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Introduction

Certain physical problems in electrostatics, magnetostatics, and heat transfer give rise to
elliptic boundary value problems with transmission conditions on a layer. We focus on a
particular problem with a second order transmission condition, representing an infinitely
conductive layer. This problem is unusual because it couples a second order problem
in a 2-dimensional space with a second order problem in a lower dimensional space.
An introduction to this and other types of transmission problems can be found in [14].
In more recent years, there has been a growing interest in studying irregular interfaces
that more realistically model certain physical structures, like those in many biological
systems. So, we introduce a new level of complexity in the problem by considering fractal
and prefractal geometries as model shapes for the interface. To our knowledge, this was
first studied analytically in [1§], [20], [21].

The main focus of this thesis will be on forming numerical approximations to solu-
tions of this transmission problem on different domains. Once we begin searching for a
numerical solution, we can no longer consider a fractal interface because it cannot be
fully realized by the finite precision of a computer. However, the fractal curves we study
can be viewed as the limit of a suitable sequence of prefractal curves. So, for all of the
numerical work, we study the transmission problem with a prefractal interface. The
numerical solution of a special class of these prefractal problems was studied in [27] and
[4]. We will expand this work by allowing for a larger collection of prefractal curves.
We develop a method for creating a finite element discretization of the domain having
very different prefractal curves as interfaces. The main contribution of this thesis is
showing that this discretization produces a finite element scheme with a known bound
on the error between the true and computed solutions in a suitable norm. Results of

computations done using the discretizations will be shown.



Outline of Thesis

The thesis is organized into three chapters following the introduction. In the first of these
chapters, we begin by describing the family of fractal von Koch curves and the prefrac-
tal curves that approximate them. After developing some notation and understanding
some important properties of these curves, the reader is introduced to the transmission
problem we plan to study having a fractal or prefractal interface. Since the primary
focus of this thesis is the numerical solution of the transmission problem on domains
with prefractal layers, the emphasis will be on the prefractal transmission problem. Af-
ter defining this problem, we will give some known results about the regularity of the
solution that will be essential in developing a finite element method that is appropriate
for the problem.

The second chapter is devoted to recalling some results about the convergence of the
finite element method in a general setting. The results are not new, and are repeated
here in some detail for those who are unfamiliar with them and to serve as a reference
for later sections. We begin by providing the proofs of the convergence of the finite
element method using piecewise affine functions when the solution to the problem is
H?—regular. As will be shown in the first chapter, the solutions to the transmission
problems we are interested in are not this regular. Reentrant corners occurring along
the prefractal interfaces are one reason for the lack of regularity. So, the second section
of this chapter explores convergence results for problems on nonconvex domains that are
directly applicable to the transmission problem under consideration.

The third chapter is where the original work of the thesis resides. In this chapter,
a scheme is developed to triangulate the domains of interest. Since the particular pre-
fractal curve forming the layer can vary greatly, this alone is a delicate task. Once this
triangulation method has been explained, we will use the theory that will be developed
in the second chapter to prove error estimates for solving the transmission problem us-
ing the finite element method. We will conclude the chapter with some examples of

computations done using the method developed in earlier sections of the chapter.



Chapter 1
The Transmission Problem

This chapter is organized into several sections. In the first section, we introduce a
transmission problem with an unspecified interface and point out some of the interesting
aspects of this problem. In the following section, the von Koch curves that will serve as
an interface for the transmission problem are introduced. In the remaining sections of
the chapter, results about the solutions to the transmission problem with both a fractal

and prefractal layer are presented.

1.1 Introduction to the Transmission Problem

We begin by giving a description of the transmission problem we will consider. Let €2
be the rectangle (0,1) x (—1,1) and let S be a curve from A = (0,0) to B = (1,0) that
divides Q into two regions as illustrated in Figure [T We use Q! and Q2 to refer to the

—Aut=f
0.6 O

ulls =|u?

0.2 . _|out _ 9u?
A =| G5 v
0 S

-0.6 02

Ay =f
0 05 1

Figure 1.1: Example domain



portions of {2 above and below S, respectively.
The problem is then described as follows. We seek functions u!, defined on 0!, and

u?, defined on 02, solving

—Au'=f inQ
=0 on 90NN

for i = 1,2 with f € L*(Q2). These functions are linked by the requirement that the
trace of the functions on S is the same. With u’|g denoting the trace of u’ on S, we
write this condition as u'|s = u?|s. Since the functions u’ must coincide on S, and

Q= UQ?U S, we may also think of a single function u defined on all of Q as

u! in QF
u=1qu* in Q? (1.1)
v’ on S,

where u° is the common value of uf|g, i = 1,2. With this thought in mind, we will also
represent the continuity condition as [u] = 0 across S.
What makes this problem interesting is the second order transmission condition that
further links «! and u?. The condition is stated as:
out  ou?
—cAwu® = — — —,
! v v
where v is the outward normal to 92, A, is the Laplacian along S, and c is a positive
constant. The notation A; is used because in many cases when the curve S is nice
enough, this will be the tangential Laplacian. Once again using the definition of v in
(L), we will also write this condition as —cAyu = [g—ﬂ for brevity. We combine all of

this information in the following formal description of the problem:

(_Au=f i Qi—1.2
—cAN\wu = 8—5 on S
[u] = across S
u= on 02

\



It will also be useful at times to consider the weak formulation of this problem. For

this, we define the space
V(Q,8):={ve H}Q):v|s € Hy(S)}.

Depending on the curve S, some care must be given to properly defining the space
H}(S), but for now, assume that a suitable definition can be made. Then, the weak

formulation of the problem is:

Find u € V(Q, S) such that:
[Jo VuVvdedy + ¢ [ ViuVwds = [[, fodzdy
for every v € V(£2,5)

As was mentioned previously, what makes this problem especially interesting is the
transmission condition across the interface S. In the first place, it is not very common
to see a second order boundary condition associated with a second order problem in
the domain. Additionally, this term couples the 2-dimensional surface problem with a
lower dimensional boundary value problem on the layer. This is significant because if
we think of the problem in terms of electrostatics, for instance, where wu is the electric
potential, this problem models a case where the layer S is highly conductive and can
itself support a charge. So the jump in the electrical field across the boundary between
the two subdomains is equal to the current flowing along the layer. Thus, we think of S
not just as a boundary between two regions, but as a separate body.

In many physical situations one might wish to model, the interface may not be
smooth. We investigate a layer that is either a fractal or prefractal curve as a model
case for these types of circumstances. Before remarking more about the transmission
problem with such a layer, we introduce the fractal and prefractal curves we will be

considering.

1.2 The Family of Fractal von Koch Curves

The family of von Koch curves belongs to the larger class of self-similar fractals explored
by J. E. Hutchinson in [I5]. There, it is shown that given any finite set S = {S1,...,Sn}

of contraction maps on a complete metric space, there exists a unique closed, bounded



set K such that K = UY | S;(K). Using this result, each curve in the family of von Koch

curves can be defined as the unique set fixed by four contraction maps.

Definition 1.2.1. Fix a € (2,4). Then the general von Koch curve with contraction

factor é, denoted by X2, is the unique closed set in C (R?) fixed by the maps:

a _i o _Ei@ l
Yi(z) = o V5 (2) ae + o
SRE S G ez, 01
@Dg(z)—a@ +2+Z o 4 ¢4(Z)—a+ o

where 6 = cos™! (% — 1).

This is only one of several ways of defining the von Koch curves. For the present
work, a constructive definition will be much more useful. We begin with a construction

from segments after first establishing some notation. Fix « € (2,4). Then, for any set
F C R? let

Vo(F) = o () (1.2)
and for each integer n, let

UN(F)=W,0---0W,(F). (1.3)

——

n times

A general result for self-similar fractals in [15] implies that beginning with any compact
set F' C R?, the iterates W"(F) converge to the set % in the Hausdorff metric as n
increases to infinity. For each a € (2,4), let ¥§ be the unit interval from the point

A =(0,0) to the point B = (1,0), and for n > 1, let
Sn = Wa(E0_0). (1.4)
Since the limit of this sequence of sets is ¥, we refer to 3¢ as the n''-generation
prefractal von Koch curve with contraction factor «. The prefractal curves for
n = 1,2, and 3 and o = 3 and o = 2.5 can be seen in Figures and [[3.  Some
features of the maps 1f* that generate the curves become more apparent when viewing
these pictures. We call a map S : RP? — RP D > 1 a similitude if there exists a
constant [ > 0 such that |S(z) — S(y)| = l|x — y| for every z, y € R”, and if [ € (0, 1),

S is called a contractive similitude. So, examining the maps ¢{*, we see that they
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Figure 1.2: First 3 prefractal von Koch curves for a = 3
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Figure 1.3: First 3 prefractal von Koch curves for a = 2.5

1

are contractive similitudes with a contraction factor of a~. Thus, each segment of

the n'® —generation prefractal curves has length o™".

Secondly, € can be seen as the
angle the non-horizontal segments make with the xr—axis when n = 1. Because the
maps are similitudes, these angles are repeated at every generation of the prefractal
curve wherever an inverted “V” (A) meets another segment. This angle will become
very important in the future when we discuss the numerical treatment of the prefractal
transmission problem.

A second constructive definition of the curves that we will make use of is due to
Lindstrgm [22]. Once again, fix @ € (2,4) and let A = (0,0) and B = (1,0). Then let
VY ={A, B}, and for n > 1, define
VI=0, (V2. (1.5)

[0}

We call the set of points V" the vertices of the n'!—generation prefractal von Koch



curve. As we will see later when we are designing a triangulation scheme for the domain
of the problem, it is important to note that the von Koch curve belongs to the family of
nested fractals, and as such, has the property that V* C V! for every n. If we define
V2 i= U, >0 Vi7", then X% is the closure of V>° in the Hausdorff metric on R?.

With these equivalent definitions of ¥* in mind, we now describe some of the prop-
erties of these curves. First, it can be shown that each curve in this family has infinite
length and Hausdorff dimension % > 1 (see Appendix [Al for a reminder of the defini-
tion of Hausdorff dimension). This means the prefractal curve ¢ has length increasing
to oo as n — 00, which is especially interesting in our case because this curve serves as

the boundary between two domains in the transmission problem.

04 osh 06
03 04r
02 03f

01 0.2

02 -01f

-03 —02f -01

0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

(a) =39 (b) a=3 (c) a=21

Figure 1.4: von Koch curve for different «

As a — 4, the dimension tends to one, with the curve becoming flat. In fact, if we
were allow a = 4, 3% would reproduce the interval [0, 1] as the union of 4" segments of
equal length, and 3* would not be a fractal curve at all. At the other extreme, as o — 2,
the curve begins to fill the space and if we were to allow a = 2, the limit would be the
triangle with vertices (0,0), (1,0), (3,3). This contrast in the nature of the von Koch
family of curves for different values of o can be seen in Figure [[L4l The very irregular
curves that result from a near 2 will be the primary focus in this work since they present
a more interesting case mathematically and a more difficult challenge for the numerical
work, but the analytical results and numerical procedures we describe hold for a near 4

as well.



1.3 Fractal Transmission Problem

Now that the family of fractal von Koch curves has been defined, for a fixed o € (2,4), we

have the following formal statement of the transmission problem with a fractal interface:

(_Au=f QL i=1,2
—coAsu = [%%] on I\ {A, B} (P
[u] =0 across L

(v = 0 on 0f)

In (P9), we have essentially replaced the undetermined curve S of ([B)) in Section [I1]
with the fractal curve %%. We use a in the notation here and elsewhere to draw attention
to the problem’s dependence on this parameter that singles out the particular curve in
the family of von Koch curves we are considering. For instance, Q! and Q2 the portions
of (2 above and below the interface >, vary greatly depending on the choice of a.
Although describes the transmission problem with a fractal interface, at this
point, this description is purely formal. To make the problem meaningful, we must
attach a meaning to Ay, the Laplacian along the fractal curve, and g—z across the curve.
This is not a trivial task since X% is a non-differentiable curve. So, we now take an aside

to explain how the Laplacian is defined on the von Koch curves.

1.3.1 Energy form and Laplacian on von Koch curves

We begin by describing a measure p defined on 3¢ that is invariant under the maps

generating the curve, meaning pu satsifies

foom=i3 [Loosnm 1

for every ¢ € Cy(X%), where ¢ fori = 1,...,4 are the contractive similitudes appearing
in definition [L2.7] (see [15]). Letting H”| K denote the restriction of the D—dimensional

Hausdorff measure on R? to the set K, the measure u coincides with (H(%*))~1H4| 2o

log4
log

where d = is the Hausdorff dimension of ¥*. Additionally, 1 has the property [15, 9]



that there exist constants ¢, co > 0 such that
ar? < p(B(x,r) NEY) < cort (1.7)

for every x € ¥* and 0 < r < 1. Using the terminology of [16], this makes 3% a d—set.
With this definition, we may now construct the energy form on the von Koch curve

with contraction factor a~!.

Since ¢ is a non-differentiable curve, it is not possible
to classically define the energy [, |Vu|*dz for u : K — R when K = X®. So, we will
replace this integral with an energy form that comes as the limit of finite difference
schemes, following the construction given in [18].

The description will be facilitated by introducing some additional notation. Given
a family of N maps, ¢ = {¢1,...,¢n}, and an n—tuple of indices (i1, 4o, ...,4,) with

i; € {1,2,..., N} for each j, we write

¢“zn = ¢z’l ©:--0 ¢in-

Alternatively, we may write i|n for the n—tuple (i1, 42, . .., i,) as above, and correspond-
ingly, write ¢;, for ¢;, o--- o ¢;,. Finally, we use W" to denote the set of all n—tuples
taken from the set {1,2,..., N}. With this notation fixed, we can now proceed to the
construction of the energy form.

Begin by fixing o € (2,4) and recall V.2° defined in Section is the set of points
Un=oV2({A, B}), where A = (0,0) and B = (1,0). Then for any function u : V° — R,
define

EQ (u,u) = [u(A) —u(B)]? (1.8)
and for n > 0, let
EX (uyu) i= 4" Y (], (A)) — u(tf, (B). (1.9)
ilnewn

)

The coefficient 4" in the expression for E{ is a renormalization factor. A discussion of

how this coefficient must be chosen can be found in [23]. It can be shown that E&")(-, )

10



is an increasing sequence having a limit,

E,[u] = Ey(u,u) := lim E™ (u,u) (1.10)

n—oo

which we call the energy form on 3¢. Additionally, it can be shown that the set
{u:V>* — R|E,Ju] < oo} is nonempty and any function in this set can be extended

uniquely to a continuous function on »¢. So, if for u : 3¢ — R, we set
Ea(“’? U) = Ea(u|VD?°> U’\/O?o)
and let
D(E%) = {u € C(X%) | Eafu] < oo},

we see that D(X%) C C(X*) C L*(X% u), where p is the invariant measure on 3¢
previously defined. Next, we extend D(X%) to form a complete space and then extend

E,(u,u) to the whole space in the natural way.

Definition 1.3.1. Let Dg(X*) be the completion of {u € C(X%)|E,[u] < oo} with

respect to the norm:

) 1/2
lll sy 1= { Bt ) + s} (1.11)

which we call the energy norm on X¢.
Using the polarization identity, we create the bilinear form F,(-,-)

B (u,v) = % (Ea(u+v,u+1v) — En(u,u) — Ea(v, 0)} (1.12)

Then the space Dp(X®) is a Hilbert space with respect to the scalar product

Ea(u,v)—ir/ v dp

and the form F,[u] is a closed Dirichlet form which is regular and strongly local in
L2(X%, u). For completeness, we recall the definitions of these terms related to Dirichlet

forms.

Definition 1.3.2. Let X be a locally compact metric space. Let £ be a symmetric
form on L*(X, u) and let Dg = Dom(E). Then € is called a Dirichlet form if for every

11



u € Dg, E(u,u) < E(u,u) where

1 if u(p) >1
a(p) = S u(p) if0<u(p) <1
0 if u(p) <0

A Dirchlet form is:

1. closed if D¢ is complete with respect to the metric d(-,-) defined as d(u,v) =
E(u,v) + [ uvdp,

2. regular if it possesses a core, C' C D¢ N Cy(X), that is dense in Dg with respect
to the norm induced by d(-,-) and dense in Cy(X) with respect to the supremum

norm,

3. local if E(u,v) = 0 for every u, v € Dg with supp(u) and supp(v) compact, and
supp(u) N supp(v) = 0.

It can be shown (see [I8] and the references therein) that the space D (%) is contin-
uously embedded in C%2 (%), where C%#(K) is the set of Hélder continuous functions
of order # on K, and d is the Hausdorff dimension of X% This result allows us to

unambiguously define the space
Do(X%) :={u € Dg(X*) |u =0 on V'} (1.13)

which will arise in the description of the transmission problem with a fractal layer.

We are now prepared to define a Laplacian (with homogeneous boundary conditions)
on each of the von Koch curves, which will also be necessary for properly defining the
transmission problem with one of these curves as a layer. Since F,, considered with the
domain Dy(X%) is also a closed form on L?*(X% ), there exists a self-adjoint operator
Ay in L*(X%, p), with dense domain Day, N Do(X%) in L*(X%, 1), such that

E,(v,w) = — /Q (Axv) wdp (1.14)

for v € Dag, N Dy(X) and for all w € Dy(X?).
We will also find it useful to have the Laplace operator on > as a variational operator.
So, letting (Dy(X?))" denote the dual of Dy(X?), we define the variational operator from

12



Do(E%) — (Do(X%))" by
Ea(v,w) = —< Agv,w > (Do(59)),Do(52) (1.15)

for v € Do(X) and for all w € Dy(X%), where < -, >(py(xe))y,pyne) is the duality
pairing between (Dg(3%))" and Dg(%%).

Note that we will use the same notation for the Laplace operator in both cases, as
a self-adjoint operator and as a variational operator. Also, we remark that these two
Laplacians have analogs in the case of the classical Euclidean Laplacian. Specifically,
one can define the Laplacian with homogeneous Dirichlet boundary conditions as either
a self-adjoint operator with domain H?(-)N H}(-) or as a variational operator from H}(-)
to H1().

1.3.2 Solution to the Fractal Transmission Problem

With the Laplacian on the fractal curve % defined, we are now prepared to give a more

rigorous description of the transmission problem with a fractal layer. Begin by defining
V(Q,5%) = {u e Hj(Q) | ulge € Do(X*)}. (1.16)

Following the proof given in [I8], we have the following lemma.

Lemma 1.3.3. V(Q, %) is a Hilbert space equipped with the scalar product

(1, 0)y sy = / / VuVodedy + Ea(ulse, vlse) (1.17)
Q
Using this result, it is easy to see that the bilinear form defined by
(1, 0) € V(Q,5°) x V(9,5%) // VuVodedy + Ea(ulse, v]se)
Q

is continuous and coercive. Thus, by Lax-Milgram (Theorem 2.T.5), the following theo-

rem holds.

Theorem 1.3.4. Fiz a € (2,4), f € L*(2), and let ¢y be a positive constant. Then,
there exists a unique u € V (2, X%) such that for every v € V (€, X%):

// VuVudrdy + coEqy(u|se, v|se) = // fvdx dy. (P)
Q 0

13



is the weak formulation of the transmission problem with a fractal interface
¥*. In [I8], the regularity of the solution to (@]) is proved when a = 3, and it is shown
in what sense the solution to (@) is also a solution of (P%). One item of particular
importance that is explained in [I8] is that the normal derivative %—15 appearing in (P%)
exists in the dual of a particular Besov space. These regularity results can be extended to
allow for the consideration of other values of a € (2,4), but introducing the spaces and
other tools needed to extend the regularity result would require a substantial detour from
the primary focus of this thesis, which is numerically solving the transmission problem
with a prefractal interface.

At this point, the reader might wonder why we will only consider numerically solving
the transmission problem with a prefractal interface, and not the transmission problem
with a fractal interface. There are a couple of well-founded reasons for this. First, while
the energy form developed in Section [[.3.1] allows for a precise mathematical statement
of the transmission problem with a fractal interface, this energy form is found as the limit
of a sequence of calculations of the energy on prefractal curves. As seen in Section [[.2]
each member of the family of von Koch curves has detail at arbitrarily small scales and
is also the result of a limiting process, so the curve itself can never be represented fully
by the finite precision of a computer. Therefore an implementable numerical method for
directly solving cannot be created.

However, noticing that the energy form that is used to define the Laplacian on ¢
results from calculations on prefractal curves and the fractal curve is itself the limit
of prefractal curves, one sees the transmission problem with a prefractal interface as a
reasonable approximation to the problem with a fractal interface. More importantly,
it is shown in [21] that solutions of the prefractal transmission problem 1} converge
to the solution of the fractal transmission problem (@) in the H!'—norm when o = 3.
Although some of the techniques used to prove this result are not easily extended to
other values of «, this still motivates our focus on numerically solving the transmission

problem with a prefractal interface, which we will now define.

1.4 Prefractal Transmission Problem

To state and understand the transmission problem with a prefractal layer, we must make
use of Sobolev spaces on polygonal boundaries. We use the definitions in [7] because they

are best suited to our purposes. However, other definitions have been given for these

14



spaces that are not always in agreement with the definitions used here. To avoid any
confusion, we take an aside now to introduce the definitions used in this thesis and to
quote some results that we will make use of. For more details about alternate definitions
for Sobolev spaces on polygonal boundaries, see Remark 4.1 in [21] and the references

therein.

1.4.1 Sobolev and Trace Spaces on Polygonal Domains

We begin by introducing the polygonal domain and defining some notation. In this
section, assume (@ is an open polygon in R? with N vertices P;, j = 1,..., N numbered
in counterclockwise order from P;. Let [; be the side from P; to Pj4; forj =1,...,N—1,
and let [y be the side from Py to P;. We let I" denote the entire boundary of ), having
length L = Zivzl |l;], where |l;| denotes the length of [; in the Euclidean norm. Iy will
denote any subset of the boundary going from a vertex F; to another vertex P; of )
with a counterclockwise orientation and having length L. For each vertex P;, we have
a smooth function ¢; : [0, L] — I" that is the parameterization of I' by arc length having
the property that ¢;(0) = P;. We then have the following definitions for the Sobolev
spaces on the boundary of @) (See Section 2.8 of [7]).

Definition 1.4.1 (Sobolev Spaces on Polygonal Curves). Let H*(I") be defined accord-

ing to the value of s as follows.

1. Fors € [0, 3):
H*(T)={ve L*(T) |vog¢, € H(0,L)} (1.18)

with the norm [[v| oy = [[v 0 1l ge(or)-

2. Fors:%:

H3(T) = {v € LX(T) | vo¢; € H3(0,]1;]) and

/5 |Uo¢j(|lj|+t>_vo¢j<|lj|_t)|dt<oo for j =1 N} (1.19)
S i | |

with the norm

N § 2
2 5 [vo ¢;(llj] +1) —vo (L] —1)]

Jj=1
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where § = min;—;__y |/;].

3. For s > %:

H*(T) = {v e L*(T) |vo¢; € H*(0,]}]) and
v o ¢; is continuous at ||, for j =1,..., N} (1.20)

with the norm

0]

l
Hs(T) — (Z [v o ¢ Hs(o ) ) (1.21)
The next theorem gives some vital inclusions relating these Sobolev spaces. Before
stating the result, we introduce some notation that we will adhere to in the remainder

of the thesis. For normed spaces X and Y,

X =Y X C Y with a continuous injection
(i.e., there exists a constant C' s.t. |||y < C|]lx)
X =Y X C Y with a compact injection

(i.e., v, =~ v in X = |jv, —v|ly — 0)

Theorem 1.4.2. For the Sobolev spaces of definition[1.4.1], we have the inclusions

H*T) — C(I')  fors> % (1.22)
and
H*2(T') — H*(I')  for s; < so. (1.23)

Remark: In light of the preceding theorem, we can characterize the space H*(I") for
s>z as{veC()|v], € H(l;) for j=1,...,N}.
In what follows, we will also need to make use of the trace of an H'—function on

the boundary, so we supply the definition and a useful theorem here. The theorem

corresponds to Theorem 2.24 of [7].
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Definition 1.4.3 (Trace operator). Let D be an open set in R%. Then for f € H*(D),

we put

Yof = lim ! f(y)dy (1.24)

r—0|B(z,7) N D] Jpzmnp

at every point x € D where the limit exists. We call 7, the trace (or restriction)

operator on H*(D).

Remark: In the case where f € C(D), vof on dD coincides with f|sp, so we will
preserve the notation f|sp for v f on 0D, even when f € H*(D).

Theorem 1.4.4. Let Q be a polygon in R? with boundary I' and let s > Then

Hs_%(F), is the trace space to T' of H*(Q) in the following sense:

1
5

1. the restriction operator, vy is a continuous linear operator from H*(Q) to HS’%(F),

2. there is a continuous linear operator Ext from HS_%(F) to H*(Q) such that oo Ext
is the identity operator in H*~2(T').

Remark: The definitions for Sobolev spaces on polygonal boundaries given in definition
[L4.1] also hold with I' replaced by I'y after making the appropriate modifications. So,
in [7], Theorems [[.4.2] and [[L4.4] are also given with I" replaced by I'y.

With these definitions completed, we may now proceed to the statement of the trans-

mission problem with a prefractal interface.

1.4.2 Introduction to the Prefractal Transmission Problem

Fix n € N and a € (2,4). As before, let Q = (0,1) x (—1,1) and denote by Q,, and
Qin the portions of © above and below the prefractal curve X%, respectively (see Figure
for an example with @ = 2.5 and n = 3). Then the transmission problem we will

consider on this domain is stated as follows:

—Au, = f in Qiam, 1=1,2
—cpApu, = [Z2] on X@
t [ ov } n (PS)
[up,] =0 across L
U, =0 on 0f2

\

Unlike in the case of a fractal interface, it is not problematic to define derivatives on 3%,

because for any fixed n, this is a polygonal curve and A, is the tangential Laplacian,
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Figure 1.5: Domain with « = 2.5 and n =3
defined piecewise on each segment of ¥%. The constant ¢, equals coa!?=H"
the constant appearing in (P%) and (P7), and d = 124 is the Hausdorff dimension of $°.

log

, where ¢g is

In the present context, it is enough to know that ¢, is a positive constant. Only when
the asymptotic convergence of solutions of to the solution of (P9) is considered,
as mentioned in Section [[3.2] is the exact value of this constant significant.

We will also make extensive use of the weak formulation of this problem, so we
introduce that now. Although definitions for Sobolev spaces on polygonal curves were
provided in Section [LZT], for concreteness, we supply a definition for the space Hj(3%)

here.

Definition 1.4.5. The space Hj(X%) is defined as
{v € Co(X2) : u|pr € HY (M), for every segment M € X}

with the norm

N

2
ollimey = | D Nl
Mexe

We now define the space on which the problem will be posed as
V(Q,57) == {u € Hy(Q) | ulsg € Hy(7)} (1.25)
with the natural inner product

(u, )y (@,na) = // VuVuvdzx dy + ¢, VuVvds, (1.26)
Q

2
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and corresponding norm

1
2 2 2
lully gy = (1l @ + ol ) (1.27)

Then, using this notation, the weak formulation of is:

Find u, € V(Q,X%) such that
ffﬂ Vu,Vvdzrdy + c, fza Vi, Vivds = fo fodz dy (]5,?)
for every v € V(§2,X2)

We will begin the analysis of this transmission problem with a prefractal interface by
showing that 1' has a unique solution. This will follow easily from the Lax-Milgram
Theorem (see Theorem 2.0 for reference) once we have shown that V (2, £%) is a Hilbert
Space.

Lemma 1.4.6. V(Q,X%) is a Hilbert space with respect to the inner product (L20]).

Proof. Tt is easy to see that (L20]) is an inner product, so it remains to show that
V (€2, X9) is complete with respect to the induced norm. Let uy be a Cauchy sequence in
V (9, 2%). Then by definition of the norm on V (€, £%), uy, is a Cauchy sequence in H (£2)
and uy|se is a Cauchy sequence in Hj(X%). Therefore, there exist functions u € Hy(2)
- aHHl(E%) =0.
By Theorem [Z4, the restriction operator from HY(Q) — Hz(X%) is a continuous
linear operator, so uy|se — u|ga in H2(2%). By Theorem [A2, H}(2%) — Hz (%), so
U = u|yo, and hence, u € V(Q,X2). O

with limg oo [lur — ull g1y = 0, and @ € Hg(X3) with limy, o [|ux|sg

Theorem 1.4.7. Fizn € N and « € (2,4). Then, for any f € L*(QQ), there exists a
unique u, € V(, L) satisfying 1’ Additionally, there exists a constant C, indepen-

dent of n and «, such that

||Un||v(sz,zg) <C ||f||L2(Q) (1.28)

Proof. Since (-, -)y(a,ze) is a symmetric, continuous, coercive bilinear form on the Hilbert
Space V(§2, X%), the existence of a unique solution to |) follows immediately from the

Lax-Milgram Theorem.
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For the inequality, let u,, be the solution to 1) Then, we have:
2
Hun”v(g,zg) = (Un, Un)v(Qse) = /qun dz dy.

Using the Holder and the Poincaré Inequalities gives:

1 1
[l 50y < </Q!f!2d:vdy) (/Q |un]2da:dy>

< Clfll 2 lunl g q)

<C HfHL2(Q) HunHV(Q,zg)

where (', coming from Poincaré’s Inequality, depends only on (2. Dividing both sides by
HunHV(Q,zg) yields (L.25). 0

In the next section, we will explore the regularity of the prefractal transmission
problem by stating more rigorously the sense in which the equalities in (P]) hold. We
will conclude the section with a result showing that the solution is in a weighted Sobolev

space. This last result will be essential for the numerical analysis in Chapter Bl

1.4.3 Regularity of the Prefractal Transmission Problem

In this section, we will present two main results. The first theorem describes in what
sense the solution to is also a solution to (PZ). The second theorem will give the
regularity of u, in terms of fractional dimensional and weighted Sobolev spaces. Both
results can be found in [20] for the special case when o = 3, and the general result for

other values of a can be found in [19].

Theorem 1.4.8. For any fived « € (2,4), n € N, and f € L*(Q), let u, € V(,%2) be
the solution to (P) guaranteed by Theorem [LAT. Then, u, is also a solution of

in the following sense:

¢

—Au, = f i L2(Q,,,), i =1,2
—cp Ay, = (2] in L2(X
' a (=) (1.29)
[un] =0 in H*(X%)
u, =0 in Hz(6Q)

\
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Due to the discontinuity in the normal derivative across X%, u, ¢ H?*(Q2). The
discontinuity in the derivative is not the only thing limiting the regularity of the solution
though. Additionally, the corners in the domain have a strong effect on the regularity
and will pose challenges in the numerical approximation.

The next theorem gives the regularity of u,, in terms of fractional dimensional Sobolev
spaces and weighted Sobolev spaces. In both cases, the definition of the space relies on
the angle 6 first appearing in the definition of the maps that generate the Von Koch
curve in Section This angle is important because the only reentrant corners in the
domain are at vertices of the prefractal curve. Reentrant corners occur wherever the
angle interior to the domain is greater than 7. An example of these reentrant corners

and their relation to the angle 6 can be seen in Figure We see here that there are

.20

Figure 1.6: Typical reentrant corners

two type of reentrant corners in the domain. In the lower domain, angles at reentrant
corners have measure 7 + 6. In the upper portion of the domain, the reentrant corners
have an angle of 27 — (7 —26) = 7+ 26. Since the angles at reentrant corners are always
greater in the upper domain, we expect, and will see, that the solution is less regular in
this portion of the domain.

As mentioned before, the regularity results below are given in fractional Sobolev
spaces as well as in weighted Sobolev spaces. This is done because defining the regularity
of the solution using fractional Sobolev spaces is satisfactory for studying the problem
from an analytical viewpoint, but, for the numerical work we will pursue, it is more

convenient to consider the regularity in a weighted Sobolev space, which we now define.

Definition 1.4.9. Let Q be a polygonal domain in R? with vertices P, i = 1,2,..., N
and 6; denote the angle formed at the vertex P; in the interior of ). With

R:={1<j<N|§>n}andy:=7 min |P—-F

1
4 1<i<j<
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define r(z) for x € Q as

|z — Pj| if x € B(P},n) for some j € R
r(e) = 3 =0(p — By —q) 40 itz € B(P,2) \ B(P,n) forsome j € R (130)
1 it ¢ Ujen BUP.20)

Then for 0 < u < 1, let H**(Q; r) be the space
{ue HY(Q) | 0°u € L*(Q) V|5| = 2},

with the norm

[0l sz = | 1013 + 2 [70%0][;2(0, (1.31)
|B]=2

Remarks: First, notice that {P;};ep is the set of vertices of ) that are reentrant to the
domain. Away from the reentrant corners, the weighting function r has a positive lower
bound. Therefore, if u € H**(Q; r), and D C Q \ UjerB(P;,d) for some § > 0, then
u|p € H*(D). This information will be used in Section to prove an error estimate
for applying the finite element method to solve an elliptic problem on a domain with
reentrant corners.

Next, we note that this is not the most general definition that can be given for the
weighted Sobolev space H**(Q; r). While we have chosen to specify the function r,
many results using these spaces require only that r : Q — R* is a function in C(Q)
with the property that r(x) = |z — F;| if  belongs to a small neighborhood of P; for
some j € R. Because of this flexibility, the function r appears in the notation for the
space. Additionally, while we have used the same weight p at every reentrant corner
of the domain, when the angle is not the same at each corner, it is appropriate to use
a different weight depending on each angle. In the current work, we will seldom make
use of a more general definition of r, and we will never need to use different weights at
different corners. For more information about general weighted Sobolev spaces, see [17]
and the references therein.

Finally, noticing that the function r» depends on the reentrant corners in the domain,

when we refer to a weighted Sobolev space on the domains Q! and Q2 | we will

a,n a,n?
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adopt a notation intended to capture the idea that the function r varies with n, even
for a fixed a. Hereafter, we will use the H*(€Y, ,; 17,) to refer to a weighted Sobolev

space on €2}, ,, using r7, to refer to the weighting function described in Definition [.Z.9]
specialized to the case where Q is either Qf,, for i = 1 or ¢ = 2. In Chapter B, when
implementation of the algorithm for numerically solving the problem is discussed, we
will give more consideration to properties of this weighting function. We now present

the main regularity result for the problem (P7)), appearing in [19].

Theorem 1.4.10. Fiz o € (2,4), n € N, and f € L*(Q). Let u, be as in Theorem
[LZ8. Then, letting u!, denote u,

i, we have:

uy € H*'(Q,,) where s; < 2:j2299 (1.32)
up € H*2(Q2,)  where s < 2;:“99 (1.33)
with the property that
||U}n| H () < C(n) ||f||L2(Q) Jori=1,2. (1-34)
Additionally,
ul € H2’“1(Q;7n; ) for p > #929 (1.35)
up € H*M2(Q2 5 rh)  for pg > ﬂ%e (1.36)
satisfying
||T#aﬁu;||L2(ng) < C(Mia n) HfHL2(Qg,n) v |B‘ = 27
where § = cos™' (& — 1) and 1, is the distance function described above.
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Chapter 2
Finite Element Theory

This chapter will be divided into two sections. Both sections will provide important
results that are used to study the finite element method for a large class of problems. In
the first section, our goal will be to present some error estimates for the finite element
method applied to H?—regular problems. These results are well known and appear in
numerous books, for instance [6], [8] and [26]. As we have seen in Theorem [[LZ10, the
solution to |) is not in H?(Q), so the results of the first section will not be directly
applicable. However, they are included here because we will still make some use of them
and it will be useful to compare them to the results of the second section, in which
problems with solutions in weighted Sobolev spaces, like the prefractal transmission
problem, are considered. The results in the second section are not quite as widely
known, but they also appear in some books. In particular, we will generally follow the
presentation in [I2]. Readers familiar with this theory may proceed directly to the next
chapter and refer back to this chapter only as needed when theorems or notation are
referenced. All results applying this pre-existing theory to our problem of interest, ,
will be postponed until the next chapter.

2.1 Basic Error Estimates

In this section, and in other portions of the thesis, we will use the Sobolev Embedding
Theorem and the Rellich-Kondrashov Theorem. For ease of reference, the results are

repeated here. Proofs can be found in [IJ.

Theorem 2.1.1 (Sobolev Embedding Theorem). Let Q@ C R? be an open set with
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Lipschitz-continuous boundary. Let 1 <p <q, m>1, and k < m. Then
1. ifk < ]%, WmP(Q) — Wm=k4(Q) forp < q < 23—’;{).
2. if k= %, WmP(Q) — Wm=k4a(Q) for p < q < oo.
3. if k> 2, WmP(Q) — C™ Q).

Theorem 2.1.2 (Rellich-Kondrashov Theorem). Let @ C R? be an open set with
Lipschitz-continuous boundary. Let 1 < p < oo and m > 1. Fizx1 < k < m and
let w C Q) be any open, bounded set. Then

1. if k< % and q < 23—”’@, WP (Q) e WRa().

2. ifk = }—27, WmP(Q) s WmR4(Q) for all ¢ < .

3. if k> 2, WmP(Q) —— C™(Q)
Theorem 2.1.3. Let €2 be a bounded open subset of R™ with Lipschitz boundary. Then,
for sg > 51 >0, W2P(Q) s WP(Q).

The first theorem we will present gives the existence and uniqueness of the solution
to an abstract variational problem. For concreteness, we introduce a model variational
problem that satisfies the assumptions of the theorem. The model problem we will

consider is:

Find u in HZ () such that:
Jo VuVvde = [, fvdz (M)
for every v € H}(Q).

Note that this is simply the variational formulation of the Poisson problem:

—Au =f in)
v =0 on Jf

To be consistent with the formulation of the following theorem, if we let a(u,v) =

Jo VuVvdz and f(v) = [, fvdz, we may rewrite the problem in the form:

Find u in Hg () such that:

a(u,v) = f(v) (2.1)
for every v € H}(Q)

In order to prove that a solution to this problem exists, the bilinear form a must

have certain properties. We recall some terms that express these properties here.
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Definition 2.1.4. Let Y be a Hilbert space and let a : Y X Y — R be a bilinear form.
Then af(-,-) is

1. continuous provided there exists M > 0 such that

la(u,v)| < M ||ully ||v|ly, forallu,veY

2. coercive if there exists m > 0 such that

a(v,v) > m|jv|} forallveY.

It can easily be shown that the bilinear form a(-,-) : H}(Q2) x H}(Q) — R, defined
above for the model problem, satisfies both of these properties. Then, the Lax-Milgram
theorem supplies us with the existence of a unique solution to the model problem.
Because this result is so well-known, we have omitted the proof and have only provided

a restatement of the theorem.

Theorem 2.1.5 (Lax-Milgram). Let Y be a Hilbert space, and let a(-,-) : Y xY — R be
a symmetric, continuous, coercive bilinear form. Let f .Y — R be a continuous linear

form. Then the abstract variational problem:
Find u € Y such that a(u,v) = f(v) Yv ey (2.2)

has a unique solution u € Y.

Although this first theorem gives us existence and uniqueness of the solution to the
model problem, it does not provide any means of actually calculating the solution u. The
finite element method is one of a larger class of methods, called Galerkin methods, in
which one seeks an approximate solution to the problem by solving the problem exactly
in a subspace Y}, of Y, ie. find u, € Y} such that a(up,vy) = f(vp) Vo, € Y. Since
this subspace will itself be a Hilbert space, the above theorem implies that there exists a
unique solution to the variational problem posed on Y;,. We hope to choose a subspace
Y}, in which it is much easier to find a solution than in the original space Y, but contains
enough functions that the actual solution can be adequately approximated by functions
in the subspace.

Our goal in this section is to determine bounds for the error introduced by solving on

a subspace instead of the entire space. What follows is the first approximation theorem

27



on our way to that goal. Like the existence theorem above, it is rather abstract. Before
proceeding, we caution the reader that we will not always be concerned with the precise
values of constants appearing in the proofs, so the notation for a constant may not

change, even as the value of the constant changes over a sequence of steps.

Theorem 2.1.6 (Cea’s Lemma). Let Y be a Hilbert space, Y}, a subspace of Y, a(-,-) :
Y XY — R a continuous, coercive bilinear form and f :' Y — R a continuous linear
form. Letu and uy be the unique solutions, guaranteed by Laz-Milgram (Theorem 2.1.7]),

of the variational problems:

a(u,v) = f(v) YveY and
a(up,vp) = f(on) Yup €Y

respectively. Then there exists a constant C, independent of the subspace Yy, such that
lu —uplly < C inf [Ju— vyl - (2.3)
}LGX/}L

Proof. Since u is the solution of the variational problem in Y and Y}, C Y, we have
a(u,vy) = f(vy) for each vy, € Yy,

Since uy, solves the variational problem in Y}, we also have
a(up,vp) = f(vy) for any vy, € Yy,

So, by subtraction, we have

a(u — up,vy) = 0 for each vy, € Y},

Now, since a(-,-) is a continuous, coercive bilinear form, there exist constants m and
M > 0 such that m|jv[|} < a(v,v) and |a(u,v)| < M|ully - |Jv]ly for all u,v € Y.
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Putting these together, we have for any v, € Y},:

mHu—uth, < alu— up,u — uy
U

a( )
= a(u — up,u — up) + a(u — up, up — vy)
a(u — up, u — vp)

< M u—wunlly - llu = vnlly

So, after dividing, we have ||u — up|ly < % |lu — v,ly for each v, € Y}, implying the

conclusion with C' = % O

Now that we have some understanding of the error incurred by solving on a subspace,
we must define a subspace on which we wish to solve our problem. In the finite element
method, the subspace is determined by a triangulation of the domain. Notice that up
until this point, the domain 2 on which the model problem was posed did not
explicitly enter into any of the theorems. However, since the triangulation is highly
dependent on the particular domain €2, properties of the domain will affect the finite
element error estimates.

In this section, we will make several assumptions about €2 and its triangulation. We
assume that Q C R? is a convex polygon and denote the boundary of Q by I'. In order
to state the assumptions about the triangulation, we will need a few definitions. The
first definition will be used to assure that the triangulation of €2 is actually composed of

triangles.

Definition 2.1.7. Let K and K be subsets of R". Then K and K are called affine
equivalent if there exists an invertible affine mapping F' : R" — R" defined by F(&) =

~

Bi + b such that K = F(K).

By varying angles and side lengths, very dissimilar triangles can be produced. To
obtain error estimates, it is necessary to have some control over the variation among the
triangles. The next definitions are used to quantify the variation between triangles in
the mesh.

Definition 2.1.8. For any triangle, K, define

hk = diam(K) = sup |z — y|
z,yeK

pk = 2sup{r: B(z,r) C K}
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From the definitions, it is apparent that hy is equal to the longest side of K and pg
is the diameter of the largest circle that can be inscribed in K. A triangle that is very
skinny will have px << hg. So, the ratio Z—g, sometimes called the aspect ratio, is used
to describe how thin a triangle is, with this ratio increasing to infinity as the triangle
collapses to a segment. This is important because, as the error estimates will indicate,
triangles that are very “skinny” can result in a poor finite element approximation. With

this in mind, we formally define what we mean by a triangulation of the domain.

Definition 2.1.9. A (conformal) triangulation 7;, is a finite set of closed triangles,

with the following properties:

(T1) 0= |J K

KeTy,
(T2) For K1 # Ky € T, KiN Ky =)

(T3) Any edge of a triangle K € 7}, is either a subset of I" or the edge of
another triangle Ky € 7p,.

(T4) h= max hx

(T5) For any K € 7,, K is affine equivalent to the reference triangle K
formed by the vertices (0,0), (0,1), and (1,0).

Remark: Although we have stated that the triangles K are closed and this is reinforced
by (THI), we will follow the convention in [§] and use the notation H™(K) to refer to
the space which would more properly be denoted by H m([% ). This is done for simplicity
and to avoid confusing notation, especially when we consider the reference triangle K.
Once the domain has been triangulated in this way, it is time to create a subspace
Y}, corresponding to the triangulation 7;,. Throughout the thesis, we will consider the
finite element space consisting of functions that are affine on each triangle K € 7, and
continuous on 2. We will denote this space by Pl(€). A basis for this space can
easily be shown. Begin by labeling each vertex in the triangulation x; for some integer
i €{1,2,...,N}, where N is the number of triangle vertices in 7. Then define a set
of functions ¢; : Q@ — R for 1 < i < N by making ¢; the unique function that is affine
on each K € 7;, and has the property that ¢;(z;) = ¢;; for any vertex z; € 7;,. It

is easily verified that these functions form a basis for the space, and hence the space
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has dimension N. Now we define a linear interpolation operator taking functions from

H?(Q) to this space of piecewise affine functions contained in H(().

Definition 2.1.10. Let K be a triangle with vertices 21, zo and 23 that is affine equiva-
lent to the reference triangle K and let P1(K) denote the set of all polynomials of degree
one defined on K. Then we define the map I : C(K) — P'(K) by letting IIx(v) be the
unique affine function v € P'(K) such that v(z;) = v(z;) for ¢ = 1,2,3. By the Sobolev
Embedding Theorem (Theorem ZTT)), H*(K) — C(K). Thus every v € H*(K) has a
continuous representative 9, so we may define Il : H*(K) — PY(K) by IIx(v) = Ik (0).
If 75, is a triangulation of  as above, then we define IT;, : H*(Q)) — PL(Q2) € H'(Q) to
be the map satisfying IIj,(v) = g (v) for every v € H*(Q) and for every K € Tj,.

With this linear interpolation operator defined, we are now prepared to give a bound
on the error in approximating a function v € H?(2) with an affine function when 2 is

a very simple domain. We will then expand this result to more complex domains.

Lemma 2.1.11. Let K be the reference triangle with vertices z = (0,0), z = (0,1)
and z5 = (1,0). Let Iy : H*(K) — PY(K) be the linear interpolation operator of
Definition BII0. Then there exists a constant C' such that

lu = Hgull gogy < Clulgegy Yue H*(K). (2.4)

Proof. The idea of the proof is to first endow H2(K) with the norm

3

o[l = 0] gy + Y o)

i=1
and show that the norms ||-||* and ||-|| ;2 (k) are equivalent. Then the result follows from:
lv = Tgull oy < C llu = Tgul”

3
= O [lu = Hgul oy + D |(u = Mgu)(2)]

=1

= Clu— HKU|H2(K)

= C|U|H2(f()

where we have used the facts that (ITzu)(z;) = u(z) for i = 1,2,3 and |[Igulp 4 =0
since Il ,u € P(K).
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We begin by showing that ||| < C'||-|| y2(z)- By the Sobolev Embedding Theorem,
we have H%(K) — C°(K). Thus, there exists C' > 0 such that

max, [v(zi)| < [[ollcory < Cllvll g2k,
for every v € H2(K). So, |[v||* < (1+30) [0l 2 (-

Now, we will show that |||z < C |-]* by contradiction. Suppose such a C'
does not exist. Then there exists a sequence {v,} € H2(K) with vkl g2y = 1 and
lon]* < L for each k. Since H?(K) << H'(K), by the Rellich-Kondrashov Theorem,
a subsequence of {v;} converges in H'(K). Now, using the definition of ||'||§{2(f<) as

-2 ey =+ |22y, We note that for each k1 € N,
(K) (K)

2 2
ok = ville iy < ok = willip iy + (el iy + [onl o i) (2.5)

Then, since {v;} is a Cauchy sequence in H'(K), the first term on the right hand side
goes to 0 as k,l — oo. By design, [lvx|" — 0 as k — oo, and since ||z < |||, the
second term on the right hand side of (2.3]) also goes to 0 as k,! — oo. Thus {v;} is also a
Cauchy sequence in H2(K). Since H?(K) is complete, there exists v* € H2(K) such that
[k = v*|| g2y — 0 as k — co. By continuity of norms, ||v*|| 2z = 1 and [[v*||" = 0.
Since [[v*[|" = 0, we have that both [v*| 2z = 0 and v*(2;) = 0 for ¢ = 1,2,3. Since
[v*| 2y = 0 implies v* € Py (K) we must have v* = 0, contradicting ||v*[| g2z = 1. O

We wish to use the error estimate from the previous lemma to estimate the error
in approximating a function v € H?(Q)) with its linear interpolant Il u for a given
triangulation, 7, of 2. We will do so by making use of the assumption that for each
K € 7, K is affine equivalent to K. The next lemma makes use of differentiation
and integration rules in R? to relate V] o () @nd || n () Where v € H™(K) zind 0 is
the corresponding function obtained by composing v with the affine map from K to K.
When combined with the previous lemma, this result will allow us to obtain an error
estimate when the domain € is formed as a union of triangles that are affine-equivalent

to K. The proof follows the one given in [8].

Lemma 2.1.12. Let K and K be affine equivalent and let Fi () = Br® + by be the
affine map from K — K. Ifv € H™(K) for some integer m, then © := vo Fx € H™(K),
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and there exists a constant C', depending only on m, such that:

[0l gm iy < C B[ [det Bre| ™ [0] g1 (2.6)
B
where ||Bg|| = max | KI|.
z€R2 |[E‘
x#0

Proof. We will first prove the statement when v € C™(K) and then extend our result
to all functions v € H™(K).

Suppose v € C™(K). Then, since Fx is affine, we have that © € C"™(K). Now, for
any multi-index 3 with |3| = m, and eg, a basis vector in R? for each 1 < i < m, one

has:
6%(&) = Dmﬁ(:ﬁ)(egl,eBQ, PN 7€ﬁm).

Thus, letting ||D™0(2)|| represent the usual operator norm, it follows that

070(2)

< [[D™o(@)]-
Consequently,

2 .
dz

|@’§1m(1‘<) - Z / ‘3%(:%)
Bl=m "5
<c [ i@ da (2.7)
K

where C] is the cardinality of the set {3 € N : |5| = m}. Now, using the differentiation

rule for composition of functions, we note that for any vectors & € R, 1 < i < m,

Dm@('i.)(gla 527 <. 7£m) = Dm('U o F}()(ii“)(fl,&, e ,fm)
= D"v(z)(Bgé&1, Bk&a, - ., Brém)

where x = Fi (). Thus, | D™0(2)| < ||Bg||™ || D™v(z)]|, so

/R 1D™8(2)]2 di < || Bic | /K | D™o(2)| dé. (2.8)

33



Applying the change of variables on the right hand side yields:

/KIIDW@(:%)IIQCZ:%S HBKIIQM\det(B;}l)\/KIIDmv(:B)Hde- (2.9)

Since there exists a constant Cy such that || D™v(z)|| < Cy maxgi—, |0°v(z)|, by putting

the previous inequalities together we have that

il < O [ 10700 di
< O || Byl [det Bye| ! / |D™ (@) da
K

< C1 - C2 || Bie|™ |det By ™ [0l

and our statement is proved for v € C™(K).

Now, we will extend this statement to all v € H™(K). From what we have just
shown, the operator i : C"(K) — C™(K) is in L(H™(K); H™(K)).  Then, since
C™(K) is dense in H™(K), the map ¢ can be extended (uniquely) to a continuous
mapping i : H™(K) — H™(K) which completes the proof. O

While the previous two results provided for estimates of error on a single triangle, in
the following theorem, these results will be used to get an error estimate on the entire

triangulated domain. This requires one further assumption about the triangulation
which is defined below.

Definition 2.1.13. A triangulation 7} is shape-regular if there exists a constant
o > 0 such that Z—I’E < o for all K € 7;,. A family of triangulations {7}, indexed by
h := maxker, hi, is regular if 7, is shape-regular with the same value of ¢ for each h,

and h — 0.

Theorem 2.1.14. Let Q be an open set in R? with Lipschitz-continuous boundary and
suppose 1y, is a shape-reqular triangulation of 2. Then there exists a constant C, de-

pending only on m, such that:

||lu — Tpul

) < Co™p*™ |u]H2(Q) Yu € H*(Q) and 0 < m < 2, (2.10)

where 1Ty, is the linear interpolation operator of Definition 2.1.10], and o is the reqularity
constant of Definition 2113l
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Proof. 1t suffices to establish the inequality for each K € 7}, since

2 2
Ju — HhUHHm(Q) = Z lu — HhUHHm(K) .
KeTy,

So, let K € 7, be given. Then by assumption, K is affine equivalent to K , SO there exists
a bijective affine map Fi : K — K defined by Fi (%) = BgZ + bg. Then by Lemmas
and E.TTT], and using the fact that (det By') = (det By)™!, we have:

|t = Tu| g gy < C || B! ||™ |det B}?F% |6 = TIn ] g
< O B[ Idet Bil® [[& = Thuii] 2
< O B! Idet Bil® il 2 s
< C[|BE[|" Idet Bi| (1B |I* [det Bil ™* [l sc))
= CU Bl | BE D™ 1Bl ey -

Now, we look for bounds for || B || and || Bk || || By || that are independent of the triangle
K. By definitions of hx and pg, given x € R? with |z| = pj, there exist points y, z € K
with x = y — z. Then, since |Bgz| = |Fk(y) — Fx(z)|, and Fx(y), Fx(z) € K, we have

| Bkl < Z—ff. By the same argument, HB;H < Z—? So, using the assumption that 7} is
K

shape-regular, we have || Bk| - || Bg'|| < Z;Z;{ < O'Z—KI:{. A simple calculation shows that

hip =+2and pp = 2+2ﬁ. Using these facts, we have

2—m
\/§ m m —m
u = Hpu| gy < | C (1 + 5 (1+vV2)™| o™n? |ul 25

The result follows since the quantity in square brackets is a constant depending only on
m. O

We are now ready to produce the first important estimate of the error between the
solution to the variational problem in the whole space and the solution of the variational
problem in the finite element space. In terms of the model problem, we plan to establish

the error in approximating the solution of the model problem (M]) by the solution of the
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variational problem:

Find u, € PL(Q) N H} () such that:
Jo VupVu, dz = [, fo, dx (Mp)
for every v, € PH(Q).

This result will show that the error, as measured in the H'—norm, is on the order of
h times the H?—norm of u and will require an additional assumption which we explain

now.

Definition 2.1.15. Let m > 1, H*(2) C Y € H™(Q2) and suppose a(-,-) is a coercive

bilinear form. Then the variational problem
a(u,v) = (f,v)2 YweY

is called H*-regular if there exists a constant C' such that for every f € H*~?™ there is
a solution u € H*(2) with

[ull sy < ClIS]

Hsf2m(Q) .

Remark: If a is an H}(2)-elliptic bilinear form with sufficiently smooth coefficient func-
tions, and € is a convex, polygonal domain then the Dirichlet problem is H?-regular.
So, the model problem is H?—regular if € is a convex polygon. We also remark that this
is the first place where the convexity of €2 has played a role. For more general results

about the regularity of second order elliptic problems, see [10].

Theorem 2.1.16. Suppose () is a convezx, polygonal domain and suppose Ty, is a family
of reqular triangulations of ) satisfying. Let u and w, be the solutions of the abstract

variational problems

a(u,v) = / fvdxdy Vv € HE () (2.11)
Q

and (2.12)

a(up,vp) = / fondxdy Yo, € PHQ) (2.13)
Q

respectively, where a(-,-) is a continuous, coercive bilinear form on H}(Q), f € L*(Q),
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and PY(Q) is the space of piecewise linear functions on Q defined previously (see Defi-
nition ZII0). Then if the variational problem 2I1) is H*-regular, the finite element
approzimation u, € PL(Q) N HY () satisfies:

Ju— Uh”Hl(Q) <Ch ||UHH2(Q) (2.14)
< Ch[fll 2y - (2.15)

Proof. A direct application of Cea’s Lemma (Theorem [Z1.0]) yields:

||U - Uh“Hl(Q) < Cveih%f(ﬂ) Hu - U”Hl(Q) :

By Theorem 2.1.14] there exists vy, := Iu € P}(Q) such that:

Ju— Uh”Hl(Q) <Ch ||U||H2(Q) :

Combining these two results gives (214)). By definition of HZ2-regular, there exists a
constant C' such that for every f € L*(Q), |[ull g2y < C' || fll 2. Thus, 2I5) follows

from (2.14)). O

We now present another abstract result that will lead to a second estimate of the
error between the solution to the variational problem in the whole space and the solution

to the variational problem in the finite element space.

Lemma 2.1.17 (Aubin-Nitsche Lemma). Let a(-,-) : Y XY — R be a continuous,
coercive form, and let f 'Y — R be a continuous linear form. Let u and uy be the

solutions of the variational problems:

a(u,v) = f(v) YveyY
and

a(uh,vh) = f(Uh) Yo, € Y,

respectively, where Yy, is a subspace of Y. Let H be a Hilbert space with norm |- |g and

inner product (-,-) such that Y — H. Denote the norm on'Y (possibly different than
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the norm on H) by ||-||y-. Then,

1 .
= unly < Ml — unlly (sup{— in ||¢g—¢h||y}), (2.16)

gt Ulglp onevi

where for any g € H, ¢, € Y is the unique solution of the variational problem:
a(v,¥g) = (g, v) Vvey.

Proof. By Lax-Milgram, for each g € H, there exists 1), € Y such that 1, solves the

variational problem a(v,,) = (g,v) Vv € Y. Since u—w, € Y, in particular, we have:
a(u — up,g) = (9,1 — up),
and since u, uy solve the previously stated variational problems, we have
a(u —up, ¢p) =0 Vo, € Y.
Thus, by subtraction, we have:
a(u —up, g — ¢n) = (g, u —up) Yo, € Y.
Therefore, by continuity of a(-,-), for each ¢ € Y,

(g, v — wun)| = la(u — un, g — ¢n)l
<M lu=wunlly - l[¢g = onlly

So,

_ < — ] — .
(g, u —up)| < M |lu Uh||y¢]1f€1£h %9 — onlly

Now, since H is a Hilbert space, F'(g) = (g, u— uy) is a linear operator and has operator

norm |u — up|y = sup M It follows that:

g€H g#0 |9|H

1 .
= unly < M u—unlly, sup {— inf \wg—¢h|ry}-

g€H g0 |g|H PrEYR
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]

Corollary 2.1.18. Under the hypotheses of Theorem 2118, if u € H*(S) is the solution
of 1)) and uy, is the solution of (213)), then

[ = unll 20y < Chllu = unllg1q) (2.17)
< CP* |1 fll 2oy (2.18)

Proof. Letting H = L*(Q) = H°(Q) and Y = H}(Q), we see that Y C H and since
Il 22y < Ml ey, We have Y < H. Letting Vj, = P, (Q) N Hy (), the Aubin-Nitsche
Lemma (Lemma 2.II7) implies that

1 .
|u — Uh”Lz(Q) <Cu— uhHHl(Q) sup {— inf Q) 199 - gbhnHl(Q)} :
g

€L*(Q) ||9||Lz(g) PrEPH(QNH]
Now due to Theorem Z.T.16, the quantity in curly brackets is less than or equal to Ch, and
the first result is immediate. Additionally, by (28] of Theorem 2116, ||u — UhHHl(Q) <
ch || fllz2(q), implying the second inequality. 0

2.2 Error Estimates for Nonconvex Polygonal Do-

mains

In Section 21l we confined our study to problems where the solution was very regular.
In particular, the most important error estimates that we obtained, Theorem and
Corollary ZI.I8, relied on the fact that the problem was H?—regular. In the case of the
model problem, this conclusion can be made by assuming that the domain is convex.
If we drop this assumption, we cannot guarantee that a solution to the model problem
(M) is in H?(£2), and hence we will not achieve the same error estimate. Let us consider
an example to demonstrate this point. This example can be found in Section 2.2 of [6].

Let D be the domain {(z,y) € R? | 22 +y* < 1} \ {(z,y) € R? | 2 > 0 and y < 0},
shown in figure 211 Identifying R? with C, D = {re’ | r < 1,0 < 6 < 2£}. Consider
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Figure 2.1: domain for (Z.19))

solving the following problem on D:

—Au=0 inD
u(e®) =sin (%) for0< ¢ < (2.19)
u=~0 elsewhere on 9D.

If we choose not to use the principal value for the argument of z, but instead take
0 < arg z < 27, one sees that that w(z) := 25 is analytic in D, and thus its imaginary
part, which we denote by u is harmonic in D. One may easily verify that u satisfies the
boundary conditions, so u solves (Z19). Then, u € H*(D), since

37
4 2 1 2 T
2 — — -3 — —
\u|H1(D)—9/0 /0 r srdrdf = 5

but, u ¢ H?(D) since

3
2 o 20 2 1 _ 8 .
|u|H2(D)—8—1 A r=s rdrdf = oo.

Our goal in this section will be to obtain error estimates for the finite element ap-
proximation that apply to the model problem when €2 is a nonconvex polygonal domain
in the plane. Throughout most of this section, we will follow the line of proof given in
Section 8.4 of [12], with some modifications made to allow more than one angle of Q2 to
have measure greater than mw. These results also appear in [3] under slightly different
assumptions. As we proceed, we will try to point out the analogues to the presentation

given in the previous section.
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We begin by formally describing the domain €2. Throughout this section, we will
assume €2 C R? is a polygonal domain with boundary I' composed of N sides. Starting
at any one vertex, we label the vertices P; in counter clockwise fashion, with the interior
angle at vertex ¢ having measure 6;. If the angle at the vertex has measure greater than
7w, we call this a reentrant corner of the domain. When we say that a point is at a
reentrant corner of the domain, we mean that this point is the vertex of an angle created
at the intersection of two edges of the boundary of the domain, and these edges form a
reentrant corner. For example, in Figure 2.1l there is a reentrant corner at the origin
since the measure of the angle interior to D at the origin has measure 3”

Recall that in section [L4.3], we saw that the solution to the transmlssmn problem
with a prefractal layer that we are interested in applying our numerical methods to lies
in a weighted Sobolev Space. So, our focus in this section will be to present convergence
results for the finite element method for a problem with a solution in one of these
weighted spaces. For a reminder of the definition of H*#(Q), refer to definition [L4.9

Several proofs in the previous section relied on the inclusion of H?(Q2) in C(Q) and
H'(Q). These results are given by the Sobolev Embedding Theorem (Theorem 2.T.)
and the Rellich-Kondrashev Theorem (Theorem 21.2). Similar results will be needed

for the weighted space H*#(Q) and are provided by the next theorem.

Theorem 2.2.1. For u < 1, the natural embedding of H**(Q) into H'(Q) is compact
with respect to the norm ||-|| gauqy, and additionally, H**(Q) is continuously embedded

in C(Q).

Proof. We begin by showing that H>*(Q) — W?2?(Q) for p such that 1 < p < To
this end, let u € H*>#*(Q) and |3| = 2. Applying Holder’s Inequality to

/ 10°uP do = / r# (r*0%u) |P da
Q Q

/|r—~ (r0%u) P da < U(r Ok pdrc} [/ |r“86ul2dxr
Q Q

Since 2 C R? is bounded, the first integral on the right hand side is bounded if _2—2_”15 >

—2, which is true as long as 1 < p < ﬁ Furthermore, since this integral does not

we have

41



depend on u, for a fixed p, the value is a constant depending only on 2 so we have

P
2

|u|€v2m(9) = / 07ul? du < C [/ |0 ul? dx}
Q Q

Since  is bounded, H'() < W'P(Q) for p < 2. Thus, for y < 1, we have |||y <

C'||*[| g1.(q) for some constant C'. Combined with the definition of H~H‘24,2,p(m as H-H?)Vl,p(ﬂ)—l—

|- %,Vz,p(ﬂ), it follows that
[ullwzag) < C llull go. Q)"
() (

Thus, H*>*(Q) — W?2?P(Q) for p € (1, ﬁ), where i < 1. By Theorem 213, W?P(Q) <
WhP(Q), and as already stated, H*(Q2) — W'?(Q), so H**(Q2) —— H'(Q). Finally,
the Sobolev Embedding Theorem (Theorem ZT1)) gives us H>*(Q) — W2P(Q) — C(Q)
if p<1. [l

Remark: Note that in the above proof, the actual expression for » was not very im-
2—p

portant. It was only necessary that [fﬂ(r_p“)% dx} ? <ooforl< p < ﬁ So, it is
clear that the inclusions hold for many choices of r besides the one made in Definition
11.4.9.

Now that we have shown that H*#(Q2) < C(Q), we may define a linear interpolation
operator on the space H*#((Q), as was done before for the space H*(Q) (see Defini-
tion 2.1.10). Although the definition is virtually identical in this case, the definition is

repeated here for the sake of completeness and clarity.

Definition 2.2.2. Let K be a triangle with vertices z1, 2z and z3 that is affine equivalent
to the reference triangle K. Then define the map I : C(K) — P'(K) by letting I (v)
be the unique linear function v € P'(K) such that 9(z;) = v(z;) fori = 1,2, 3. By Lemma
221, H?>#(Q) — C(Q). Thus every v € H*#(Q) has a continuous representative v. If
7y, is a triangulation of €2, then define 1T, : H*#(Q) — PHQ) C H'(Q) to be the map
satisfying I, (v) = I (0) for all v € H**(Q) and for all K € 7. Recall that P} (Q) is
the space of functions that are continuous on all of €2 and affine on each triangle K of

the triangulation 7j,.

The next goal is to establish a result similar to Lemma 2.1.17] that gives the error
in approximating a function u € H 2’“(K ) with a linear function on K. The following

lemma is so similar that an analogous proof can be used, so the proof is omitted here.
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By the remark following Theorem 2.2.1] even though the lemma uses |z| instead of the
function r specified in definition [I.4.9] the necessary inclusions still hold.

Lemma 2.2.3. Let K be the reference triangle with vertices z, = (0,0), 2o = (0,1) and
z3 = (1,0). Let < 1 be given and let

W= veH(K): ) / Fiks |a%|2d§; < 00
Bl=2 K&

Then the linear interpolation operator Il : W — Pl(f() s well-defined and there exists

a constant C such that
e — T3 ey + Z/ &2 |0%u]” di < (JZ/ &2 |0%u|” di (2.20)
p=2 /K g=2 /K

for everyu € V.

The error estimate of Lemma [2.2.3] applies only to the reference triangle. As was
the case in Section 21l in order to estimate the error in approximating a function
u € H**(Q) with its piecewise affine interpolant IT,u for a given triangulation of €,
the estimate must be extended to other triangles. So, as in Lemma 2.1.12, we use the
relationship between a function v € H**(K) and the corresponding function & = v o F,
where F' is the affine mapping from K — K. For this result, we require the following
two additional assumptions about the family of triangulations 7,.

Let 7, be a regular triangulation of 2. For a fixed i, we have the properties:

(T6) hix < ohT7 for every K € 7;, having a vertex at a reentrant corner of

the domain

(T7) hxg < Cohinf ek r(z)* for every K € 7, with no vertices at reentrant

corners of the domain.

where o is the regularity constant for the triangulation and C' > 1 is a positive constant,

independent of h.

Theorem 2.2.4. Let 7;, be a regular family of triangulations satisfying (116) and (I77)
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for some p < 1. Then there exists a constant C, independent of h, such that
1/2
= Mgy < Ch | S / 05 (2.21)
Bl=2"<
for every h > 0 and every u € H**(1).
Proof. By definition of I,

2 2
lu— Hh“”Hl(Q) = Z Ju— HhUHHl(K) 5

KETh

so it suffices to establish the inequality

|lu — HhuHip(K) < Ch? Z / ’r(x)“aﬂufd:v
B1=2" %

for every K € 7;, and some constant C' independent of K. To that end, let K € 7, and
consider two cases corresponding to the assumptions (TI6l) and (TI7).

Case 1: None of the vertices of K is at a reentrant corner of the domain.
Then for every x € K, r(x) > ¢g > 0 and u| € H*(K). So by Theorem Z.T.14]

and using (TI0),
Ju— HKUH?P(K) < Co’hi; |U|§12(K)
= Co?h3, Z / ’T(x)_“r(x)“aﬁufdx
Bl=2"" %
Z / |r(a:)“8ﬁu‘2da:
K

|8]=2

oh 2 2
< Co’h? —> E / roPul” d
>~ K (h ‘T’(CE) ’U/‘ i

1B1=2

= Co*h? Z/ }r(x)“@ﬁufdx,
K

181=2

2;2 (. —2u
< Cohy <;2}f{7’(:€) )

where C' is independent of K.

Case 2: K has a vertex at a reentrant corner of the domain.

Let by denote the coordinates of the vertex of K at a reentrant corner of the
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domain. Then by assumption (TE) on the triangulation 7j, there exists a
bijective map F : K — K defined by Fk(z) = Bk + bk, that maps bg to
the origin. Let & = u o Fg. By Lemma 2.2.3)

/|V(ﬁ—HKﬁ)|2d£§CZ[|§:|2“\85a
K K

18]=2

2 d. (2.22)

Using the chain rule, this yields

/ |BEV (u — Tgu) o Fie|” d2
K

<C). / |2 |(BE)?0Pu o Fy|” di. (2.23)
Bl=2” &

Next, we perform a change of variables on each side of the inequality by
setting © = F(2). We obtain on the left hand side of (2.23)),

/ \B[T(V(U—HKU)OFKF dz
K
= ‘detB;(1|/ |B£V(U—HKU>‘2 dx
K

> \detBKl;HBK1||—2/K|v<u_nKu>|2 dr. (2.24)

Applying the change of variables to the integral on the right hand side of
([2:23), we obtain for each |3] = 2,

/ |&™ | (BE)?DPu o Fy|* di
K
< |det By ||BKH4/ B (= )| |0°u[* de
K

< |det Bi!| || Bx|* HB;{1||2“/K|Q:—bk|2“ |0%ul* de. (2.25)

By definition, r(x) > |z — bk/|, so we have after combining ([2:23]), (2:24]) and
2.23),

/ IV (u = Tgw)|* do < || Beel|* | B / r(2)0%u|” dr (2.26)
K 8j=2 7 K
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Using the estimates derived in the proof of Theorem [2.1.14] and making use

of assumption (I[7)), we have
Cqp2+2 _ -
1Bl (| B ™ = (Bl | B (D> 1B ™
242 2-2
() ()
Pk Pk
orou —a L \ET
< (ohg)™™ pg (Uhl‘“>
— o_4h§;-2,up[—%4h2
Using this estimate in (2.26]) gives:
/ IV (u—gu)| de < (ohp2)h ) / |r(2) d%ul” dv  (2.27)
K K
|8]=2

which provides the desired result.
O

Corollary 2.2.5. Suppose € is a nonconvex polygon in R2. Suppose T, is a reqular
family of triangulations for each h > 0, and Ty, satisfies (1M6}) and (1I[4) as h — 0. Let

u and uy be solutions of the abstract variational problems

a(u,v) = / fodzdy Vv € Hy(Q)
Q
and
alup, vy) = /vah dx dy Yun € P (Q)

respectively, where a(-,-) is a continuous, elliptic bilinear form on H}(Q), f € L*(),
and u € H**(Q). Then the finite element approximation u, € P (Q) N H(Q) satisfies:

lv = unll ey < Chllull 2o (2.28)

as h — 0.

Proof. The assertion follows easily from (Z21]) and Cea’s Lemma (Theorem 2ZT.6). O

Remark: This result is presented for comparison with Theorem 2.1.16l The above

result shows that if the mesh is refined appropriately near the reentrant corners of the
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domain, we can still achieve the same order of convergence in the H!—norm for the less

regular problem.
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Chapter 3

Numerical Treatment of the

Prefractal Transmission Problem

This chapter contains the original contributions of this thesis. In order to numerically
solve the transmission problem using the finite element method, we must first
have an algorithm to discretize the domain. The first section of this chapter will be
devoted to introducing an algorithm for producing triangulations of the domains for
each a € (2,4) and each n € N. In the second section of the chapter, we will show that
the triangulations produced by implementing this method satisfy the assumptions of
Theorem 2.2.4] allowing us to give an estimate of the error made by numerically solving
the problem. Finally, we will show some results of finite element solutions to (PJ].
Throughout this chapter, we will make use of a large amount of previously introduced
notation. Because some readers familiar with the results of Chapter 2 may have chosen
to bypass that chapter, we will recall all of the notation introduced there that will be
used in the present chapter. For ease of reference for all readers, we will also recall some
of the problem notation defined in Chapter [1l and preview some terminology related to
the mesh generation that will be described in Section [3.Il The notation is shown in
Table 3.1l Most of these terms, as well as some additional ones, can also be found in

the lists of notation preceding Appendix [Al

3.1 Generating the Mesh

Before giving the details of the algorithm, we will explain some of the considerations

that shaped the algorithm. First of all, we must be able to reproduce the segments of
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the rectangular region (0,1) x (—1,1) C R?

the n'" —generation prefractal von Koch curve with contraction factor o~
the portion of 2 above X%

the portion of 2 below X%

set of vertices of the n'"—generation prefractal von Koch curve with
contraction factor o™*
2

a,n’

set of points that are at reentrant corners of either Qf, , or Q
Ron =V3 \ {(Oa O)a (17 0)}

the length of the longest edge of a triangle K

the diameter of the largest circle contained in K

the aspect ratio of a triangulation 7j,, i.e. maxger, Z—‘;

the weighting function given in definition [3.1.1]

the minimum distance between vertices of the domain Qg,n fori =1, 2;
Ny = a " min(a — 2, 1)

the fractal region shown in Figure B.3] and described in the
surrounding text (F' contains all points in R, )

(1)1/(1—u)
3

1

Table 3.1: Relevant Notation
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3% as the union of edges in the mesh. This is necessary, because in order to solve (P7)),
we must be able solve the boundary value problem posed on X¢. So, we must have a
triangulation 7 of € such that 7 = 77 U 73, where 7; is a triangulation of Qim and 75
is a triangulation of Q2 .

Secondly, throughout this chapter, we will be considering the numerical solution
of the problem (7)), where both o and n are fixed. However, since o can be chosen
arbitrarily from the interval (2,4), it is desirable to design an algorithm that can be used
for any value of a. In [27], a discretization and refinement scheme is developed for the
problem (£ with o = 3. In this case, it is possible to create a mesh consisting entirely
of equilateral triangles which have the best possible aspect ratio. However, as the value
of a approaches 2, very small angles are necessarily introduced into the mesh by the
presence of the von Koch curve (see for example Figure [[4). So, the discretization
developed in [27] will not be applicable and we must develop a more general algorithm
for creating a mesh for the problem.

Aside from letting o vary in the interval (2,4), any algorithm developed to create a
mesh of Q}, , and Q2 , must be able to handle any integer value of n. Although n will
also be fixed throughout this chapter when a particular problem is being considered,
recall that the prefractal transmission problem was introduced in Section [[.4] as an
approximation to the fractal transmission problem (P%). One of our eventual goals is to
study what happens to the solution to asn — 00. Since the vertices of the prefractal
curve are always inherited from the previous iteration, we can take advantage of this
structure to design a more efficient approach to the meshing procedure. Specifically, we
will outline a procedure for triangulating the domains in such a way that a triangulation
that includes XY as an interface also includes X¢, for m < n. Keeping in mind these
considerations, we proceed to the explanation of the procedure for generating a mesh

for the problem.

1. DEFINE THE DOMAIN.
Having already chosen o € (2,4) and n € N, apply the maps that generate the

von Koch curve n times to produce the n*®—generation prefractal curve 2.

While the vertices of the prefractal curve are inherited from the previous gener-
ation, the segments linking the vertices are not maintained from one generation
to the next. This can be seen by comparing Figures B.1al and BIBl So, if the

triangulation of the domain with interface X% is also to be a triangulation of the
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0.8 0.8 0.8
0.6 0.6 0.6
0.4 0.4 0.4
0.2 /\ 0.2 A/\j/\m 0.2 #%
0 0 0 A A
-0.2 -0.2 -0.2
-04 -04 -0.4
-0.6 -0.6 -0.6
-0.8 -0.8 -0.8
0 05 10 05 1 0 0.5 1
(a) Domain with in- (b) Domain with in- (¢) Domain with in-
terface 3¢ terface 3¢ terface X§ U S§

Figure 3.1: Illustration of S) with a = 2.5 and n = 2

domain with interface X% for m < n, we must ensure that the segments joining
vertices of the prefractal curve at previous generations are part of the mesh at this
generation. To achieve this, let S5 be the segment along the r—axis from o' to
1 —a~!'. Then for m > 1, define

4
Se = Jurse ).
=1

Then X0 C X% U SY for m < n. Figures [3.1al and [3.1bl show the domain with
interface X%, for m = 1 and m = 2, respectively. In Figure B.Id the domain is
shown with the interface ¥¢ in red and the segments comprising Sy shown in blue.
Considering the group of FiguresB.1al [3.1bl and[3.1d one verifies that 3¢ C X§USs.

. PRODUCE A COARSE MESH OF THE DOMAIN.

In this step, the goal is to produce a coarse mesh of the domain that includes
YrU S, as edges in the mesh. Since the curve X¢ varies significantly depending
on the value of «, a procedure that will triangulate the domain given any value of

a must be very general.

We use the Triangle program (a freely available 2-D mesh generator) to create a

coarse mesh. For details of the algorithms used in the implementation, see [24] and
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[25]. This program was chosen for a variety of reasons including its ease of use,
its adept handling of very general polygonal domains, and its ability to control
the quality of the mesh. The last feature, being able to control the quality of the

mesh, is especially useful for error estimation.

The quality of the mesh is ensured by specifying a minimum acceptable angle for
the triangulation. No triangles produced by the program will have a minimum
angle smaller than the specified angle. In Appendix[Bl a proof is provided to show
that enforcing a minimal angle constraint on the triangulation bounds the aspect
ratio for the triangulation. Since the finite element approximation deteriorates as
the regularity parameter of the triangulation increases, we wish to use as large an
angle as possible. However the angles that appear at the vertices of the prefractal

curve provide a bound on the minimum angle that we must be willing to accept

o

2
angles appearing where the blue and red segments in Figure[3.Idmeet, one sees that

in our triangulation. Recalling that § = cos™!(2 — 1) is the measure of the small

angles measuring # and m — 26 appear naturally. The algorithm in the Triangle

program requires that the minimum angle be no greater than %, so we set the

minimum angle for the triangulation to be min{f, 7 — 26, 7 }.
An example of a mesh created by the Triangle program with this minimum angle
constraint can be seen in Figure 3.2 These figures demonstrate that the mesh

serves as a triangulation of the domain with either ¢ or 3§ serving as the layer.

. REFINE THE MESH.
In order to apply the error estimate in Theorem 2.2.4] the mesh must be a shape-
regular triangulation of Q (see definitions 2.1.9 and 2ZT.13)) such that for i = 1, 2,

the mesh restricted to €, ,, is a triangulation of €}, , that satisfies

1 .
hr < oh™w if K has a vertex at a reentrant corner of €, (T6%)

hx < Coh ;g}f{ [ri(x)]"  otherwise (T7*)

where p; is the weight given in Theorem [[L4.T10] and C' is a constant greater than 1.
While the mesh generated in the previous step is guaranteed to be a shape-regular
triangulation of  and its restriction to €, is a triangulation of ¥, ,, we will

perform at least one refinement of the mesh so that it also satisfies (T6¥) and

(@)
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(a) (b)
Figure 3.2: Coarse mesh of domain with interface |(a)P2¢ and [(b)2g, o = 2.5

To explain the refinement procedure, we first notice that the above conditions
depend on the weighting function appearing in Definition of weighted Sobolev
spaces on polygonal domains. Since the definition given there was for a general
polygon, to avoid any confusion, we will repeat the definition of the weighting
function for the case in which the polygon is Qfln for = 1, 2. In this definition,

we make use of the minimum distance between vertices of the domain calculated
in Appendix [B.2

Definition 3.1.1. Let Q =, fori=1ori=2,a € (2,4) and n € N. Let R

consist of the vertices of () that are reentrant to () and let

1
Ny = ZOF" min{a — 2, 1}. (3.1)
Then for x € @), define
|z — P| if x € B(P,n,) for some P € R
(@) =41 it 2 ¢ Upep B(P, 2,) (3.2)

1;7:% (lx — P| —nn) +m, otherwise
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Since reentrant corners of ¥, , for i = 1, 2 only occur at vertices of the prefractal
von Koch curve, the definition for r¢ implies that if 7" is a triangle in the mesh
with inf,er |2 — V| > 2n,, then inf,cr ! () =1 for ¢ = 1, 2. For such a triangle,
(7)) only requires that

hy < Coh. (3.3)

Since Co > 1 and h = maxger hg, ([B3]) clearly holds for any triangle in the mesh,
so we only need to focus our refinement efforts on triangles that are very near to

reentrant corners of the domain.

It would be difficult and computationally expensive to exactly determine which
triangles of the mesh are within 27, of a reentrant corner of the domain. Because
one of our driving goals in designing the mesh is to generate a mesh that can
be used for solving the prefractal transmission problem with interface ¥¢, for any
m < n, we would also need to find all triangles within 27,, of reentrant corners of
Qflm for s = 1, 2. So, we take a simpler approach in which we define a polygonal
subset of {2 that will include all such triangles, but it may contain some triangles

for which 7! (z) = 1 for every m < n.

We begin by defining a pentagon, which we will henceforth refer to as the fractal
region and denote simply by F', with vertices F; = (0,2n,), Fy = (0, —2n), F3 =
(1,—2m), Fy = (1,2m1), and F5 = (1/2,4.). The value of y, is chosen so that the
line from Fj to Fy and the line from F} to Fj are tangent to the circle with radius
2n; around the point C' = (%, é — 71;> and so that the pentagon formed by these
points contains this circle around C'. Since C' is the point in V' for n > 1 with
the largest y—value, choosing the pentagon in this way ensures that it contains
circles of radius 27, around each point in V" for m > 1. In Figure B.3] one sees
the coarse mesh of Figure with the boundary of the fractal region marked by
heavy blue lines. Around each vertex of the prefractal curve, we see circles of
radius 27,, where m is the smallest integer for which the point is in V*. The
shaded triangles are those with at least one vertex in the fractal region. Thus the
shaded region contains all triangles separated by a distance of less than 2n,, from
a vertex in V" for some m < n. With these triangles identified, we are finally able

to describe the refinement process.

The process begins by refining all of the triangles with at least one vertex in
the fractal region. Recall that (T6¥) and (T7¥) specify that triangles closest to
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AN

Figure 3.3: Fractal region, o = 2.5

any reentrant corner of the domain be smaller than those triangles that are some
distance away. Also notice that each point in V', with the exception of A =
(0,0) and B = (1,0), is the vertex of a reentrant corner of either €, or Q2 .
Accordingly, the refinement will depend on the number of vertices each triangle
hasin V*\{A, B}. Since this set will be used so frequently, we will use the notation

R, to refer to it hereafter.

Figure[34lserves as a visual reference for the refinement of triangles with a vertex in
the fractal region. Vertices at reentrant corners are marked with a red star. These
subdivisions are easily explained in terms of barycentric coordinates. Let K be any
triangle in the coarse mesh generated at the previous step with vertices Vi, V5, and
V3 having barycentric coordinates (1,0,0), (0,1,0) and (0,0, 1) respectively. Then
a node with barycentric coordinates (c1, ¢z, ¢3) is given by ¢1 Vi + coVa + ¢3V3. For
notational convenience in this explanation, let A = (%) =# where 1 is chosen larger
than py and po. Here, py and ps are the weights used to describe the regularity

of the problem in Theorem [[LZ7l Then if K has at least one vertex in the
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e

5 9
(a) 3 vertices in Ry (b) 2 vertices in R,

Vs V3

5 : 2

e

(c) 1 vertex in Ry p, (d) 0 vertices in Rq p,

Figure 3.4: Refinement of coarse mesh according to number of vertices in R, ,

fractal region, K is refined in one of the following four ways.

3 vertices in R, ,: The numbered nodes in Figure[3.4al are given by the following

sets of barycentric coordinates.

11
le(l—)\,O,)\) N5:(§,§,0) NgZ(A,l—)\,O)

Ny =(1-=X),0) N = (A\0,1 =) Nip = (0,A,1 =)
(N S (A N ()
e (30D M (A mewaoa

2 vertices in R, ,: Label the vertices of K so that V; and V5 are the vertices of

57



K that are also contained in R, ,. Then the numbered nodes in Figure [3.4D]

have the following barycentric coordinates.

111
1 ( a07 ) 6 <474a2>
111
NQ — (1—)\,)\,0) N7: (Z’E’Z)
1 1
NS = (5707 5) NS = ()‘71_)\70)
111 11
Ny = (5711) Ng = (0, 5 5)
11
N5 - (575,0) N10 - (O,l —)\, )\)

1 vertex in R, ,: Let V; be the vertex of K in R, ,. Subdivide the triangle K
so that the numbered nodes in Figure B.4d have the specified barycentric

coordinates.
N1:<].—)\,0,>\) N4:(

Ny = (1=A,1,0) N5:(

1 1 1
Ny =|=,0,= Ng = - =
3 (27072> 6 (072a2)
0 vertices in R, ,: The triangle K is subdivided into four congruent triangles by
dividing each side of K in half as seen in Figure [3.4dl

With this part of the refinement complete, we now turn our attention to the
triangles that do not intersect with the fractal region. As noted before, satisfying
(M) does not require any refinement of these triangles. However, the refinement
of triangles with at least one vertex in the fractal region may result in hanging
nodes, violating (TB]), one of the requirements for a triangulation in definition 2Z-T.91
To maintain a conformal triangulation, it may be necessary to refine some of the

triangles in the exterior of the fractal region, even though this is not necessitated
by (7).

The refinement procedure chosen for the remaining triangles is based on the obser-
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vation that if a triangle K; with no vertices in F' shares an edge with a triangle Ky
with at least one vertex in F', then K will have a hanging node at the midpoint
of the shared edge. To see this, first note that any edge common to K; and Ky
cannot have an endpoint in R, , since this would contradict the fact that K has
no vertices in the fractal region. Thus K is refined as in Figure B.4d or Figure
B.4dl Since K cannot share any edge of Ky with an endpoint in R, ,, the only
new node on an edge shared by K; and K, occurs at the midpoint of the edge.
If nothing was done to K5, we would have a hanging node, violating assumption
(TB) about the mesh. So, to maintain a conformal triangulation, we extend the
refinement of the triangles in the fractal region to the entire domain by using an
adaptive mesh refinement procedure introduced in [5] that suits our purposes well
since hanging nodes are only created at the midpoints of edges. The procedure is

explained below.

(a) If K is a triangle in the mesh with two or more hanging nodes, subdivide K
into four congruent subtriangles as in Figure [3.4dl Repeat as necessary until

every triangle in the mesh has at most one hanging node.

(b) If K has a single hanging node, create an edge from the hanging node to the
vertex opposite it, bisecting K as shown in Figure Bl Edges created in this

way are referred to as green edges.

Figure 3.5: Subdivision by bisection

In Figure [3.0] one sees the result of applying the refinement procedure just outlined
to the coarse mesh of Figure 3.2

. REPEAT STEP 3 AS NECESSARY.

Knowing little about the coarse triangulation of the domain, it is not possible to
know that one refinement of the mesh will suffice to satisfy (L6%) and [TT¥). If the

mesh produced by refining the coarse mesh once does not satisfy these assumptions,
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(a) T2, (b) T,

Figure 3.6: Refined mesh 7, with interface [(a)2¢ and [(b)5S, o = 2.5

the refinement is repeated, with one small change. To avoid repeatedly bisecting
the same angle of a triangle, which could result in a mesh that fails to be regular
(see Definition 2-T.T3)), before refining any triangles in the exterior of the fractal
region, all green edges are removed. As proved in [5], no triangle in the resulting
mesh will have an angle that has been bisected more than once. In the next section
it will be shown that after a finite number of such refinements of the coarse mesh,
the resulting mesh satisfies (([6¥) and ((T7%). We refer to the mesh produced at

the conclusion of this step as 7, .

Remark: In practice, it was never necessary to perform the refinement procedure

more than once.

We wish to emphasize that 7,* does not merely provide for a triangulation of Qé,n
and Q2 ,, but it also provides a triangulation of Q, ,, and Q2 for every m < n. We will
now demonstrate a way in which we can exploit this fact. We remind the reader first that
throughout this section o and n are fixed. Now suppose that we have solved the problem
numerically using the finite element method on the mesh 7, . When we are dealing
with the finite element solution to any problem, the initial mesh considered may not be

fine enough to give us a solution that is accurate enough for our specifications, so we may
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wish to solve the same problem on a finer mesh to get a more accurate approximation
to the solution. One way in which we could get a finer mesh would be to refine the mesh
7,2 . However, while at the moment we are focused on a fixed n, we must bear in mind
that we wish to solve the problem for increasing values of n. So, if we instead use
the above procedure to produce ’];L‘i‘LH, this new mesh will be a finer triangulation for
the domain with interface ¥¢ and will also serve as a triangulation for the domain with
interface X7 ;. In this way, we can get more use out of each triangulation produced.
To emphasize this use of the same triangulation for domains with different generations
of the prefractal curve, we use the more explicit notation 7,7, to refer to the mesh 7,
being used as a triangulation of the domain €2 with interface ¥¢,. Here m is the generation
of the von Koch curve that is being considered as an interface in the transmission problem
and n is the maximum generation of the prefractal curve for which this triangulation
can be used to solve . Additionally, n can be thought of as the level of refinement of
the mesh. This interpretation for n is justified since h,,, the length of the longest edge in
7,2, is a decreasing sequence, so that 7,7, is a finer mesh of the domain with interface

n?

Y than 70, - whenever m < j < k.

3.2 Properties of the Mesh

The primary goal of this section is to derive an estimate of the error made by using
the finite element method to approximate the solution of . This result, stated in
Theorem3.2.6] will come fairly easily as a consequence of showing that the mesh created
by the process detailed in Section Bl for each o € (2,4) and each n € N satisfies the
assumptions of Theorem 2.2.4]

Since most of the work will involve proving properties about the mesh, this section
will rely heavily on understanding the refinement procedure introduced in the previous
section. In particular, the refinements shown in Figures 3.4l and B3], and the accom-
panying explanations of these refinements in terms of barycentric coordinates will be
referenced frequently. We will also often refer to the fractal region F' pictured in Figure
3.3

Before arriving at the eventual goal of this section, we will prove a number of pre-
liminary results. The first result is a simple application of geometry that will be used in
subsequent theorems to estimate the distance from a given triangle in the mesh to the

nearest reentrant corner. For notational convenience in what follows, let the distance
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between two sets A and B be written as d(A, B) and be defined as

d(A, B) := ;2£|x — 9.
yeB
Lemma 3.2.1. Let K be a triangle with vertices Vi, Vo and V3 and aspect ratio Z—flj <o.
Use s; to denote the side of K opposite V; for each i € {1,2,3} and let |K| denote the

area of K. Then:

d({Vi}, si) > px (3.4)
and
K| > Z—g. (3.5)

Proof. By definition of px as the diameter of the largest circle that can be inscribed in

K, it is clear that (34]) holds. From basic geometry, px can be calculated as %, where

|OK | is the perimeter of K. Since Z—‘; < ¢ by assumption,

0K I
K| > : .
K2 5 (36)

Recalling that hg is the length of the longest side of K, the sides of K have lengths
l1 <ly <l3 = hg. By the triangle inequality, we must have l; + Iy > I3, so |[0K| > 2hk,
and ([3.5) follows easily from (3.0]). O

The next result quantifies the intuitive notion that refining a mesh by the algorithm
in Section [B.] results in a mesh that has smaller triangles near reentrant corners and
larger triangles far away. This result will be critical to showing that the refinement
procedure produces a triangulation that satisfies (T6%) and (T'7Y).

Lemma 3.2.2. Let a € (2,4) and n € N be given. Let T be a triangulation of Q with
the following properties:

1. For each integer m <n, T NS, . is a triangulation of Q, . fori=1, 2,

a,m

2. T is shape-reqular with aspect ratio o, and
1

: L.
3. hy = Ir?elghk <5- amm(@ —-2,1).
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Let TY denote the mesh produced by j refinements of T by the procedure in Section 3]
and let A be the set

{KeT| ifK'eT and K'NK # () then K'NF = 0}. (3.7)

Then, A is nonempty, and for each j € N:

max hx <2 7hg (3.8)
KeT()
KNEF#(
and
h; := max hg > 2-U/2 max hy. (3.9)
KeTW@) KeA

where F' is the fractal region defined in Section Bl containing all reentrant corners of
Q. fori=1,2.

Proof. To prove ([B.8)), suppose K € T is a triangle with KNF # (). Then, K has at least
one vertex in the fractal region, so K is refined according to one of the procedures shown
in Figure B.4l The heavy lines in each triangle of the figure highlight the subdivision of
K into four congruent triangles by regular refinement. So, if K’ is a triangle created in
the refinement of K, then K’ is contained in one of the four triangles with edges half
the length of edges of K. It follows that hyg < %hK. Regardless of which one of these
refinements is used to refine K, every vertex of K is the vertex of some triangle in 7
created by refining K. Since K has at least one vertex in F', it follows that there exists
K’ € TW such that K’ ¢ K and K’ has a vertex in F. By the same argument made
for K, any subtriangle created by refining K’ has no edge longer than %hK/ < 272h.
Continuing this argument for an arbitrary number of refinements and making use of the
definition of hg, (B.8) follows.

The proof of (89) is considerably more involved. We begin by showing that A is
nonempty. Choose K € 7 to be a triangle with at least one vertex on the line y = —1.
Such a triangle must exist since 7 is a triangulation of (0, 1)x(—1,1). Since hg represents
the length of the longest edge of any triangle in 7', the triangle K must be contained in €2
below the line y = —1+ hq. So, if K’ is a triangle in 7 sharing a vertex with K, then K’
must be below the line y = —1+42hy. From the assumption that hg < %— é min(a—2,1),
2 min(a — 2, 1). Noticing that + min(a —2,1) = n; and

« «

we have K’ below the line y = —
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by definition of F', the lower boundary of F is the line y = —2n,, we see that K'NF = ().
Thus, we have shown that A # ().

Now, to prove ([B9), choose K; € A and consider how K is refined. For this, it will
be helpful to have a picture in mind. So, in Figure 3.7al one finds an example of such a
triangle. Here, K is the triangle shaded gray and the triangles sharing a vertex with K,
are shown in yellow. For referencing purposes, let X! be the set {K € T | KN K, # 0}.

45:1 N 7‘5\‘
AWy, PR A O
AV ot vavavave, Ly (P QN
RSB EISESIRRE
KK 4}\")<> AV
ghs>¢gﬁg§ﬁ;¢(§4 W
et

(a) initial mesh (b) after 1 hypothetical refine- (c
ment m

after 2 hypothetical refine-
nts

D ~—

Figure 3.7: Illustration of refinement outside of F

Then K! forms a polygon in Q with boundary I'. For any 7' € K!, T' can have at most
one edge along T"\ 9€2. Now, suppose that 7 is refined by the procedure of Section Bl
From the refinement procedure, we see that the only hanging node 7" can have is at the
midpoint an edge along I' \ 9. In the scenario that will produce the most refinement
of K!, every triangle K € K! with an edge on I'\ 9 has a hanging node on this edge.
So by the refinement process of Section B.Il each of these triangles will be refined by
adding an edge from the hanging node to the vertex opposite it, as in Figure 3.5 This
refinement does not create any new hanging nodes, so it does not cause any additional
triangles to be refined. In particular, K; is not refined, so we have shown that hy > hg,.
In Figure 3.7D], one sees the result of refining the mesh shown in Figure [3.7al under this
hypothetical situation.

Suppose another refinement is necessary, and again, we envision the scenario which
will result in the most refinement of triangles bordering K. After the previous refine-
ment, every edge of a triangle 7' € K! along T"\ 92 was bisected forming two new edges.
In the worst case, each of these newly created edges will also have a hanging node. So,
from the refinement procedure of Section B.Il the first step is to remove all of the so-
called green edges. Recall that green edges are the edges created by joining the vertex of
a triangle with the midpoint of the edge opposite it as in Figure Once these green
edges are removed, the triangles in 7 with new hanging nodes will be divided into four

congruent subtriangles in the normal way, and new green edges will be added to keep
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the mesh conformal. Unlike the previous stage, this new refinement does create hanging
nodes, so other triangles, including K, must be refined as in Figure 3.4dl This refine-
ment divides K into 4 triangles, each similar to K; but with lengths half the length
of those in K;. Thus, hy > %hKl. The result of this second hypothetical refinement is
shown in Figure 3.7d

To continue this argument for more refinements, let Ky be the triangle in the center
of the refined K, and let K? = {K € T® | K N K, # ()}. Repeating the arguments
made about refining K, we now see that hy > hy, = shi, and hy > Lhg, = 2 %hg,.
Thus K, and its subtriangles are refined at most every other iteration. Since K; € A
was arbitrary, (3.9]) follows. O

The next theorem is where the bulk of the effort required to prove that the refinement
procedure produces a mesh satisfying (T6%) and (T7¥) is concentrated. As such, the
proof is lengthy, detailed, and will require the two previous results of this section and
a good understanding of the refinement procedure. In particular, Figure 3.4, and the
description of the refinement in terms of barycentric coordinates that accompanies it,

will be of great importance and will be referenced often.

Theorem 3.2.3. Leta € (2,4), n € N, and pn € (0, 1) be given. Let T be a triangulation
of Q with the following properties:

1. For each m <n, T N, . is a triangulation of Q, , fori=1, 2,
2. T s shape-reqular with aspect ratio o,

. 1
3. ho :=minger by < 5 — 1.

Let TY) be the mesh produced by refining T by the procedure in Section [31 j times.
Then, there ezists j, € N such that each K € TU*) satisfies the following properties:

hix < ohl/0=#) if KN Ropn # 0, (3.10)
hi < ohd(K, Rap)" if KN Roy =0 and KNF #10, (3.11)

and for any integer m < n,
hie < 3 CWah d(K, Rym)" if KO Rayn =0 and KNF # () (3.12)

where h, = ming 7. M.
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Proof. Begin by defining
po:= min pg (3.13)

KeT
KNRan#0

and let Cy = hal maxXyea hy. Then choose j, € N such that:

QL2370 < GlonC bk (3.14)
and

2L /219=3 < g Cypht. (3.15)

Since conditions (B10), (B.11]), and (3:12) naturally separate the statement of the theo-

rem into three cases, the proof will also follow this arrangement.

Case 1: K € TU") with K N R,,, # 0

Since 7U+) is a refinement of 7, there exists a triangle K, € 7 such that K is
created by refining K,. The assumption that K N R, , # 0 implies that K has a
vertex in R, ,. Let us use P to denote this vertex. Using the fact that 7 N €Y, , is
a triangulation of ¥, for i = 1, 2, every vertex of the prefractal curve X is the
vertex of a triangle in 7. Recalling that V,* denotes the vertices of 3¢ and that
R, C V¢, P must also be a vertex of K.

Regardless of how many other vertices of K are in R, ,, when K| is refined as
specified in Section 3], exactly one subtriangle, K7, will be created with a vertex
at P. K; will be similar to K, and will have hg, = Mg,. If j. =1, then K = K;,
but if 5, > 1, then K; will be refined, creating a triangle K5 similar to K3, with a
vertex at P, and having hx, = Mg, = Ahg,. Continuing this argument, K will
result from j, refinements of Ky and hx = M+*hg,. From Lemma B.2.2, we know

that h, > 27U+/2Cyhy. Thus, using (314) and recalling that A = ( )1/(17“)

1
3 , We
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have

ohY/ (-1 > & (2 Lie/2 Oy )1/ (1=p)

0 g h“?ﬂ*) ICoho} 1/(1—p)

0T

= N+*hy > hg.

OJ»—!

So, (BI0)) is satisfied.

Case 2: K € TU) with KN Ry, =0 and KNF # 0

Since K N F # (), K has at least one vertex in the fractal region. Moreover, since
K is an element of the refined mesh, K came from the refinement of a triangle
Ky € T with at least one vertex in F. Although we know that K does not have a
vertex in R, ,, from only this information, we cannot determine if K, had a vertex

in R, . This leads us to consider two separate subcases.

Case 2a: K C Ky € 7 with KgN R, = 0.

At the first stage of refinement, Ky is refined in the regular fashion by dividing
Ky into four congruent subtriangles. Omne of these subtriangles, which we
refer to as K7 must contain K, and hg, = %hKO. If 5, = 1, then K = K;.
Otherwise, since K N F # ) and K € Ky, K1 N F # (. So, at the next
refinement, K7 will be divided into four congruent subtriangles, one of which
will contain K. Continuing this line of reasoning, there exists a sequence
of triangles Ko D Ky D Ky D --+ D Kj,_1 D K with hg, = 277hg,. So,
hi = 277 hy,.

To see that (3.17]) is satisfied, we must estimate ch.d(K, R, ,)". From Lemma
[3.2. 1] and the definition of py, the distance from any vertex in R, ,, to the edge
opposite it is greater than py. Since Ky has no vertex at a reentrant corner,

the distance from K| to a reentrant corner must be greater than py. Then,
since K C Kp, it follows that d(K, R,,) > po. Thus, using (B.I5) and
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Lemma [3.2.2) we have

oh.d(K, Rop)* > o (27U/2Cohg) ph
>0 (000p52j*)_1 Cohoply
= 27y

Using this result along with the earlier conclusion that hx = 277*hg,, and
the fact, coming from the definition of hg, that hg > hg,, (B11]) is satisfied.

Case 2b: K C K € 7 with KoN R, # 0.
Then, as in the previous case, there exists a sequence of triangles created by
the refinement of K such that for each j < j., K; € T with K;NF # () and
KyD> Ky DKy DD Kj, 1 D K. By the assumption that Ko N Ry, # 0,
but K N R,, = 0, there exists some integer je 0, j«) for which K; has a
vertex in R, if j < 7, and K ; does not have a vertex in R, if 7 > 7. From

the argument made in Case 1 of the proof of this theorem, we deduce that
hic, = Nhig,. (3.16)

Now, when Kj; is refined according to the algorithm in Section B, since
K;N Ry, # 0, K; is refined as in Figure B.4al Figure B.4D] or Figure B.4d
Using the same argument as in the proof of Lemma 2.2 the longest side of
any subtriangle of K3, has length no greater than %hKi' Thus, using (3.14]),

1 ~
hi. < ~Nhg,. (3.17)

Jj+1 —

For j > j + 1, K has no vertices in R, ,, but since K; NF # 0, if K; is
refined it will be refined as in Figure B.4d so that hg,,, = $hg,. Combining
this with ([B17), we have

hi < 270D\ by (3.18)
To verify (B.1I0]), it is necessary to approximate d(K, R,,). Because of the

nested nature of the sequence of triangles K, for any j € [1, j.), d(K;, Ran) >
d(K;_1, Ron). By the definition of 7, if § < 4, K has at least one vertex in
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R, meaning that d(K;, R,.,) = 0, while d(K;, R,,) > 0 if j > j. Since the
refinement process ensures that K is similar to K, with a proportionality
constant of M if j < j, for j > j, K ; is separated from any of the vertices
in Ko that are also in R,, by a triangle congruent to Kj;. Thus, using
Lemma B.20] d(K, R,, N Kp) is greater than NMpgx, > Mpg. To estimate
d(K, R, .), we must also consider d(K, R, \ Kp). In this case, Lemma [3.2.1]
and the definition of py imply that d(Ky, Ran \ Ko) > po, and consequently,
d(K, Ry \ Ko) > po. Thus, we conclude that d(K, R, ) > Mpo. Using this
result, (B.15]), Lemma B.2.2] and the definition of A\, we have:

ohyd(K, Ry ) > o(27U2 Cyhg ) (N po)*
>0 (UCOPng*)_l Coho()\jﬂo)”
_ 2_j*(>\“)3h0
— 2—(j*—j)2—j)\j(/\#—1)jh0

3\’ . - -
= (§> 2‘(]*‘]))\3]10‘

From, (3.18), we see that (3.I1]) holds in this case as well.

Case 3: K € TU+) with KN Ry, =0, KNF # 0 and m < n.
For the final case, we will make use of (310) and (3.I1]), which we have already

shown. However, both of these results depend on whether K has a vertex in R, ,
and although we know K N R,,, = 0, since R,,, is a strict subset of R, ,, we

cannot determine if K has any vertices in R, ,. So, we consider two subcases.
Case 3a: KN R,, = 0.

Using the fact that R, ,, C R,,, we have

d({z}, Ran) < d({z}, Rom)

for every x € Q. Thus, (311]) shows that (B12) holds.
Case 3b: KN R,, # 0.

Then K has a vertex, call it V, in R, ,. From the argument presented in
Case 1 of this proof, there exists Ky € 7 such that V is a vertex of Ky, K is
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created by j, refinements of Ky, and hx = M*hg,. To determine if K satisfies
[B.12), we must also find a bound for d(K, Ry ).

Even though K does not have a vertex in R, ,,, it is still possible that K does.
If Ky does have a vertex P € R, ,,, then Kj has at least two vertices in R, ,,
so Ky is refined as in Figure B4al or Figure 3.4l Regardless of which of the
two refinements is performed, there exist distinct triangles Kp and K created
by refining Ky such that Kp has a vertex at P and K¢ has a vertex at K.
From the description of the refinement in terms of barycentric coordinates,
both Kp and K¢ are similar to K with a proportionality constant of A. So,
using Lemma B.2.T], the distance from @) to a point in K \ K¢ is greater than
APk, > Apo. It is evident that K C Kp C (K, \ Kg), so

d(K, Ra,m N K()) > )\po (319)

In order to evaluate d(K, R, ,,), we must also consider d(K, Ry, \ Ko). From
previous arguments, any point in R, ., \ Ko is the vertex of a triangle K; #
Ky € T and by Lemma B2,

Po < d(Ko, Ra,m \ K()) < d(K, Ra,m \ K()) (320)

So, combining ([319) and (B:20), and noticing that A < 1 for any value of
pe(0,1),
4K Ron) > Mt (3.21)

Using (B:21)), Lemma B.2.2 (3:15]), and the definition of A,

Oh*d(K, Ra,m)“ > Uh*(APO)u
> 027921 Cohg) (Apo)”

2 U(UOOpSQj* )_100h0(>\p0)u
- )\u27j* ]’L(].

Recalling that pu = (%)1/(17“), 27J+ > N+ and A+ = 3#/(1-n)

Ohud(K, Ry )" > 37H/ 071 \ixp
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From the earlier conclusion that hx < M+ hk,, and the fact that hy > hg,,

B12)) follows.
[l

With all of the previous results established, we are finally ready to show that the

mesh created by refining a coarse mesh for the problem satisfies the assumptions of
Theorem 2.2.4]

Theorem 3.2.4. Let v € (2,4) and n € N be given. Let § = cos™ (3 — 1), and let
> %929 and g > WL_LQ be given. Suppose T is a triangulation of ) satisfying:

1. For each m <n, T N, is a triangulation of Q, , fori=1, 2,

2. T 1is shape-regular with aspect ratio o,

3. hy:=minger hi < % —n.

Then there exists j € N such that T can be refined j times according to the procedure in

Section[3.1 to create a mesh T, of Q with the following properties:
1. T2 is shape-regular with aspect ratio o' < %O‘ max (6, 31/(1_“)),
2. hn = minKeTha hk

3. For eachm <n €N, andi =1, 2, (T&hn)i = T2 N, is a triangulation of

a,m

QO satisfying:

a,m

hr < ah,l/(lf“i) if K has a vertex at a reentrant

‘ (3.22)
corner of X,
i
hi < 3%/0=Wgh, {in}f{ r:n(x)} otherwise (3.23)
e

for every K € T¢

o, where (= max ji;.
e =12

5

Proof. By Theorem B23, with p = max{puy, uo}, there exists a j € N such that j
refinements of 7 according to the procedure in Section 3.1l produces a mesh satisfying
(3.10)-(3.12). Call the resulting mesh 7,*. Since the initial mesh, 7, provides a shape-
regular triangulation of €, for i = 1, 2, and each m < n and 7,* is a conformal

refinement of 7, 7,* also provides a triangulation of these domains.
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To prove that 7, is shape-regular, we must show that there exists a constant o’ such
that Maxgere Z—; < ¢'. In order to show this result, the refinement procedure must
be considered. According to the algorithm in Section Bl triangles in 7 are refined
in only one of five ways, represented in Figures 3.4 and B.5] or they are not refined at
all. Clearly, if a triangle K is not refined, the ratio Z—g cannot change, so this does not

affect the aspect ratio of the triangulation. Next, it is clear that if K is similar to Ko,
pry PRy
triangles are created.

, so it is enough to show that only a limited number of similarity classes of

Let K have vertices Vi, V5, and V3 and suppose K is refined by one of the methods
outlined in Section Bl The following figures reproduce the depiction of the refinements
shown in Section 3.1l with the similarity class of each triangle denoted by a number in
the center of the triangle. Shaded triangles with no label are similar to K. The similarity
class of a triangle can easily be determined by the description of the refinement in terms

of barycentric coordinates. From Figure 3.8, we see that only 13 similarity classes are

(a) 3 vertices in Ry,

Vs

(d) Equal Subdivision (e) Subdivision by bisection

Figure 3.8: Refinement labeled according to similarity class

created. If only one refinement of 7 was necessary this would be sufficient to show that
the resulting mesh was shape regular.

Suppose instead that 7 must be refined again. From Figure B.§ it is clear that if K’
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is a triangle created by refining K € 7 and K’ has a vertex in R, ,,, then K is similar to
K. Thus, if K’ is refined again by the algorithm in Section 3.1} since K’ has exactly one
vertex in R, ,, K’ will be refined as in Figure 3.4, and no new similarity classes will be
introduced. Now suppose K’ is a triangle created by refining K and K’ has no vertices in
R, m. Then, if K’ is part of the fractal region, K’ will be refined in the regular fashion,
as in Figure B.8el and again no new similarity classes are introduced. If K’ is not part
of the fractal region, then K’ will be refined according to the algorithm set forth in [5],
where it is shown that even after repeated refinements, no angle will be bisected more
than once thus limiting the aspect ratio. This argument shows that regardless of the
number of iterations required, the aspect ratio satisfies maxgere Z—;{ < ¢'. To see that
o’ < 3o max (6,3"/(171), we refer the reader to Appendix B3l

It remains to show that (3.22) and (3.23) hold. First, recall that R, ,, is the set of
all points that are at reentrant corners of Q) , U7, and Ran := V" \ {(0,0),(1,0)}
for each m € N. The nested nature of the vertices of the von Koch curve described in
Section implies that R, ,, C R, for any m < n. Since the set of points that are at
reentrant corners of €2}, . is a strict subset of Ry, for i = 1 or i = 2, let us denote the
points at reentrant corners of 2/, . by R, .

Now, fix i € {1,2} and m < n € N. Suppose first that K € (Tﬁvhn)i has a vertex in
R}, .- Then, since ¢ > max{ 1, 2}, (8I0) holds with p replaced by either y; or piz and
B22) follows.

For (B.23), suppose K € (Tﬁ,hn)i does not have a vertex in R}, ,,. Then, since R},
is a strict subset of R, ,,, K may or may not have a vertex in R,,,. If K does have a
vertex in R, then the argument that hx < 3*/0"#oh,d(K, R, )" is essentially the
same as the one presented in Case 3b of Theorem [8.2.3] so it will not be repeated here.
From the definition of % (z), r% (z) > d({z}, Ram) for any x € Q, so using the fact that
w > i, (323) holds. If K does not have a vertex in R, ,, then K may or may not
have a vertex in the fractal region F. If K does have a vertex in F, then either (B.ITI)
or (B12) holds, depending on whether m = n. Using again that 7 (z) > d({z}, Ram)
and p > p;, ([323) follows. The final case remaining to consider is the one in which
K e (T&hn)i and K does not have a vertex in the fractal region F. Recall that F' was
defined in such a way that if K N F = (), then inf,cx i (x) = 1. So, in this case ([3.23)
requires only that hyx < 34/ A=mgh, . This is easily verified since h,, > hg by definition,
3#/(1=#) > 1 whenever p € (0,1), and o0 > V3. O

The following short lemma essentially shows that given any « € (2,4) and n € N,

73



there exists a triangulation of {2 satisfying the assumptions of the previous theorem.
This result is a consequence of the fact that the algorithm implemented in the Triangle
program produces a triangulation of €2 with an aspect ratio that depends only on the

minimum angle allowed in the triangulation.

20
T+260

}, there exists a sequence

Lemma 3.2.5. Let a € (2,4) and n € N be given. Suppose jiq > and pg > ﬂ%g are

given, with 6 = cos™ (§ —1). Letting Omin = min{f, m — 260, %

{7y }j=n of triangulations of Q with {h;};>n decreasing to 0, each of which satisfies the

conclusion of Theorem B.24 with o < 1;;0;9@,‘

Proof. Let h; be a positive sequence of real numbers decreasing to zero with h, < % —
1
«

(see [25] and [24]) can produce a triangulation 7 of €2 such that maxger, < hj, the

min(a — 2,1). For each j > n, the algorithm implemented by the Triangle program

smallest angle of any triangle in ’];;j is no less than 6,,;,, and for + = 1, 2, ’]}lj N Qg}n is
a triangulation of €, . By Lemma [BI1] the aspect ratio of 7 is less than or equal
to o = % Thus, by Theorem B:24] for each j, there exists an integer N(j) such
that the mesh created by N(j) refinements of Z;j according to the algorithm in Section
B satisfies the conclusion of Theorem [3.2.4l We call such a mesh 7,7. Since 7,7 results
from refining a mesh with no edge longer than h;, it is clear that 7;3 also has no edge

longer than h; and the result is proven. O]

All of the results in this section have led up to the following result, in which we give
an estimate of the error between the true solution to 1' and the solution to in
the finite element space. The statement will require the definition of Sobolev spaces
on the boundaries of a polygonal domains, so we recall from Section [[.Z.1] that we can

characterize the space H*(X) for s > 1 as
{v e C(X%) | vy € H¥ (M) for every segment M € ¥}

with norm
1/2

2
H#(M)

V][ s na) = [[v]ar]
(=5
Mexg

Also, recall from Section [[L4.2] the definition of V' (£, X%) as

V(Q,57) = {u € Hy(Q) | ulsg € Hy(S7)}-
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Theorem 3.2.6. Let o € (2,4) and n € N be given. Suppose p1 > —%5 and pg >

2 T+0
are given, with 0 = 008*1(5 —1). Let {’];L] }isn be a sequence of tr;rangulatwns 0f+Q
guaranteed by Lemma [32.3. For each integer j > n, let P,}j(Q) denote the space of
functions in C(Q) N HL(Q) that are affine on each triangle of Ty Let u, € V(Q,57)
be the solution of and use u}, to denote the restriction of u, to U, , for i =1,
2. Let uy,; € P}}j(Q) be the solution to the finite element approximation of the problem,
satisfying

/ Vu, ;Vv;dzdy + ¢, Vi, ;Viv;ds = / fojdxdy (3.24)
Q Q

sq
for every v; € P,%j(Q). Then the following error estimate holds for every 7 > n € N:

1/2

it = unglly@mey < Chi 4 > D () maﬁuluﬂm )+ Caltnl e (3.25)
i=1,2|8|=2

where C' is a constant independent of j.

Proof. From Cea’s Lemma (Theorem2Z.T.6) with Y = V(€Q,3%) and a(u,v) = [ [, VuVv dz dy+
Cn fza VuV,v ds, along with definition of the norm on V(§2, £9),

[t = Un Hv(gyzg)

2
<€ inf, [l =l + el = s s ]
where C' is a constant independent of j.

To estimate the right hand side of the above inequality, we first notice that Theo-
rem states that u), € H>* (€Y, ) for i =1, 2. So, by Theorem 2.1, u}, for i = 1,
2 has a continuous representative @, € C(Q, ). Since ul|sa = u2|sq, u, actually has a
continuous representative as well. Thus, we may define IIj, u,, to be the unique element

of P,ij (€2) that coincides with u, at each node of the mesh 7,7, as was done in definition

2110 Thus,

Hun = Un,j HV(QyE%)

<C [Hu” - th“””ip(g) +Cn H( — I, ) |50 (3.26)

o)
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Using the fact that ||v||?{1(9) = 1o Hv Qi

result of Thereom 2.2.4] we have

Hun Iy, Un||H1(Q <Clh22 Z// (z,y)]"0°u (x, y)‘ dz dy

1=1,2|8]|=2

: for any v € H'(Q), along with the
0

where (' is independent of j.

For the second term on the right hand side of (3.26), we will use the information
provided by Theorem [[Z8 that u,|s« € H*(X%). Although all of the results in Chapter[2
referred to a 2-dimensional domain, the results hold in the case of a 1-dimensional domain

as well, so applying Theorem [2.1.14] gives
H( — 1y, un |EaHH1(Ea) S C2h |“n|2"‘H2(za)

where C5 is independent of j. Combining these three inequalities yields (3.25]). O]

Remark: It is important to note that without refining the coarse mesh so that
it satisfies (T6%) and (TTF), we would not be able to obtain this linear convergence
rate. Using, for instance, Theorem 8.4.14 in [I3] along with Theorem [LZ4.10 giving the
regularity of the solution to , we would obtain the following error estimate

et =t gy < OB Ll oy + Nnlienge . + Nmll sy

27420
T+20

a € (2,4), it is clear that this convergence rate is slower than the one found in (B.27]).

28 for § = cos™' (£ —1). Since s; € (1,2) for every

with s; < and sy <

3.3 Implementation and Results

In this section, we will provide some details to make a practical implementation of the
finite element method applied to the prefractal transmission problem feasible. We will
conclude with some results of computations.

We begin by considering the algebraic formulation of the finite element approximation
to the problem (P?). So, fix o € (2,4) and n € N. Then, for a fixed j > n, let ’T“ be
a triangulation as in Theorem B.2.6l Then, given this triangulation, the finite element
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approximation to the solution w,, of 1' is the element u,, ; € P,%j(Q) satisfying

// Vu, ;Vv;dzdy + ¢, Vi, ;Viv;ds = // fojdxdy (3.27)
Q Da Q

for every v; € P, (Q).

Recall that P,%j(Q) is the space of functions in C'(Q) that are affine on each triangle
in ’]710; As was mentioned in Section 2] there is a simple basis for this space. For each
node z; in the triangulation, let ¢; be the unique function in P*(£2) that is one at x; and
zero at every other node in the mesh. We refer to this basis as the nodal basis for ’Z;f]‘

We will now use this basis to transform the variational problem into an algebraic
one. Suppose 7, has N nodes. Then, since {¢;};'; is a basis for P, (Q), u,; € P, (Q)
satisfies (B.27) if and only if u,, ; satisfies

// Vun,ngbi dx dy + Cn/
Q b

for every i € N with 1 <4 < N. Because u,,; € Pf}j(Q), there exist constants {8},

such that
N
Ung =Y Budi
k=1

Using this decomposition of u, ;, (B:28) becomes

kXN;ﬁk { / /Q VoV dz dy + ¢, g vt@vt@ds} = / /Q foidx dy,

and we can determine the solution u, ; by finding the coefficients [, that satisfy this

Vtun,jvt(b,- ds = // f¢z dz dy (328)
Q

@
n

equation. So, we have converted the variational problem of finding u,, ; € P}%j (Q) satisfy-
ing (B.27) into a purely algebraic problem. To make it even more clear that this problem
is algebraic, for 1 < i,k < N, set

A(i, k) = / /Q VRV, drdy + cn /E ViV, ds (3.29)
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and

Mozi[éf@dx@L (3.30)

We will refer to A as the stiffness matrix and call b the load vector. Then with
B =18, P2,-..,0x5]%, B is the solution to the linear system

AB =b.

Given the nature of the basis functions, ¢; is nonzero on a triangle 7' € ’Z;f; only if x;
is a vertex of T and V¢,V ¢; is nonzero only if x; and x are both vertices of the same
triangle T' € ’Z;LOJ‘ Thus, it is practical to calculate the integrals in the previous equations

as sums over the triangles in the mesh. Then, we have

A@@:}j/Twmwmmymnilévmvﬁw (3.31)

TeThO; MeXg

and

b(i) = Y //Tf@dxdy (3.32)

TeT?
J

where M € 3¢ is one of the segments forming the prefractal curve. To actually calculate
the values of the entries in the stiffness matrix and the load vector, we essentially follow
[2]. There, a very detailed description of a simple MATLAB program implementing
the finite element method is given. We will not attempt to replicate the exceptional
instructional nature of this paper. Instead, we will only mention some of the aspects
most important to our application.

Let T be a triangle with vertices (x1,41), (2,%2), and (z3,y3). In [2], it is shown
that for (z,y) € T, the gradient of the nodal basis function at the i® vertex of T for
1 =1, 2, 3, is given by

T Ea p— (yi“ - y’“) (3.33)

N 2‘T| Ti+2 — Ti4+1
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where

OT| = det |2~ 1 BTN (3.34)
Yo—Y1 Ys— W1

and the indices in (3.33]) are given modulo 3. Using this information,

_ T Yr+1 — Yk+2
//I: ngZV(bk dx dy = (2|T|)2 <yi+1 — Yir2, Tjyo — Ii—f—l) . (335)

T2 — Th+1

To calculate A(i, k), we also need V;¢; on a segment M of ¥ So, suppose in the
triangle T', the edge from (z1,y1) to (z2,y2) is a segment of X%. Then, V,¢; = V¢, - v,

where U is the unit vector in the direction of

U:<l’2—l’1, y2—3/1)-

With M denoting the segment from (x1,y;) to (x2,y2),

Yi+1 = Yit2 | v Ykl — Y2 | vl (3.36)
Tit2 — Tit+1 LTr42 — Th+1

and A(i, k) is easily calculated from (3.35]) and (3.30]).

Next, we must calculate the entries in the load vector b. This is not quite as simple

/ Vt¢ivt¢k ds
M

o]
(lol(2[T1)*

as calculating the entries in the stiffness matrix. Looking back to (3.21), the integrals
on the left hand side only involve functions in Pﬁj(Q), but on the right hand side, we
have only required that f € L?(). Even assuming that f € C(), in most cases,
this integral would have to be approximated numerically. In [26], it is shown that if the
numerical approximation of the integral is such that the first derivatives of every function
in Pf}j(Q) can be integrated exactly, we will be able to maintain the H'—convergence
of Section So, letting (z¢,yc) denote the barycenter of T', we have the following

simple approximation for the i*" entry in the load vector,

) = [[ s6:dedy ~ G aes (x B x) feowe).  (3.37)

Y2—Y1 Ys— U

This approximation is used in [2] and satisfies the properties in [26] that allow the linear
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convergence in the last section to be realized.

From the above formulas for the stiffness matrix and load vector, it is relatively easy
to write code to set up and solve the linear system. We have chosen to use MATLAB
for the implementation and have built our code from that in [2].

With these formulas, we are also able to see another benefit of our use of the mesh
7j; to solve the problem for any n < j. If we write the (i, k) entry in the stiffness
matrix as B(i, k) + C(i, k) where

B(i,k)= ) / /T ViV, du dy (3.38)

TeTo
hj
and

Cli.k)=cn Y /M Vi Vi; ds (3.39)

Mex

only C(i, k) is affected by a change in n. B(i, k) and the load vector b are completely
independent of n, so if we save this part of the stiffness matrix and the load vector,
they need not be calculated again for each new value of n, hopefully saving computation
time.

For the storage and management of the mesh data structure, we have followed the
model in [11], again with some necessary modifications for our specific problem. The
most important modification that must be made is providing a means for identifying
nodes that are at reentrant corners of the domain and edges that form the prefractal
curve. The bulk of the original code written to numerically solve involves creating
the prefractal curves and implementing the refinement procedure. The prefractal curves
are created easily from the maps in Section and implementing the refinement proce-
dure is a straightforward task using the barycentric coordinates provided in Section [3.1]
to define new nodes and triangles.

Having provided these implementation notes, we are now prepared to show some
results of the computations. In all of the computations, we have chosen f = 1. With
this choice of f, we have the following physical interpretation of the problem. We can

consider the domain € as a single elastic membrane being pushed upward with a constant

o]

gives X the role of being a reinforcement of the material. One can think of this as a

force throughout the domain. In this light, the transmission condition —c, Ayu,, = [
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heavy thread woven through the more loosely woven fabric in the rest of the domain.
We begin by showing a sequence of solutions to ([3.27]) with both a and n fixed, and

the mesh size h; decreasing. For this example, we have chosen @ = 3 and n = 1. In

Figures B.9H3.12, one sees the mesh 7%, for i =1...4 and the corresponding solution to

the transmission problem using each discretization of the domain. It is evident from

0.8

0.6

0.4

0.2

0 05 1
(a) 7%, (b) w1,p,

Figure 3.9: Mesh and Solution with a =3, n =1, and h;

the figures that as h; decreases, the solution w, ; to (3.27) becomes much more smooth,
better approximating the true solution w,, to .

In the next set of figures, we show how one mesh can be used to solve a series of
problems. In Figure B.13, one finds the mesh 7;% for o = 2.5. This discretization of
the domain will be used to solve (8:27) with o = 2.5 and n = 1...4. The solutions to
these problems can be seen in Figure B 14l These figures are important because they
emphasize how a single discretization of the domain €2 can be used to solve a number
of problems with different interfaces. From the figures, we can also visually inspect how
the increasing value of n affects the shape of the solution. It appears that as n increases,
causing the length of X% to increase and intrude further into the upper portion of the
domain, the peak of the solution in this part of the domain decreases. This is consistent
with the interpretation of X% serving as a reinforcement of the elastic material that forms

the rest of the domain.
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0.8

0.6

0.4

0.2

-0.2

-0.4

-0.6

-0.8

0 05 1
(a) 7%, (b) w1,p,

Figure 3.10: Mesh and Solution with o = 3, n =1, and hy

In the final set of figures, we see the solutions to with n fixed and « varying
in (2,4). Notice that the value of « also has an affect on the maximum height of the
solution in Q.. For values of o near 2, the prefractal curve intrudes much further into
the upper domain, limiting the extent to which the elastic material nearby is stretched

upward by the constant force being applied.

3.4 Future Work

With the conclusion of this thesis, we remark on some of the work that remains to be
done. In Section 3.3, we mentioned some ways in which the solution to the prefractal
transmission problem was affected by changing o and n. However, these observations
were based only on visualizing the solution. Additional work be done to make a more
systematic study of how this and other properties of the solution are affected by changing
these parameters.

A very important part of this problem that remains incomplete is understanding how
the solution to the prefractal transmission problem relates to the solution of the fractal
transmission problem. In Section [[L3] it was mentioned that in it is shown that for
a = 3, the solutions u,, to the sequence of problems converge in the H!—norm to
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-0.6

-0.8

0 05 1
(a) 7%, (b) w1,p,

Figure 3.11: Mesh and Solution with a = 3, n =1, and hs

the solution of (@) as n — oo. While we expect that this is true for other values of
a € (2,4), it is important that this analytical result be extended.

Finally, while the technique developed here for discretizing the domain takes some
advantage of the nested nature of the prefractal curve, a more specialized technique
using the self-similarity of the curve may allow for more computational time savings
generating the mesh and solving the problem numerically. Work is currently underway

by Emily Evans to devise such an algorithm.

83



AVAVAVAYANANAN(p Y )VaVa¥y ¥
PVAVAVAVAVAVAVA: ANy S
ERRORSASKRR]

2
L
AN AN

AN

Ay
A/ |

Iy

. } A/

ANV

RS
AR

)
X
a4

VAS

VAVas

KRS
VAVA
Sk
SIS
AN
A

NI
V)

AN
\/
0
b
>
N
gVA
AV
N

A4

VAl
KoL
KK
<

A
3

D5
4
1V

XKD

XK
Pk
AN

X

N
S
5
VAVAYA'
Vi
TRG

/\
7
A
7
o
QS
4%5
ZS,
N

DA
%v
K

N

N

Ve

KN

oY

<N

YaVA)

Xg

51

SO P AVAVAVS SO
ARSI \
RPN ) . g
0 -1
(b) UL,hy

o
[e)]
SO
N>
RksK]

g
!

TR

S
N
VAN

KA
-1 gg"#A DAV

0 0.5 1

Figure 3.13: Mesh 7, for a = 2.5

84



0 -05 40
(C) U3, 4 (d) Uyg,4

Figure 3.14: Solutions to (B27) with o = 2.5 and n = 1...4 using the mesh in Figure
5. 1o
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(b) ug4 with a =3.5

01"

008"
006"

004"

0
05 4 0

(c) ug 4 with o =3 (d) uga with a =2.5

(e) us4 with o = 2.1

Figure 3.15: Solutions to (B.27) for fixed mesh size hy with n = 3 and a selection of
values of a € (2,4)
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General Notation

Notation Description

A closure of the set A 26, 30
;1 interior of the set A 30
B(xz,r) {y:|lr—y|<r} 17
CY"(K) space of Holder continuous functions of order 12
g
d(A, B) Euclidean distance between the sets A and B 61
diam(A)  diameter of the set A, sup |z — y| 29
z,y€A
H?#(Q; r) weighted Sobolev space 22

L(X;Y) space of bounded linear functions from X to 34

Y
w1l A measure p restricted to the set A 9
Up = v v, converges weakly to v 16
X =Y X is continuously embedded in Y 16
X ——Y X is compactly embedded in Y 16
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Finite Element Notation

Notation Description

h
hi

~

K

Py ()
11,

Ik

PK

maXKeTh hK

length of the longest side of a triangle K

the reference triangle with vertices (0,0),
(0,1), and (1,0)

subset of C'(€2) that is linear on each triangle
K of T,

the linear interpolating operator from
H2(Q) — PL(Q) or H#() — PL(Q)

the linear interpolating operator from
HA(K) — Py(K)

diameter of the largest circle that can be in-

scribed in a triangle K

triangulation of domain
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30

30
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Problem Notation

Notation Description

Dg
Dy(2%)
Eq

Q
Ql

a,n

QQ

a,n

V’n

domain of energy form on fractal von Koch

curve X¢

{u€ Dg|u=0onV}
energy form on fractal von Koch curve 3¢

(0,1) x (=1,1) CR?
the portion of €2 above X
the portion of 2 below X%

contraction maps that generate von Koch

curve with contraction factor %

Uizt 95(F)

V,o0---0W,(F)
——_————

n times

1 2
reentrant corners of €2, , U Qg

weighting function for H*#i(Q! . r)

von Koch curve with contraction factor é

n'" —generation prefractal von Koch curve

with contraction factor i

vertices of n*" —generation prefractal von Koch

curve with contraction factor é
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17
17
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Notation
Vo
V(Q,3%)
V(Q,X)

Description

UnZO Vo
{u € HYQ) : ulga € Dy(X*)}
{u e Hy(Q) s ulsy € Hy(E7)}
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Appendix A

Some Relevant Spaces and

Definitions

This appendix is a collection of definitions of spaces and other objects that are relevant
to the thesis. They are included here, and not in the main text of the thesis, as most of

them are already well-known. They are included here for reference.

Definition A.0.1 (Hausdorff measure). Let A C R™", 0 < s < 00, 0 < § < co. Define

Hi(A) = inf {Za(s) (dlagncj) |Ac | JCj, diamC; < 5} ,
=1 j=1

where
7TS/2

a(s) = m

and T'(s) = [ e a* 1 dz, (0 < s < 00), is the usual gamma function. Then

H(A) == lim Hj(A) = sup H5(A).

6—0 §>0
We call ‘H® the s—dimensional Hausdorff measure on R".

Definition A.0.2 (Hausdorff dimension). The Hausdorff dimension of a set A C R”
is defined to be inf{0 < s < co | H*(A) = 0}.

Definition A.0.3 (Holder continuous). Let C%?(K) denote the space of Holder con-
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tinuous functions of order (5 on K, defined as

{u: K =R ||u@@) —uly) < M|z —y|”, ¥ (z,y) € K}.
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Appendix B

Miscellaneous Results

B.1 Controlling the Aspect Ratio with a Minimum
Angle

The following is a simple proof showing that controlling the minimum angle in a mesh
puts a limit on the aspect ratio for all triangles appearing in the mesh. The Trian-
gle program ([25], [24]) introduced in Section B.] controls the minimum angle in the

triangulation, thereby controlling the aspect ratio for the mesh.

Lemma B.1.1. The aspect ratio for any triangle having minimum angle 6, is in the

nterval
1 +sin(%1) 1+ cos b,
sin,  sin6,

(B.1)

Proof. Fix the value of #; and denote the other angles of the triangle by 6y and 6s,
choosing in such a way that 6; < 6y < 5. Denote the side of the triangle opposite 6; by

s;, as shown in Figure [B.Il Since similar triangles have the same aspect ratio, without

Figure B.1: triangle diagram

95



loss of generality, we may assume that the length of side s; is 1. From the Law of Sines,

it follows that
sin 6, sin 05
and s3 =

S = — : .
sin 6, sin 6,
sin @2 sin 03
2sin 61

side of the triangle is opposite the largest angle, we have h = s3. We then calculate the

The area of the triangle, which is denoted by A, is thus Since the longest

diameter of a circle inscribed in the triangle to be

4A 2sin 92 sin 93

pr— p— . B.2
P $1+ S9+s3  sinf; + sinfy + sin O3 (B-2)

Using the fact that 83 = m — 6, — 05, the aspect ratio of the triangle is
ﬁ _ sin 0y + sin 0y + sin(0; + 02) (B.3)

P 2 sin 04 sin 65

Since #, is fixed, we have assumed that 6; < 6, < 053, and 6, + 05 + 63 = 7, f3 must be in
the interval [0y, 5(m — 61)]. So, the maximum value of the ratio (B:3) can be determined

by finding the value of 65 in the interval that maximizes

sin @y + sin 0y + sin(6; + 6s)

0y) = . B4
1(62) 2sin 6, (B-4)
Taking the derivative of f and simplifying using trigonometric identities yields
—sin 6y (1 0
£(6,) = sin 01 (1 + cos 03) (B.5)

2sin? O,

Since sin 6, 14-cos, and sin? 6 are positive for all values of 6y, 05 € (0, ), it follows that

f is decreasing on the interval [0, %(71’ —01)]. Thus, the aspect ratio achieves a maximum

at 05 = 0, and achieves a minimum at 6, = %(77 —61). The result follows by substituting

these values for 5 into (B.3]) and simplifying using trigonometric identities. O

Remark: Note that in the case of an equilateral triangle, where 0, = %, we have
1+sin(971) 1+4cos 01

0 = “smg — V3. Since this is the best case for any triangle, we always have

02\/3.
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Vs Vs
Vz
A 1 Va B A Vi Vs W V3 B
(a) Vertices of X¢ (b) Vertices of g

Figure B.2: Vertices of prefractal curves, a = 2.5

B.2 Distance Between Vertices of Domain

For the weighting function of Definition [B.1.1l the minimum distance between any two
vertices of the polygonal domains €}, , and €2, must be known. Recall that Q = (0, 1) x
(—=1,1) and Q , and Q2 ,, are the portions of Q above and below the prefractal von Koch
curve, respectively.

Regardless of the values of a and n, the prefractal curve X is always contained in the
triangle with vertices (0,0), (1,0), and (%, %) So, it is clear that the distance between
any vertex of the prefractal curve and a vertex of {2 is greater than % So, we will focus
on finding the minimum distance between vertices of the prefractal von Koch curve.

Although the number of vertices in V,* is increasing as n increases, self-similarity
makes it relatively easy to find the distance between any two points in the set. In
Figures [B.2al and [B.2h the first two generations of the prefractal von Koch curve with
a = 2.5 are shown. The value of « is insignificant in this context as all of the remarks
made here will hold for each value of a € (2,4). In the figures, each vertex of the curve
is represented by an open circle. Several of the vertices in each figure are labeled for
easy reference.

Looking only at Figure initially, it is evident that the distances we should be
concerned with are those between consecutive vertices of the curve (like A and V;), and
those between vertices that form the base of a triangle (like V; and V3). The distance

between the peak of the triangle (vertex V3) and either of the endpoints A or B is
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necessarily greater than the two previously mentioned distances. As was noted in Section
L2, any two consecutive points on the n'" —generation prefractal curve are separated by
a distance of a™™. So, we have |A —Vi| = |V} — Va| = [Vo — V3] = |V3 — B| = a~!. The
length of the base of the triangle, |V; — V3| is also easily calculated using this information.
It is simply |[A— B| = |[A=Vi| = [V = B|=1-2a"! =a (a—2).

Because of similarity, many of the distances between points in Figure [B.2b]can easily
be determined from the distance between points in Figure [B.2al The distance between
consecutive vertices along the curve is now o2 and the length of the base of each of the
smaller triangles in the figure, like |V — Vg|, is @ ?(a — 2). However, with this second
iteration of the maps, triangles appear that neighbor one another and the vertices at
the peak of these neighboring triangles seem to be close. So. we must calculate the
distance between any two of these such points. We take the distance between V5 and V%
as representative.

To calculate the distance between V5 and V7, we use the coordinates of the points

given by the maps that generate these vertices. First, using the definitions of the maps

in Section [[2] we see that Vi = ¢¢(Va), V7 = ¢¥§(Va) and Vo = ¢§(B) = ¢§(A). This

gives us:
1 (1 1 1 a—1/(1 1 1
VAR (Y d V= S R
° Oz<2’ o 4) o ! o (2’ o 4)
A simple calculation shows that [Vs — Vs| = a~2(« — 2). However, regardless of the

choice of a € (2,4), a2 (o — 2) > a~2(a — 2), so the distance between the peaks of
neighboring triangles is not the minimum distance between vertices of the curve.

With continued iteration of the maps, these patterns repeat and there are no new dis-
tances between vertices that need to be checked. So, using similarity again, the minimum
distance between two vertices of the n'"—generation prefractal curve is min{a™, ™" (a—
2)}. This is clearly less than 3 for any a € (2,4) and n > 1, so the minimum distance
between vertices of ¢ | for i =1, 2, is

a,n?

a™Ma—2) if2<a<3

a™" if3<a<4.
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B.3 Finding the Aspect Ratio after Refinement

When K| is refined according to one of the refinements expressed in Section B.Il the
aspect ratio of a triangle produced by refining Ky may be greater than Ky. Our goal
in this section is to find a limit for the aspect ratio of a triangle created by refining a
triangle Ky known to have aspect ratio less than or equal to o.

So, let Ky be a triangle with vertices Vi, V4 and V3, and suppose that the aspect
ratio for K is less than or equal to 0. Now, suppose K| is refined according to one
of the refinements detailed in Section B.Il Figure shows all of the possible ways
in which Ky may be refined. Since similar triangles have the same aspect ratio, we
only need to find a bound for the aspect ratio for any triangle in a similarity class. In
Figure .8 shading is used to mark triangles that are similar to Ky. The numbers in
the interior of the other triangles indicate the similarity class of the triangle. Since the
shaded triangles are similar to K, they must have an aspect ratio less than or equal to
o. In the remainder of this section, the goal is to calculate a bound for the aspect ratio
for the remaining 13 similarity classes in terms of o.

Since we wish to express the aspect ratio for each subtriangle in terms of that of the
triangle Ky, we must first calculate that ratio. Recall that the aspect ratio of a triangle
K is ’;—? where hy is the length of the longest side of K and pg is the diameter of
the largest circle that can be inscribed in K. Calculating hg, requires simply finding
mg?ﬁg} |V; — V;|. Given any triangle K, pg is given by

_IK|

where | K| is the area of K and |0K| is the length of the boundary of K, i.e. the perimeter
of K. The perimeter of K| is easily found to be |V} — V5| + |Vo — V3| 4 |V — V;|. Letting
0; represent the angle of K at the vertex V; for ¢ = 1, 2, or 3, the area of K is given by

the following expressions

1 .
ol = SVs Al Vo~ il sin,
1 .
:§\V3—V2\-\V1—Vg\sm92 (B.8)

1 .
= §|V1 — V3| - |V — V3| sin 63.

99



So, the value for pg, can easily be found by combining these results.

Now, we wish to compare these calculations with similar ones performed for subtri-
angles of K created by the refinement process. For this, it will be convenient to be able
to look at examples of refined triangles, so in Figure [B.3 we have reproduced the figures
introduced in Section B.1] to explain the refinement process. The outermost triangle in
each subfigure is the triangle K, with vertices Vi, V5, and V3. The vertices of the other
subtriangles are numbered since we will need to refer to them. We will use the notation

N; to refer to a node labeled with ¢ in one of the subfigures.

(a) 3 vertices in Ry (b) 2 vertices in Ry p,

V3 VS

Vi Va
1

(c) 1 vertex in R, (d) Subdivision by bisection

Figure B.3: Refinement labeled according to similarity class

Let us begin by considering the white triangle in Figure [B.3al with vertices Na, N5

and N4. For reference, call this triangle K;. First, using the barycentric coordinates
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that describe the refinement (found in Section B.1J),

1 1 1

Ny = §V1+4_1V2+4_1%” and
1 1

N5 = §V1+§V2>

where \ = (%)1/(1_”) € (0,3) for some specified 1 € (0,1). From this information, one

may easily verify that

1 1

Using Figure [B.3al it is clear that | Ny — No| < | Ny — V1], so using the expression for Ny,

1 1
[Ny = Nl < [Ny = Vi] = 1V = Vi) + (Vs = V)| < 51V = Vi] + V5 = VAD).

Thus, we have the following estimate of the perimeter of Kj:

3 1 1
|0K;| < (Z‘A> “/2—‘/1’+Z|V5—V2|+1‘V3—V1‘-

Using the definition of A, A € (0, 5) for any p € (0,1), so |0K;| < 3|0K|.

To calculate the area of K, we first determine the measure of the angle in K; with
vertex N5. The barycentric coordinates defining N; and N3 show that the triangle
with vertices N5, N3, and V; is similar to K with sides half the length of those in Kj.
Additionally, the segment from N3 to Nj is parallel to the segment from V3 to V3, so the
angle at N5 must be 5. Using the above lengths of sides of K, the area of K is

1 1 1 . 1/1
ml=g (G- ) - wil) [fv vl sme =1 (3-2) il @)

Again using the fact that A € (0, %), we have |K;| > i\KOL Thus,

a4 1
P = TR, 18Pk

Finally, to calculate the aspect ratio of K7, we must know hg,. Since K; is contained
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in the triangle with vertices N5, N3, and V), and we have already stated that the latter
triangle is similar to Ky with edges half the length of the corresponding edges of Ky,
hi, < 3hg,. Combining this with the earlier estimate of pg,, we have the following

bound for the aspect ratio of K;

1
hKl < EhKO

< 9g.

— 1
PK1 18 PKo

Furthermore, any triangles similar to K also have an aspect ratio that is less than or
equal to 9o0. Making only slight changes to the above argument, we can show that any
of the unshaded triangles in Figure [B.3] have an aspect ratio that is less than or equal
to 90.

Now, let us consider the triangle shaded blue in Figure [B.3al with vertices N, Na,
and Ny. We will refer to this triangle as K,. From the barycentric coordinates that

describe the points, we have

Ny = (1 =XV, + A3,
Ny = (1= \Vi + AVa, and
1 1 1

so one can easily verify that |N; — No| = AV — V4|, From above, we have that | Ny —
No| < 1(|Va=Vi|+|V5—Vi]), and by a virtually identical argument, [Ny — Ny| < (|Va—
Vil 4 Vs — Val). Thus,

1 1
|0K,| < §|V2 - W+ §|V}, — Vil + AV — V4.

Since A € (0, 5) and using the value of |0Ko|, it follows that |0K5| < 5|0Ko|.

To calculate the value of pg,, we also need |K3|. Recalling from an earlier argument
that the triangle with vertices Vi, N5 and N3 is similar to Ky with a proportionality
constant of %, this triangle containing K5 must have area i|K0|. If the areas of all of
the other triangles contained in this large triangle are known, the area of K, can be
found by subtracting the other areas from 1|Ko|. |K;| is given by (BJ) and a similar
argument shows that the triangle with vertices Ny, N3 and N, has the same area. It can
also easily be shown that the triangle with vertices V;, Ny and Nj is similar to Ky with

a proportionality constant of )\, so the area of this triangle is A\?|Ky|. Therefore, using
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again that A € (0, %),

1 1/1 1 A
| 5| = | Kol — M| Ko| - 3 (5 — A) |Ko| = A <§ - )\) Kol > 2| Ko, (B.10)

So, using the expressions for |K,| and |0K>|, we have pg, > 3pk,. Finally, to calculate
a bound for the aspect ratio, we need an estimate of hg,. Using the same logic as for
Ky, hg, < %hKO, and thus

Yy 3

hK2
< —0 .

<

A
pKz §pK()

Although all of the triangles shaded blue in Figure are not of the same similarity
class, they are created in a similar fashion. So with only minor changes to the argument
made for calculating the aspect ratio of K, it can be shown that all of these triangles
have an aspect ratio that is no greater than 2o = 231/(1=1,

Finally, let us consider the triangles shaded yellow in Figure B3l These triangles
are all created by bisecting an edge of Ky or a triangle similar to Ky. For a typical
example, let us consider the triangle in Figure [B.3dl with vertices V;, Ny, and V3, which
we will refer to as K. Since Ny = $(V; + V4), this triangle has sides of length |V3 — V4],
51Va—=Wi|, and [Vs — Ny| < §(|Vs — Vi| + §|Vs — Va|). Thus, |[0Ks| < 2[0K,|. Since N is
at the midpoint of the edge between V; and V5, it is clear that |K3| = $|Ko|. Therefore,
PKy = %pKO. Since K contains an edge of Ky, hk, < hg,, and therefore the aspect ratio
of K5 is less than or equal to 30. This same bound can be found for all of the other
triangles shaded yellow in Figure [B.3] by an analogous argument.

So, if K is a triangle with aspect ratio less than or equal to o, and K is a triangle
produced by the refinement of Ky according to the refinement scheme in Section B.1],
then the aspect ratio of K satisfies

hi

3
— < “omin (6,301 (B.12)
pr 2

where p € (0,1) is specified prior to refinement.
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