Stability properties of a crack inverse problem in half space

Andrew Murdza
Advised by Professor Darko Volkov

A Major Qualifying Project, Presented to the Faculty of Worcester Polytechnic Institute in
Partial Fulfillment of the Requirements for the Degree in Bachelor of Sciences by

Andrew Murdza
Advised and Approved by

Dr. Darko Volkov



Contents

[1__Abstract] 3

2 Introduction| 4

[3  Preliminary Results: Elementary Differential Geometry and Potential The- |

5
[4 Norm Equivalence Lemmas| 10
[ Existence and Uniqueness Result| 16
6 Inverse Problem Resultl 18
7 Stability Results| 19
[8  Lipschitz stability theorem for a fixed slip| 23
[9 Conclusion and perspectives for future work| 27
Append 27

[A A proof of the jump formulas for double layer potential and continuous |

[_densities] 27

[B Classical results from functional analysis and PDE theory needed in this |

[ thesis| 37




1 Abstract

We study in this thesis an inverse problem that originates in geophysics. In this inverse
problem, a fault and a slip field have to be determined from an overdetermined Partial
Differential Equation (PDE) in half space. We achieve three main goals: first, an existence
and uniqueness theorem for this PDE in adequate functional spaces. Second, we show that
our overdetermined PDE (which reflects that in practice, geophysicists use a PDE model
and have access to boundary measurements) does make it possible to recover the fault and
the slip. Third, we show that this recovery is stable, under the assumption that the fault
must be planar.

Related questions were solved in the case of three dimensional linear elasticity [11l [l [12]
In this thesis we use a PDE model relevant to the important cases of the anti plane strain

configuration, and the plane strain configuration.



2 Introduction

This thesis relates to a problem in geophysics where seismic and displacements data are col-
lected by sensors and then processed using partial differential equations (PDE) models and
inverse problem formulations. The goal of the mathematical and computational processing
of this data is to determine the geometry of faults, total slip between plates, and accumulated
mechanical stress. Recently, much work has been done in the case of the three dimensional
linear elasticity model. In particular, well posedness of the forward problem and uniqueness
for the inverse problem were shown in [I1], while a stability result in the case of planar faults
was achieved in [9].

In this thesis, we examine the case of a model involving the Laplace equation. This model
is also relevant to geophysics: in dimension two, it relates to the so called anti plane strain
configuration, while in dimension three, it relates to the plane strain configuration, [7].
The plane strain configuration has already attracted much attention from geophysicists and
mathematicians due to the simplicity of the formulation [3, 4]. Despite how simple this
formulation is, it still captures important physical features of strike slip seismic events [I].
The main three results of this thesis are, first, the correct functional space formulation of
the model leading to a proof of existence and uniqueness for the direct problem. The direct
problem is set up in half space with zero Neumann condition on the top plane (this models
a no force condition), the Laplace equation in this half space minus a cut, or crack, which
we will rather call a fault to emphasize the connection between our work and geophysics.
Across the fault we require the normal derivative of the solution to the PDE to be continuous
(continuity of forces), and a forcing term: the discontinuity of the solution, which models
the slip. Finally, a finite energy condition is imposed through the use of specific functional
spaces.

The second result of this thesis concerns the uniqueness of the related inverse problem: we
show that if the value of the solution to this PDE is given in a relatively open set of the top
boundary (in geophysics this is the measured data), then the PDE becomes overdetermined
and the fault and the slip can be inferred.

The third (and most challenging) result that we prove is that the determination of the ge-
ometry of this fault from these boundary measurements is actually Lipschitz stable, if it is
assumed that the geometry is planar. We plan to submit these results to a peer reviewed

journal soon.

We now introduce notations and equations used throughout this thesis. Using the standard

rectangular coordinates r = (1, T2, z3) of R3, we define R3~ to be the open half space x3 < 0.



Let I be a C? regular open surface whose closure is contained in R3~ and g € H'/?(T"). Define

a unit normal of T' (of class C') by 7. We will show that the boundary value problem

Au=0in R*\T, (1)
0
6_u = 0 on the surface x3 = 0, (2)
T3
o is continuous across I', (3)
n
[u] = g € HY*(I) is a given jump across T, (4)

-ofih)

has a unique solution. We will prove that I' (which in some models plays the role of a
crack) and the jump g can be uniquely determined by the value of u on any relatively open
non-empty subset W of {x3 = 0}. We will also derive a Lipchitz estimate for the Hausdorff

distance between cracks corresponding to two different sets of input data on W.

3 Preliminary Results: Elementary Differential Geom-

etry and Potential Theory

Definition 3.1. Let V be a d — 1 dimensional closed surface in R? of class C2. For each
local chart (U,, @) in the atlas of V and for each y € ¢, (U,) we set

dS(y) = |det (A(ga(y))"?,

where A(u) is a matrix whose ij* entry is %i_l(u) : 85—5@).

For simplicity, all surfaces considered in thesis will be of class C?.

Definition 3.2. Let D be a connected, and bounded domain of R? with boundary 0D. We
define the outward unit normal of D at y € 9D to be

n(y) = Vs(y), (6)



where

—d(x,0D) ifz €D
d(x,0D) ifx € R4\ D

and d(x,0D) = i%fD d(x,y). We know that s is twice continuously differentiable in a neigh-
ye
borhood of 0D (see Section 2.5.6 of [6]).

Lemma 3.1. Let 0D be the boundary of a connected, bounded, open, and C? reqular domain
D of R and let 7 be the outward unit normal of 0D. Then there is a positive constant L
such that

() - (x —y)| < Lz —y|*, Y,y € OD.

Proof. For any zy € D, there is an r > 0 and ¢ € C?(B(xg,r)) such that B(zg,7) NIOD =
»~1(0) and V¢ # 0. Without loss of generality, we can assume that

Ve
Vol

n =

(otherwise replace ¢ by —¢). By Taylor’s Theorem, we know that for all x € B(xg,r) and

h € R? such that o + h € B(xg,7),
oz +h) = () + Vo(x) - h + O(h]).

If z and x + h are on 9D, then ¢(z + h) = ¢(x) =0 so

Vo(x) - h = O(|h[).
Since m is compact, there is L,,, > 0 depending on xy and r such that

IV§(2)| > Ly, Vo € Blay, 7).
Since 0D is compact, we can cover dD by a finite number NV of closed balls L, ... Thus
\Vé(z)| > L, Vo € OD,

where

L= max L, ..
. "1
1<i<N



Thus
Vo

=—" . h=0(h
Vol (IRI%)

and is proved.

Definition 3.3. Recall that the fundamental solution to the Laplace Equation in R? is

—Infz—y| d=2
! d>3

(d—2)wglz—y|"

D(z,y) =
where wy is the surface area of the unit ball in R

Definition 3.4. Let D be an open, connected, and bounded domain. Let 0D be the bound-
ary of D and n be the outward unit normal of 0D. Let u be defined in a neighborhood of
0D except possibly on dD. For z € 9D we define the jump in u across 0D at z to be

[u](z) = lim u(z + hn(z)) — u(z — hi(z)),

h—0t

if this limit exists.

Lemma 3.2. Let D, and 1 be as in the previous definition and ® as in definition[3.3 Let
¥ be in the Sobolev space H2 (D). Let
0P(x,

)= [ T uy)asio).

Then q € HY(D) and there is a constant C' such that

||Q||H1(D) <C ||¢HH1/2(6D) : (7)

We skip the proof of lemma [3.2] This proof can be built based on properties of the double

layer potential for continuous densities shown in appendix [A] Sobolev continuity properties

0P(z,y)
on(y)

of the surface operator defined by the double layer potential
for PDEs.

and elliptic regularity

Definition 3.5. Let ®, D, 9D, and n be as above and let I be an open surface included in



dD. We define H'/?(T') to be the set of restrictions to I' of functions in H'/?(T") supported
in I

Lemma 3.3. Let D, 0D, n, and ® be as above. Let I" be an open surface included in 0D
and let iy € HY*(T'). Assume d = 3. Then

6@( Y)
r On(y)

is in H'(RY\ T) and there is a constant C' such that

q(z) = Y(y)dS(y)

lall sy < C Il 2op) -

Proof. This can be proved from lemma and using the decay at infinity of ®. [

Lemma 3.4. Let ®, D, 9D, and @ be defined as in[Lemma A.q and «» € HY*(9D). Then

the jump of 50(z.y)
T,y

oD 8ﬁ(y)

in the sense of the trace theorem, is equal to ¥ (x) almost everywhere.

Y(y)dS(y),

u(r) =

Proof. From Section 2.5.7 of [6] we know that v € H*? (R?\ 0D). Thus the inner and outer
traces of u exist by the Trace Theorem. If ¢ is in C'(9D) we know from appendix |A| that

the inner and outer traces are

®(2,y) Lot
| T uwast) - 5u(e) 0
and 0(2. 1) .
Y
o) Y(y)dS(y) + 5¥(2) (9)

respectively, where z is the projection of x onto 0D. We conclude that

B P(2,y) o) - P(z,y) L) = wis
06 = ([ Fetutmasn + 5306 - ([ Zeoise) - jue) ) = v

The result follows from density of C'(0D) in H'/?(dD). |

Lemma 3.5. Let ®, D, 0D, and # be defined as in[Lemma A.5 and let T' be an open surface
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included in dD. Let ¢ € HY*(T'). Then the jump of

i) = [ e otdsty

is equal to ¥(z) almost everywhere.

Proof. This lemma follows from ]

Lemma 3.6. Let u € H} (R3\T). If [u] =0 across T, then u € H}

loc(RS_) :

Proof. Suppose that u is in H} (R*~\T) such that [u] = 0. We know that hlim+ u(z+ hn(z))
—0

(R3~\T). As [u] =0,

these limits are the same and ’llin%) u(z+ hn(z)) exists Vz € I'. We may extend u from R3~\T
—

and lim u(z + hn(z)) exist in the sense of traces because u € H} .
h—0—

to R3™ by setting u(z) = }ZIE)I(l) u(z + hn(z)) for z € I'. Let ©Q be a bounded open subset of
R3~. We may extend I' to a surface IV so that there are non-empty subsets QT and Q~
of 2 such that Q = QT UQ~, QTN Q™ =), and 9N N IQ~ = I" (see Figure 3). Since
u € HE (R3>\T), Vu is defined on Q= and Q*. Let 72, and f_ be the unit normals of T
which point towards 2~ and towards QT respectively. Let the outward unit normal of I be
defined as pointing towards Q. Then for ¢ € C>°(Q) we have

oY ou

dx = % i)dx + % ;)dx —
Quaxi x . (utpe;)dx . (ue;)dx o,

Ydx.

We apply the Divergence Theorem to conclude that

oY / R / . ou
u—-dx = ue;) - npdS + ue;) - n_dS — dx
Jugrde= [ e -iuds+ [ (e [y

Since 1 = 0 on 0f2, we see that

/ W2y = / (we;) - 7edS + / (we;) - h_dS O e
Q ' I

Since n, and n_ point in opposite directions, we find that n, = —n_ and

0 ou
de = — dz.
/Quaxi v ani¢ g

We see that u has a weak first order-derivatives defined on €2. We conclude that u € H}

loc

(R%7)

as required. (]



Figure 1: A graph of the curve I' after it has been extended to divide the domain §2 into two
smaller domains.

4 Norm Equivalence Lemmas

Lemma 4.1 (Hardy’s Inequality). Let f € C°(R3). Then there is a constant C > 0 such
that

Loy / VP (11)

m [2f”

Proof. First suppose that f € C>°(R3) is radial. Then f is supported in B(0, R) for some
R > 0. We know that

g J](x%da: = /B(O’R) %dm
= dmr /0 ’ f(p)*d
A
= —4m /0 SZf(p)f’(p)dp/ A
2 1/2
<2 <47r /O f<pp2> pzdp) (47T /0 f’(p)Zdep)
(1) (oot

10
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We conclude that
fx)2de <4 [ |Vf(x)]de.
R3 R3

If f is not radial, the proof is about the same after a conversion to spherical coordinates. W

Lemma 4.2. Let f : R?* — R such that and V f are in L*(R3). Then

__f
(1+|z[*)1/2

/I / 2
<4 V£l
/R31+|Z’|2_ R3| d

Proof. Let h € C*(R3) such that W and Vh are in L*(R?). Let p € C°(R?) such
that 0 < p < 1, p(z) = 1 for |z| < 1, and p(z) = 0 for |z| > 2. Set p,(x) = p (£). Clearly

hp, € C=(R3), so we may apply to find that

|hpn|2 < h 2
<4 V)
R3 |1’| R3

In particular, we know that

Ihpn|2 2
<4 V(hpn)|”- 12
et MO (12)

Clearly p, — 1, so hp, — h pointwise. We also know that

ol _ P

< e LY(R?
1+ |z)* = 14 |z (&)

€ L*(R3). Thus

hp,|? h|?
/ |p|2_>/ Al i (13)
s 1+ || s 1+ 2|

by the Dominated Convergence Theorem. We know that

. h
since 0 < p, <1 and PEEE

V(h(@)pu(r)) = (VA())pa(e) + - (Tp) (2) hia) = V()

since p, — 1 and Vp € C°(R?) is bounded. As p is constant outside of {1 < |z| < 2},
Vp, = 0 outside of {n < |z| < 2n} and

1
[ (hpa)| < VA + - 1 [Vl siaicon 1]

11



Since 1 < %, Vz € {n < |z| < 2n}, we have

[V (hpn)| < [Vh XS max [Vp|Lgjai<zn | 2]

kg
= |Vh| + 2|—: max (V| >1

< |Vh| 4 2(2)"/? A

——F— INax V .
(L oy VP

The first term is in L?(R?) since we assumed Vh € L*(R?) and second term is in L?(RR?)

because # € L*(R?). Thus |V(hp,)|* is dominated by a L'(R?) function. We also

know that V(hp,) — Vh, so
V(hpa)|* = | VAP (14)
R3 R3
by the Dominated Convergence Theorem. Letting n — oo in ((12]), we use . . to

h2
/ il 254/ IVh|>. (15)
rs 14 |z R3

Let f: R® — R such that W, Vf e L3(R?). Set p, = Cy,p(nx), where the constants
C,, are chosen so that [ys p, = 1. Then p, x f € C™(R?) and implies that

conclude that

!pn*f\
w14 |zf*

<4 | 1Vlpnr P (16)

We know that p, x f converges to f in L?(R3) so

/ pn*x | 1
- < =pnx flly || 7wz || =0
H(1+ )12 (1 fa )2 I+ a2,
n*f f ; n*f f 3

Thus G2fz = @ @ LR So |mhiim||, = ||ammz |, b

lpn > fI* ik
FErEE e -t (17)

g3 1+ || r3 1+ |z]

As V(pn* f) = pux Vf = Vfin LR, IV (pnx Il = V£, Le.,

[Vt [ s (13)

12



Letting n — oo in (16|, and making use of —, we conclude that

f? / )
<4 \Y%
/Rs1+|x|2— [ 1911

as required.

Lemma 4.3. Let V(R37™) be the space of functions u defined on R3™ such that Vu and

(1+z?)

1/2 |u\2 1/2
e = ([ )" ([ )"
fulhso = ([ 194 <R31+|x|2)
1/2
2
||u||2,R3=(/ |Vu|) .
R3-—

Proof. Clearly |lullyps < [[ully gs—, Yu € V(R*")

To show that [[ul|; gs- and [lu||,gs- are equivalent, we must find C' > 0 such that

lully o < Cllullyps-, Yu € VR
Let u € V(R?*") and define @ : R* — R? such that

_ u(zy, xe, T3) if 3 <0
u =
u(zy, o, —x3) if 23 > 0.

75 are in L*(R*7). Then the following norms are equivalent on V(R?")

Then [u] = 0 across {z3 = 0}, so w € H'(R?) by [Lemma 3.6, As % € L*(R37), we know

that

[al’ [al’ [al’ [ul*
rs 1+ || re- 1+ |z g3+ 1+ |z re- 1+ |z

Similarly,

|vm2=2/1|vm?
R3 R3—

Applying to u, we find that

/i_ﬁL3§4/‘Vmﬁ
rs 1+ || R3

13

(19)

(20)



Substituting — into , we get

2/ 4 234(2/ |Vu|2>,
r3- 1+ |z RS-

/ - +/ |Vu|2§5/ Vul?.
r3- 1+ |z R3- R3-

We conclude that [|ul|, gs- < 5||ullyps- and the norms ||-||, gs— and [|-[|, zs- are equivalent.
[

Thus

Lemma 4.4. Let T’ be a C? regular open surface whose closure is contained in R3~. Let V

be the vector space of scalar functions u defined in R3~\T such that Vu and —1/2 are in

(1+r
L*(R3~\T). Then the following two norms are equivalent on V

2 u? \"
O L R =
R3-\T r3-\T 1 + |z
1/2
2
full = ([ 19u)
R3-\T

Proof. Clearly ||ull, < ||ull;, so it is sufficient to show that 3C' > 0, |lul|, < C ||u|,, Yu € V.
Arguing by contradiction, suppose that VC > 0, Ju € V such that ||ul|; > C'||ul|,.
Then Vn € N, Ju,, € V such that ||u,[|, > n|u,|,, ie.,

2
/ |Vun|2+/ [ 5 > n/ |V, |? (22)
R3-\T RAT 1+ |z R3-\T

We may assume that

‘un‘Q
=1 23
/Rw Lt o] (23)

Junl?
+Hal? 2)-
Let D be an open set whose boundary 0D is regular and contains I'. Define

(otherwise divide u,, by [ps- \T 1

_ 8<I>(a:,y) w T 3—\ 17
0w = [ GEw)  ceRAT.

Let € be a bounded open set containing I' whose closure is included in R3~

14



Figure 2: A sketch of the domain (2.

Equation implies that

/Rg_\F V< (24)
Thus
[Vunll p2r) < VUall p2@s-\ry < 1, Vn > 2. (25)
As Q is bounded, IM € R such that || < M, Vz € Q. By we have
2
”unHi?(Q\f) < /Q\F% (1+ M?) dx (26)

=1+ M>
From — we see that

[t g7y = llunll2nm) + [Vunll pzor < (1+ M?) +1.

Thus u, € H} (R3>~\T) and u, is bounded in H'(Q2\ T'). Hence u, has a subsequence

U, which converges weakly in H'(Q2\ T') and strongly in L?(Q\ T) by and the
Kondrachov embedding theorem. Denote the limit of u,, by u. Equation implies that

Vu,, — 0in L*(Q\T) and Vu = 0. Since u,, converges strongly to u in L?(R*~) and Vu,,

15



converges strongly to 0 = Vu, we find that u,, converges strongly to u in H*(Q\ T). As

Vu=0on Q\T, uis constant on Q\ T by [Lemma B.2

Hence u,,, converges strongly to a constant function u in H'(Q\T). By the Trace Theorem,

[Un,] = [u] = 0in HY?(OD). Because [u,,] — 0 in H/?(0D), implies that Vg,
and (HE:W converge to 0 in L?(R3>~ \ T'). Thus G, = 0 in V. Since u, € V and ¢,, €V,
U, — Gn, € V. We know that u,, — ¢,, € H'(Q\T) by |[Lemma 3.3| As|Lemma 3.4|implies

that [¢,] = [u,] across T, [u,,, — ¢y, ] = 0 and u,,, —q,, € H'(Q) by|Lemma 3.6/ Since R*~\T
contains R*\Q, V(u,, —¢,,) € L*(R3*7\Q). Hence V(u,, —¢n, ) is in L*(R3*7). We know that
Vgn, — 0 and Vu,, — 0in L2 (R3>\T) so ||u,, — Gnllops- = IV (uny, — @)l p2(ga—y = 0
Thus [[tn, = Gnyll, gs- — 0 since [|-||; ga— and [|-||; gs— are equivalent by [Lemma 4.3 We also

dn
know that HW

— 0 since g,, — 0 in V. This implies that

L2(R3-)
2 2 2
/ |unk’ 5 < / |unk qn2k| +/ |0 — an2| N
r3-T 1 + |z r3- 1+ |z r3- 1+ |z
which contradicts (23). We conclude that the norms |-||, and ||-||, are equivalent. |

5 Existence and Uniqueness Result

Let G(x,y,n) be the free space Green’s function for the Laplace equation such that for any

open C? surface I' in R? and any displacement u satisfying

Au=0in R*\T, (27)

% is continuous across I, (28)

[u] = g € HY*(I') is a given jump across T, (29)

u=0 <#) and Vu = O (ﬁ) uniformly as |z| — oo, (30)

we have

u(z) = /FG(a:,y,ﬁ)g(y), Vo € R*\T.

We know that G(x,y,n) = 8;%@1)’). We also know that the half space Green’s Tensor is

H(z,y,n) = a(;béag);) + 8(1)(%,;/)’ where T = (1, 29, —x3). H satisfies through for x #£ y

16



in R3~, and in addition we have that

0
—H h) =
axs ('/’U7 y7 n) 07

atx3:0

Theorem 5.1. The problem (1)-({) has a unique solution in V for g € HY(I'). This
solution satisfies the decay condition .

Proof. Define
wle) = [ Zdg)is(), « e BT,

Clearly u, € C*°(R3~\T). From [Lemma 3.4 and [Lemma 3.3 we know that [u,] = g across
I and u, € H'(R3> \T). Let U to be the vector space of functions u € V such that [u] = 0

across I'. Define the bilinear form

Blu, v) = /R (V- Vo)

on V x V. By|Lemma 4.4] V is a Hilbert space under the norm ||-||, = B(,-)*/? since V

is a Hilbert space under the norm |-||, and B(-,-) = ||-||, is equivalent to ||-[|;. As U is a
closed subspace of V, U is also a Hilbert space under the norm ||-||, = B(:,-)"/2. Clearly
B(u,v) is bilinear, and, since [-||, = B(-,-)"/? defines the default norm on H, B is coercive
and continuous. Thus, by the Lax-Milgram Theorem, we know that Jluy € U such that
B(ug,v) = —B(ug,v), Yv € U. Hence B(ug + uy,v) = B(ug,v) + B(ug,v) =0, Vv € U. Set
u = ug +u,. Forve CX(R3\T) CU, we have

/ Vu - Voudz =0, (31)
R3-\T

so Au = 0 in R*~\ T. Now assume that v € C®(R?) and v is zero in a neighborhood of T.

By (31)),

Thus 867“3 = 0 on {z3 = 0}. As [up] = 0 across I', [uy] = g, and u = ug + g, it follows that

W and Vu are in L*(R37).
+|x

[u] = g across I'. We know that w € V by construction, so

17



For Yy = (y17y27 y3) n Rgi set y = (917927 _93) Next set

wlo) = [ | a4 oo (o] adSt). o e BT

It is clear that w is in V and satisfies —. By the uniqueness of the problem — in

V, u = w. Given that
0P 0P 1
a3\, ‘FA—QB—:O(_)

and

V[t g =9] = (1)

we can claim that v = O %) and Vu = O (ﬁ) uniformly in %.

KL

uniformly in D

B El
6 Inverse Problem Result

Lemma 6.1. Let U be a open subset of R® and U_ = {x € U|x3 < 0}. Then the only weak
solution to the Cauchy problem

Au=0 reU_, (32)
u=0 (1, 9,0) € OU, (33)
0

a—;; =0 (21,22,0) € U, (34)

s u =0.

Proof. Clearly u = 0 is a solution to the Cauchy problem. Set U, = {z € Ul|xs > 0}. We
may extend u from U_ to U = U, UU_ by 0. We will call this extension v. We know that
v € H. (U) and and v € CY(U_) by elliptic regularity. We also know that Av = 0

weakly in U by [Lemma 3.6, We apply Holmgren’s Theorem as stated in Section 2.11 of
[linear pde] to find that v = v =0 in U. In particular, we conclude that v =0 in U_. |

Theorem 6.1. Let 'y and I's be two bounded open surfaces with smooth boundaries whose
closure is contained in R3~. For i = 1,2, assume that u; solves — with T'; in place of
I and the jumps g; € H?(T) in place of g. Let W be a non-empty relatively open subset of
{3 =0}. If uy = uy on W, then T'y =Ty and g1 = go.

Proof. Suppose that u; = us on W and set u = u; — us. Let U be an open ball centered at
the center of W which is small enough that U N {z3 =0} CW and UNT; UTy = 0.

18



Then u satisfies (32)-(34) and we apply to u to conclude that v = 0 on U_ =

UnN{zz < 0}. Thus v = 0 on an open subset of R3~ \ I'; UT,. But u is analytic on
R3~\ T'; UT, since

w [ g0 + gasen)| 0ds). « e B\T
so u = 0 everywhere in R*~ \m Hence u; = wus on R3™ \m Arguing by
contradiction, suppose that I'; is not a subset of I's. Then Jy € T such that y ¢ T,.
Since if is open, Jr > 0 such that B(y,r) C FQC. Thus B(y,r) NTy = 0. Since y € Ty,
Jyo € B(y, ) mfgmrl, since B(y, ) mfg is an open set containing y. But supp(g;) = 'y, so
g1 is not uniformly zero on I';. Thus fB(yo,r)ﬂFl [u1(yo)] # 0 but fB(yg,r)ﬂl“l [ua(y)] = 0. This
contradicts the fact that u; = uy in R3~ \m To avoid contradiction, we conclude that
T, c Is. Switching the roles of T, and T's, we see that Iy D T'y. Since I'y and T'y are C?
open surfaces [';y = Iy whose boundaries are closed curves, implies that Iy = I',. We also

know that [u;] = [ug] across I'y = I'y, s0 g1 = ¢o. u

7 Stability Results

Recall the notation 0B(z.y)
N €,y
G(xr,y,n) = ————= =V, ®(z,y) - n.
(@) = ol = V,0(.0)

In the rest of this thesis we extend this notation to the case of any unit vector v: we set,

G(z,y,v) = V,®(z,y) - v.
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Lemma 7.1. Let T’ be an open surface in R? included in the plane x5 = 0 and let g € C=°(T).

Then g satisfies the following jump formulas across I.

[/F G(z,y,e3)g(y)dyrdys] = g(z),

[ / (0,,C) (. y. e3)9(y)dyrdys] = —y (),

[ Glaaer)at)dmdse] o
/G x,y, e2)g(y)dydys] = 0,

[ / (0,,C) (., y. e3)9(y)dyndlys] = 0,

[0z, / (x,y,e3)g(y)dyrdys] = 0z, 9(2),

[0y / G(x,y,e3)g(y)dy1dys] = Op,9(x),

(024 / z,y,e3)9(y)dydys] =

(35)

(36)
(37)
(38)
(39)
(40)
(41)

(42)

Proof. We can perform a change of variables by translation so that x = 0. By Taylor’s

Theorem, we know that

9(y1,y2) = 9(0,0) + gy, (0,0)y1 + gy, (0,0)y2 + O(y; + y3).

Clearly
T3 — Y3

G(x,y,e3) = 0y, ®(x,y) = ———.
4 |z — y|

Fix £ > 0. Then we apply a change of variables v = 72 4+ 23 to find that

lim (G<x1’ T2, T3,Y, 63) - G(xla Loy, —X3,Y, 63)9(07 O>dy1dy2

r3—0t B(0,¢)

2m 5
xrar
= 1l 0,0 1d6 —d =
x3£%+ 9(0, )/0 /0 27 (r2 + 23)3/2 g

xs3 —0t

:03+6 T3
= lim ¢(0,0) /2 50 5/2civ = ¢(0,0)
x3
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As fozﬂ sin(0)do = foﬁ cos(#)df = 0, we know that

lim (G(LCl, Z2,23,Y, 63) - G('xla T2, —3,Y, 63)y1gy1 (07 O)dyldy2
e Ines (45)
= i 0.0) [ cost@yan [ —"__gr—g
_xsgréJrgyl( ) ) 0 COS( ) 0 27T(T’2—|—$§)3/2 r=yu,
lim (G(Ila X2,T3,Y, 63) - G(-Z'la o, —T3,Y, 63)?/29;/2 (07 O)dyldy2
z3—0t B(0,¢) (46)

— i 0.0) [ sin@yan [ —" 4o
_msg%Jrng(, ) i sin(0) ; m r=20.

By ([43)-(46€)), jump of the integral of G(z,y,e3)g(y) over any open ball in the y; — ys plane
is g(0,0). But the open surface I' € R? x {0} is a union of such balls, so have shown (35).

Since g € C°(I"), we can apply integration parts for z ¢ I' to find that

/F (0,,C) (., ) g (y)dyndys = — / G, y,7) (0,0 9) (4)dyn e

r
Then we can use to derive . We compute

r1—U

3/2°

G(xayael) = aqu)(l',y) = 3/
A |z — y|

Since this is even with respect to x3 when y3 = 0, so follows. Equation holds by

the same argument. We know that

3(xa — ya)?
(0 C) (1,5, e5) = DD (a,y) = D23 —2)
At |z — y|

(47)
is even with respect to x3 for in the y; — ys plane. This implies . We note that

3(1/3 - $3)(yl - 331)
5
AT |z — y|

ax1G(:E1a L2,23,Y, 63) =
As fo27r cos(f) sin(6)do = fozw cos(f)df = 0, we know that

lim aan (G(xla T2,T3,Y, 63) - G(xla To, —T3,Y, 63)) 9(07 0)
r3—0t B(O,E)

2T € 6 2
- g(0,0)/ COS(@)dQ/ i 5/2d7" =0,
0 0 4m (r2 + 23)
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lim 8961 / (G(LEl, Z2,23,Y, 63) - G('xh T2, —3,Y, 63)) 3/29y2 (07 O)
B(0,e)

1’3—)0Jr
651>

2 €
= /(; COS(G) s1n(9)d9/0 Wdr =0.

We can apply a change of variables v = 72 4+ 23 to get

lim aacl / (G(xh x2,X3,Y, 63) - G(x17 XTo, —T3,Y, 63)) Y19y, (07 0)
B(0,e)

r3—0t

2w € 61’37“3
= i 2(0)do —
im gyl(0,0)/o cos”(0) /0 I r

230+ r2 + 23)5/2

wite? 3z3(v — 22)
= lim gyl(0,0)(ﬂ)/ <T5/23> dv

r3—0t1 2
3

, A PN 33
- xif& 9:(0.0) </w§ (42}3/2 a 41}5/2> dv

2, .2
r3+e

3 3
= lim g,,(0,0) [ - 4 53

r3—0t _2\/5 * 2\/53

= Gy (Oa O)

2
3

We repeat the argument used to derive to conclude . Formula follows by
symmetry. We know that for y3 =0

—3x2
Ouy G2,y €3) = ————
At |z — y
is even with respect to x3. This justifies (42)). |

Lemma 7.2. Let ' be as in lemma and g € HJ(T) . Then the jump formulas (35]),
(37), and still hold in the H}(T) norm, while the jump formulas (36]) and hold as

continuous linear operations from HL(T) to L*(T'). The same jump formulas hold for H in
place of G.

Proof. The result follows from the density of H}(T') in C2°(T") and the smoothness of (H —
G)(z,y,n) for all z,y € R3~. |

Lemma 7.3. Let T be a planar open surface in R?® (this time not necessarily included in
the plane x5 = 0) and let be g € HY(T'). Let t be a fived unit vector parallel to I'. Then g
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satisfies the following jump formulas across T,

LAG@wﬁM@Mﬂw%=M@, (43)

[ CL ) m)a)dS )] = -0, (19)

[AG@%)(ﬁﬁU] (50)

M¥“3@y,><ma>] 0. (51)
a/ (2,4, 2)g(1)dS (y)] = g x), (52)

0, / Gla v, ) g()dS(y)] = (53)

Proof. Since the fundamental solution ® given by definition [3.3]satisfies ®(T'z, Ty) = ®(z,y),
for all z and y in R? such that o # y where T is any rotation or translation of R3, this result

is a straightforward generalization of lemma [7.2] [

8 Lipschitz stability theorem for a fixed slip

For a closed rectangle R in the x3 = 0 plane, we define the set I'y 4 = {(x1, 22, azy + bxy +
d)|(z1,22) € R}. For any triplet m = (a,b,d) € R* we set I, = T',p4. Let B be a set of
triplets (a, b, d) such that T'y;4 C R*™. We assume that B is a closed and bounded subset
of R3 so that

nf d(I', {25 = 0}) > (54)
We set f = =222 and om = Va?+ b2+ 1 to be the normal vector and surface element

Vel
of T',,. Let HJ(R) be the space of functions g on R with Sobolev H{ regularity. Let V be a

relatively open subset of {x3 = 0}. We define the operator A,, : Hi(R) — L*(V') by

(Am(g))(.’lf) = / H(xh T2, T3, Y1, Y2, Y1 + by2 + d; ﬁ)g(yly yZ)UmdyldyZ- (55>
R
Clearly A,, is linear and continuous. It can also be shown that A,, is compact: this can be

done by considering the set {A4,,g : g € H3(R),||g]| < 1}, which is a set of equicontinuous

functions, and by an application of Ascoli’s theorem.
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We know from [Theorem 6.1| that A,, is injective. We fix a non-zero h € H}(R) and define a
linear function ¢ : B — L*(V) by

Pp(m) = (iﬂ — / H(z,y1,Y2, ayr + byz + d)h(ys, yz)amdyldyz) - (56)
R

Due to the regularity of the Green’s function H, we know that ¢ in analytic in m.
rem 6.1| implies that ¢ is injective. We will show that the inverse of ¢ defined on ¢(B) and
valued in B is of class C' by applying the inverse function Theorem. As a consequence, ¢!

is Lipschitz continuous, which will yield our main stability estimate.

Theorem 8.1. Assume that the set of admissible geometries B is such that for any d < 0,
(0,0,d) ¢ B, in other words no horizontal faults are allowed. Fix a non-zero h € H}(R) and
define the function ¢ from B to L*(V') by . Then there is a positive constant C' such
that

Clm —m'| < [[¢(m) — d(m')| 12y, (57)
for all m and m’ in B.

Remark: The constant C' in estimate depends on the fixed slip h and on the compact

set of values of the geometry parameters B, but is otherwise independent of m and m/.

Proof. Fix m € B. Arguing by contradiction, suppose that there is an m € B such that
V¢(m) does not have full rank. Then there is a non-zero vector (¢y, ¢2, ¢3) such that
0 0

9]
¢ %gb(m) + CQ%Qf)(m) + 03%925(771) =0. (58)

We note that no simplifies to (—a, —b, 1). Since

R 8@(:131,372,5537y) 3q)(961,$2,—$373/>
H — _
(:9,%) on(y) on(y)

is linear in n, we can apply the chain rule with y3 = ay; + by, + d to find that

8 N . 8y3 N a(fw)
aaH(xvyanU) - 8@ (ay3H)(ZL',y,7”LO') +H <$7y7 aa

= y1(0y, H)(z,y,no) — H(z,y,€1).

(59)
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Similarly,

0 ) .
%H(a:,y,na) = y2(8y3H)(:B,y,n0) —H<.’L',y,€2) (60>

and

%H(x,y,ﬂa) = (0 H)(z,y,no). (61)

Define f(y1,y2) = c1y1 + cay2 + ¢3. Since h is independent of a, b, and d, we substitute

— into to find that

/(aygﬂ)(l‘; Y1, Y2, ayr + bys + d, n)h(y1, y2) f(y1, y2)odyrdys

f (62)

— / H(x,y1,y2, ay1 + bys + d, V f)h(y1, y2)dy1dys = 0
R

for all z € W. Set w(x) to be the left hand side of where x has been extended to
R*\ I',,. We will now show that w is zero in R3~ \ T,,. Since 9,, and 9,, commute, we
know from the definition of the Green’s function that w satisfies the Laplace Equation. We
also know that w is 0 on V' thanks to (58|). By construction of the Green’s tensor H, we
know that for any x on the plane z3 = 0, any y € R3~, and any fixed vector p € R?,

al’gH(x? y7p) = O'
Thus we can take a J,, derivative and commute it with d,, to obtain
OpyOys H(,y, p) = 0.

It follows that 0,,w is also zero in W. We apply to conclude that w = 0
everywhere in R3~\ T',,,. In particular, the jump of w across I',,, must be zero. As mentioned
earlier, H(z,y,p) — G(x,y,p) is smooth for any x,y € R*~ and any fixed vector p in R3,

therefore the jump across I, of

/(ang)(iﬁ, Y1, Y2, ayr + bys + d, n)h(y1, y2) f(y1, y2)odyrdys
R

- / G(x,y1, Y2, ays + bys + d, V f)h(y1, y2)dy1dys
R

is also zero.
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Let o and S be in R and ¢ a unit vector in R? parallel to to I',,, such that,
es = an + fBt.

Then (63) can be rewritten as

o / (8ﬁG)(SC7 Y1, Yo, ay1 + bys +d, ﬁ)h(yl, yQ)f(yly Z/z)Udyldyz
R
+ 8 / (0;G) (z, 91, Y2, avh + bys + d, 1) h(y1,y2) f(y1, Y2)odyrdys (64)
R

- / G(x,y1,y2, ay1 + bys + d, V f)h(y1, y2)dy: dys2,
R

which again is zero for x in R*~\ T',,.,  We now apply lemma to be more precise,
respectively formula (49) and to the first and second terms of and formulas
and to the third term of to obtain,

0 1 .
— B(hf) = (T f -i)h =0 (65)

Now we recall our assumption on B, the set of admissible geometries: it is such that for any
d <0, (0,0,d) ¢ B, in other words no horizontal faults are allowed. It follows that g # 0.
As h is in H}(R), equation (65 implies that & is zero: this is due to lemma 3.3 in [9]. We
conclude that we have contradicted the assumption i # 0 and thus V¢(m) has full rank, for
all m in the interior of B.

Now, since V¢(m) has full rank, the inverse function theorem guarantees that ¢ defines a
C! diffeomorphism from an open neighborhood U,, of m to its image by ¢ in L?(V). As the
inverse of ¢ is also C* on ¢(U,,), we find there is a ball B(m, ¢,,) in R®%and C,, > 0 such that
for all m’ in B(m, €,,),

Cr [m = m'| < [|g(m) — ¢(m') || 2y (66)

Arguing by contradiction, assume that estimate does not hold. Then there are two
sequences p, and ¢, in B such that p, # ¢, and

lim |o(Pn) — ¢(QH)||L2(V)

n—00 |pn - Qn|

=0. (67)
As B is compact, without loss of generality we can assume that p, converges to some m in

B and g, converges to some m in B. If 7 = m this contradicts , while if 7 # m, this
contradicts the uniqueness theorem [6.1] [
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9 Conclusion and perspectives for future work

We have shown in this thesis an existence and uniqueness theorem for our model PDE
system in half space minus a fault, a uniqueness theorem for the related inverse problem,
and a theorem regarding the stability of this inverse problem in case of planar faults. These
three theorems will be the subject of a forthcoming publication. We envision to study
in future work an extension of theorem in the case of unknown slips, just as theorem
3.1 led to theorem in 4.1 in [9]. Eventually, it would be very interesting to work on the
computational aspects of solving this plane or anti plane fault inverse problem. In the case
of the full vector linear elasticity problem, this was done in [12] and in [10], where special
random walks techniques were designed and implemented. The advantage of performing such
a study in the plane or anti plane case would be that the related Green’s function is orders
of magnitude simpler to compute, thus it becomes easier to clearly focus on the development
of related probability distribution functions for priors and posteriors, (in particular, with an
efficient way of dealing with regularization constants, which we do not want to set equal to
some arbitrary value), and associated random walks techniques, without being encumbered

by the heavy computational cost of evaluating the Green function for that problem.

Appendices

A A proof of the jump formulas for double layer po-

tential and continuous densities

In this thesis, we need to understand and use the jump formula for double layer potentials
with densities with Sobolev regularity H 2. This jump formula was stated in lemma As
C! is dense in H %, we first prove this formula for densities of class C'. In fact, with no
additional effort, this formula can be proved for continuous densities, which we set forth to
do. A proof of that result can be found in [5], chapter 6. We present here a simpler proof,
where for pedagogical reasons we provide ample details.

More background work is needed to cover the H > case: this can be done by studying the
Hilbert transform, using Fourier transforms, and local charts to flatten the boundary of the

surface. The H? case is beyond the scope of this thesis.
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Lemma A.1.
. 1

r=0% JB(z) [T — Y

uniformly in x and z in R%.

Proof. (Sketch) This is easily seen by applying the changes of variables w =y — z. [ |

Lemma A.2. Let ®(x,y) be the fundamental solution to the Laplace equation and D, 1, and
D be defined as in[Lemma 3.1 Then

lim
=0t JapnB(z,r)

uniformly for all x and z in OD.

Proof. From we know that

’ (y)‘ L|m—y|2
on(y)

Thus we can apply local charts and the previous lemma to find that

-

lim
r=0% JaDNB(z,r)

uniformly in  and z in 0D. [ |

Lemma A.3. Let ®, D, 9D, and 7 be defined as in[Lemma A.3 Then

-1 xz€D
0D (.
| B asi) =4 -1 weop
o)

p On(y) o
0 r e R\ D

Proof. For x € D, we apply Green’s Representation Theorem from Section 2.3 of [linear pde
2] to u = —1 to find that

— a(_l) T s 8<I>(:c,y) _ 8@(&3,3/)
1= [ D e - oZge as) - [ 8D g

Ifz e RI\ D, y — 8;5‘@%’) € C*(D) and we can use the Divergence Theorem to conclude
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that

O(z,y) B . B
/ ast) - /D A, (. y)dy = 0. (68)

Let x € D and fix a small r > 0. We can define a closed surface S which is piecewise C?

and globally Lipschitz by setting
S = (0D N (B(z,r))°) U (8B(z,r)N D)
(see Figure 1). We also know that z € R4\ S so with D replaced by S implies that

0P (z,y)
TG 9w =0

Since 9D N B(x,r)¢ and dB(z,r) N D are disjoint we have

M 0%(x y) _

dB(z,r) oD

Figure 3: The set S defined as (9D N (B(z,7))’) U (0B(z,r) N D) is shown in green

As the radius of x — y of the hypersphere 0B(z,r) points in the opposite direction of the
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B(0,r) N {zs <0}

0B(0,r)N{zq < 0}

\J

Figure 4: A local sketch of D in the new coordinates

outer unit normal 7n(y), we have

MdS Mcﬁ’
/83(90,7") ﬁ( ) ( ) /BB(x,r)mD Wy |I — yld (y)

— L eB@r) D

de 1

(70)

We can perform a change of coordinates by translation and rotation so that in the new
coordinates z = 0 and the outward unit normal at x is e;. Then the equation in D in
B(x,r) is given by 24 = ¢(x1, ..., z,_1) for some function ¢ € C?(B(0,1)). Since x = 0, we
know that ¢(0) = 0 and V¢(0) is parallel to eq.

We apply Taylor’s Formula for h in the plane x4 = 0 to get

(h) = $(0) + V(0) - b+ O(|h*) = O(|R[),

so the distance from OB (z,r) N {xy < 0} N D to x4 = 0 is O(r?). Thus OB (z,r) N {xy <
0} N D¢ is contained in the region {z € R?||z| =7, —Cr? < x4 < 0} for some C > 0. The

area of this region is O(r?), so we find that

|8B(.7:, ryN{xg <0} \ (03(3:,7") N{xy <0} N DC)| = o(rd_l).
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Thus implies that

lim 0P (z,y)

1
dS(y lim OB(xz,r) N {xy <0
r—0* 0B(x,r)ND an( ) ( ) | ( ) { I }|

0t Wgrd—1

We also know that M)(ZE 3)/) dS(y) € L*(9D) for r small enough by [Lemma A.2| so

i 9% (z,y) B P (x,y)
TLO* opnB(zne  0(Y) 45() = /8D on(y) ol W)

Thus implies that
0P(x,y 1
/ ( )dS(y) =3
)

p On(y)

Lemma A.4. Let ®, D, D, and i be defined as in[Lemma A.5 and let ) € C(0D). Then

O(z,y)
“@‘1AD st

18 continuous on 0D.

Proof. Fix z € 0D. We will show that u is continuous at z. Fix ¢ > 0. From

we know that there is an r > 0 such that

/ M' 91l dS(y) < . Vo € OD. (71)
O0DNB(z,r)
Let x € 0D N B(z, 5). Then
i o0y 29(51)
) @< [T S W 450
e |t e . ast
dDNB(z,r)¢
(72)
0 0
<[ B st + Bt .. st
O0DNB(z,r) O0DNB(z,r)
00(z,y)  09(z,y)
dsS
e | )~ oG |1 450

For y € B(z,1)° we have |z —y| > r and |z — y| > %, so implies that there are

31



constants ' and C5 such that

‘(y)
9n(y)

Cy Cy

d—1
o | ly — 2| (73)
< 1 € LY(0D).

®(z,y
S 1ol < —

We also know that z — ‘63’("33/ _ 34’ zy
7 (y)

so we can apply the Dominated Convergence Theorem to find that

00(z.y) _ 02(zy) ) 19| o dS(y) is continuous on B(z, §). Thus for z sufficiently

4|, is continuous for z € B(z,%), y € B(z,r),

z = faDﬂB(z,r)C

on(y) 9n(y)
close z we have 8<I>( ) 8<I>
Y (z,y 3
0 g ast) < 5 (74
0DNB(z,r)¢ ( )
Substituting (71) and (74)) into (72)), we conclude that |u(z) — u(z)| < e for z sufficiently
close to z. We conclude that u is continuous on 0D as required. [

Lemma A.5. Let ®, D, 9D, and n be defined as m and let ¢ € C(OD). Define

0P(z,y)

ule) = op 0n(y)

P(y)dS(y), = € D.
Then for any z € 0D we have

lim u(z — (=) = ~2(2) + u(z).

h—0+

Proof. Let z € 0D and fix € > 0. Set x = z — hn(z). Then we know from that

L) = o)+ wls [ 229,
396 = v + o) [ Zlasgy)

= [u(z — hir(2)) - u(z) + () + <>/ st

| [ 9%(z,y) 00(z,y) y) B B (2,9)

-| [ Zeotas - [ T uast) + v 4o [ s
0P(z,y) 0P(z,y P(z Z/)

< [ | Bt ORI ) — w5t + uie) + o) [ 25 asiy).
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For h small enough, x € D, so implies that

0P(x,y)
op ON(y)

u(z — hi(z)) - <“<Z> - %"‘“”) ‘ = /aD

Fix r > 0. For h small enough, we have
00(z,y)  09(z,y)
) )

e ()< [ G
i /ame(z,T)C

= |ym3)<(r ‘w( ) ¢<2)‘ /8DOB(Z,T) (

dS(y) = -1

and

on(y) On(y
0®(x,y) 0P(z,y)
201l /aDmB(z,r)C on(y) N on(y) ' 45)

For h small enough, z —hn(z) € D and %{L@) is continuous in A for y in DN B(z,r)°.

Thus, by taking A small enough we have

0P(z — hi(z),y)  0P(z,y) ‘ iS 3
’ ||1/}||oo /8DﬂB(z,r)c aﬁ(y) aﬁ(y) (y) = 2’
ie.,
0P (x,y) 8@(2,3;)‘ 3

We will next show that there is an hg > 0 such that
Y
Tl asw

/8D 0aly)

is uniformly bounded for k € [0, ko] if # = z — hi(z). By [Lemma 3.1 we have

1 1 1 i
o —y* =5 (|2 =yl + o —2*) = 5 |2 —y[* + 5h° = 2(hia(2) - (y — 2))
2 2 2

1 1
Z§|z—y|2+§h2—2hL|z—y|2.

33



Thus |z —y|> > (]2 — yl® + |z — z|2) for h small enough. So we can apply |[Lemma 3.1
again to find that if h is small enough there is constant C; such that

wy) (z—y) 0y (z—2)
wale —y|* walr -yl

W‘:
)

i

Llz—y | lv—|

— d d
walr =yl walr —y|

L|z—yl? |z — 2|
2 2\\d/2 2 2\\d/2
wa (512 —yl* + o = 2)) wa (3(lz =yl + |z — 2[%))

<C 1 n |z — z|
<G =
2=y (2 = yl” + [ — 2[*)22

For h small enough, we have

/aDmB(z,r)c ey ’ asw)<

1 |z — 2|
< C + dsS(vy).
L, 1<\z—y|“ <|z—y|2+|x—z|2>d/2> )

Using local charts to map 9D to the unit ball in R%"!, we find that if » < 1 and h is small

enough, then there are constants C| and Cj such that

O(x w‘ //r<1 |z — 2| )d2
_T——(m <cC + d
/m(z,r) oaty) | W =Gt e )
o d—2
(79 |
2 42 |p — 2|
(=) +1)

o] )\d72
< Cy+Ch / ——dA\.
2 (A2 +1)%?

0% (z,y)
B |50

gc;r+c;/
0

We also know from that there is a constant C such that for  small enough

\/8DI’WB(Z,T)

Thus there is a constant C such that for h and r small enough we have

Lo (B + | e) asw <o

(z,9)
—7¥7+d5()<65



Since 9 is continuous on 9D and 0D is compact, v is uniformly continuous on 0D and we

can fix an r > 0 small enough that

€
max [¥(y) = o)l < 55

and for h small enough

i s O(z,y)| | [02(z,y) _€
mwo—val[ (Gl G sw<s o
We combine (75)-(77) to find that for A small enough
ute = i) = (u(z) - 50
We conclude that |
Tim u(z — ha(=) = u(z) ~ 59(2).
[

Lemma A.6. Let ®, D, 0D, n, and u be defined as m and let ¥ € C(0D).
Then for any z € 0D we have

lim w(z + hn(z)) = u(z) + %w(z)

h—0t

Proof. This result follows from an argument similar to what was used to proof of [Lemma A.5]
[ |

Lemma A.7. Let ®, D, 9D, and i be defined as in[Lemma A.5 and let 1) € C(OD). Then

oD an l/J(y) S(y) ifx € D

u(z) =
oD an w(y) S(y) — tv(x) ifz € dD.

18 continuous on D.

Proof. Fix z € dD. We will show that u is continuous at z. Let x € D and h be the
distance from z to dD. Clearly h is smaller than |z — z|, so for x sufficiently close to z, h
is small enough that the projection w of z onto 0D is defined (see Section 2.5.6 of [6]). By
Lemma A.5| we note that by making = close enough to z so that h is sufficiently small, we
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have |u(z) — u(w)| < §. Since |w — 2| < [z — 2| + h < 2|z — 2| and u is continuous on 9D

by [Lemma A.4] for = sufficiently close to z we have

u(z) —u(z)] < lu(z) = u(w)] + |u(w) —u(z)] <e.

Now fix z € D. We will show that « is continuous at z. Since y — %yg)’)@b(y) is continuous

on 0D for x € D, we can apply the Dominated Convergence Theorem to find that wu is

continuous at z. We conclude that u is continuous on D as required. [ |

Lemma A.8. Let ®, D, 9D, and i be defined as in[Lemma A.5 and let 1) € C(OD). Then

Jop B (y)dS (y) ifreD
u(®) = 4 [op Geel(y)dS(y) — $(x) if & € DD
Jop B ()dS (y) + $(x) if v € R4\ D.

is continuous on R®.

Proof. The result follows from an argument similar to what was used to prove the[Lemma A.7]
|

Lemma A.9. Let ®, D, 0D, and n be defined as m and let b € C(0D). Then
the jump of

B (y)
ww—AD e uw)as ()

across 0D is (x).

Proof. We apply [Lemma A.5| and [Lemma A.6|to find that

[u](z) = lim u(z + hn(z)) — u(z — hn(z))

h—0t

= lim (u(z+ hn(z)) —u(z)) + lim (u(z) —u(z — hn(z)))

h—0t h—0t+

1 1
= SU() + 36() = 02)
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B Classical results from functional analysis and PDE

theory needed in this thesis

We will use the following lemma to prove where we need to show that a particular
function that is bounded in H'(2) has a subsequence which converges weakly in H'(Q).
The following lemma states a well known result which holds in the more general setting of
reflexive Banach spaces, see [I3]. Interestingly, a much simpler proof can be given in the

case of Hilbert spaces as shown below.

Lemma B.1. Let H be a separable Hilbert Space. Then every bounded sequence x,, in H
has a weakly convergent subsequence. There is a result in Section 3.5 of [6] that proves that
every bounded sequence in a reflexive Banach space has a weakly convergent subsequence, but

this 1s more general that what we need.

Proof. Since H is separable, there is a sequence y,, which is dense in H. We claim that for
any m € N there is a subsequence z,, . of x, such that (y;,x,, ) converges as k — oo,

Vj < m. We will prove this by induction. We know that x,, is bounded, so
M € R, |z,|| < M. (78)
Thus

[y, 2| < Ml llzall < {lyall M.

Hence (y1,7,) € R is bounded and has a convergent subsequence (yi, 2y, ,). Suppose that
there is a subsequence x,,  of x, such that (y;,z,, ) converges as k — oo for j < m. We
know from that

|<ym+l7xnk,7n> < ”merl” H{Enka < ”merlH M.

Hence (Y1, Tn,,,) € R is bounded and has a subsequence (Y41, 7n,,,,,) Which converges
as k — oo. Since (y;, Ty, ,,) converges as k — 0o, Vj < m and its subsequence (y;, Tn, ,.,,)
converges as k — oo for j = m + 1, we find that (y;,v,, . ,) converges as k — oo for
Jj < m+ 1. We conclude that for every m € N the sequence (y;,z,) has a subsequence
(Yj; Tny, ) Which converges as k — oo, Vj < m by induction. Set x,, = z,,,. Then (y;, z,,)

converges Vj € N. Fix ¢ > 0 and let y € H. Then

ImeN, [ly —yml <e (79)

37



by the density of the sequence y,,. We also know that
AN €N, Vj, k> N, [(Um, Tn,) = (Ym, Tn,)| <€ (80)
since (Y, n,) converges. Thus implies that

|<y7$nk> - <y>xnj>‘ < ’<y7xnk> - <y7mxnk>’ + ‘<ym7xnk> - <ymaxnj>| + ‘<ym:$nj> - <y7xnj>|
< ||y - ym” ||£L'nk|| + ‘(ymaxnk> - <ym7xnj>| + ||y - ym” Hxn]H
<(E)(M)+e+(e)(M)=(2M + 1)e.

As € > 0 is arbitrary, we conclude that (y,x,,) € R is Cauchy, so it converges. Thus we can
define a linear functional [ : H — R by [(y) = hm <y,xnk> Since |(y, Tn )| < Y| l2n, ]| <
|yl M, we know that |I(y)] < M |y|| so l(y) is bounded By the Riesz Representation
Theorem, Jz € H such that (y,z) = I(y) = nll_{{)lO(y,xnk). We conclude that the weak limit

of x,, is . |

If Q be an open and connected subset of R, and f is a C! function defined in Q such that
Vf =0, it is well known from elementary calculus that f must be constant in 2. The issue
is how to generalize that statement for functions f in H'. The conclusion in that case may
of course only hold almost everywhere. This property is used to show in this

thesis.

Lemma B.2. Let Q be an open and connected subset of R", f € H. (Q). If Vf =0, then
f(z) = f(y) for almost all (x,y) € Q x Q. For any open set subset 0y of Q with finite

measure we have f(x \Ql| le y)dy a.e. in Q.

Proof. Let u € C*(Q). Set ' = {x € Qld(z,Q°) > h} for h > 0 small enough that
is non-empty and connected. By the Fundamental Theorem of Calculus and the Cauchy

Schwartz Inequality,

2

Ou dt.

3x,-

(x + the;)

lu(z + hey) —u(z)|” < h2/0
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Thus, by Fubini’s Theorem,

1 2
lu(z + he;) — u(x)|” de < h2/ / Ou (x + the;)| dtdx
Q ’ &L’Z
2
/ // 0$ x + the;)| dxdt (81)
= h? .
axi L2(Q)

Let (y1,...,yn) € B(0,h) and x € . Then z +y € €, so implies that

n 2

u(z +y) —u(z)|* = Z u((z +yrer + .. + Yr—1€k-1) + yrer) — u(x +yre1 + ... + Yp-165-1)
k=1

2
< Zyi IVull 72
k=1
2
= h? ||VU||L2(Q/)

As C1(Q) is dense in H'(Q), Ju, € C'(Q) such that || f — up|z1q) — 0. By the converse
of the Dominated Convergence Theorem, a subsequence u,, of u, converges to f a.e. Since
i, (2 + 1Y) — i, ()] < B2 ||Vunk||igm,) , Vo € R", Yy € B(0,h), and Vu,, — 0in L*(Q),
we have |f(z +y) — f(y)| = 0 for almost all (z,y) € Q' x B(0,h). Thus f(y) = f(z) for
almost all (z,y) € Q' x B(z,h) (4). Set M = u(xg). Set S = {x € Q|u(x) = M}. Since S
satisfies the open ball property by (4), S is open. We also know that S is closed in €' since
it is the inverse image of the compact set {M} under the continuous function u. But ' is
connected, so S = Q or S =0. And xy € S, s0 S = Q. Thus u(x) = M on . Letting

h — 0, we find that u(x) = M on Q. Clearly M = ﬁfﬂl Mdy = ‘Qﬂ Jo, w(y)dy. Thus
‘Q | le y)dy, Vo € Q. But f = v a.e., so f(x IQl\ ffh Iﬂl\ le
for almost all x € Q. [ |
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