilbert-Schmidt norm, which

is defined via

Al =

2
> 4

2,j=1

The definitions of the two norms can directly extend to n-dimensional case.

Let’s see some specific examples of conformal mappings. A series of basic examples

in general R" case can be found in [Vuorinen, 1988].

Example 3.1. Define u : R? — R? via u(z, y) = (3z, 3y). This is a stretching mapping
by a factor k > 0 (here, k = 3). For instance, the image of point (—1,2) is point (—3,6).

ks 9
o ot
kas 7L-
pai
51 st
e u af
a3
=l /—\ 2l
e S 1
g = =3 43 ¢ e g g = = i3 9 73 ¢ -
-1t —
—al —21
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a4t —af
-5t st
&}
-7t -2
-of —o1
—o9 —o9

Figure 1: The image of a rectangle under the example stretching

Let’s verify that w is conformal.

1. Here, u! = 32 and u? = 3y. The first order partial derivatives are 0,u! = 3, 8yu1 =

0,0,u? =0 and 8yu2 = 3, all of which are continuous in R2.

2. From the first order partial derivatives that we have got above, it follows that the
Jacobian determinant

Oput  Oyut 30
Ju—det[ “ yu]—detlo 3]—9#0.

Opu®  Oyu?
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3. Let h = (h1, hy) € R? be given. Then

- 3 0| [m hq -
|du(z, y)h| = =3 = 31/h? + h3 = 3||h|,
0 3| |he ho
and
o 3 0] [u]], - I .
[du(z,y)|, Al = sup [hll = sup  3[F]|[|r[| = 3[A].
17=(v1,v2)€R2 0 3_ V2 7= vl,vg)ER
lI7]l=1 lI7]l=1

Therefore,
ldu(z, y)h|| = |du(z, y)|, [|B])

Hence, the stretching v with respect to factor £ = 3 is a conformal mapping. Indeed,

every stretching on the plane is conformal.

Example 3.2. Define u : R? — R? via

cos(%) —sin(g)] [x] _ [% —‘é?:] [:c]
sin(%) cos(g) Yy e % Yy

This is a rotation mapping which rotates points counter-clockwise through an angle %

u(m,y) =

w

(radian) about the origin. For instance, the image of point (2,0) is point (1,+/3).

9 3
4
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p @ &
¥
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Figure 2: The image of a hexagon under the example rotation

Let’s verify that w is conformal.
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1. Here, u! = (2 — v/3y) and u? = (v3z + y). The first order partial derivatives
are Oyu' = %,(%ul = —?,&CUQ = ? and 8yu2 = %, all of which are continuous
in R2.

2. From the first order partial derivatives that we have got above, it follows that the

Jacobian determinant

out Oyul 1 _3
J,=det | " YU | =det | 2 2l =1+#0.
[E)xu2 ay“2] [? %
3. Let h = (h1, hy) € R? be given. Then
- AN 1 || [P — V3R 1 >
du(z, bl =12 2= — —\/4h? + 4n2 = ||h]],
I, )i H[ﬁ %”hQ 3 s | | = 228 4n3= I
and
— % 7§_ V1 — — —
[du(z, y)l, Al = sup G [hll = sup [|@]/[[R]] =]
Ez(vl,vg)E]RQ 5 7 V2 Ez(vl,vg)E]RQ
ll7]1=1 ll7]1=1
Therefore,

[du(z, y)hl = |du(z,y)|, [1]-
Hence, the counter-clockwise rotation u with respect to an angle § about the origin is a
conformal mapping. Indeed, every rotation on the plane is conformal.

Before introducing more about conformal mappings, let us first review some algebra

facts, which will help us in subsequent proofs.

Lemma 3.1. Let A be an n X n matrix, and let ¢, € R™ be two vectors. Then we

have

where (-, ) is the inner product.

Proof.
n n n n n n
(AT, ) =Y (AD)as; = > Ay | W = Y A = Y0 <Z Aijw,)
i=1 i=1 \j=1 ij=1 j=1 i=1
n n n
=27 (Z A}Cﬂ%‘) = ¥(Aw),
j=1 i=1 j=1
= (7, AT %)
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Lemma 3.2. Let A be an n x n symmetric matrix (i.e., A = AT). Then
trace (AAT) = |A]? = trace (AT A).
Proof. Suppose A = (aij)nxn. Then

trace (AAT) = trace (Z aikajk> = Z az, = AP
k=1

nxn i,k=1

Since |AT|? = |AJ?, then
trace (AAT) = trace (ATA) .

O
From the third condition of the definition of conformal homeomorphisms, ||duk| =
|dul, ||2|, we do the following computations:
I duf)? = |duf? |72
(duh, duh) = |dul|? (h, h)
((du)"duh, h) = (|dul* 1dh, k)
<[(du)Tdu — |dul?1d]| 7, k) = 0.
Since h € R is arbitrary, we have that
(du)Tdu = |dul?1d. (3.2)
Then we take determinants of both sides of equation (3.2) and get
det ((du)Tdu) = det (|du|§ Id)
(det du)? = |dul} .
Thus, |du|? = |det du| . Substituting for |[du|? in equation (3.2) gives us
(du)?du = |det du| Id. (3.3)

T

d
We conclude that, when u is conformal, ﬁ equals the 2 x 2 identity matrix.
et du
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3.1.2 Complex Variables and Functions

As we are talking about mapping in plane, alternatively, it is natural to use the complex
notations. Let’s first recall some facts about complex variables and functions.

A complex number in the Cartesian representation is generally written as z = x + iy,
and the correspongding complex conjugate is defined as Z = x —iy. Conversely, the real

and

part and the imaginary part of a complex number can be represented as x = z
Yy = %, respectively. In conclusion, if we are given an ordered pair (x,y) as the real
and imaginary parts of a complex number, we can find a unique pair (z,z), and vice
versa.

Consider two complex planes, z-plane and w-plane. Let w = f(2) = u(z,y)+iv(z,y)
be a function that assigns each point z = x 4 iy in the domain D on the z-plane to a
unique point w = u + iv on the w-plane. According to the one-to-one correspondence
between (x,y) and (z,%), we can describe the complex function as w = w(z,z) (for

convenience we still denote the function by w) and get the following partial derivatives:

8w_8u@ 8u@ Oov Ox av@

9z " 020: " 0yo: " 010:  9yo:
B 18u+—i8u+i8v+ 7 Ov
20z 20y 20x 20y
= i(ur—z‘uy—l—ivz—i—vy),

ow 1 . )

g = §(uz +Z’LLy + g — Uy),

ow 1 . .

= i(ugj — iUy — (Vg — Uy),

ow 1 ) .

rrie Q(um + fuy — Uy + vy).

Definition 3.2. The system of the following two equations which involves the first order

partial derivatives of u(x,y) and v(x,y),

ou v
ox Ay’
ou  Ov
oy ox’

is called the Cauchy-Riemann equations.

ow
Remark. — = 0 is an equivalent representation of the Cauchy-Riemann equations.
z
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0
Indeed, if 877;0 = 0, then both the real and imaginary parts of it are zeros, i.e., u; —
Z
vy = 0 and uy +v, = 0. Conversely, if the Cauchy-Riemann equations are satisfied, then
ow
— =04+1i0=0.
oz

Definition 3.3. If f(z) is defined at z = 2y and in some open set containing zy (which
is also called a neighborhood of zy), we say f is differentiable at zy if the limit
f/(zo) pp— hm f(Z) — f(zo)
Z—20 zZ— 20

exists. We call f'(29) the derivative of [ at z.

Definition 3.4. If, for some domain €2 C C, f is differentiable at every point of €2, then

f is said to be analytic or holomorphic in ().

After the review of complex variables and functions, we now introduce the following
two theorems, which are not only basic but also extremely important in complex analysis.

The detailed proofs and other related theorems and corollaries can be found in [Jeffrey, 2005].

Theorem 3.1. If the two real-valued functions u(x, y) and v(z,y) in f(z+iy) = u(z,y)+
iv(z,y) are both of C! class in the domain 2 (which means that their first order partial
derivatives are continuous in ), and if the Cauchy-Riemann equations are satisfied,

then f is holomorphic in €.

Theorem 3.2. A holomorphic function w = f(z) is conformal at any point where
f'(z) # 0. Conversely, every conformal mapping w : C — C that has continuous partial

derivatives is holomorphic.

3.1.3 Local Properties under a Planar Mapping

In this small subsection we shall talk about properties of the image of an infinitesimally
small circle under a planar mapping. The reason why we are concerned about it is that
this image reflects local shear and distortion properties of the planar mapping. Although
this section is mainly talking about conformal mappings, here we shall broaden our scope
and start with a general planar mapping. The property of conformal mappings will be
included in the discussion of general mappings, and we shall see that conformality is a
rigid property which does not approve local shears.

Let’s start with dw, the infinitesimal change of w. If there is only a change in dz,

then dw = w(z + dz,y) — w(z,y) = (w(z,y) + we(z,y)dr) — w(z,y), and thus,

dw = wydz.
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In general, for dw = w(z + dz,y + dy) — w(z,y), we add and subtract w(z,y + dy) at

the same time and do the similar computations to get
dw = wydr + wydy.

Likewise, when the mapping is represented by w = w(z,z), we have
dw = w,dz + wzdz.

We notice that dw is an affine mapping, and that

o us 2]

dz] < ldw] < \|wz\ T ]

An infinitesimally small circle on the complex plane can be described in the exponential
form dz = dre®
w:C— C.

In the polar representation, dz = dre™. If we set w, = |w,|e’® and ws = |wsz|e??,

. We want to know the image of the circle under the complex map

where |w,|, |wz| are the moduli, and «, 8 are the arguments of w, and wz, respectively,
then
dw = w,dz + wzdz
= |w,|e®dre? + |wz|ePdre=?

= dr(w=[e ) + uz|e’P0)

—a

= drei(#)(\wz\ei[e_%] + ]wg|e_i[9_ﬁ%a]).
For Ae'® + Be™ ", where A, B € R and ¢ is a variable, we write it in the polar form
and get
Ae' 4 Be™" = A(cos ¢ + isin ¢) + B(cos ¢ — isin $)
= (A+ B)cos¢+ i(A— B)sin¢.
Let 2 := (A + B) cos ¢, and also let y := (A — B) sin ¢. Then we notice that

22 . v
(A+B)2  (A-B)2

L

which represents an ellipse (if B # 0) or a circle (if B = 0). Since drei(%j)(|wz|ei[9*6_7a]+

ig—B=a1y . . ; ; . .
lwzle=1="371) is of the same format of expression as Ae!® + Be™ ™ we infer that, if
|wz| # 0, the image of the circle dz = dre? under the complex map w : C — C is an

ellipse such that
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+ 8

o
1. its long axis is at an angle to the horizontal, and

lw.| + [ws]

2.
|w2| — |we]

is its ratio of long axis to short axis.

Figure 3: Mapping an infinitesimal circle onto an ellipse

Denote this ratio of axes by
D, =
Remark. D, =1 if and only if ws = 0.

Indeed, if D,, = 1 (which means that the image is still a circle), then we have that
wz = 0, the Cauchy-Riemann equations. Conversely, if wz = 0, then D,, = 1.

Moreover, we infer from the Cauchy-Riemann equations, theorems 3.1, and theorem
3.2 that, for conformal mappings, infinitesimal circles are to be mapped to circles, and
that D,, = 1.

The maximal dilatation on ©Q C C is given by

|ws| + [wz|

K :=supD,, = sup )
Q o |we| — [wz]

and we will use it as the dilatation of a diffeomorphism when we solve the Grotzsch

Problem.
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3.1.4 Composite Functions

In this subsection we shall discuss about the composition of two complex functions and
their derivatives. In addition, we shall prove that two

Let © C C be open, and let f : Q@ — f(Q) and g : f(2) — C be two complex
functions. Suppose that f! and f? are the coordinate functions of f, and that ¢g' and
g? are the coordinate functions of g.

From the previous discussion about complex functions , we know that

fo= 5[(f1+f2 ) +i(f2 = f)]

fo= 5 [ = S +ilF)+ 2],

— 1

f 5[(fx fy fy+f€v ]’

o= s [+ 12— it - 1),

from which we observe that B -

fz = (fE)’ (3 4)
?E:@-

Using z and ¢ to denote the variables on € and f(€2), respectively, we obtain the

following derivatives for the composition of g and f by the Chain Rule:

(90 f):=(g9c0 f)fs+(gz0 f)fe
(90 f)z=(9¢0 f)fz+(gz0 ) F=
Substituting the results from equations (3.4) into the expressions of the two partial

derivatives gives us

(90f>z:(g(0f)fz+(%0f)@,
(g0 f)z=(9¢co f)fz+ (970 [)(f2).
The Jacobian determinant of f is
f= Iz f= fz 2 2
Jp = det 7 =det =|£% = | =%
e [fz fj [(fz> (fz>] Sl
Solving for g¢ o f and gc o f from the system of equations (3.5) gives

(3.5)

s f = [e N0 - (9o N=(F]

geof =190 f)ef. — (g0 f):f].
f



WPI MQP B’16 — D’17 13

Now if g = f~!, then go f = z, and thus go f. = 1 and g o f> = 0. Hence,

e D)
(f)cof 7%
- _
(f 1)Zof——jf-

3.2 Statement of Riemann Mapping Theorem

One formulation of the famous Riemann Mapping Theorem is stated as follows. A

complete investigation can be found in the first section of Chapter 6 in [Ahlfors, 1953].

Theorem 3.3 (Riemann Mapping Theorem). Let © be a simply connected region in
plane, and let D be the unit disk. Fix w1, ws, w3 € 9Q and dy, do, d3 € 3D, counterclockwise
oriented.

(1) There is a conformal mapping from € to D.

(2) There is a unique conformal mapping f :  — D that satisfies f(w;) = d;, i = 1,2, 3.

Remark. The formal definition of simply connectedness requires background in fundamental
group and group theory. We shall not precisely stating it here but instead give a general
idea. Roughly speaking, a space X is said to be simply connected if any closed curve in

X can shrink into a single point in X.

3.3 Grotzsch Problem

Consider two rectangles, R and R, with counterclockwise prescribed vertices O, A, B, C
and O', A’, B', C’, respectively. Let the vertices O and O’ coincide with the origins, and
also let the sides of R and R’ parallel to the corresponding axes, as indicated in Figure
4. Suppose that |OA| = a,|OC| = b, ]O’A’l] =d, and |O'C’'| = V', where | - | denotes the

a
length of a line segment, such that — # — in other words, R and R’ are not similar.

a
b7

As we previously discussed about conformal mappings, we naturally ask “Can there
be a conformal diffeomorphism from R to R’ that maps edges to edges, respectively?”
We will find the answer in the end of this section.

The very instuitive example of diffecomorphisms from R to R’ that satisfies the above
conditions is the affine mapping

a b

u=—x and v=—y.
a b
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‘r ol A X
& B l U
. R
b R l
4 > "
o) A of A
fe—a——->] — & —

Figure 4: Two rectengles R and R’

. . Z+7z z—Z . . .
Using w = u + 1w,z = —5 and y = —5; » We can write the mapping differently:
1

1 [[d N v N a b\ _
YTo\a )" a b)°|
Recall that the dilatation of a mapping is

K = sup [zl T 1wsl
o |w|— |ws

Direct calculations give us the dilatation of the affine mapping as follows:

ba b Vv
h= ab/ ad a (3.6)
b if 7 <3

Note that the dilatation of such a affine mapping is greater than 1, as long as the
two rectangles are not similar.
Theorem 3.4. The dilatation of every possible diffeomorphism from R to R’ that maps
a'b ab/
edges to edges is greater than or equal to both — and —.
ba ba’
Said differently, the dilatation of the affine mapping, (3.6), is the smallest among the

dilatations of all possible competitors.

Proof. Let w : R — R’ be a diffeomorphism that maps edged to edges. Let w(x,y) =
u(@,y) +w(z,y).
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ow 1 , ) w . ,
We have known that e §(um — Uy + 10z + vy), i §(ux + iuy + v, — vy), and
thus,
W, + We = Up + 1y, (3.7)
Uy U
w, | — Jws? = ugvy —uyve =| Y = .
Uy Uy

Since u(0,y) = 0, u(a,y) = o/, we integrate u(x,y) along the boundary of R and get

/ u(x,y)dy = a'b.
OR

By Stokes’ theorem, we have that

/ U(w,y)dy—/amu(w,y)dwdy-
OR R

Since u, is the real part of w, + ws, then

a'b= / Re(w, + wz) dzdy.
R

If we let p,g € C, then Re(p + ¢) = Re(p) + Re(q) < /Re(p)? + /Re(q)? <
\/Re(p)2 + Im(p)? + \/Re(q)2 +1Im(q)? = |p| + |g|. Therefore,

a'b < / |w,| + |wz| dzdy. (3.8)
R

By Holder’s Inequality, we have that

a’b</ - (Jws| + ws]) dedy
R

< (/R 12 d:cdy)é </R(|wzl + |u1z|)2dﬂccly)é (3.9)

= [Area(R)]2 (/R(wz! + ywzy)Qdmy>é .

Let K denote the dilatation of w, and then K = sup M Thus,
R |wz] — |wz]
|we| + Jwz]
‘wz‘ + ”wg’ = | Z| — | Z| : (‘wz‘ - "U)g’)
z z

Now, if we times (|w,| + |wz|) on both sides of |w,| + |wz| < K (Jw,| — |wz|), we get

(Jws] + |ws)? < K (Jw:* — |ws]?)

= K (Ju).
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Hence, we get

b < \/Area(R)\// K (Jy) dzdy

=+/K - Area(R \// w) dzdy

(3.10)
=K - Area(R 1 / 1 dxdy
R/

— /K - Arca(R) - Area(R')
=VK- -ab-ad¥V
and thus, (a'b)? < K - ab - o'/, which gives

a'b
“Va

If we revert the role of z and w, we shall obtain the other inequality

Therefore, the affine mapping has the minimal dilatation among all diffeomorphisms

from R to R’ that map edges to edges. O

Now we ask another natural question: “Is there any other diffeomorphism, satisfying
all the conditions, that share the same dilatation as the affine mapping?” The answer is

given by the following theorem.

Theorem 3.5. If a diffeomorphism from R to R', mapping edges to edges, has a
dilatation equal to (3.6), then it is the affine mapping. In other words, the affine mapping
is the only such map that has the dilatation in (3.6).

Proof. Based on the inequalities we proved in Theorem 3.4, we now need to determine
when each of these equalities holds.

There are three inequalities involved in the proof above; they are (3.8), (3.9), and
(3.10). Let’s discuss the condition for equality of each case.

First, for (3.8) to attain equality, we must have

Re(w, + wz) = |w,| + |wsz]. (3.11)
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Since this equality involves Re(w, +wz) = Re(w,)+Re(ws) = /Re(w,)?+ y/Re(wz)? =
VRe(w;)? + Im(w,)? + /Re(ws)? + Im(wz)? = |w,| + |ws|, we can conclude that

Im(w,) =0 and Im(wz)=0. (3.12)

1 1
Recall that w, = i(ux — Uy + vy + vy) and wy = §(ux + iuy + tv; — vy). Then (3.12)
shows that

1
Wy = 5(Uy +v
- =ali by (3.13)
Wz = %(Uz —vy)
and
Uy — Vg =0
v (3.14)
Uy + vy = 0.
The system (3.14) shows that u, = 0 and v, = 0.
To have equality in (3.9), we need that
|w;| + |wz| = constant in R. (3.15)
Combining the results from (3.11) and (3.15) gives us that
Re(w, + wz) = constant in R. (3.16)
We have known in (3.7) that
W, + Wz = Ug + 10y,
and therefore, (3.16) is equivalent to
uy = constant in R. (3.17)
Moreover, since v, = 0, we actually have
Wy + Wz = Ug.
Hence,
[w| + Jwz| = Re(w, + wz) = uy. (3.18)

Last, to obtain equality in (3.10), we need

(Jws] + [wsl)? = K (Jws]* — Jws?) .
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Canceling (|w,| + |wz|) from both sides gives us that
wa| + |wz| = K (Jws] = |wz]) .
By (3.15), we directly have K (|w,| — |wz|) = constant in R, and as a result,
|w.| — |wz] = constant in R. (3.19)
Then (3.13), (3.17), and (3.19) together shows that
vy = constant in R. (3.20)

Using what we have obtained, we can deduce from the equation (|w.| + |wz|)? =
K (Jws]? — |wz|?) that
ws? — Jwz* = K~ (jws| + wz])?
1 1 _
= E(UI +0y)? — Z(Uoc —0y)? = K ' (ug)?
= uyvy = K1 (uy)?
= Uy = Kuvy.
All together, we have that
uy =0, wu, = constant in R
vy =0, v, = constant in R

Uy = Kuy.
Therefore, w must have the form
w = ax + Py,
where « and 3 are constants that match the values for the affine mapping. O

Now we can imply that there is no conformal diffeomorphism from R to R’ that maps
edges to edges, respectively. Indeed, the conformality would require the dilatation to be
equal to 1, which is less than the dilation of the affine mapping — contradicting the fact
that stated in Theorem 3.4.
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3.4 Quasiconformal Mappings

The conformality of conformal mappings is a quite stringent property; though it is
desired, in most cases, we cannot find a mapping to meet the requirements. For
example, we have seen that there is no conformal diffeomorphism between non-similar
rectangles that maps edges to edges, respectively. In similar cases where conformality
is not achievable, we aim at finding a mapping that is, in some sense, as conformal as
possible. Thus, we are going to talk about quasiconformal mappings and also make it
more precise about how we quantify “how far” a quasiconformal mapping is from being
conformal.

Let’s first recall our previous discussion in section 3.1.2. If we have an infinitesimally

small circle dz = dre”, then a complex mapping w : C — C will map it into an ellipse
. a+tB . B—a . B—a
dw = dTeZ(%)(\wz]eZ[e_T] + |wsle 0=,

whose ratio of long axis to short axis is

D, — lw| + |wz|‘

|wz| — |we]
Moreover, we have seen that for conformal mappings, the ratio is 1 and the image is still
a circle.

In this section we are going to talk about another special case in which the ratio D,,

is bounded.

3.4.1 What is a Quasiconformal Mapping in Plane

Let’s first introduce two terminologies.

We set
o= 2 (3.21)

Wy

and call it the complex dilatation, or the first complex dilatation. From the modulus

of u, |p| = wz;, we notice that
z
|ws| + |we]
L+ | Z|w | =,
4
we| 7

which gives that

L[l _ |ws] + Juws]
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Hence, we obtain a new representation of D,,, which is

_ 14|yl
w = .
1=
Next, we set
wz
V= —= 3.22
@) (3.22)
and call it the second complex dilatation. Since |w,| = |w;|, then
|1l = vl

Definition 3.5. Let Q C C be open, and let w :  — C be a diffeomorphism. Then w

is said to be quasiconformal if

is bounded in €. Furthermore, if there exists a specific K € R such that D,, < K, then

w is said to be K-quasiconformal.

Remark. For a K-quasiconformal mapping, the induced condition for |u| and |v| is that
_ K—1
ul = vl < 757 < 1.

Therefore, if the dilatation of the mapping w,

K, :=supD,, =sup M’
Q Q |we] — |wel

exists, then w is K-quasiconformal.
Remark. A 1-quasiconformal mapping is conformal.

Example 3.3. Let w(z,y) := 9z + iy. In complex notation (using w for convenience),

one has that

z+z L Z—Z
w(z,z) = 9( 5 )+ i( 5 ) =5z +4z.

Thus,
o |wo Flwe| 544

D.. — — —
v |lw,| — |lwz|  5—4

9.

Therefore, w is a quasiconformal mapping. Furthermore, it is 9-quasiconformal.

Now with the definition of quasiconformal mappings, we return to the Grdtzsch
Problem and conclude that there exists a K-quasiconformal mapping from R to R’ if

and only if
1 _db
K SVaS
Since this chain of inequalities is symmetric, we derive from it that the inverse of a

quasiconformal mapping is still quasiconformal.
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3.4.2 The Geometric Definition

We notice that in Definition 3.5 of quasiconformal mappings, we pre-require that the
mapping w to be a diffeomorphism. In fact, this condition of differentiability is not
natural, and sometimes, not necessary. In other words, this definition is not broad
enough to include various examples that are useful in mathematics; we shall remove
this condition of differentiability and give an equivalent definition of quasiconformal

mappings.

Definition 3.6. Let 2 C C be open, and let w : £ — C be a homeomorphism. Let
z € ) be a point, and let r € R be positive. Set

L(z,r):== sup |lw(z) —w(z)],
2'eQ
lz=—2"ll<r

and set

I(z,r) ;= inf |lw(z) —w(Z)].
12515

Define H(z,w) via

o L(zr)
H =1 .
(zyw) = lmsup 707

We say w is quasiconformal if there exists a real number H > 1 such that
H(z,w) < H < o0

for all z € C.

3.4.3 Beltrami and Conjugate Beltrami Equations

From (3.21) and (3.22), the definitions of the first complex dilatation and the second
complex dilatation of w, we obtain the following partial differential equations for w:

ow (2,%) ow

Tz (22
oz HM® 0z )’

R G
357VZ’Z 0z )’

which are called the Beltrami equation and the Conjugate Beltrami equation, respectively.
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Let k := Re(v), the real part of v, and let A := Im(v), the imaginary part of v. Using

w=u+1iv,z=x+ 1y, and v = K + i\, we obtain

@_1( ity + ive — v,)

55 = ole T iuy +ivg — vy
_1-@_@ +' %‘F@-
2|\ 0z Oy ! dy ox)]|’

6—w—1( — iUy + vz + vy)

5, = oUs —iuy vy +uy
1[/0u Ov fOu  Ov\]
= - 7—|—— — 1 —_——— s
2 |\ 0z 0Oy oy Oz) |

87'11] —1-%4_@ +' @_@_

0z) 2 |\0dz Oy ! oy Ox)|’

Then the Conjugate Beltrami equation

ow _ v(z,Z) ow
oz 7 0z
can be expressed as

2|1\ 0z Oy ! Jy O TG

1
Cancelling 3 from both sides gives

(&-5) (G o)) [(G 2 (G2 o

The real part of the right hand side of equation (3.23) is

(0 oy (ou v
ox Oy oy Ox)’

while the imaginary part of the right hand side is

A @+@ + K @—@
ox Oy oy Ox)°

Let them equal the two corresponding parts of the left hand side of equation (3.23), and

we get a system of two equations
(1+n)gv+)\<—au> :(1—/{)@—)\@
Y

ov ou ou ov
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v ou
Solve for ay and <_8y> to get

v (k=17 + N (%) —2X(22)

oy 1 — (K24 \2) ’
ou) _ —2A(58) + (v + 1) + 3 (32)
<_ay> n 1— (k24 \2) ’

Therefore, we have rewritten the Conjugate Beltrami equation as a system of partial

differential equations

v (k—1)2 + )2 -2\ ou
oy | [1—=(r24+ X)) 1—(k2+A2)| |0z
Ou| —2) (k+1)2+ X [dv
dy 1—(k2+X) 1—(k2+ )] Loz
Now if we set
e (k—1)2+ )2
1 — (k24 A2)’
—2A
B=—1—+——+
1— (k2 +A2)
O (k+1)2+ )2
1= (k24 A2)
we can rewrite the system of equations in a more concise form:
v ou
Oy | _ |4 Bl o (3.24)
_oul B cf|ov
oy ox

We shall return to this form in next chapter.
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4 Methods in Jones-Mahadevan Paper

In this chapter, we shall summarize the work of Jones and Mahadevan in their recent
paper [Jones and Mahadevan, 2013] which inspires our work in the next chapter. Specifically,
we shall explain their approach to the problem and extend the mathematical ideas

underlying the core part.

4.1 Problem Description

In [Jones and Mahadevan, 2013], the authors want to quantify the difference between
two planar shapes (domains) with finitely prescribed matching points. To this end, they
construct quasiconformal mappings between two planar shapes, preserving the landmark
points. Additionally, boundary points are supposed to remain on the boundary of the
target shape (not necessarily fixed). In this way, the parameter field underlying an
appropriate quasiconformal manifests the difference as desired.

Let’s translate the problem into mathematical language (notations that have been
introduced in the preliminary chapter are continued to be used here. )

Given two planar shapes, g and €21, together with a finite number of landmark
points, say {(2;, %)}, for some N € N, in the domain shape Qg, and correspondingly,
{(@,9;)}Y, in the target shape 1, a quasiconformal mapping w = (u,v) : Qp —
that preserves the matching of all the landmark points is desired. Further, since solving

the conjugate Beltrami equation,

Vi u(z,z)(%f),

can give a quasiconformal mapping, with x := Re(v) and A := Im(v), a distribution of

k(z,y) and A\(z,y) satisfying
;= u(Zs, §i; K, A; Oh)
0 = v(Zi, Gis K, A; O

for all i € {1,2,..., N} is desired.

4.2 Optimization Schemes

Theoretically, the continuity of k(z,y) and A(z,y) together with the finite number of

constrains will produce infinitely many eligible quasiconformal mappings. However,
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most of them do not reflect the difference between the two regions correctly. So, among
all possibles mappings, the optimal one is desired. A natural question is: what is the
criterion to select the optimal mapping? The construction of a criterion takes time
and effort. We shall describe the proposals tested in [Jones and Mahadevan, 2013] and
explain the related mathematical idea.

Recall that if |ws| # 0, the image of the circle dz = dre® under a complex map

w: C — C is an ellipse with
_ |we| + |

- wef = s

D, :

as its ratio of long axis to short axis. With the previously defined second complex
Wz

(@)

dilatation, v := , the ratio can also be expressed as

To read the differences between the shapes of two domains from a collection of
possible quasiconformal mappings, the extreme one with minimum maximum degree
of local shear is concerned. Thus, the first proposal of Jones and Mahadevan is that
the maximum value of |v| on £y be minimized. However, in their trials, perturbations
of k and A (the real and imaginary parts of v, respectively) result in an unchanged
maximum value of |v|, and thus, the scheme fails to find a direction towards a solution.
Next, the proposal to minimize | fQO |A|P dS]% is experimented numerically. Considering
the relation between the LP norm and the L° norm, when p goes to infinity, the value will
approach the maximum value of |v|. New issues appear in this trial: the optimal solution
has special values of |v| near landmark points, whereas positions of these constraints are

supposed to be arbitrary. After they minimize the gradient of |v| = ‘\/ k2 + A2, they

obtain an optimal solution with constant |v| across y. As the local shear property of a
quasiconformal mapping can be revealed in the corresponding v, the optimal mapping
will have a constant local shear. The problem with that scheme is that the angle of
local shear cannot be controlled. To avoid drastic variation of the angle of local shear,
Jones and Mahadevan turn to minimize the gradients of both x and A. So, they set the
objective function
7= /Q (IVAI? + [VA2) dS.
0

In this case, a pair of functions (k,\) that minimizes the objective function is desired.

Also, the matching of landmark points is required in the process. Then, with the pair
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(k, A), the optimal mapping can be solved from the conjugate Beltrami equation, ws =

v(z,Z)(w,). This is the finally settled scheme.

4.3 Variational Principle

The last scheme introduce above is theoretically feasible. However, deriving a quasiconformal
mapping from a conjugate Beltrami equation is non-trivial. A further method to compute

a solution is needed in current step. We shall discuss about it in this section. Besides the
work of Jones and Mahadevan, the standard reference here also includes [Garabedian, 1970].

In the subsection 3.4.3, we have converted the conjugate Beltrami equation,

ow _ (2,%) ow
oz VN oz )

into a system of partial differential equations as follows:

ov ou
- 4 Bl |
W |- or (4.1)
_oul B Cf v
y Ox
where
(A_ (H—1)2+A2
1= (K24 A2
—2A
B=———
1— (k2 +A2)
o (k+1)2 + )2
T 1= (K222
Based on that, a functional is introduced in Jones-Mahadevan paper as follows:
1
Flu,v] := 3 / (A|Vu|® + 2BVu - Vo + C|Vv|?) dS. (4.2)
Qo

In the corresponding appendix of [Jones and Mahadevan, 2013], it is proved that if
a homeomorphism w = (u,v) : Q9 — €y minimizes F in (4.2), then it is also a solution
to the system of equations in (4.1). Therefore, with a known value of second complex
dilatation, v = k+1tA, if we can find the minimizer function of F, then we simultaneously
derive a quasiconformal mapping from a conjugate Beltrami equation.

Let’s consider the minimization of the functional F through variational method.

Suppose a minimizer exists. Define a one-variable function f via

f(s) == Flu+ su,v + sv],
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where @ := (4, ?) is an admissible test mapping from Qg to ;. If (u,v) is a minimizer

among all competitors (i.e., possible homeomorphisms from Qg to €;), then
Flu,v] < Flu+ st, v+ s0], Vs,

same as

Hence we must have

0~ 10) — 1 FE) = 1O)

s—0 S
. Flu+ st,v+ s0] — Flu, v]
= lim .
s—0 S

As Flu,v] = %fQO (A|Vul* + 2BVu - Vo + C|Vou|?) dS, one shall have

d

0=—
ds Qo

[A(Vu+ sVa) - (Vu+ sVa) + 2B(Vu + sVa) - (Vv + sV0)

ds
s=0

= / %[A(Vu +sVa) - (Vu+ sVa) + 2B(Vu + sVa) - (Vv + sV0)
Qo

+ C(Vu + VD) - (Vo + sVD)]

ds
s=0

+C(Vo +5V0) - (Vo + sV0)]

= / [AVi - (Vu+ sVa) + A(Vu+ sVa) - Va
Qo
+2BVii - (Vo + sVD) + 2B(Vu + sVii) - Vi

ds
s=0

+ CVo - (Vv +sVo) + C(Vv + sV) - VI

= / [2AV@ - Vu + 2BV - Vo + 2BV - Vu + 2CV© - Vo] dS
Qo

) / Vi - (AVu + BVo) + Vi - (BVu + CV0)] dS
Qo

So, if (u,v) is a minimizer of F, then for every possible admissible test mapping (@, ) :

Qo — €y that is not independent at the boundary, one has that

/ Vi - (AVu+ BVv) + Vo - (BVu+ CVwv)]dS = 0.
Qo

Let

OF = Vi - (AVu+ BVv) + Vo - (BVu+ CVv)] dS.
Qo
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Then, in Jones and Mahadevan’s method, a minimizer w = (u,v) is found by setting
OF =0.

In trial changes, with a guess of v = k 4 i, a series of perturbations of k¥ and A are

made in order to minimize
I:/ (IV&[* +|VAP?) dS
Qo

with the constraints that the solution of each corresponding conjugate Beltrami equation,
w = (u,v), which is solved from
0F =0,

satisfies that
w(Zi, i) = (U4,0;), i=1,...,N.

4.4 Numerical Implementation

Numerically, the scheme is implemented through a finite-element method.
The first step is to introduce a triangulation of the domain €g. Suppose there are
N1 nodes in the interior and Ng nodes on the boundary. In addition, suppose the image

of the Ny interior vertices under w = (u,v) are indexed as

{(u1,v1), (u2,v2), .., (un;, vy ) }-

For boundary points, we first parametrize the boundary of Q; by up : [0,27] — Qy,
and then for each point j of the Np nodes on 99 (j = 1,2, ..., Np), give it a specific
value 6; € [0,27] of the parametrizing variable. After that, suppose the image of the

Np boundary vertices under w = (u,v) are indexed as

{(u3(91)> UB(Hl))a (uB(GQ)a ’UB(QQ))’ X3) (UB(HNB)7 UB(QNB))}'

Let {¢i(x,y) f-vzfl and {¢p;(z, y)};yfl be two collections piecewise affine basis functions.
That is, for each interior point i, ¢; is affine on its corresponding triangles such that
¢i(i) = 1 and ¢;(k) = 0 for k # i; each ¢p; has the same property with respect to

boundary nodes. If the triangulation mesh size is h, then the corresponding discretized
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expressions of the mapping are

Zuzdh (z,y) +ZUB )98 (€, Y),

sz¢z$y +ZUB ¢Bj$y)

Likewise, discretize k and A by

Ni+Np

K:h(x7y) = Z Ht¢t(x,y>
t=1
Ni+Np

N (@, y) = Z Aede(@,y).
=1

According to the discretization of (u, v), the admissible test mapping (@, ¥) mentioned

in previous is obtained by making perturbations to the coefficients {ui}f-vzfl, {vi}fv:’l, and

{0; }] |, and thus,

Zuz¢z €T y Z ( )QSBj(x y)

]:
Np

sz¢z 33 y Z ( )¢BJ($ y)
Recall that the goal is to find the minimizer of the discretized

i:/ (\why?ﬂwﬂ?) ds
Qo

with the constraints that the solution of each corresponding conjugate Beltrami equation,

w = (u,v), which is solved from

5F =0,

satisfies that
w(Zy,v:) = (U, 0;), ©=1,...,N.

Considering the expression of 0.F,

OF = [Vi - (AVu+ BVv)+ Vo - (BVu+ CVv)] dS =0,
Qo
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we first do some necessary calculations with respect to the discretized terms as follows:

Vol = Z vi Vi + Z vp(0;)Véa;

NI NB
Vil =Y a4,V + Y 0;up(0;,)Vés;

i=1 j=1

Ny Ng

Now we can obtain that

/ [vah AVl + Bwh)] ds
Qo

/ (Z iV b + Ze (0 V¢Bn> [ (Z wi Vi + ZUB ij)
Ny
+ B (Z vV + ZUB V¢Bg)

as

i=1

Nip Np
_ /Q (Z U Vm + > énu’B(an)an)
0 \m=1 n=1

Ny Np Ny
Qo m=1 = i=1
+ Z [Aup(0;) + Bup(0;)] Vog;| dS
Ny Ny Np
= i | Vom | Y (Aui+ Bui) Vi + > [Aup(8;) + Bug(6;)] Vo, | d
m=1 Qo i=1 j=1

Ny Np
Z (Aui + Bvi) Vo; + Z [AUB(QJ') + B’UB(Qj)] V¢Bj

i=1 j=1
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Likewise,

/ [wh (BVuh + th)} ds
Qo

—va/ Vém

Np
Buz—i—C'fuZ Vi + Y [Bup(t;) + Cvp(0;)] Vs, | d
J=1

Ny Np

> " (Bui+ Cvi) Vi + Y [Bup(6;) + Cvp(6;)] Vo,

1=1 j=1

+210 / V5 (0,) VB
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Combine them together to get the discretized counterpart of §.F:

SFh = / [vah - (AVu" + BVo") + Vit - (BVU" + CVvh)} s
Qo

Ny
=i [ Vo
m=1 Q0

Aul—i—BvZ v¢z+z [Aup(0;) + Bup(0;)] Vén;
7j=1

NI -NI NB
+Zu;n/ Vom | Y (Bui+ Cvi) Vi + Y _ [Bup(0;) + Cup(0;)] Vd)B]] ds
m=1 Qo

=1 j=1

Np B Ny Np
+) o, /Q Vopn | Au(0,) (ZuiwﬁZw(ej)ij)
n=1 0 ;

as

+ Bulg(6,) (Z viVi + Z UB(QJ)V¢Bj)

Np
+Z§n/ﬂ V(an BUB (Zuzv¢z+ZuB V¢B])
n=1 0
Ny
+ C3(6,) (ZMV@JFZUB V¢BJ) ds
i=1 j=1
Ny Ny
=D im /Q Vém | D (Au; + Bu;) V¢Z+Z [Aup(0;) + Bop(0)] WBJ}
m=1 0 i=1 j=1

—I—va/ Vém

Np
Bui—l—Cvi) v¢i+Z[BUB )—I—CUB( )] V(l)B]] ds
j=1

+Ze/

[Auly(0,) + Bu's(6,)|Vdsn (ZuZV@—i—ZuB V¢B])

Ny

+ [Bup(6n) + Cvp(0n)Vdnn (szmevB wm) ds.

=1

If for each m € {1,2,...,N;} and n € {1,2,..., Ng} we set

- . _
Sh=| Vém |>_ (Aui+ Bv) Ve + Y [Aup(6;) + Bop(0;)] Vs | dS,
Q0 i=1 j=1
x . -
S2 = | Voém | > (Bui+Cvi)Vei + > [Bup(8;) + Cvp(6;)] Vop, | dS,
{0 i=1 j=1
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Nj Np
S8 m /Q Aty (0) + BUp(0,)]V 050 | S wVer + 3 un(0,)Vén;
0 i=1 J=1

N; Npg
+ [Bulg(6n) + Coi(0,)Vopn | > viVéi+ > vp(0;)Ves; || dS,
i=1 j=1

then we obtain 2Ny + Np finite-element equations

sl =o,
52 =0,
53 =0,

for 2N + Np coefficients: {ui}?gl, {vi}fv:’l, and {0]-};\7:31.

Remark. The A, B, C shown above in this subsection are actually generated from the

corresponding " and A". They can be understood as A", B" C".

With the above notations, we can restate the optimization process. Now the objective

is to find the minimizer of
7= / (\WP + \th) ds
Qo

via perturbations of coefficients u;, v;, 0, k¢, and \¢, such that

and also that
(uhavh)(fivgi) = (ﬁlaﬁl)a 1= 17 ,N

After introducing the algorithm, the optimization problem now can be implemented
via computer programs such as triangulation code, mesh generator, and optimization
code. For a deep understanding of the programs that have been applied in Jones
and Mahadevan’s work, please find [Persson and Strang, 2004] and [Gill et al., 2005],
which are from the original code authors. Moreover, a step-by-step description of the

optimization procedure can be found in [Jones and Mahadevan, 2013], Appendix B.
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5 Alternative Approach

We observe from Jones and Mahadevan’s method that their optimization process involves
4™ degree of derivatives, and therefore, when it comes to numerical implementations, the
error will be multiplied. So, we want to come up with an alternative approach such that
a lower order of derivative will be involved in order to reduce the error in approximation.

In this chapter, we shall present a different method that quantifies the difference
between two planar shapes with finitely prescribed matching points. Inspired by the
work in [Jones and Mahadevan, 2013] and [Capogna and Raich, 2012], here we also use
quasiconformal maps to reflect information about local shear and distortion, and we
consider various functional of these quantities to measure the difference. To eliminate
ambiguity, we aim to find a canonical quasiconformal map relating two given shapes

among infinitely many choices and then take the corresponding distortion as a measure

of the difference between the two planar shapes.

5.1 Notations

In this section we introduce several important notations that will be used in the rest of
this chapter when describing the idea of our approach.

For a planar mapping u, let
o du’'du
9" Tdet du’

The dilation of u is defined as y/trace(g). By Lemma 3.2, we have that
d
V/ trace(g) = \711\1
(det du)z
Define the distortion tensor of u at a point of differentiability = € R? via

trace
S(g) =9 — n(g)ld.

Now if we denote the eigenvalues of g by 0 < A\ < A2, then

du’d det(du’'d det du)2
)\1)\2:det(g):det< u u>_ et(du’ du)  (detdu)”

|detdu| ) (detdu)?  (detdu)?

Further, if ¢ is diagonal, i.e.,
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then A
S(A)_A—tra(;e( J1d
B A 0 S Ait+A |10
10 A 2 |01
[ 0
- A=A |
Thus,
AL — Ao\ A=A\ A —A)? 1
2 1 2 A 2 _ W 2)” _ 1 2
swP = (2522) + (-2572) =52 = Sk aer -2
2 1 2
|S(A)] :§[trace(A) —4].

As g is a symmetric matrix (i.e., g/ = g), we can find a 2 x 2 matrix Q with Q7Q = Id
such that QgQT = A, and thus,

trace(g) = trace(gld) = trace(¢9Q” Q) = trace(QgQT) = trace(A) = A\; + Xo.

We observe that S(g) = (g — trac;e(g) Id) is also symmetric. Moreover,
T _ T Mld r_ M0 —% / = S(A
QS(9)Q" = Q" - Q=T14Q [0 | | 0 ma| 7SO
Hence, for a general g, we have
\S(g)|2 = trace(S(g)S(g)T)
= trace(S(g)S(g)TQTQ)
= trace(QS(9)S(9)" Q")
= trace(QS(9)QTQS(9)T Q")
= trace [(QS(Q)QT) (QS(Q)QT)T}

Therefore,
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With the discussions of g and S(g) above, one can conclude that a planar diffeomorphism
u is conformal if and only if S(g) = 0 (2 x 2 zero matrix) and if and only if trace(g) = 2
(9 = Id indeed).

We have introduced the definition of a quasiconformal mapping in plane in section
3.4. Now let’s introduce an equivalent definition, which will be the start point of our

approach to quantify the difference between two given planar shapes.

Definition 5.1. A diffeomorphism u : Qg — €2 is said to be quasiconformal if

We call K(u, Qo) the maximal dilation of u.

In general, K(u, Q) > v/2. The equality holds if and only if u is conformal.

5.2 Scheme Frame

We first restate here that our objective is to obtain a quantified difference between
these two shapes. Given two planar shapes €y and €27 and a finite number of landmark
points, we can build infinitely many quasiconformal mappings between ¢ and Q1 with
these landmark points matched. Suppose {uq }acs is the collection of all those possible
quasiconformal mappings. For each wu,, there is a corresponding maximal dilation
K(ua, o), which measures the distortion of the mapping. Roughly speaking, our idea is
to first find a ug in {uq }aes such that K(ug, Qo) < K(ua, Qo) for all a € J, and then we
use the dilation of the minimizer, K(ug, ), as the quantified difference between these

two planar shapes.

5.3 LP Gradient Flow Approach

In order to find the minimizer of |<17U\1 ,we can equivalently turn to find the
(detdu)? || 1,00
minimizer of
|dul?
(detdu) || o

We first study the corresponding LP problem. That is, we want to find a critical mapping

[ e
—dz.
q, (det du)P

of the following functional
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By classical variational method, we can obtain the Euler-Lagrange equation for this

functional, which is a system of two equations
(Lyw)' =0, i=1,2,

where
(Lpu)' = 2pd; ([trace(g)]" (du™1)TS(g)),;, i,j =12,

and the explicit forms of g and S(g) can be found in the above subsection 5.1. More

8" chapter

detailed explanation about this variational problem part can be found in the
of [Capogna, 2014].
Now we let p — oo in order to go back to the original problem. That is, we want to

solve the system of equations
(Loou)' =0, i=1,2. (5.1)

However, the major obstacle to achieve our goal in this process is that we currently are
not clear about the existence of equation (5.1).

To continue in this method, we introduce a time variable ¢ based on the work of
[Capogna, 2014], build a quasiconformal diffeomorphism ug that satisfies all the required
conditions, and then apply the gradient flow approach to study the following initial value
problem

Owu=—Lyu in Qg x(0,T),

u = ug, at Qo x {t =0}.

It has been proved in [Capogna and Raich, 2012] that in a short time, we can obtain
a homotopy class of quasiconformal mappings with the same domain and range. Since
the flow decreases the mean distortion over time, for a feasible value of T', we let t — T
in order to find a canonical minimizer of mean dilation. After that we let p — 0o so as
to go back to the L* problem. Then the distortion of the minimizer shall be used as a
measure of the difference between the two planar shapes that we want to compare.

Since the long-time behavior of the gradient flow is not clear, we resort to numerical
experiment with MATLAB programming to study the problem.

In our numerical trials with MATLAB, we observe that, since (Lyu)’ (i = 1,2) are
second order, nonlinear, system of differential operators, it will take a long time to
process the implementation in MATLAB. So, we want to take a linear flow approach,

which will be more efficient.
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Since the algorithm and programming of the numerical implementation in MATLAB
corresponding to the LP flow can be build on from the one corresponding to the linear
flow approach that we are going to apply, and since most of us may be more familiar
with this linear flow, we shall first explain the numerical part of the linear flow and then

revisit the nonlinear flow.

5.4 Heat Gradient Flow Approach

To begin with, we first present how we find this alternative linear flow approach and

why these two methods are equivalent.

5.4.1 Relation with the P Gradient Flow

For U : D; — Ds, a quasiconformal diffeomorphism, the inverse mapping, U~!, is

well-defined, and
U NU((2)) =2 VzeDy,

UU=(Q)) =¢, V(e D
By the changing of variable ( = U(z), we obtain that

1 2 17 (2))] 2 .
[ [P g [ | (0 o,
Since
AU (U(2)] _ (dU(z)\ ™"
a ‘< dz ) !
dU(z)\ 1
det< dz > det (dl(]iiZ))fl7
then (dU( ))_1 )
dQUrQI[° =7
et Sy
That is,

- d:.U)"'[3
dUle:/ (d. °_ds.
/DQ | << )‘O C D1 det [(dZU)_l]
Moreover, in the 2 x 2 matrix case,

[(d.OU) 'R |dUL
det [(d.U)~1] ~ det[d.U]
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It follows that

—1y|2 _ |dzU|3
/D2 |de(UY]) d¢ = /D1 Wdz, (5.2)

which shows that minimizing the Dirichlet energy of U~! (the left hand said) is the same
as minimizing the L? norm of the mean dilation of d,U (the right hand side).

In the two-dimensional case, the relation between the Hilbert-Schmidt norm and the

operator norm is that, if A is a real-valued 2 x 2 matrix, then
AP _ a1

det A det A [AZ -
det A

(5.3)

Since the function K — K —&—% is monotonic in [1, 00), then the minimization problems in
the Hilbert-Schmidt norm and in the operator norm shall have the equivalent solution.
Hence, by the change of variable, we obtain an identity between mean dilation and
Dirichlet energy. To put it differently, in order to minimize the mean dilation of a
quasiconformal diffeomorphism, we can instead minimize the Dirichlet energy of the
inverse map.

Since the inverse of a quasiconformal diffeomorphism is also quasiconformal, we

finally settle at a new (and equivalent) problem to find the minimizer of

/ |dul? dz,
Qo

with boundary condition prescribed by having €y being mapped to 2y, instead of

|du|”
/QO det (du) dz.

By variational method, we obtain the Euler-Lagrange equation in this case, which is a

minimizing

system of heat equations
Au = 0.
Then we introduce time variable t and apply the gradient flow method to study the

initial value problem
Ou=Au in Qyx(0,7),
u=1uy at o x {t=0}.
We want to find a canonical minimizer of mean dilation, and then we take the dilation
of the minimizer as a quantified difference between two planar shapes.
Likewise, we shall apply numerical implementations to find the desired quantified
difference value. We will first introduce common numerical methods dealing with heat

equations, and then study the heat gradient flow in numerical experiments.
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5.4.2 The One-Dimensional Heat Equation

In the study of partial differential equations (PDE), the topic about heat equations is
basic and appears in the beginning part of many PDE books. Roughly speaking, a
familiar two-dimensional heat equation describes how temperature gradually changes
(decreases, in most cases) over time at different locations of a given area. We shall
introduce our algorithms together with implementations on MATLAB in this subsection.
We start with the one-dimensional heat equation, and the schemes involved will be the
essential foundation for us to tackle the further two-dimensional case.

The general format of the heat equation is
up — alAu =0, (5.4)

where u = u(x,t) is a real-valued function of the spacial variable x and the time variable
t, a is a constant named thermal diffusivity (which is a property of the material of the
object in the practical sense), and the Laplacian is taken with respect to x.

In our one-dimensional problem, z is in R, and we may assume that the thermal
diffusivity is 1 for convenience. Thus, the heat equation becomes

ou 0%

X

where L is a constant number. Furthermore, the equation is subject to some initial and
boundary conditions.

Recall the definition of derivatives in Calculus. For a one-dimensional function f,
we obtain the slope of the secant line passing through points (z1, f(x1)) and (x2, f(z2))

b mputin,
yEOTPTe f(3?2)—f(371)

Tro9 — T1
(without loss of generality, we assume that x; < z9.) If the distance between x; and
xg is sufficiently small (i.e., Az := xo — x; is sufficiently close to 0 from the right), we
roughly take the difference quotient

f(z1 + Az) — f(z1)
Ax

as the slope of the tangent line (if not vertical) at the point (z1, f(z1)). The idea of the
difference quotient inspires us to turn the continuous differential equation problem into

a discrete approximation.
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In the numerical implementation, we require the time domain to be finite, say, [0, 7.
We divide the spacial domain [0, L] and the time domain [0, 7] uniformly into (N; — 1)
and (M — 1) sub-intervals, respectively (N1, M € Z. ). Therefore, we get N nodes on
[0, L], of which the distance between each pair of adjacent nodes, Az, is equal to ﬁ

Denote these spacial nodes by
;= (i—1)Az, i=1,2,...,Nj.

Similarly, we obtain the uniformly divided time domain [0,7] with the following M
nodes

ty = (m—1)At, m=1,2,.... M,

where At = % Here we start the subscripts of the two sequences both from 1 because
we want to keep consistent with the indexing format of MATLAB.

For convenience, we use the notation u” instead to denote w(z;,ty,), the value of
u evaluated at location node z; and time node t,,. Assume the initial condition is
u(z,0) = fo(z), and the boundary conditions are u(0,t) = ug and u(L,t) = ur. Then,

from Taylor series and the difference quotient that we discussed above, we have that

ou Mt ym
— = 't At). .
N Al + O(At) (5.6)

Tistm

ou

m+1_ mfl
Remark. Alternatively, we can use g itm = L + O(A#?), the first order

m__,,m—1
= % + O(At), the first order backward difference,

while the difference quotient we used in (5.6) is called the first order forward difference.

. ou
central difference, or G

Titm

To learn more about the outcomes through the other two kinds of differences and the

one we have chosen, please read the article [Recktenwald, 2004].

The discrete approximation for the quadratic derivative ‘32772‘ (i.e., the left side of the
heat equation (5.5)) is not trivial. We shall process it in the following steps.
We will be evaluating at time node t,,; for convenience, we shall omit specific mention

of t,,, in the parentheses after u when no confusion will be caused. We first get the Taylor

series
B B ou (Az)? 9%u (Az)3 3u
The substitution of Ax with —Ax gives
ou (Az)? 0%u (Az)? O3u
i—1) = u(z; — Az) = u(z;) — Az— S5 — 3 (O
u(zi—1) = u(z x) = u(x;) T y + 2 022, 3 o0, + (5.8)
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We add the two equations (5.7) and (5.8) together to get

u(wirr) +u(wi—1) = 2u(z;) + (Azx) 2

+ O(Az?),

Tq

0%y

from which we obtain the difference approximation of aig as follows:

0%u u = 2u +ult 5
Z - — d ! Azx”). .
922 (An)? + O(Az?) (5.9)

Tistm
If both At and Az are sufficiently small, we can omit the two error parts of (5.6) and
(5.9) and then substitute them into the heat equation (5.5) to obtain

up gl = 2u gy
At (Az)? ’
and finally, A
t
1

Therefore, the values of u evaluated at three adjacent location nodes at the same time

node t,, can be combined to compute u(x;, ty+1).

5.4.3 The Two-Dimensional Heat Equation Implementation

In the two-dimensional case, the function u is of the spatial variable (x,y) and the time
variable t. Still, we assume that the thermal diffusivity is 1 for convenience. Then our

heat equation is

5t 02 o

In this case, we continue using the uniform divisions of the spatial interval [0, L]

2 2
Ou _ 07 07u (5.10)

in the x-direction and of the time domain [0,7]. In addition, we assume the spatial

interval in the y-direction is [0, H] and we divide it uniformly into (/N2 — 1) sub-intervals

(N2 € Z4). Therefore, we get N2 nodes on [0, H], and the distance between each pair
H

of adjacent nodes is Ay := ~,1- Denote these spacial nodes by

yj = (] — 1)Ay, j = 1,2, ...,NQ.

Moreover, we use the notation v’ to denote w(z4,Yj, tm), the value of u evaluated at
location node (z;,y;) and time node tp,.
We directly take advantage of the results we have got from the one-dimensional part

and obtain the following discrete approximation equation

m+1
i?j

m m m m m m m
Uiy ity — 20yl u g — 20 Uy

At (Ax)? (Ay)?

U
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Hence,
At At
1
u;n;r = uf + (An)? (wi™q ;= 2us + iy ;) + L (w_y = 2uf +uj ). (5.11)

In order to solve the two-dimensional equation numerically in MATLAB, we shall do
some slight change to the equation (5.11) and make some assumptions which can help
simplify our computation as well as to make the problem numerically doable.

First, we set

At At
a:=——=,b:=—,c:=1—2a— 2b.
(Az)? (Ay)?
Then the equation (5.11) becomes
uZLj—Q—l - a(uyil’j + uﬁl,j) + b(u?j}-,l + U?:J]+1) + C’LL?:]

As the values of Az and Ay are both very small, we may set them to be equal in the

MATLAB programming (i.e., Ax = Ay). Thus, a = b,c =1 — 4a and

m

m+1 __ m m m m
T=alwy A u gt ugyog Hul) + ey (5.12)

Ui j

This equation will be the core part of our MATLAB program.

As for the initial condition and boundary conditions, we assume that

u(z,y,0) = sin(%) + sin(%),
u(0,0,t) =0,
u(L,H,t) = 0;

in addition, we set L = H = 1 and will be computing in the time interval [0, 0.2].

The complete MATLAB source code is presented below. This program not only gives
a huge matrix of values of u evaluated at each node but also provides an animation
of the gradually decreasing temperature on different locations of the given region over

time. We also present several screen shots from the animation in Figure 5.

)

1 % The Two-Dimensional Heat Equation Implementation with MATLAB
2 clear;
3 close all;

4 clc;

o
W
=

I
—
o
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time:
number of nodes
distance b/w nodes

(satisfying stability)

yL = xL; % spatial & time domain

tEnd = 0.2; %

xNum = 50; % spacial:

yNum = xNum; % number of nodes

dx = xL/ (xNum-1); % spacial:

dy = yL/ (yNum-1); % distance b/w nodes

tNum = 100; %

dt = tEnd/ (tNum-1); %

while dt> (dxxdy) "2/ (2% ((dx) "2+ (dy) "2)) %
tNum = tNum+10; %
dt = tEnd/ (tNum-1) ; %

end %

a = dt/(dx) "2; %

b = dt/ (dy) "2; % coefficients

c =1 - 2%xa - 2xb; %

x = linspace (0, xL, xNum) ';

y = linspace (0, yL, yNum) ;

t = linspace (0, tEnd, tNum) ;

U = zeros (xNum, yNum, tNum) ;

U(:,:,1) = sin(pi*x/xL)*sin(pi*y/yL); %

$DISCRETE APPROXIMATION
for m=1:tNum-1

initial condition

for i = 2:xNum-1
for j = 2:yNum-1
U(i,j,m+tl) = a%x(U(i-1,3J,m)+U(i+1,J, m))
+ bx(U(i,3J-1,m)+U (i, j+1,m))
+ cxU(i, 3, m);
end
end

end

% PLOTTING PART

for m=1:tNum
[Y,X]=meshgrid(y, x);
surf(X,Y,U(:,:,m));
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49 colormap (jet) ;

50 shading interp;

51 caxis ([0,1]);

52 colorbar;

53 axis ([0 1 0 1 0 11);

54 pause (0.001) ; % pause to give a dynamic visualization
55 end

P o

o7 os 4 o7

P s -

s |

s il 0s

o o
. i 01 d e 3

.
o

Figure 5: Heat distribution over time

5.4.4 MATLAB Simulation of the Heat Gradient Flow

With all these discussion about heat equations above, now we can start to set up the
model for the heat gradient flow.

Suppose that we have a function U : D1 — Ds such that

U(a:,y,t) = (Ul(l',y,t), U2(l',y,t)) 9
where Dp, Do are two regions on the plane, and (U',U?) is the pair of coordinate

functions of U. Same as the condition of the previous two-dimensional heat equation,
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here x and y are the spatial variables, while ¢ is the time variable. What’s more, in our
simplified case, the domain D; is the unit square with vertices (0,0), (1,0), (1,1), (0, 1),
and the image D> is the square with vertices (0,0), (1,0), (1,2), (0,2). The model we are

going to set up is supposed to give us a dynamic visualization of the change of

AU
—_ 1
det(dU) (5.13)
over time, under the condition that
o,Ut = AU,
(5.14)
0,U? = AU?,

where the Laplacian is taken with respect to (x,y). What’s more, the initial function at
time t =0 is

Ul(z,y,0) = 2 + noise,

U?(z,y,0) = 2y + noise.

Remark. The noise we use in the MATLAB program has zero-value boundary entries
and very small entries inside. The construction is listed in the source code from line 34

to line 47.

We have studied the two equations in (5.14) in the preceding part and know how to
implement the numerical approximation in MATLAB. As for the term in (5.13) that we
want to visualize, since
vl U
v U

dU =

i

we shall apply the idea of difference quotient again to each partial derivative and then
combine them together into (5.13).

Let’s consider another problem. Although we can use the discrete approximation
from the previous implementation, the boundary condition in this example model calls
for our attention, and we shall discuss it in detail.

In our example, U : Dy — Do, we first parametrize 0D; by 7 : [0,1] — 0D, and
then we want

U(vy(s),t) € 0D, Vs e [0,1],Vt € [0,T).

That is, we want all boundary points mapped onto boundary points at any time node.

Hence, if we denote by 7(U(7(s),t)) the unit normal vector at point U(v(s),t) € dD3,
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we have that, Vs, t,

(1) SUGs).0) LU (),1),
(@) SUGs).) LAUEEs).1).

Thus, the corresponding inner product is 0 in each case, and we obtain, Vs, t,
(AU [(0).0 Y()s 7 |y (s0) = 0 (5.15)

O |30 T [ (s),6) = - (5.16)

In most cases, it takes some time to compute the unit normal vector, but since our D;
and Dy are rectangles with sides parallel to axes, there are in total only four normal

vectors we are going to use:
ny := (—1,0), 79 := (0, —1),73 := (1,0), 74 := (0, 1).

In our model, we assume that horizontal sides are mapped to horizontal sides, and
that vertical sides are mapped to vertical sides. Let’s take the bottom side of D; (i,e,
the line segment connecting (0,0) and (0,1)) for example. On the lower horizontal side
of the boundary, the second coordinate is constant, and therefore (s) = (1,0)”. In
addition, the normal vector at any point on the bottom side is 77 = (0, —1). Then the

equation (5.15) becomes

o,Ul 9,U! 1l |0
<8U2 5.0 ol 1)20,V5,t.
v ERNCTOR) B
So,
0, UL 0
o0 ’[—1]>:0’
Y7 A (y(s)t)

0:U? | ((sy2) = 0,5, 1,

which implies that U? is constant in x over the lower horizontal side. Further, we

consider the equation (5.16), which now can be written as

(V(S),t)] [ 0

21",
Ot {U((s),1)

])zO,VS,t.

Hence,

9 o _
aU (7(8)775) - O,VS,t,
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from which we conclude that U? is also constant in time ¢ over the lower horizontal side.
Likewise, we can discuss the cases of the rest three sides of D;. In summary, we

obtain the result that
e U! is constant in y and in ¢ over vertical sides,
e U2 is constant in x and in ¢ over horizontal sides.

Note that our discrete approximation only produces the interior points but tells
nothing about how boundary points changes over time. Now with the result we have
got in the above paragraph, we can combine it with the discrete step and notations we
used in the previous MATLAB program to extend the approximation to boundaries. In

our case, we shall obtain

1. Over the left vertical side (i.e., j = 1),
Ui, 1,m+1)=Ui,2,m+1) and U?(i,1,m+1)=U?(i,1,m).

2. Over the lower horizontal side (i.e., i = 1),
UY1,j,m+1)=UY1,5,m) and U?(1,j,m+1)=U?%2,5,m+1).

3. Over the right vertical side (i.e., j = yNum),
U(i,yNum,m + 1) = U'(i,yNum — 1,m + 1)  and
U2%(i,yNum, m + 1) = U?(i, yNum, m).

4. Over the upper horizontal side (i.e., i = xNum),
U(xNum, j,m + 1) = Ul (xNum, j,m) and
U?(xNum, j,m + 1) = U?(xNum — 1, j,m + 1).

With the complete information of the discrete approximation of all points in the
domain, we now can implement our model in MATLAB. The source code for this example
model is presented as follows, and some screen shots from the resulting dynamic graph

are listed in Figure 6.

1 % The Heat Flow Model Implementation with MATLAB
2 clear;
3 close all;

4 clc;

o
w
=

I
=
o
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o

yL = xL; % spatial & time domain

tEnd = 0.12; %

oe

xNum = 20; spacial:

yNum = xNum; % number of nodes

dx = xL/ (xNum-1); % spacial:

dy = yL/ (yNum-1); % distance b/w nodes
tNum = 10;

dt = tEnd/ (tNum-1);

while dt> (dxxdy) "2/ (2% ((dx) "2+ (dy) "2))
tNum = tNum+10;
dt = tEnd/ (tNum-1) ;

end

a = dt/ (dx) "2; %

b = dt/ (dy) "2; % coefficients
c =1 - 2%xa - 2xb; %

x = linspace (0, xL, xNum) ';

y = linspace (0, yL, yNum) ;
t = linspace (0, tEnd, tNum) ;

Ul = zeros (xNum, yNum, tNum) ;
U2 = zeros (xNum, yNum, tNum) ;
f = zeros(1l,xNum) ;
g = zeros (l,yNum);

for i=2:xNum-1

f(i) = exp(-1/(i-1) "2)*exp(-1/ (xNum-1) "2);
end
for j=2:yNum-1

g(j) = exp(-1/(372))*exp(-1/(yNum-3j) "2);
end
N = randn (xNum, yNum) /1000;
for j=1:yNum

for i=1:xNum

N(i,3j) = £(1)*g(J)*N(i,]);
end

end

% time:
% number of nodes
% distance b/w nodes

% (satisfying stability)

o

o

% noise matrix

o

o
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70

71

72

73

74

75

76

77

78

79

80

81

82

83

84

87

88

89

90

for j=1:yNum %

for i=1:xNum %
Ul(i,j,1) = x(i) + N(i,73); % initial condition with noise

U2(i,3,1) = 3xy(3) + N(i,3); s

end %

end %

for m=1:tNum-1
for j = 2:yNum-1
for i = 2:xNum-1
Ul(i, j,m+l) = ax(Ul(i-1,3,m)+Ul(i+1, j, m))
+ bx(Ul(i,j-1,m)+U1(i, j+1,m))
+ c*xUl (i, J,m);
U2(i, j,m+l) = ax(U2(i-1,3,m)+U02(i+1, j, m))
+ bx(U2(i,3j-1,m)+02 (i, j+1,m))
+ c*xU2 (i, J,m);
end

end

for i=1:xNum
Ul(i,1,m+1)=U1(i,2,m+1l);
U2(i,1,m+1)=0U2(i,1,m);
Ul (i, yNum,m+1)=U1 (i, yNum-1,m+1);
U2 (i, yNum, m+1)=U2 (i, yNum,m) ;

end

for j=1:yNum
Ul(1l,3j,m+1)=U1(1,3j,m);
U2(1,j,m+1l)=02(2, j, m+1l);
Ul (xNum, j, m+1)=U1 (xNum, j, m) ;
U2 (xNum, j, m+1)=U2 (xNum-1, j, m+1) ;
end

end

% ENTRIES OF dU
for m=1:tNum
for j = l:yNum-1
for i = 1l:xNum-1
Ulx (i, j,m)=(ULl(i+1, 3, m)-Ul (i, j,m)) /dx;
U2x (i, j,m)=(U2(i+1, j, m)-U2 (i, J,m)) /dx;
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91 UlY(ilj!m):(Ul(i!j+llm)_Ul(i!jlm))/dy;

92 U2y (i, j,m)=(U2 (i, j+1,m)-U2 (i, j,m)) /dy;

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

109

110

111

112

113

114

115

end
end

end

for m=1:tNum

for 3 = l:yNum-1
for i = 1l:xNum-1
du=[Ulx (i, j,m),Uly (i, j, m);U2x (i, 3,
v (i, j,m)=(norm(du)) "2/ (det (du));
end
end
end

% ANIMATION
for m=1:10
[Y,X]=meshgrid(y (l:yNum-1),x(1l:xNum-1));
mesh (X,Y,v(:,:,m));
colormap (jet) ;
shading interp;
caxis ([0,1]);
axis ([0 1 0 1 0 51);
pause(0.1);

end

m),U2y (i, j,m)];

that we want to visulize

5.4.5 Example Tests

Here we test our MATLAB program via three examples.

In our tests, we want to measure the difference between the unit square with a
rectangle, a parallelogram, and a shape obtained by moving the upper right vertex of
a unit square from coordinates (1,1) to (2,2) (suppose the lower left vertex is at the
origin). In our approach, we need to first construct an initial quasiconformal mapping
between the unit square and each of the three shapes. Thus, we call the unit square as
our reference domain. The rest three shapes are called given images.

These shapes can be found in figure 7.

For the case of the rectangle which has width 1 and length 3, the initial map
we construct is a one-direction stretching with function expression u(zx,y) = (z,3y).

From this initial map, we want to build the optimal map which is the minimizer of the
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Figure 6: Heat Flow Model Visualization

mean dilation. Since the initial mapping « here is harmonic, and therefore satisfies the
Fuler-Lagrange equation, it is already a minimizer of mean dilation. We can also read
this information from the corresponding graph which plots the change of distortions: It
is a horizontal line, which means that the gradient flow does not produce any change. We
read that the dilation of the optimal mapping is 2.96, which measures the distortion of
the mapping, and as we mentioned before, we use it as the quantified difference between
the unit square and the rectangle.

In the second example, we want to measure the difference between the unit square and
the parallelogram in figure 7. In this example, the initial map we construct is u(z,y) =
(z,x + y), which is also harmonic, and thus satisfies the Euler-Lagrange equation. So,
it is already a minimizer of mean dilation. Similar to the first example, we do not
see dilation changes produced by the flow. And we take the dilation as the quantified
difference between these two shapes.

The third example is a little bit different. In figure 7, we can see that most of the

lower left part of the given image coincide with the unit square. In this example, the
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Difference
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R TR
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(1]

2.96

2.22

1.46

Figure 7: Three Example Tests via MATLAB Program
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initial function we construct is of expression u(z,y) = ((2* + y*)z, (% + y*)y). It is not
harmonic, and thus is not an optical one. So in this case the gradient flow decreases the
dilation over time. When the dilation is stable, we read the value, which is 1.46, and we

take it as the quantified difference.

5.5 Revisiting the I’ Gradient Flow: MATLAB Simulation

After investigating on the numerical approximation of the heat flow, we now introduce
the implementation of the LP flow. Recall that the initial value problem we are working
on in this case is

Owu=—Lyu in Qo x(0,T),

U = ug, at Qo x {t =0}.

In the heat flow approach, the counterpart problem is

O =Au in Qpx (0,7,

u=wug at Qo x{t=0}

As we can see, the difference between the two systems above is the right hand side of
the first equation. In later numerical approximations, we shall mainly focus on the core
part but omit some side parts since they have been discussed in the heat flow model.
In the algorithm of this model, we continue use the difference quotients to approximate
derivatives. The difference is that, here we use first order central difference instead of
first order forward difference in order to further reduce the possible error.
Recall that the explicit form of Lyu is

(Lyw) = 299 ([trace(g) P~ (du)T'5(g)),; . i = 1,2,

where
B du”du
9= | det dul’
and ()
trace(g
S(9) =9 - ———ld.

Suppose u = (u!,u?). The Jacobian matrix of u

du = lﬁxul 8yu1]

Opu? 8yu2
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will be approximated via replacing each entry with corresponding difference quotient.
After that step, the corresponding approximations of trace(g), (du=!)?, and S(g) are all

ready. Now we set
Fi1 Fio

:= [trace(¢)]P " (du=1)TS(g).
By Py [trace(g)]"™ (du™")" S(g)

Then we obtain the approximation of L,u as follows
(Lpu)l = 2p(0xF11 + 0y F12),

(Lpu)? = 2p(0, Fo1 + 0y Faz).

The four derivatives in the above expression of L,u shall all be approximated by corresponding
difference quotients. Then, with Jyu approximated by difference quotient, we can

complete the numerical implementation of

Owu=—Lyu in Qo x(0,T),
u = uo, at Qo x {t =0}.

in MATLAB. The explicit core part can be found in the following source code from line
68 to line 107.

In addition to the difference of the core computation part between the two flows,
another different part is about the boundary condition.

We first consider nodes at the four corners. We take one corner for example, which
is shown in figure 8. We set the value of w at node (1,1),(2,1) and (1,2) be constant
over time. For the node (2,2), at each time step, the value of this node is the average of
the value at node (1,1) and (3,3). The rest three corner conditions will follow the same
pattern. The explicit information can be found in the source code from line 109 to line
157.

For the rest boundary nodes, we use the term, “the first layer”, to refer to the
outmost boundary. We set the value at the nodes of the first layer to be constant over
time. For the second layer, we set the value at each time step to be equal to the average
of the value of adjacent nodes from the first layer and the third layer at the immediate
previous time step. That is, for example,

u(5,1,8) + u(b,3,t)
2 b

u(b,2,t+1) =

where t denoted the time step. The complete part can be found in the source code below

from between line 159 and line 186.
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(1,1) (1,2)

(2,1) @22

(3,3)

Figure 8: Corner Condition Example

Beside the computation part, we also have a change in the form of the visualization of
the change of distortion. Instead of a plotting which is similar to figure 6, the visualized
result in this case is a 2D plot with the value of distortion versus time. The result is in
figure 9, and we can observe that the heat gradient flow does decrease the value of the

distortion over time as desired.

1 % The Lp Flow Model Implementation with MATLAB
2 clear;

3 close all;

4 clc;

5

6 xL = 1; %

7 yL = xL; % length

8 tEnd = 0.5; %

9

10 p = 2; % value of p
11

12 xNum = 30; %

13 yNum = xNum; % number of nodes
14 tNum = 50; %

15
16 epsilon = exp(-100);

17

18 dx xL/ (xNum—1) ; %

19 dy yL/ (yNum-1) ; % unit distance
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% vector of coords of nodes

exp (-2/ (dx* (xNum-1) “2)) ;

exp (-2/ (dy* (yNum-3j) "2));

% noise matrix

r3J) i
) + N(i,3);

20 dt = tEnd/ (tNum-1); %

21

22 x = linspace (0, xL,xNum) '; %
23 = linspace (0,yL, yNum) ; %
24 t = linspace (0, tEnd, tNum) ; %
25

26 f = zeros(1l,xNum);

27 g = zeros(l,yNum);

28 for i=2:xNum-1

29 f(i) = exp(-2/ (dx*(i-1)"2)) =
30 end

31 for j=2:yNum-1

32 g(3) = exp(-2/(dy*(j-1)"2)) =
33 end

34 N = randn (xNum, yNum) /10;

35 for J=1:yNum

36 for i=1:xNum

37 N(i,3) = £(i)*g(3)*N(i,]);
38 end

39 end

40

41 % initial condition with noise

42 for j=1l:yNum

43 for i=1:xNum

44 Ul(i,3,1) = 100xx(i) + N(i
45 U2(i,3j,1) = 100x(y(3)+x(1)
46 end

47 end

48

49 Ulx = zeros (xNum—-1, yNum-1, tNum-1);
50 Uly = zeros (xNum-1, yNum-1,tNum-1);
51 U2x = zeros (xNum-1, yNum-1,tNum-1);
52 U2y = zeros (xNum-1, yNum-1,tNum-1);
53

54 v = zeros (xNum-1, yNum—-1,tNum-1);

55

56 F1l = zeros (xNum—-1, yNum—-1,tNum-1);
57 F12 = zeros (xNum—-1, yNum-1,tNum-1);
58 F21 = zeros (xNum-1, yNum-1,tNum-1);
59 F22 = zeros (xNum-1, yNum-1,tNum-1);
60

61 Fll_x = zeros (xNum-2,yNum-2, tNum-1) ;
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62 Fl2_.y = zeros (xNum-2, yNum-2, tNum-1);

63 F21l_x = zeros (xNum-2,yNum—-2, tNum-1) ;

64 F22_y = zeros (xNum-2, yNum-2, tNum-1) ;

65

66 for m=1:tNum-1

67

68 for j=2:yNum-1

69 for i=2:xNum-1

70 % matrix consisting of difference quotients

71 Ulx (i, j,m) = (ULl (i+1,3J,m)-Ul(i-1,3,m))/ (2xdx);

72 Uly(i,j,m) = (ULl (i,3+1,m)-Ul(i,Jj-1,m))/(2xdy);

73 U2x (i, j, m) (U2 (i+1, 3, m)-U2 (i-1,j,m)) / (2xdx) ;

74 U2y (i, j, m) (U2 (i, 3+1,m)-U2(1i,j-1,m))/ (2xdy);

75

76 % Jacobian matric

77 dUu = [Ulx(i,j,m),Uly(i,Jj,m); U2x(i,J,m),U02y(i,3,m)];
78

79 dU_inv_.T = transpose (inv (dU+ epsilon * eye(2))); %
80 g = (transpose (dU) xdU) / (abs (det (dU) ) +tepsilon); % for Lp (U)
81 S_.g = g — (trace(g)/2)*eye(2) ; 5
82

83 F = trace(qg) " (p-1l) % dU_inv.T x S_g;

84

85 F11(i,j,m) = F(1,1);

86 Fl2(i, j,m) = F(1,2);

87 F21(i,j,m) = F(2,1);

88 F22(i,j,m) = F(2,2);

89 end

90 end

91

92 for j=3:yNum-2

93 for i=3:xNum-2

94 % matrix consisting of difference quotients

95 F1l1.x(i,3J,m) = (F11(i+1,3,m)-F11(i-1,3,m))/ (2*»dx);
96 Fl2_y (i, j,m) = (F12(i,3j+1,m)-F12(i,Jj-1,m))/ (2*dy);
97 F21_x (i, j, m) (F21 (i+1,j,m)-F21(i-1,3,m))/ (2xdx);
98 F22_y (i, j, m) (F22 (i, J+1,m)-F22(i,3j-1,m))/(2xdy);
99 end

100 end

101

102 for j=3:yNum-2

103 for i=3:xNum-2
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104

105

106

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

144

145

Ul (i, j, m+1) Ul (i, j, m)

U2 (i, j,m+1) U2 (i, j,m)
end

end

% Corner Conditions

% NW corner of the grid
Ul(l,1,m+1)=01¢(1,1,1);
Ul(l,2,m+1)=01(1,2,1);
Ul(2,1,m+1)=01(2,1,1);

U2(1,1,m+1)=02(1,1,1);
U2(1,2,m+1)=02(1,2,1);
U2(2,1,m+l)=02(2,1,1);

— dtx (=2#p) *(F1l_x(i,j,m)+F12_yv (i, j,m))|;
- dtx (=2*xp) * (F21_x(1i,Jj,m)+F22_y (i, J,m))|;

Ul(2,2,m+1)=(UL1(3,3,m+1)+ULl(1,1,m+l))/2;
U2(2,2,m+1)=(U2(3,3,m+1)+02(1,1,m+1))/2;

% NE corner of the grid

Ul (1, yNum,m+1)=U1(1,yNum,1);

Ul (2, yNum,m+1)=U1 (2, yNum, 1) ;
Ul(1l,yNum-1,m+1)=U01(1,yNum-1,1);

U2 (1, yNum,m+1)=U2 (1, yNum, 1) ;
U2 (2, yNum, m+1)=U02 (2, yNum, 1) ;
U2 (1,yNum-1,m+1)=U02(1,yNum-1,1);

Ul (2, yNum-1,m+1)= (U1 (3, yNum-2,m+1)+ULl (1, yNum, m+1)) /2;
U2 (2, yNum—1,m+1)=(U2 (3, yNum—2,m+1)+U2 (1, yNum, m+1)) /2;

°

% SW corner of the grid

Ul (xNum, 1, m+1)=U1 (xNum, 1,1);

Ul (xNum-1,1,m+1)=U1 (xNum-1,1,1);
Ul (xNum, 2, m+1)=U1 (xNum, 2, 1) ;

U2 (xNum, 1, m+1)=U2 (xNum, 1, 1) ;
U2 (xNum-1,1,m+1)=U2 (xNum-1,1,1);
U2 (xNum, 2, m+1)=U2 (xNum, 2, 1) ;

Ul (xNum-1,2,m+1)= (Ul (xNum, 1, m+1)+U1l (xNum-2,3,m+1))/2;

U2 (xNum-1,2,m+1)= (U2 (xNum, 1,m+1)+U2 (xNum—-2,3,m+1))/2;
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177
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179

180

181

182

183

184

185

186

% SE corner of the grid

Ul (xNum, yNum, m+1)=U1 (xNum, yNum, 1) ;

Ul (xNum, yNum-1,m+1)=U1 (xNum, yNum-1, 1) ;
Ul (xNum—-1, yNum, m+1)=U1 (xNum—-1, yNum, 1) ;

U2 (xNum, yNum, m+1)=U2 (xNum, yNum, 1) ;
U2 (xNum, yNum—-1, m+1)=U2 (xNum, yNum-1,1) ;
U2 (xNum-1, yNum, m+1)=U2 (xNum-1, yNum, 1) ;

Ul (xNum—-1, yNum—1,m+1)= (Ul (xNum, yNum, m+1) +U1l (xNum-2, yNum-2,m+1)) /2;
U2 (xNum—1, yNum—1,m+1) = (U2 (xNum, yNum, m+1) +U2 (xNum-2, yNum-2,m+1) ) /2;
% Boundary Conditions

for i=3:xNum-2

Ul(i,1,m+1l) = U1(i,1,1);
U2(i,1,m+l) = U2(i,1,1);
Ul (i,2,m+1l) = (Ul(i,1,m)+Ul(i,3,m))/2;
U2(i,2,m+1l) = (U2(i,1,m)+U2(i,3,m))/2;

Ul (i, yNum,m+1)=U1 (i, yNum,1);
U2 (i, yNum, m+1)=U2 (i, yNum, 1) ;

Ul (i, yNum-1,m+1) (Ul (i, yNum, m)+Ul (i, yNum-2,m)) /2;
U2 (i, yNum-1,m+1) = (U2 (i, yNum,m)+U2 (i, yNum-2,m))/2;

end

for j=3:yNum-2

Ul(l,3,m+l) = Ul(1,3,1);
U2(11j7m+1) = Uz(lr]rl);
Ul(2,3j,m+l) = (Ul(1,3,m)+ULl(3,3,m))/2;
U2(2717m+1) = (UZ(lljlm)+U2(3ljlm))/2;

Ul (xNum, j, m+1)=U1 (xNum, j,1);
U2 (xNum, j, m+1)=U2 (xNum, j,1);

Ul (xNum-1, j, m+1) (U1 (xNum, j, m)+ULl (xNum-2, 3, m) ) /2;
U2 (xNum-1, j, m+1) = (U2 (xNum, j, m)+U2 (xNum-2, j,m)) /2;

end
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197
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199
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201
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208

for j=2:yNum-1
for i=2:xNum-1
du=[Ulx (i, j,m),Uly (i, j, m);U02x(i,j,m),U2y(i,],m)];
v (i, j,m)=(norm(du)) “2/ (det (du)) ; % distortion
end
end
end
% Change of the value of distortion over time
int_v = zeros (1, tNum-1);
for m=1:tNum-1
for j=1:yNum-2
for i=1:xNum-2
int_v(m) = int_v(m) + abs(v(i,J,m)) " (p)+dx*dy;
end
end
int_v(m)=(int_v(m)) " (1/p);
end
time = linspace (0,1, tNum-1);
figure

plot (time, int_v, "+ ");
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Figure 9: Change of Distortion over Time
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6 Conclution

In conclusion, in order to quantify the difference between two given shapes on the plane
with a finite number of prescribed matching points, among infinitely many quasiconformal
maps relating the two shapes, we use gradient flows to obtain a homotopy of quasiconformal
mappings, decreasing the mean distortion of the map with the flow, find a canonical
minimizer for such a functional, and then use the distortion of the minimizer as the
quantified difference between the two planar shapes.

The gradient flows that we use in our approach include the LP flow and the heat flow.
Both of them provide plausible solutions to the posed problem. As they are nonlinear and
linear flows, respectively, the time that the numerical implementation takes to process
are different.

Our work is inspired by [Jones and Mahadevan, 2013]. We come up with these
alternative methods because we want to lower the order of derivatives to reduce the
error from the numerical approximations. Our idea is plausible, but since there is no
specific example of implementation results in [Jones and Mahadevan, 2013], we are not
able to make a direct comparison to check if our method creates better accuracy or not.

The core numerical method we use in our implementation is that we use difference
quotients to approximate derivatives. Actually, the finite-element method, which is also
used in [Jones and Mahadevan, 2013], is supposed to give a higher accuracy and a better
result. This project can be extended via using this method.

Additionally, another possible improvement that can be made is that, in our approach,
we have to construct a quasiconformal mapping at the first step as the initial mapping
to start with, which is not easy in general cases. So, an improved approach which can
give the quantified difference between two given shapes without a prerequisite initial
mapping will directly provide the answer and help save the time of the whole process of

implementation.
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